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a b s t r a c t 

We consider a variant of the assembly line balancing problem in which each workstation has a limited 

accessibility window through which it can access only a portion of a workpiece or portions of consec- 

utive workpieces. The cycle of the line is divided into several stationary stages, and in each stage, each 

workstation can perform only those tasks that are accessible by it during the stage. This problem arises in 

practice in the automatic assembly of printed circuit boards. The solution of the problem calls for decid- 

ing the number and the offsets of the stationary stages, as well as for assigning the tasks to compatible 

workstations and to the stationary stages. The objective is to minimize the cycle time, which is equal to 

the sum of stage completion times and inter-stage transportation times. We propose a new MILP model 

for two variants of the problem, one in which each task has only one compatible workstation, i.e., tasks 

are preassigned to workstations, and the other in which tasks can be compatible with multiple worksta- 

tions. Our model is much simpler than the MILP models proposed previously in the literature. Compu- 

tational experiments show that the proposed MILP model outperforms all previously proposed methods 

for the first variant of the problem. For the standard set of 1200 test instances, of which about 81% were 

solved to optimality before, we close the gap for all but two instances. Computational experiments for 

the second variant show that this variant is much harder to solve to optimality. 

© 2016 Elsevier B.V. All rights reserved. 
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. Introduction 

An assembly line consists of a sequence of m workstations ar-

anged along a transport mechanism. A set of n tasks, each with

 given processing time, needs to be performed by the worksta-

ions on a large number of workpieces. Workpieces enter the first

orkstation and are moved forward by a transport mechanism

uch as a conveyor belt until they reach the end of the line. In

he steady state, during each production cycle , one workpiece is

resent at each workstation, and each workstation performs all

asks assigned to it on the workpiece. At the end of the cycle, the

ransport mechanism moves all workpieces forward by one work-

tation, and a new cycle begins. The output rate is determined by

he cycle time , c , which cannot be lower than the sum of processing

imes of the tasks assigned to the most heavily loaded workstation.

An assembly line balancing problem consists of partitioning the

asks among the workstations, with the objective of minimizing c

or a given m , minimizing m for a given c , or optimizing a combi-

ation of c and m . A feasibility problem with given c and m is also

ometimes considered. Due to technological and/or organizational
E-mail addresses: kfleszar@gmail.com , kf09@aub.edu.lb 
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equirements, tasks cannot be carried out in an arbitrary sequence,

ut are subject to precedence constraints . 

The above assembly line balancing problem is the simplest of

he many variants addressed in the literature ( Boysen, Fliedner,

 Scholl, 2007 ). In this work, we consider a relatively new vari-

nt, called accessibility windows assembly line balancing problem

AWALBP), in which each workstation can reach only a portion

f a workpiece, or portions of consecutive workpieces, through its

ccessibility window. The accessibility window of a workstation is

efined by the left and right coordinates with respect to the be-

inning of the line, denoted L i and R i respectively, i = 1 , . . . , m .

 task in AWALBP is an activity with a given processing time that

eeds to be performed at a specified position within a workpiece.

 workstation can perform a task only when the position of the

ask is within the accessibility window of the workstation. 

AWALBP occurs in the automatic assembly of printed circuit

oards (see Fig. 1 ). Here, workpieces are printed circuit boards.

ach workstation is equipped with a robot arm and a part feeder,

nd each task corresponds to a pick-and-place action: the robot

rm picks a component from the part feeder and places it at a pre-

efined position on the printed circuit board. 

The production cycle in AWALBP is divided into several station-

ry stages. A stationary stage (or stage for short) is a period of time

http://dx.doi.org/10.1016/j.ejor.2016.10.008
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ejor
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2016.10.008&domain=pdf
mailto:kfleszar@gmail.com
mailto:kf09@aub.edu.lb
http://dx.doi.org/10.1016/j.ejor.2016.10.008
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Fig. 1. Schematic view of a five-workstation line for producing printed circuit board assemblies. 

Fig. 2. Four snapshots of an assembly line with a three-stage cycle. 
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2  
during which all workpieces remain stationary, and each worksta-

tion performs a subset of tasks. For each stage, we define the stage

completion time , which must be large enough to allow for the com-

pletion of the tasks performed on each workstation during the

stage. At the end of each stage, the transport mechanism moves

all workpieces forward by a certain forward step (or offset ), and the

next stage begins. The total length of the forward steps following

all stages is equal to the distance between left (or right) edges of

consecutive workpieces, called the workpiece pitch . As a result, the

positions of the workpieces in the first stage of a new cycle are

identical to those of the first stage of the preceding cycle. The ob-

jective is to minimize the cycle time, which is equal to the sum of

stage completion times and inter-stage transportation times. 

An example cycle with three stationary stages is presented in

Fig. 2 . Note that at some stages, some workstations can have access

to more than one workpiece, and some workpieces can be accessed

by more than one workstation. For example, in Fig. 2 , in stage 1,

the first workstation can access the right side of one workpiece

and the left side of another, which is also accessible by the second

and third workstations. 

Tasks in AWALBP can only be assigned to compatible worksta-

tions. For example, in printed-circuit-board assembly, a worksta-

tion may only perform a task if it has the corresponding part in its

part feeder. 

Calleja, Corominas, García-Villoria, and Pastor (2013) define four

types of decisions involved in solving AWALBP: 

(L1) The assignment of each task to a compatible workstation

and to a stationary stage. 

(L2) The initial position of the workpieces in the cycle, as well as

the number and the length of the forward steps. 

(L3) The component type allocation to feeders. 
(L4) The number and the types of workstations. 
Based on the above, Calleja et al. (2013) define four levels of the

roblem of increasing difficulty. AWALBP level k , denoted AWALBP-

 k , k = 1 , . . . , 4 , involves solving decisions ( L 1) , . . . , ( L k ) when so-

utions of decisions ( L k + 1) , . . . , ( L 4) are given. 

In this paper, we consider the AWALBP-L2, i.e., given the num-

er and the types of workstations as well as the component type

llocation to feeders, we need to decide the number and the off-

ets of the stationary stages (L2) as well as the assignment of the

asks to compatible workstations and to stationary stages (L1). We

onsider two sub-variants of the problem: AWALBP-L2-1, in which

ach task has only one compatible workstation, i.e. tasks are preas-

igned to workstations, and AWALBP-L2-M, in which tasks can be

ompatible with multiple workstations. 

The earliest attempts to solve AWALBP are those of Martin

2002) and Gaudlitz (2004) . The former presents a constraint pro-

ramming algorithm for AWALBP-L3, while the latter proposes sev-

ral techniques to solve each sub-problem of AWALBP-L3 as well

s an overall heuristic for AWALBP-L3. Tazari, Müller-Hannemann,

nd Weihe (2006) propose algorithms for a variant of AWALBP-L1

n which additional reset (changeover) times are required between

ome tasks when they are performed in the same stage and on

he same workstation. More recently, García-Villoria, Corominas,

nd Pastor (2015) propose several heuristics and simulated an-

ealing procedures for AWALBP-L1. AWALBP-L2-1 is considered by

üller-Hannemann and Weihe (2006) , who propose a polynomial

ime approximation scheme. For the same problem, Corominas

nd Pastor (2009) present a mixed-integer linear programming

MILP) model, but report no computational experiments. Calleja

t al. (2013) propose an improved MILP model for AWALBP-L2-1

nd test it on a new set of randomly generated instances. Sub-

equently, Calleja, Corominas, García-Villoria, and Pastor (2014,

016) propose hybrid algorithms combining metaheuristics and
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athematical programming that improve on the results of their

arlier work. 

In this paper, we propose a new MILP model for AWALBP-L2-1,

hich is much simpler than the models of Corominas and Pastor

2009) and Calleja et al. (2013) and has much better computational

erformance than all previously proposed models and heuristics

ethods for AWALBP-L2-1. The new MILP model is presented in

ection 2 . An extension of this model to solve AWALBP-L2-M is

resented in Section 3 . Sections 4 and 5 report the results of

omputational experiments for AWALBP-L2-1 and AWALBP-L2- 

, respectively. Finally, Section 6 offers a summary and some

onclusions. 

. MILP model for AWALBP-L2-1 

Let us first define all parameters of the problem. Let n be the

umber of tasks and m the number of workstations. For each task

j ∈ { 1 , . . . , n } let p j be its processing time and a j be the distance

etween its position within a workpiece and the right edge of the

orkpiece. For each workstation i ∈ { 1 , . . . , m } let ( L i , R i ) be the left

nd right coordinates of its accessibility window, where L i < R i for

 ∈ { 1 , . . . , m } and R i −1 < L i for i ∈ { 2 , . . . , m } , and let J i be the sub-

et of tasks compatible with the workstation. In AWALBP-L2-1, sets

 1 , . . . , J m 

form a partition of { 1 , . . . , n } , i.e., each task is compatible

ith one workstation only, while in AWALBP-L2-M, sets J 1 , . . . , J m 

ay overlap. Let A be the workpiece pitch, which is the distance

etween left (or right) edges of two consecutive workpieces on the

ssembly line, and T be the fixed time taken by each forward step.

e will assume without loss of generality that all parameters are

ositive integers. 

The MILP models for AWALBP-L2-1 proposed previously in the

iterature ( Calleja et al., 2013; Corominas & Pastor, 2009 ) consider

 potential stages, s ∈ { 1 , . . . , A } , and define for each of them a bi-

ary variable indicating whether a stage is used as well as an inte-

er variable, δs , indicating the size of the forward step taken after

tage s . A variable, x , is also defined, indicating the initial position

f workpieces in stage 1. With such variables, the actual position

f each workpiece in each stage is unknown before the model is

olved, as it depends on the values of x and δs . Since workpiece

ositions in each stage are unknown, each task can potentially be

ssigned to any stage. As a result, task-stage assignment variables

ust be defined for all task-stage combinations, and complex con-

traints must be used to ensure feasible task-stage assignment. The

arge number of variables and the complex constraints make the

esulting models hard to solve to optimality. 

In contrast, in our MILP model, we assume that each potential

tage, s ∈ { 1 , . . . , A } , has an absolute offset that depends only on s .

pecifically, stage s corresponds to the configuration in which the

ight edge of the workpiece entering the assembly line is s units to

he right of L 1 . Since actual positions of workpieces in each stage

re known before optimization, we can determine if a task is in

he accessibility window of a workstation in stage s before solv-

ng the model, and define task-stage assignment variables only for

hose task-stage pairs for which the accessibility condition is satis-

ed. As a results, much fewer task-stage assignment variables are

efined, and the accessibility window restriction is ensured with-

ut any constraints. 

Given the above definition of stages, a task j ∈ J i that is as-

igned to workstation i ∈ { 1 , . . . , m } , is accessible during stage s ∈
 1 , . . . , A } if and only if there exists an integer k ≥ 0 such that

 i ≤ s + Ak − a j ≤ R i . Let set E contain all pairs ( j , s ) such that task j

s accessible on its workstation during stage s . For each pair ( j , s ) ∈
 , we define a binary variable, y js , indicating whether task j is per-

ormed during stage s . Additionally, for each stage s ∈ { 1 , . . . , A } ,
e define a binary variable, x s , indicating whether the stage is
sed and a continuous variable, c s , indicating the stage completion

ime. The proposed MILP model for AWALBP-L2-1 is as follows: 

min c = 

A ∑ 

s =1 

c s + T 

A ∑ 

s =1 

x s (1) 

∑ 

j∈ J i :( j,s ) ∈ E 
p j y js ≤ c s i ∈ { 1 , . . . , m } , s ∈ { 1 , . . . , A } (2) 

∑ 

s :( j,s ) ∈ E 
y js ≥ 1 j ∈ { 1 , . . . , n } (3) 

 js ≤ x s ( j, s ) ∈ E (4) 

 js ∈ { 0 , 1 } ( j, s ) ∈ E (5) 

 s ∈ { 0 , 1 } s ∈ { 1 , . . . , A } (6) 

 s ≥ 0 s ∈ { 1 , . . . , A } (7) 

Objective (1) minimizes the cycle time, which is calculated as

he sum of stage completion times plus the fixed transportation

ime multiplied by the number of used stationary stages. Note that

he time taken by forward steps at a constant speed is not included

n the objective, because the total amount of this time per cycle is

onstant due to the fact that the total length of all forward steps

s always equal to A ( Calleja et al., 2013 ). 

Constraints (2) ensure that the tasks assigned to each worksta-

ion and to each stage can be completed during the stage com-

letion time. Constraints (3) ensure that each task is assigned to

t least one stage. Constraints (4) ensure that tasks are assigned to

he used stages only. Finally, constraints (5) –(7) define the domains

f all variables. 

For constraints (3) , equality was originally assumed. However,

nitial experimentation indicated that using inequality reduces the

verage computation time somewhat. Note that using inequality,

ather than equality, may in fact result in some tasks being as-

igned to more than one stage. This, however, can easily be cor-

ected without worsening the objective value by removing super-

uous assignments. 

. MILP model for AWALBP-L2-M 

The above model for AWALBP-L2-1 can easily be extended to

olve AWALBP-L2-M. Recall that in AWALBP-L2-M, each task can be

ompatible with more than one workstation, i.e., it can belong to

ore than one set J i . Therefore, instead of task-stage accessibility,

e now need to define task-workstation-stage accessibility. 

Task j ∈ { 1 , . . . , n } is accessible on workstation i ∈ { 1 , . . . , m }
uring stage s ∈ { 1 , . . . , A } if and only if j ∈ J i and there exists

n integer k ≥ 0 such that L i ≤ s + Ak − a j ≤ R i . Let set E contain

ll tuples ( j , i , s ) such that task j is accessible on workstation i dur-

ng stage s . For each tuple ( j , i , s ) ∈ E , we define a binary variable,

 jis , indicating whether task j is performed on workstation i dur-

ng stage s . Variables x s and c s are defined as before. The proposed

ILP model for AWALBP-L2-M is as follows: 

min c = 

A ∑ 

s =1 

c s + T 

A ∑ 

s =1 

x s (8) 

∑ 

j:( j,i,s ) ∈ E 
p j y jis ≤ c s i ∈ { 1 , . . . , m } , s ∈ { 1 , . . . , A } (9) 

∑ 

(i,s ):( j,i,s ) ∈ E 
y jis ≥ 1 j ∈ { 1 , . . . , n } (10) 

 jis ≤ x s ( j, i, s ) ∈ E (11) 

 jis ∈ { 0 , 1 } ( j, i, s ) ∈ E (12) 
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x s ∈ { 0 , 1 } s ∈ { 1 , . . . , A } (13)

c s ≥ 0 s ∈ { 1 , . . . , A } (14)

4. Computational experiments for AWALBP-L2-1 

We have tested our MILP model for AWALBP-L2-1 on the set of

1200 realistic test instances generated by Calleja et al. (2013) . The

following ranges define the instances: for workpiece pitch, A , {12–

16, 17–21, 22–26, 27–31, 32–36, 37–41}; for the number of work-

stations, m , {5–10, 11–20, 21–30, 31–40}; and for the number of

tasks, n , {50–200, 201–400, 401–600, 601–800, 801–1000}. Taking

all combinations of ranges gives 6 × 4 × 5 = 120 different types of

instances. For each type, 10 instances are available with A , m , and

n chosen randomly from the appropriate range. All test instances

can be downloaded from https://www.ioc.upc.edu/EOLI/research/ . 

Note that Calleja et al. (2013) define the test instances using

workpiece lengths, denoted A 0 , rather than workpiece pitch, A , and

A 0 = A − 1 in all instances. However, while performing data va-

lidity checks during our computational experiments, we detected

that in some test instances, the positions of some tasks are one

unit beyond the edge of a workpiece, i.e., a j = A 0 + 1 for some

tasks j ∈ { 1 , . . . , n } . We understand that in such cases, workpieces

are actually treated as if A 0 = A . We believe that this adjustment

has no effect on the solutions of any of the algorithms compared

below. However, since it is not clear what values of A 0 should be

assumed for some instances, we prefer to characterize the test in-

stances using A rather than A 0 . 

Other parameters of the test instances are as follows. In all test

instances, accessibility windows of all workstations are 10 units

long, i.e., R i − L i = 10 for i ∈ { 1 , . . . , m } , and consecutive accessibil-

ity windows are 1 unit apart, i.e., L i − R i −1 = 1 for i ∈ { 2 , . . . , m } .
Fixed time per forward step is T = 200 in all instances, and the

processing times, p j , of all tasks, j ∈ { 1 , . . . , n } , are random integers

between 100 and 150 inclusive. 

We compare our MILP model with the MILP model of Calleja

et al. (2013) and the hybrid algorithms combining MILP models

with metaheursitcs of Calleja et al. (2014 , 2016) . All of these al-

gorithms used CPLEX 12.2 for solving the MILP models and were

tested on a PC with Intel Core 3.3 Gigahertz processor, 4 gigabytes

of RAM memory, and Windows 7 64-bit operating system. 

Our tests are run on a PC with Intel Core i7-3770 3.4 Giga-

hertz processor, 32 gigabytes of RAM memory, and Windows 7

64-bit operating system. Our MILP model is solved using CPLEX

12.6.2 with the absolute and relative optimality gaps set to zero.

For a fairer comparison with previously published algorithms, we

also use CPLEX 12.1, as we have no access to CPLEX 12.2. 
Table 1 

Comparison of the new MILP with other methods for AWALBP-L2-1. 

Algorithm %Opt. 

MILP of Calleja et al. (2013) 53.33 

Algorithm of Calleja et al. (2014) 77.50 

MILP 2700 +SA, Calleja et al. (2016) a 81.08 

MILP 900 +TS-CM, Calleja et al. (2016) a 81.00 

New MILP, CPLEX 12.1, TL = 120 seconds 82.25 

TL = 600 seconds 92.58 

TL = 3600 seconds 97.08 

New MILP, CPLEX 12.6.2, TL = 120 seconds 89.67 

TL = 600 seconds 97.75 

TL = 3600 seconds 99.33 

TL = 360 0 0 seconds 99.83 

a For the algorithms of Calleja et al. (2016) , %Opt. and %Gap are calcul

publication, rather than the algorithm’s lower bounds. 
Table 1 presents a comparison of the new MILP model with the

reviously proposed algorithms for AWALBP-L2-1 on the 1200 test

nstances of Calleja et al. (2013) . The columns of the table present,

espectively: the name of an algorithm; the percentage of instances

hat the algorithm solves to optimality; the average and maximum

ercentage optimality gaps; and the average and maximum com-

utation times in seconds. The optimality gap for an instance is

alculated as (c − c LB ) /c × 100% , where c and c LB are, respectively,

he cycle time and the lower bound obtained by the algorithm. 

The new MILP model is clearly superior to all previously pro-

osed algorithms. Even if CPLEX 12.1 is used with a 120-second

ime limit (TL) per instance, the results are better than those of

ll previous algorithms, each of which is run with a one-hour time

imit per instance. When our MILP model is solved using CPLEX

2.6.2 with a one-hour time limit per instance, only eight out of

ll 1200 instances are not solved to optimality. However, their op-

imality gaps are very low, at most 0.51%. When we increase the

ime limit to ten hours per instance, only two instances are not

olved to optimality. 

Table 2 lists the eight instances not solved to optimality by

ur MILP model in CPLEX 12.6.2 with a one-hour time limit. For

ach instance, the best cycle time, c , the lower bound on the cycle

ime, c LB , and the percentage gap obtained with the one-hour and

en-hour time limits are reported. For the ten-hour time limit, the

omputation time in seconds is also reported. 

CPLEX 12.6.2 with the one-hour time limit uses at most 2.6 gi-

abytes of RAM memory for each instance. CPLEX 12.1 uses even

ess, at most 540 megabytes. Hence, having more memory avail-

ble in our computer, compared with that used by previous al-

orithms, gives no advantage to our MILP model. However, when

he ten-hour time limit is used, the tree size in CPLEX 12.6.2 ex-

eeds the 32 gigabytes of RAM memory available in our computer

n two of the difficult test instances, 1095 and 1141. For these two

nstances, we limited CPLEX in-memory tree size to 28 gigabytes

nd instructed CPLEX to save part of the tree on the hard disk

hen the above memory limit is exceeded. Note that when part

f the tree is saved on the hard disk, the solution process slows

own significantly. 

Table 3 presents average computation times in seconds of the

ew MILP model solved in CPLEX 12.6.2 with a one-hour time

imit, for each group of ten test instances defined by the ranges

f A , n , and m parameters. The number of instances not solved to

ptimality is provided in parenthesis, if not zero. Clearly, compu-

ation times increase with the increase of the workpiece pitch, A ,

nd the number of tasks, n . This is justified, as these two parame-

ers directly influence the number of decision variables. The num-

er of workstations, m , has a much smaller impact on computation

imes. 
%Gap Time (seconds) 

Avg. Max. Avg. Max. 

21 .300 1948 .8 3600 

1 .686 27 .84 911 .1 3600 

1 .232 23 .12 3600 

1 .133 22 .05 3600 

0 .399 7 .40 36 .1 120 

0 .107 4 .55 90 .6 600 

0 .010 2 .24 217 .1 3600 

0 .181 5 .33 23 .3 120 

0 .021 2 .95 48 .2 600 

0 .001 0 .51 82 .3 3600 

0 .0 0 0 0 .24 171 .9 360 0 0 

ated with respect to the best known lower bounds at the time of 

https://www.ioc.upc.edu/EOLI/research/
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Table 2 

Instances of AWALBP-L2-1 not solved to optimality in one hour using CPLEX 12.6.2. 

TL = 3600 seconds TL = 360 0 0 seconds 

No. Instance file name c c LB %GAP c c LB %GAP Time (seconds) 

889 A_32_m_11_N_601_9 6856 6855 0.015 6856 6856 0 5953 .8 

1080 A_37_m_11_N_401_10 5718 5717 0.017 5717 5717 0 6371 .6 

1087 A_37_m_11_N_601_7 6576 6575 0.015 6576 6576 0 9163 .5 

1094 A_37_m_11_N_801_4 7317 7313 0.055 7313 7313 0 7804 .6 

1095 A_37_m_11_N_801_5 9423 9409 0.149 9409 9409 0 29057 .4 

1133 A_37_m_21_N_601_3 5317 5313 0.075 5317 5317 0 4328 .1 

1141 A_37_m_21_N_801_1 7180 7163 0.237 7180 7163 0.237 360 0 0 .0 

1147 A_37_m_21_N_801_7 6442 6409 0.512 6442 6438 0.062 360 0 0 .0 

Table 3 

Average computation times in seconds of the new MILP for AWALBP-L2-1 solved in CPLEX 12.6.2 with a one-hour time limit 

(in parenthesis: number of instances not solved to optimality, if not zero). 

A 

n m 12–16 17–21 22–26 27–31 32–36 37–41 

50–200 5–10 0.5 0.4 1.2 0 .8 2.1 1.8 

11–20 0.5 1.3 1.8 2 .3 3.3 3.2 

21–30 0.4 1.1 1.5 2 .5 6.6 1.7 

31–40 0.4 0.6 1.4 1 .8 1.9 1.8 

201–400 5–10 1.7 1.5 3.0 2 .7 7.1 57.5 

11–20 1.5 1.6 3.2 4 .6 25.7 71.9 

21–30 1.2 2.2 4.8 6 .7 16.2 38.7 

31–40 1.3 2.3 12.2 13 .8 30.3 11.8 

401–600 5–10 2.5 4.3 7.3 23 .8 20.8 20.8 

11–20 2.7 3.0 5.9 36 .0 137.8 (1) 762.6 

21–30 3.7 4.5 5.9 24 .9 52.1 178.4 

31–40 3.5 3.7 11.4 61 .9 152.3 250.3 

601–800 5–10 5.7 6.1 12.2 12 .9 25.6 107.4 

11–20 5.9 7.3 11.1 35 .9 (1) 423.5 (1) 527.3 

21–30 4.7 8.5 13.5 62 .1 351.3 (1) 544.9 

31–40 4.7 8.7 30.7 105 .3 203.3 618.1 

801–10 0 0 5–10 10.7 6.9 19.8 51 .5 75.8 146.5 

11–20 9.5 6.0 18.6 271 .0 90.1 (2) 969.8 

21–30 8.8 10.4 20.7 71 .2 432.3 (2) 955.4 

31–40 9.8 11.4 17.3 192 .5 384.1 801.8 

Table 4 

Results of the new MILP for AWALBP-L2-M solved in CPLEX 

12.6.2. 

%Gap Time (second) 

TL (seconds) %Opt. Avg. Max. Avg. Max. 

120 25.50 3.084 73 .53 97 .8 120 

600 38.25 1.293 11 .28 419 .2 600 

3600 50.75 0.438 7 .95 2065 .1 3600 
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. Computational experiments for AWALBP-L2-M 

The tests of our MILP model for AWALBP-L2-M are performed

sing CPLEX 12.6.2 on the same computer as the tests for AWALBP-

2-1. We use the instances of Calleja et al. (2013) which we mod-

fied to allow additional task-workstation compatibilities. For each

ask j originally compatible with workstation i , we made j also

ompatible with workstation i + 1 if i is in the first half of worksta-

ions ( i ≤ � m /2 � ) or with workstation i − 1 if i is in the second half

f workstations ( i > � m /2 � ). In the resulting instances, each task is

ompatible with two workstations. Since this modification already

ade the instances much harder to solve, we have not added any

dditional compatibilities. 

Table 4 presents the summary results obtained by the new

ILP model for AWALBP-L2-M with various time limits. The first

olumn shows the time limit and the remaining columns are as in

able 1 . 
The problem is clearly much harder than AWALBP-L2-1. Only

5.5% of test instances are solved to optimality with a 120-second

ime limit and only 50.75% are solved to optimality with a one-

our time limit. Average and maximum gaps are also higher than

or AWALBP-L2-1. When given 120 seconds of time, CPLEX is often

nable to run its heuristics long enough to obtain good solutions

or larger instances, which results in very high optimality gaps for

hose instances. 

Table 5 presents average percentage optimality gaps obtained

y the new MILP model for AWALBP-L2-M solved in CPLEX 12.6.2

ith a one-hour time limit, for each group of ten test instances

efined by the ranges of A , n , and m parameters. The number of

nstances not solved to optimality is provided in parenthesis, if not

ero. As in the case of AWALBP-L2-1, the difficulty of the prob-

em increases with the increase of the workpiece pitch, A , and the

umber of tasks, n . Regarding the number of workstations, m , the

ncrease of m makes the instances with small n easier to solve and

he instances with large n harder to solve. 

We believe that the relative difficulty of AWALBP-L2-M is due

o two reasons. First, since each task in the modified instances is

ompatible with two workstations rather than one, the number of

ariables in AWALBP-L2-M is roughly twice the number of vari-

bles in AWALBP-L2-1. However, this reason alone does not ex-

lain why even some of the smallest instances with up to 200

asks and up to 10 workstations are not solved to optimality within

 one-hour time limit (see the first line of results in Table 5 ). The
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Table 5 

Percentage optimality gaps of the new MILP model for AWALBP-L2-M solved in CPLEX 12.6.2 with a one-hour 

time limit (in parenthesis: number of instances not solved to optimality, if not zero). 

A 

n m 12–16 17–21 22–26 27–31 32–36 37–41 

50–200 5–10 0.00 (1) 0.01 (4) 0.28 (2) 0.04 (3) 0.07 (1) 0.24 

11–20 0.00 (5) 0.52 (2) 0.10 (1) 0.02 0.00 0.00 

21–30 0.00 (1) 0.01 0.00 0.00 0.00 0.00 

31–40 0.00 0.00 0.00 0.00 0.00 0.00 

201–400 5–10 (1) 0.02 (3) 0.09 (3) 0.03 (4) 0.05 (6) 0.27 (7) 0.46 

11–20 (2) 0.02 (6) 0.26 (1) 0.00 (6) 0.30 (7) 0.32 (9) 1.15 

21–30 0.00 (6) 0.34 (3) 0.23 (4) 0.43 (2) 0.29 (4) 0.52 

31–40 0.00 (4) 0.44 (3) 0.37 (4) 0.60 (2) 0.23 0.00 

401–600 5–10 (3) 0.03 (5) 0.04 (7) 0.11 (8) 0.17 (7) 0.14 (6) 0.17 

11–20 (1) 0.02 (6) 0.08 (7) 0.39 (8) 0.31 (8) 0.50 (9) 1.01 

21–30 (2) 0.22 (6) 0.26 (7) 0.20 (8) 1.53 (8) 0.74 (8) 1.71 

31–40 (3) 0.16 (9) 0.34 (4) 0.60 (9) 1.55 (9) 1.74 (8) 1.64 

601–800 5–10 (3) 0.01 (3) 0.04 (6) 0.07 (8) 0.05 (5) 0.22 (9) 0.32 

11–20 (3) 0.05 (6) 0.13 (6) 0.38 (9) 0.28 (9) 0.68 (9) 0.92 

21–30 (4) 0.04 (8) 0.36 (7) 0.82 (9) 0.99 (6) 1.08 (8) 2.14 

31–40 (2) 0.07 (9) 0.31 (4) 0.22 (9) 0.87 (8) 1.50 (8) 2.38 

801–10 0 0 5–10 (5) 0.01 (4) 0.01 (6) 0.07 (6) 0.11 (9) 0.66 (9) 0.13 

11–20 (6) 0.07 (5) 0.03 (5) 0.17 (8) 0.49 (9) 1.01 (8) 1.18 

21–30 (5) 0.15 (7) 0.29 (9) 0.42 (7) 0.74 (6) 0.37 (9) 2.95 

31–40 (7) 0.15 (8) 0.25 (7) 0.99 (7) 1.69 (8) 2.72 (10) 2.65 
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difficulty of solving AWALBP-L2-M to optimality might be due

to the additional flexibility in task-workstation assignment. In

AWALBP-L2-1, when each task has only one compatible worksta-

tion, the total workload of each workstation is fixed, and only the

partition of this workload among stages needs to be decided. If

the workloads are not evenly distributed among workstations, the

stage selection and duration decisions might be determined by

a few more heavily loaded workstations, while the workload of

the remaining workstations might be easy to distribute among the

stages. Hence, the rigid task-workstation assignment might be the

reason why the problem is easy to solve. In AWALBP-L2-M, each

task is compatible with more than one workstation. Therefore, the

workload can be distributed much more evenly among all worksta-

tions, which might be the reason why the problem is much harder

to solve. 

6. Summary and conclusions 

A new MILP model has been presented for the accessibility win-

dows assembly line balancing problem level 2 with tasks preas-

signed to workstations (AWALBP-L2-1). Our model is much sim-

pler and has fewer variables and constraints than the MILP models

presented previously in the literature. Computational experiments

showed that the computational performance of our model is much

better not only when compared to the previously proposed MILP

models but also when compared to recently proposed metaheuris-

tic approaches. In fact, for the standard set of 1200 test instances,

of which about 81% were solved to optimality before, our model is

able to close the gap for all but two instances. 

An extension of our model has also been presented for the vari-

ant of the problem in which tasks can be compatible with multiple
orkstations (AWALBP-L2-M). Computational experiments showed

hat this variant is much harder to solve than AWALBP-L2-1. 

Given that AWALBP-L2-1 is rather easy to solve to optimal-

ty using a state-of-the-art MILP solver, future work should con-

entrate on solution methods for AWALBP-L2-M, AWALBP-L3 and

WALBP-L4. 
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