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Probabilistic Modeling of Dynamic
Modulus Master Curves for
Hot-Mix Asphalt Mixtures
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Since the introduction of the dynamic modulus E* concept in the recent
Mechanistic-Empirical Pavement Design Guide, there has been con-
siderable interest in establishing reliable prediction models for E*. An
investigation of the effectiveness of commonly used predictive models
shows that E* predictions exhibit significant scatter around the mea-
sured values, with percentage of errors reaching about +200%. A need
exists for characterizing the uncertainties that are inherent in E* to serve
as input to any future robust reliability analysis that aims at properly
determining the probability of unsatisfactory performance of asphalt
pavement systems. The primary objective of this study was to present
a probabilistic model that would allow the user to determine a priori
probability distribution for E* given knowledge about temperature and
frequency. The seven-parameter model was based on the sigmoidal func-
tion and the shift factor that related reduced frequency to real frequency
and temperature. The model was calibrated on the basis of a well-known
published database that included 7,400 laboratory measurements of E*
for 346 asphalt mixes. Monte Carlo simulations were used to propagate
the uncertainties in the seven model parameters and determine realistic
estimates of the mean, coefficient of variation, and probability distribu-
tion of E* at different frequencies and temperatures. Results showed that
E* could be modeled by using a lognormal distribution with a mean that
was estimated from the mean values of the parameters and a coefficient of
variation that varied from a minimum of 0.55 for high values of reduced
frequency to a maximum of 1.55 for lower values of reduced frequency.

The empirical AASHTO 1993 design method has been one of the
most acknowledged pavement design methods worldwide for the
past 50 years (/). Over the years, pavement design has been pro-
gressing from purely empirical toward mechanistic—empirical
approaches. The Mechanistic—Empirical Pavement Design Guide
(MEPDG) software implemented in 2002 as part of NCHRP Project
1-37A constitutes one of the most comprehensive and detailed design
tools and has been implemented in most U.S. states (2). The design
guide encompasses a large number of design parameters and provides
thorough performance and distress predictions. One of the major dif-
ferences between the AASHTO empirical method and the MEPDG
is the introduction of the dynamic modulus E£* concept to replace
the resilient modulus M as a key input parameter (3). The dynamic
modulus is defined as the absolute value of the complex modulus, a
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complex quantity that represents the stress—strain relationship under
a continuous sinusoidal loading (3).

E* is one of the primary inputs in all three hierarchical levels of
hot-mix asphalt (HMA) characterization in MEPDG. For Level 1,
laboratory-measured dynamic modulus values at a minimum of three
test temperatures and three frequencies are needed to develop master
curves. For Levels 2 and 3, dynamic modulus values are obtained
from the Witczak predictive models. Level 2 uses measured binder
stiffness or viscosity, while Level 3 uses typical estimated binder
and mixture properties (4). In addition to being a key input param-
eter in MEPDG, NCHRP Report 547 and NCHRP Report 702 of
the NCHRP Projects 9-19 and 9-29, respectively, recommended
E* as the most promising simple performance test for rutting and
fatigue cracking specification because of its significant correlation
with these distresses (4, 5). The dynamic modulus has even been
recommended as a potential quality assurance/quality control (QA/
QC) parameter in the field (6). As described in NCHRP Report 580,
NCHRP Project 9-19 developed Microsoft Excel Spreadsheet E*
Specification Criteria that could be used for QA/QC purposes where
the E* specification converts measured or calculated £* values to rut
depth predictions and determines a critical minimum E* value that
could be used for QA/QC purposes (7).

Because the testing needed to measure E* is complex and time
consuming, E* prediction models were developed and updated over
the years by using £* databases obtained from laboratory testing. In
general, available predictive equations calculate E* on the basis of
volumetric mix properties. The most commonly used E* equations
are the Witczak predictive equations (8—/0). The Witczak—Fonseca
model, which was developed in 1995, relied on a database of
1,430 data points from 149 unaged laboratory-blended HMA
mixtures made of conventional asphalt cements (8). In 1999, the
database was expanded to 2,750 data points from 205 mixes by add-
ing 56 additional mixes, 34 of which were modified asphalt mixes.
The modified predictive equation, which relied on this expanded data-
base, was implemented in the first NCHRP 1-37 version of MEPDG
(Version 0.7) (9). Additional testing of 176 new HMA mixtures at Ari-
zona State University provided 5,820 more E* data points. The lat-
est comprehensive E* database that is available to researchers (from
NCHRP 9-19) contains 7,400 data points from 346 HMA mixtures
and was used to develop the 2005 modified Witczak equations. The
primary difference between the 2005 Witczak model and the one
used in NCHRP 1-37A is the incorporation of the binder stiffness
parameter in the form of viscosity or shear modulus.

Other predictive models are published in the literature, including
the Hirsch model developed by Christensen et al. (/7) and the Al
Khateeb et al. model (/2), both derived from the law of mixtures.
More recently, novel approaches that are based on the use of artifi-
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cial neural networks (ANNs) to determine £* have been proposed
by Ceylan et al. (13).

In the United States, new or state-specific databases of E* have
been generally used to locally calibrate available predictive mod-
els. EI-Badawy et al. calibrated the Witczak NCHRP 1-37A model
according to Idaho mixtures (/4). Singh et al. developed calibra-
tion factors for each of the Witczak 1999, Witczak 2006, Hirsch,
and Al-Khateeb predictive models for Oklahoma mixtures (15).
You et al. also calibrated the Hirsch and the Witczak 2006 models
for Michigan State (/6). Modification or calibration of the Hirsch
model was also proposed by Robbins and Timm (/7), Garcia and
Thompson (/8), and Yu and Shen (/9) for National Center for
Asphalt Technology test track mixtures representative of the south-
eastern United States, Illinois, and Washington State, respectively.
These studies indicate that the performance of available models
and their predictive power vary with the type of mixes and other
volumetric properties (15).

The criteria commonly used for evaluating the effectiveness of
the predictions of existing models generally include (a) a graphical
comparison between measured and predicted E* values, (b) evalu-
ation of the precision (scatter of the predictions relative to the mea-
surements) and bias (average deviation of the predictions relative
to the measurements), (¢) histograms of the residuals (measured
E* —predicted £¥) and percentage of error (measured E* — predicted
E*/measured E*) (10, 20), and (d) the ratio of the standard error S,
to the standard deviation S, of the measured £*, where S, and S, are
defined in Equations 1 and 2, respectively, as

n

(s £L)
- M

2

where 7 is the number of values of E* and | is the mean of the mea-
sured values of E*. The subscripts p and m in Equations 1 and 2 indi-
cate predicted and measured values of E*, respectively. The ratio of S,
to S, is a direct indication of the uncertainty in the model predictions,
with the uncertainty being higher for higher values of this ratio.

An investigation of the effectiveness of the commonly used
predictive models leads to the following observations:

1. Predictions of the Witczak £* models exhibit significant scat-
ter around the measured values, particularly at the low and high E*
modulus extremes. The Witczak 1-37A predictive model is reported
to underpredict E* at low temperatures and overpredict E* at high
temperatures. Both trends would have negative consequences on
predicted low-temperature cracking and rutting (6, 19, 21, 22). The
Witczak 2006 model did not significantly improve the overpredic-
tion in £* and also exhibited increased error at extremely high- and
low-temperature conditions (6, 23).

2. Significant differences between predicted and measured E*-
values exist, especially in the frequency range of 0.01 to 1,000 Hz (3).

3. Multiple studies concluded that the Hirsch model yields better
predictions than the Witczak equations (/7, 22, 24). However, the
Hirsch model was shown generally to underpredict E* (2, 15, 23).

4. The ratio of the standard error S, to the standard deviation S,
of the measured E* is reported to range from 0.53 to 0.6 for the
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Witczak 1999 model, from 0.45 to 0.75 for the Witczak 2006 model,
from 0.48 to 0.88 for the Hirsch model, 0.65 for the Al-Khateeb
model, and from 0.14 to 0.36 for the ANN models (10, 13, 23, 24).

5. Kim et al. estimate the reliability distribution of the pre-
dictive models as follows: original Witczak +200%, modified
Witczak £175%, Hirsch £125%, and ANN models between +55%
and £75% (24).

Pavement design involves significant uncertainties that can have con-
siderable effects on the predicted pavement distresses. Kim and Lee
classified these uncertainties in two types: variability in the input
parameters and systematic errors caused by the uncertainty of the
predictive model adopted and the lack of fit (25). Because of the
high costs of rehabilitation and reconstruction, incorporating reli-
ability analysis into pavement design has been an objective as early
as the 1970s (26, 27). The need to account for the variability in pave-
ment design has even been acknowledged by the AASHTO empiri-
cal guide in its earliest forms. In the MEPDG, reliability is defined
as the probability that a particular distress, such as fatigue cracking,
will be less than a selected critical value: P (distress < critical value)
(2). Quantifying the variability of E* is important because of its
influence on the predicted pavement performance. Previous research
studies on pavement reliability indicate that the variability in the
resilient modulus is generally adopted to represent the uncertainty
in the dynamic modulus (25, 28-30). The statistical properties of
the asphalt modulus and its probability distribution are generally
adopted from existing literature on the resilient modulus (37). Alter-
natively, El-Basyouny and Jeong (32) and Thyagarajan et al. (33) use
the probability distributions of the input parameters of the Witczak
equation to determine the distribution of E* through Monte Carlo
simulations. Simulated £* values are used to predict the probability
distributions of rutting and fatigue cracking. The shortcoming of this
analysis is that it incorporates variability in the input parameters only
and disregards uncertainties in the predictive models used.

The comprehensive literature survey that is summarized above
reveals a need for characterizing the uncertainties that are inherent in
the dynamic modulus E£* to serve as input to any future robust reli-
ability analysis that aims at properly determining the probability of
unsatisfactory performance of asphalt pavement systems. Published
attempts at understanding the uncertainty in E* are limited to char-
acterizing the range of the percent error that is inherent in E* predic-
tions from available empirical models or evaluating the ratio of the
standard error, S,, to the standard deviation, S,, of the measured E*.
The very few attempts that are published in the literature and which
look at the variation of the error with temperature and frequency con-
sider only the impact of these parameters on the average error in E*
predictions and fail to properly model the effect of temperature and
frequency on the degree of uncertainty in these predictions. In addi-
tion, published studies have failed to investigate the uncertainty in
the overall E* master curve and tend to focus on analyses involving
aggregated predicted versus measured data points of E*.

All of the above attempts and approaches fall short of providing a
realistic probabilistic methodology that accurately models the prob-
ability distribution of E* while taking into consideration the impact
of frequency and temperature on the uncertainty in £*. Moreover,
none of the published studies have attempted to use the published
databases of E* data points or master curves to assess the uncer-
tainty in £* as a function of frequency and temperature. The primary
objective of this paper is to present a robust probabilistic model for
E* that allows the user to determine an a priori realistic probability
distribution for E* given knowledge about the target temperature
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and frequency. For this objective to be achieved, the latest compre-
hensive revised E* database that contains 7,400 data points from
346 HMA mixtures and that was used to develop the 2005 modi-
fied Witczak predictive equation was used in the form of £* master
curves. The proposed fully probabilistic model for £* could serve
as valuable input to reliability-based design analyses for pavement
systems and provides a realistic preliminary probability model for
E* that could be further updated with additional data or knowledge.

PROBABILISTIC MODELING OF E*

The database of E* measurements that contains 7,400 data points
from 346 HMA mixtures and that was used to develop the 2005
modified Witczak predictive equation was used as a basis for estab-
lishing a probabilistic model that describes the variation of E* with
loading frequency and temperature. The well-known sigmoidal func-
tion coupled with the well-known quadratic empirical correlation
between the shift factor and temperature forms the mathematical
backbone of the probabilistic model. The sigmoidal function relates
E* to reduced frequency as indicated in Equation 3 and the shift
factor relates reduced frequency to frequency and temperature as
indicated in Equation 4:

E*= 10[§+W+°2“") 3)

ar? +bT+c)

f=fxa(T)=fx10 @

where

E* = dynamic modulus (pounds per square inch),
/. = reduced frequency (Hz),
f = real frequency (Hz), and
T = temperature (°F).

As indicated in Equations 3 and 4, the relationship between E*
and f, is governed by four parameters (9, o, B, and ), while the
relationship between f, on one hand and f and T on the other
hand is governed by the three parameters of the shift factor (a, b,
and c). Equations 3 and 4 may be combined to relate E* directly
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to fand T as indicated in Equation 5. Seven parameters are needed
to characterize this relationship.

E*= 10[5+m) s

Database of E*

The database of E* measurements consists of 7,400 laboratory mea-
surements of E* for asphalt specimens tested at different tempera-
tures and frequencies. The database is published in NCHRP 9-19.
For every asphalt mix in the database (total of 346 mixes), least
squares regression was used to evaluate the seven parameters that
characterize the sigmoidal function and the shift factor, resulting in
a total of 346 sets of parameters representing 346 E* master curves.
The resultant £* master curves are plotted on Figure 1. The aim of
the plot is not to highlight the individual £* master curves but to pre-
sent the overall variation between the curves. The main finding from
Figure 1 is that there is significant scatter in the £* master curves.
The observed variability seems to be significant, particularly at rela-
tively smaller values of reduced frequency. The degree of variability
seems to decrease as the reduced frequency increases. The graphical
representation of scatter in £* as indicated in Figure 1 is probably the
first attempt to investigate the variability of E* in the form of master
curves rather than individual E* values. This approach for investigat-
ing the variability in £* through the E* master curve is advantageous
since it implicitly caters for the effects of frequency and temperature
on the resulting £* value and its uncertainty.

Probabilistic Model for E* Master Curves

The 346 best-fit E* master curves presented in Figure 1 were used
as a basis for calibrating a probabilistic model that relates £* to fre-
quency and temperature. The model was established by conducting
arobust statistical analysis on the seven parameters defining Equa-
tion 5. For each parameter, the mean, standard deviation, and coef-
ficient of variation (CV) were calculated. Moreover, the correlation
coefficient between the different pairs of parameters was also deter-
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FIGURE 1 Best-fit sigmoidal E* master curves for 346 HMA mixes.
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mined to characterize the correlation structure of the parameters of
the probabilistic model. The mean vector (1), standard deviation
vector (), and correlation matrix (p) of the seven model parameters
are presented in Equation 6:

[6=3.98 [6=0.448
o=2.60 a=0.521
B=-0.69 B =0.487
p=|y=0.51 o=|7=0.124
a=0.00013 a =0.0002
b =-0.0893 b=0.0352
| c=5.637 | c=1.5630 |
[ ) o B Y a b c
) 1 -094 038 058 0.18 -0.18 0.17
a -094 1 -049 -0.72 -0.21 0.15 -0.11
B 038 -049 1 0.38 -0.05 0.22 -0.31
P= Yy 058 072 038 1 0.27 -0.18 0.11
a 018 -021 -0.05 027 1 -0.95 0.88
b -0.18 0.15 022 -0.18 095 1 -0.98
Ke 0.17 -0.11 -0.31 0.11 0.88 —0.98 1

(©)

An examination of the correlation matrix of the seven model param-
eters in Equation 6 indicates that (a) the only two parameters in the
sigmoidal function that are strongly correlated are & and o with a
strong negative correlation coefficient of —0.94; (b) there is strong
correlation between the parameters of the shift factor with a and b
being positively correlated (p,, = —0.95), a and ¢ being positively
correlated (p,.=0.88), and b and ¢ being negatively correlated (p,,.=
—0.98); and (¢) there is no significant correlation between the param-
eters of the sigmoidal function and those of the shift factor (almost
all correlation coefficients are less than 0.31).

The statistical information presented in Equation 6 fully defines
the first two moments of the seven model parameters, with the first
moment being the mean of the model parameters and the second
moment being the covariance matrix that defines the variance of
the model parameters and their correlation structure. For the proba-
bilistic model to be completed, knowledge about the probability
distributions of these model parameters is required. The cumulative
distribution function of each model parameter was established by
ranking the observed values of each parameter in increasing order
and finding the corresponding probability that the parameter is less
than that value. The calculated probabilities are then plotted as
cumulative distribution functions in Figure 2, a to g, for the seven
parameters. Also plotted on each figure are the theoretical normal or
lognormal distributions with the same mean and standard deviations
as the calculated values. Except for parameters o and 7, results in
Figure 2 indicate that the normal distribution provides an acceptable
model of almost all the parameters. For the specific case of o and v,
the curves indicate that the lognormal probability distribution pro-
vides a better fit to the data, particularly at the tails. The lognormal
distribution is not applicable for parameters that assume negative
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values (e.g., B, a, and b). However, for these parameters, the normal
distribution resulted in a realistic fit to the observed data.

Mean, CV, and Probability Distribution of E*

The uncertainty in the seven model parameters as defined in Equa-
tion 6 could be propagated through forward uncertainty modeling
to characterize the uncertainty in E*. Probabilistic methods for
forward modeling vary from methods that are based on simple first-
order approximations of the mean and standard deviation of E* to
the more complicated but robust Monte Carlo simulations, which
provide accurate information about the mean, standard deviation,
and probability distribution of E*. In the following sections, both
first-order approximations and Monte Carlo simulations are used to
characterize the uncertainty in £% as a function of reduced frequency.

First-Order Approximation

The probability distribution of a function of random variables
Y =g(X;, Xz, Xs, ..., X)) can theoretically be derived from the prob-
ability distributions of the basic random variables (X;, X5, X;, . . . , X,,).
However, such derivations are generally difficult, especially when
the function is nonlinear (34). In such circumstances, the moments
(particularly the mean and the variance) of the function may be the
only practical obtainable information. A solution for the mean [, and
variance vary of a nonlinear function Y = g(X;, X5, X;, ..., X,) can
be approximated through a first-order Taylor series expansion as a
function of the mean values and covariance structure of the random
parameters (X;’s) such that

Ly = g(l»lxn Mx2, Mxzs o e s ux1) @)

vary= ¥ Y 4., CV(X,. X)) ®

i=1 j=1

where a; and a; are the values of the partial derivatives 8g/0X;
and 8g/0X;, respectively, evaluated at [y, Wxs, WUxss - - - » Hx, and
CV(X;, X)) = p;jOxOx;, With p;; being the correlation coefficient
between X; and X;. For the problem under consideration, the function Y
of interest is the dynamic modulus E* as represented in Equations 3
and 5 and the basic random variables (X;’s) are the seven parameters
of the sigmoidal function and the shift factor.

As a first attempt, the statistical information of the model
parameters of the sigmoidal function only as presented in Equa-
tion 4 is used to estimate the mean and variance of E* as a function
of reduced frequency f, by using a first-order approximation. The
resultant mean relationship between E* and f, as obtained from
Equation 1 is presented in Figure 3a and Figure 1 for comparison
with the 346 individual £* master curves. A visual investigation
of the curves in Figure 1 and of the average master curve obtained
from the first-order approximation seems to provide an unbiased
estimate of the average trend of the data. The average master curve
was simply obtained by replacing the four parameters (5, o, 3,
and 7y) with their respective mean values as presented in Equa-
tion 7. The average master curve could be used to estimate the mean
value of E* for any given value of reduced frequency.

The first-order approximation is also used to estimate the vari-
ance of E* as a function of reduced frequency based on Equation 8.
The calculation requires solving for the partial derivatives of E*
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FIGURE 3 Variation of (ag) mean and (b) CV of E* with reduced
frequency using first-order approximations and Monte Carlo
simulations.

with respect to the four model parameters and evaluating the partial
derivatives at the mean values of these parameters. The partial deriv-
atives are then used in conjunction with the covariance matrix of
the model parameters to estimate the variance of £¥*. MATLAB was
used to carry out all necessary computations related to the variance.
The standard deviation of E* was then calculated as the square root
of the variance, and the CV of E* was calculated as the ratio of the
standard deviation to the mean value of E*. Because both the mean
and the standard deviation of E* are functions of reduced frequency,
the CV was also found to vary with reduced frequency as shown in
Figure 3b. Results of the first-order approximation indicate that the
CV_ is approximately equal to 0.4 at reduced frequencies between
10* and 10°, increases relatively linearly from 0.4 to about 0.9 as
the reduced frequency decreases from 10* to 107, and then drops
slightly to a value of 0.8 for reduced frequencies that are smaller
than 1072 These CV values for E* provide valuable estimates of the
degree of uncertainty in E* at different reduced frequencies.

The CV values in Figure 3b reflect uncertainty in the four param-
eters of the sigmoidal function only. The uncertainty in the param-
eters of the shift factor is not included in the analysis at this stage
but is discussed in the next sections of this paper.

Monte Carlo Simulations

The first-order estimates of the mean and CV of E* as presented in
Figure 3 could suffer from inaccuracies as a result of the highly non-
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linear mathematical form of the sigmoidal function. In addition, the
first-order approximation does not provide any feedback regarding
the mathematical form of the probability distribution of E*. For the
above limitation to be overcome, a robust statistical analysis that is
based on Monte Carlo simulations was conducted to provide more
realistic estimates of the mean, CV, and probability distribution of E*
and to check the accuracy of the results of the first-order approxima-
tion. The Monte Carlo analysis involved simulating 500,000 sets of
sigmoidal model parameters that accurately follow the probability
distributions and correlation structure of the model parameters as
reflected in Equation 6 and Figure 2. In the simulations, parameters &
and P were assumed to follow normal distributions while parameters
o and y were assumed to follow lognormal distributions.

The 500,000 sets of parameters of the sigmoidal function were
used to calculate estimates of the mean value and CV of E* at speci-
fied values of reduced frequencies ranging from 107 to 10°. The
results are plotted on Figure 3, a and b, for comparison with the
results of the first-order approximations. Results in Figure 3a indi-
cate that the variation of the average E* master curve as obtained
from the Monte Carlo simulations is very close to the average E*
master curve that resulted from the first-order approximation, an
indication that the average values of the parameters of the sigmoidal
function could be used in Equation 3 with confidence to provide
a relatively unbiased estimate of the mean of E* as a function of
reduced frequency. However, the CV values of E* from the robust
Monte Carlo simulations (Figure 3b) were found to be consistently
larger than the CVs obtained from the first-order approximation, an
indication that the first-order approximation failed to accurately pre-
dict the uncertainty in £* for a given reduced frequency. Although
the trend of variation of the CV of E* with reduced frequency was
captured correctly by the first-order approximation, the values of the
CV of E* were found to be approximately equal to 0.6 (compared
with 0.4 for the approximation) at reduced frequencies between
10* and 10°, to increase relatively linearly from 0.6 to about 1.55
(compared with 0.9 for the approximation) as the reduced frequency
decreases from 10* to 1072, and then to drop slightly to a value of 1.3
(compared with 0.8) for reduced frequencies that are smaller than
107 These results indicate that the first-order approximation can-
not be used with confidence to characterize the uncertainty in E*.
As a result, the use of the first-order approximation is discontinued
for the remaining analyses, which will be conducted with the more
reliable Monte Carlo simulation technique.

In addition to the mean and the CV of E*, results from the Monte
Carlo simulations were used to establish the boundaries of the ranges
of 68% and 96% confidence about the mean master curve. The 68%
and the 96% confidence bounds correspond to £1 and +2 standard
deviations about the mean for a typical Gaussian and normal distri-
bution, respectively. The E* master curves delineating these confi-
dence intervals are presented in Figure 4. These confidence intervals
are indicative of the level of uncertainty in £* predictions for a
given reduced frequency and could be used as indicative estimates
(particularly the 96% confidence level) to delineate the expected
maximum and minimum values that £* could assume at a given
reduced frequency.

Results in Figures 3 and 4 allow for estimating the mean and CV
of E* at a given reduced frequency and the possible range of E* for a
given confidence level. For applications involving reliability-based
design, information that is limited to the mean and CV of E* is not
sufficient. There is a need for establishing the probability distribu-
tion that would best model the uncertainty in £*. The results of the
Monte Carlo simulations were used to investigate the probability
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distribution of E*. Figure 5, a to f, presents histograms showing the
frequency of occurrence of E* values for select reduced frequen-
cies of 10°, 10%, 10, 1, 107, and 10™. In addition to the histogram of
the simulated data, theoretical normal and lognormal distributions
with the same mean and CV as the simulated data are plotted on the
same histograms to investigate the applicability of these common
theoretical distributions in modeling the uncertainty in E*.

An investigation of the results in Figure 5 leads to the following
observations concerning the probability distribution of E*: (a) the
probability distribution of E* seems to be skewed (nonsymmetrical),
with the degree of skewness increasing as the reduced frequency
is decreased from 10° to 10™; (b) as a result of the skewness in the
data, the normal distribution fails at providing a realistic model of
the uncertainty in E£*, particularly for the smaller reduced frequency
range where the average E* values are expected to be relatively
small and the CV of E* has been found to be relatively large; and
(c) the lognormal distribution seems to be an acceptable and practi-
cal candidate probability distribution for modeling the uncertainty in
E*. These observations are important because they indicate that the
widely used normal distribution in the pavement literature may not
be a possible candidate for modeling the uncertainty in £* because of
the symmetrical nature of the distribution and because it can assume
negative values that are physically impossible for the case under
consideration. As a result, it is recommended that the lognormal
distribution be used to model the uncertainty in E£* at all reduced
frequencies.

For all of the Monte Carlo analyses that have been reported so far,
only the uncertainties in the parameters of the sigmoidal function
have been included in the probabilistic assessment of uncertainties
of E*. In real applications involving pavement design using asphalt
mixtures, reduced frequencies have to be calculated from the real
frequencies and the temperature by using the shift factor as indicated
in Equation 4. Since the three parameters of the shift factor are also
uncertain, they are expected to contribute to the total uncertainty in
E* and may increase the previously calculated CVs of E*, which
were presented or reflected in Figures 3 to 5. To evaluate the impact
of the uncertainties in the shift factor on the total uncertainty in E*,
anew series of Monte Carlo simulations were conducted with Equa-
tion 5 instead of Equation 3. A total number of 500,000 simulations
were conducted, resulting in 500,000 sets for the seven parameters
in Equation 5. These sets were then used to calculate 500,000 E*
values for different combinations of real frequency and temperature.
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For limitation of the mathematical computations, the Monte Carlo
simulations were conducted for cases involving combinations of
real frequencies of 0.01, 0.1, 1, and 10 with temperatures of —=10°C,
0°C, 10°C, 25°C, and 45°C. For each combination of frequency and
temperature, the 500,000 simulated E* values were used to calcu-
late an estimate of the mean of E* and an estimate of the CV of E*.
These estimates include in them the effects of the uncertainties in
the parameters of the shift factor in addition to the uncertainties in
the parameters of the sigmoidal function. The resulting mean and
CV of E* are plotted as a function of the average reduced frequency
of each combination of frequency and temperature in Figure 6 for
comparison with the values obtained when the uncertainties in the
shift factor were excluded from the analyses. The average reduced
frequency is used solely for plotting purposes and was calculated as
a byproduct of the Monte Carlo analysis.

Results in Figure 6 indicate that the mean E* master curve that
was obtained from Monte Carlo simulations was not affected by the
uncertainties in the shift factor parameters. In addition, the contribu-
tion of the uncertainties in the shift factor parameters a, b, and c to
the total uncertainty in E* as reflected in the CV of E* is found to
be negligible. The CV of E* increased slightly for cases involving
low temperatures (—10°C and 0°C) and low frequencies (0.01 Hz
and 0.1 Hz). For the cases involving intermediate temperatures of
10°C and 25°C, no increases in the CV of E* are noted. This find-
ing is expected because at these temperatures the shift factor does
not exhibit significant variability around its mean values given its
mathematical formulation. For the relatively high temperature of
45°C, insignificant increases in the CV of E* are noted for all fre-
quencies. The major conclusion that can be drawn from the above
observations is that the effect of uncertainties in the shift factor
on the mean and CV of E* could be neglected in any probabilistic
analysis involving E*. The shift factors a, b, and ¢ could be assumed
to be deterministic with representative values that are estimated by
the mean values presented in Equation 6.

CONCLUSIONS

In this paper, a practical probabilistic model is developed for the
dynamic modulus of asphalt pavement layers for potential use in
reliability-based design applications of asphalt pavement systems.
The probabilistic model is based on the well-known sigmoidal func-
tion that defines E* as a function of reduced frequency and on a
conventional polynomial expression that relates reduced frequency
to real frequency and temperature. The seven-parameter probabi-
listic model was calibrated on the basis of a well-known published
database that includes 7,400 laboratory measurements of E* for
346 asphalt mixes. Monte Carlo simulations were used to propagate the
uncertainties in the seven model parameters with forward modeling
and to determine realistic estimates of the mean, CV, and probability
distribution of E* at different conditions of frequency and tempera-
ture. On the basis of the results of the Monte Carlo simulations,
the following conclusions can be drawn:

1. Arealistic and accurate representation of the average £* mas-
ter curve can be obtained using the mathematical expressions of the
sigmoidal function and the shift factor by using the mean values of
the seven model parameters that define £* as a function of frequency
and temperature.

2. The CV of E* was accurately evaluated as a function of fre-
quency and temperature and was found to vary from a relatively small
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FIGURE 5 Histograms of simulated E* values compared with theoretical distributions: (a) reduced frequency = 108,
mean of E¥ = 24,638 MPa, CV of E* = 0.55; (b) reduced frequency = 102 mean of E* = 12,043 MPa, CV of

E* = 0.88; (¢) reduced frequency = 10, mean of E¥ = 8,091 MPa, CV of E*¥ = 0.79; (d) reduced frequency = 1,
mean of E¥ = 4,862 MPa, CV of E* = 0.96; (e) reduced frequency = 1072, mean of E* = 1,428 MPa, CV of

E* = 1.38; and (f) reduced frequency = 10™%, mean of E* = 445 MPa, CV of E* = 1.57.
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FIGURE 6 Effect of uncertainty in shift factor model parameters on the
(a) mean E* master curve and (b) CV of E*.

value of 0.55 (for the high reduced frequency range) to a relatively
high value of 1.55 (for the very low reduced frequency range). The
CV was found to be governed by the uncertainty in the sigmoidal
function parameters and was almost unaffected by the uncertainty in
the shift factor.

3. The probability distribution of E* was found to be highly
skewed, particularly for the relatively low reduced-frequency range.
Despite the significant skewness, the lognormal distribution was
found to provide an acceptable model of the uncertainty in £* and
is recommended for use in any reliability-based analyses involving
the use of E*.

The simplified probabilistic model for E* that is proposed in this
study is not expected to replace existing, more complicated empirical
prediction models that aim at predicting £* as a function of volumet-
ric mix properties and other parameters. The proposed fully probabi-
listic model for E* could serve as necessary input to reliability-based
design analyses for pavement systems and provides a realistic pre-
liminary probability model for E* that could be further updated with
additional data or knowledge. The authors have already started a
research study along these lines, in which the predictions provided by
existing models for E* (such as Witczak) will be used to update the

prior probability distribution of E* that was established in the current
paper using Bayesian techniques.
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