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This paper examines the H., performance problem of the edge agreement protocol for networks of agents
operating on independent time scales, connected by weighted edges, and corrupted by exogenous distur-
bances. H..-norm expressions and bounds are computed that are then used to derive new insights on
network performance in terms of the effect of time scales and edge weights on disturbance rejection. We
use our bounds to formulate a convex optimization problem for time scale and edge weight selection.
Numerical examples are given to illustrate the applicability of the derived #..-norm bound expressions,
and the optimization paradigm is illustrated via a formation control example involving non-homogeneous
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1. Introduction

Many natural and engineered systems operate over protocols
or dynamics over networks. The consensus algorithm is a fa-
mous distributed information-sharing protocol over a network,
used in many applications ranging from wind farm optimiza-
tion [7], robotics and autonomous spacecraft [38], sensor networks
and compressed sensing [32,41], and multi-agent systems [36,45].
There has been extensive research on how the structure of the net-
work affects control-theoretic properties of the collective system,
such as optimal edge weight selection for #, control [15,21], as
well as the relationship between network symmetries and control-
lability [6,35].

The present paper is focused on system-theoretic robustness
measures analyzing the consensus algorithm, and in particular
how one may design robust consensus networks. The state-of-the-
art in the literature has focused on the #, performance mea-
sure, which describes how much energy enters a system via
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an impulse response, or equivalently, how well a system re-
jects noise. In leader-follower consensus, the #,-norm captures
the notion of effective resistance across the network [10,13]. This
paradigm proves useful in analyzing the effects of optimizing edge
weights, node time scales, and the graph structure for H, per-
formance [15,21,25,26,48]. The related concept of coherence has
been used to develop local feedback laws and for leader selec-
tion [9,33,34].

While the H,-norm captures noise-rejection properties of the
system, in the present work we examine the #.,-norm, which is
related to how finite-energy signals and disturbances cause the
system to deviate from consensus [48]. The H,-norm has also
found use in combating time delays in consensus problems [28], as
well as in distributed state estimation over sensor networks [42].

When only relative measurements across edges in the network
are available to the agents, a minimal representation of consen-
sus can be considered, which we refer to as edge consensus [48].
This minimal representation is characterized by the edge Lapla-
cian of the graph, and is used in formation flight and sensor net-
works [39,40,43]. The edge consensus protocol has been studied in
[20], and extensions of edge consensus for matrix-weighted net-
works were considered in Foight et al. [21].

Networks often contain non-homogeneous agents that operate
on different time scales. Examples of agent-based dynamics oper-
ating on multiple time scales include coupled oscillators [31], neu-
ronal networks [23], and social networks [19]. Theoretical tools ex-
ploiting time scale analysis have also been developed for various
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systems, such as neural network-based control for robotics [47],
model reduction and coherency in power systems [16,37], epi-
demic spreading [27], and composite (or layered) consensus net-
works [14]. Interaction with time-scaled networks was discussed
in [22], and consensus under time scale separation was presented
in [8].

A natural question to ask is what distribution of time scales in a
network yields resiliency, either to disturbances, noise, or network
failure. A common simplifying approach to address such theoretical
questions is to assume that the agents in the network are single in-
tegrator units [30]. This approach is followed in the present work.
Our paper also assumes the same choice of covariance matrices as
in [20,21]. Based on this assumption, one contribution in our paper
is to quantify the effect of time scales in the edge consensus pro-
tocol on disturbance rejection, using the #.,-norm as the perfor-
mance measure. Related works in the literature considering edge
consensus for time-scaled networks are [20,21,26].

Our present work focuses on examining the #.,-norm in the
case of edge consensus on both edge-weighted and time-scaled
networks. The contributions of our paper are:

1. We derive expressions of and bounds on the H,-norm in
terms of edge weights and time scales.

2. We make use of the derived expressions and bounds to pro-
vide new insights on H, network performance; namely, that
larger edge weights and faster time scales lead to a smaller
Hoo-nNOrm.

3. We show how the H,.-norm bounds provide a suitable
proxy for formulating optimization problems for the selec-
tion of edge weights and time scales.

4. We provide numerical examples to illustrate:

(a) The validity and conservativeness of the derived
bound expressions

(b) A Pareto optimal front as a function of the three tun-
ing parameters in our edge weight and time scale op-
timization framework

(c) The performance improvement under our edge weight
and time scale optimization framework in a formation
control example.

The organization of this paper is as follows. In Section 2, we out-
line our notation and the mathematical preliminaries on graph-
theoretic properties. The edge consensus setup is described in
Section 3, and our main results are given in Section 4. A formation
control consensus example is given in Section 5, and the paper is
concluded in Section 6.

2. Notation and preliminaries

In this section, we outline the notation used in the paper. The
set of real numbers is denoted by R. The sets of n-dimensional
real vectors and m x n real matrices are denoted by R" and
R™x1_ respectively. Diagonal matrices are written as D = diag(d) =
diag{d, ..., dn}, where d = (dq, ..., dn) € R". 1 and 0 denote vec-
tors that consist of all one and zero entries, respectively. The iden-
tity matrix of conformable dimensions is denoted by I. |S| denotes
the cardinality of a set S. We define the ¢;-norm of a vector x € R"

as [Ixll = (2 + - +x%)%. det(A) denotes the determinant of ma-
trix A. C > 0 and C > 0 mean that the symmetric matrix C is posi-
tive definite and positive semidefinite, respectively.

The null space of a matrix A is denoted by A (A). span(A) de-
notes the subspace spanned by the columns of A. M, M~', and Mf
denote the transpose, inverse, and Moore-Penrose pseudoinverse
of a matrix M, respectively. For a nonsingular matrix A, (A7)~ is
simplified to A~T. Two matrices C and D are similar if there exists
a nonsingular matrix T such that D =T~CT. In this case, C and

European Journal of Control 62 (2021) 2-13

D have the same spectra. The maximum and minimum eigenval-
ues of a symmetric matrix A are denoted by Amax(A) and Ay (A),
respectively. The largest singular value of a (possibly nonsquare)
complex matrix B is defined as & (B) = \/Amax(B*B), where B* de-
notes the conjugate transpose of B. For A > 0, 6 (A) = Amax(A), and
so, these two terms will be used interchangeably in this case.

This paper considers undirected, connected, and weighted
graphs that are comprised of nodes with multiple time scales and
no self-loops. The quadruple G = (V, &, W, E) denotes a graph G,
where V ={1,...,n} is the set of nodes, £ is the set of edges,
W is a diagonal matrix of (positive) edge weights, and E is a di-
agonal matrix of (positive) node time scales. If we partition the
set of nodes V into two disjoint sets V; and V,, we write that
Y =V Uy, ie, Vis the disjoint union of V; and V,. We uniquely
label each edge ij as le{1,...,|&|} and denote the associated
weight as w;; = wj; = w; > 0. The weight matrix is thus defined as
W = diag{w;, ..., wg}. The time scale associated with a node i is
denoted by €; > 0, and so the matrix of time scales is defined as
E = diagfe;, ..., €}. Let N(i) denote the set of neighbor nodes of
node i, i.e., the nodes j such that ij € £. The incidence matrix D(G)
is a |V| x |€] matrix that characterizes the incidence relation be-
tween distinct pairs of nodes. For undirected graphs, the incidence
matrix is constructed by giving the graph an arbitrary orientation,
and therefore, the edges will have terminal and initial nodes. Then,
D(G) can be defined as: [D(g)]” =1 if i is the initial node of edge
I, —1 if i is the terminal node of edge I, and O otherwise.

A connected graph G can be split into two edge-disjoint sub-
graphs G; and G. on the same set of nodes, where G; is a spanning
tree (a connected graph on the n nodes with n —1 edges) and G,
is the corresponding co-tree. G; contains all the nodes of G con-
nected with V| —1 edges, and G, contains the remaining edges
of G. A connected graph has at least one spanning tree [49]. As
a result, the columns of the incidence matrix can be permuted
such that D(G) = [D(dz)  D(Gc)] without loss of generality. Co-
tree edges are linear combinations of the tree edges, i.e., D(G¢)T{ =
D(Gc), where the matrix T¢ = (D(G¢)TD(Gr))~'D(G)TD(Gc). Thus,
the incidence matrix can be expressed as D(G) = D(G:)R(G),
where R(G) = [1 Tf], as in [49]. Other graph-associated matrices

are the graph Laplacian L(G) = D(G)D(¢)T and the edge Laplacian
Le(G) = D(G)TD(9).

3. Edge consensus

In this section, we outline the edge variant of the consensus
protocol over a network of time-scaled agents interconnected by
weighted edges. We also introduce exogenous inputs in the form
of measurement and process noise. The reader is referred to Foight
et al. [20] for further details.

Consider a group of single integrator units evolving at differing
rates. We represent this configuration by a graph ¢ = (V, £, W, E),
where agents and the interconnections between them are repre-
sented by nodes and edges, respectively. Let t > 0 denote continu-
ous time. The dynamics of agent i € V are given by

€X;(t) = u;(t) +w;(t),

where x;(t), €;, u;(t), and w;(t) represent the state, time scale, in-
put, and zero-mean Gaussian process noise associated with agent
i, respectively. The total input u;(t) to agent i is the sum of the
control input that achieves consensus and the corrupting measure-
ment noise on the edges. For i € V, the input u;(t) is thus defined
as

ui(t) = Y (wi(x;(t) — x(1)) + v35(t)).

JjeN(@)
where v;;(t) is a zero-mean Gaussian measurement noise affecting
edge ij. In matrix form, the dynamics of all the agents and the
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stacked input are respectively expressed as
X(t) = E(G)'u(t) + E(G)"'w(t), (1)

u(t) = —D(G)W (G)D(G)Tx(t) — D(G)v(t), 2)

where x(t), u(t), w(t), and v(t) are the stacked vectors of states,
inputs, and process and measurement noises, respectively. We de-
note the covariance matrices of w(t) and v(t) by € and I, respec-
tively. Combining (1) and (2), we obtain the following time-scaled
and weighted consensus problem:

X(t) = ~Lus(@)x(0) + [E@) ~E@)'D(@)] [V,f((f))} 3)
where Lys(G) = E(G)"'D(G)W(G)D(G)T is the
weighted Laplacian matrix.

For a connected graph, the graph Laplacian matrix L(G) has
one zero eigenvalue and the rest are positive [49], i.e., the nul-
lity of L(G) is equal to 1. It can be shown that N (Lws(G)) =
N(L(G)) = N(D(G:)T). Thus, the nullity of Ly s(G) is also equal to
1. Moreover, Ly s(G) has nonnegative eigenvalues since it is similar
to the positive semidefinite matrix E(G)~2D(G)W (G)D(G)TE(G)" 2.
Hence, Ly s(G) has one zero eigenvalue, and the rest are positive.
Thus, the state matrix —Lys(G) in (3) is not Hurwitz, which pre-
cludes analysis involving the #..-norm. Therefore, following Zelazo
and Mesbahi [48], we use an edge variant of (3) to perform the #,
analysis.

scaled and

Lemma 1. [20, Theorem 1] Consider a connected graph G with a
given spanning tree Gr. The scaled and weighted graph Laplacian
Lw,s(G) is similar to

[Le,xgr)R(g)ww)R(g)T o}
0 0l

where Les(G:) = D(G:)TE(G)~1D(G;) is the time-scaled edge Lapla-
cian for G-.

Lemma 1 is proved in [20] by constructing the needed similar-
ity transformation S, (G) as follows:

Sv(9) = [E(G)7'D(G)(D(G)TEG)7'D(G: )" 1]

The upper-left block of the resultant matrix, i.e,
Les(G:)R(G)W(G)R(G)T, has positive eigenvalues. Moreover, it
follows from Horn and Johnson [24, Observation 7.1.8] that
Les(Gr) = D(G:)TE(G)"'D(Gr) >~ 0 and R(G)W(G)R(G)T » 0 since
W(G) >0, E(G)"'>0, and R(G)T and D(¢;) are full column
rank. Hereafter, we omit the dependence of R, W, E, D, Ly, and
Sy on G. We also define the simplified symbols D; = D(G;) and
Lervs = Le,s(Gr)-

Applying X (t) = S;'x(t) yields the following edge interpreta-
tion of the consensus dynamics:

. —L7 T DIE-1 LT R
xe(r>=[ LesRWR g]xe<r>+[ o }[Zf((f))] (4)

where €; = Y ; €;. The vector of edge states in (4) can be parti-
tioned as xe(t) = (x¢ (t), X1 (t)), where x; (t) € R"1 is the vector of
edge states associated with the spanning tree G, and x;(t) € R is
the edge state in the agreement/consensus space, span(1). Thus,
for a given spanning tree G;, the edge consensus model X corre-
sponding to the spanning tree edge states is given by

X¢ (t) = —LT RWRTx, (t) + DTE-1Q(t) — LZ RT'D(t), 5)
z(t) = RTx. (1),

where W(t) and ¥(t) are normalized noise signals that satisfy
w(t) = Qw(t) and v(t) = I'D(t), respectively. In the edge consen-
sus model X; in (5), the output z(t) € RI¢! is the monitored per-
formance signal. Due to the inclusion of RT in the output equation,
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z(t) consists of the spanning tree edge states, as well as the co-
tree edge states. A variation of the model in (5) is also considered
in [20,48], in which the output is chosen as the vector of the span-
ning tree edge states, i.e., z(t) = x¢ (t) € R*™1,

4. Main results

In this section, we characterize the #,-norm of the edge agree-
ment protocol developed in Section 3 and develop a design prob-
lem for selecting edge weights and time scales.

4.1. Hs Performance

Consider a stable linear time-invariant system with a transfer
function matrix ®(s), where s denotes the Laplace variable. The
Hoo-norm of this system is defined as follows [50, Chapter 4.3]:

@]l =iug{6(cb(jw))}.

The H,-norm is equal to the £;-induced norm of the system. In
the context of networked systems, the #.,-norm is a measure of
the asymptotic deviation of the states of the agents from consensus
as a result of finite-energy exogenous disturbances [48].

The transfer function matrix of system X, defined in (5) is
given by

T (s) = RT(sI + L ,RWRT)'[DTE-'Q  —LZRT].

Proposition 1. Consider the system X, defined in (5). The state ma-
trix —LE RWRT is diagonalizable.

Proof. We begin by proving that L, s is diagonalizable by showing
that it is similar to a diagonalizable matrix. Namely, E %LW_SE‘% =
E*%DWDTE*%, and the latter matrix is diagonalizable since it is
a real symmetric matrix [24, Theorem 4.1.5]. From Lemma 1, the
matrix

LT, RWRT 0
0 0

is similar to Ly, and so it is diagonalizable. A block-diagonal ma-
trix is diagonalizable if and only if its diagonal blocks are diago-
nalizable [24, Lemma 1.3.10]. So, we can conclude that —LT RWRT
is diagonalizable. O

From Proposition 1, it follows that there exists a transforma-
tion matrix T such that A = T~!'LT RWR'T is diagonal. Applying
R (t) = T 1x (t), we get

X (t) = —AX () + T [D£E4§2 _ LEYSRI‘] [W(t)]

() (6)
z(t) = RTTR. ().

From the proof of Proposition 1, it can be further seen that A is a
diagonal matrix that consists of the nonzero eigenvalues of L.

Consider a variation of the system in (6) in which the output
is chosen as the state vector X; (t). This system, denoted by H, has
the following transfer function representation:

H(s) = (sI+ A)7'T7'[DIE-'Q  —LZRT]. (7)
From (6) and (7), it follows that X;(s) = RTTH(s).

Lemma 2. The Ho.-norm of the system H defined in (8) satisfies
|l = 6 (H(0)).

Lemma 3. The H-norm of the system X, defined in (5), and having
the similar realization defined in (7), satisfies || Xz |lo = 6(RTTH(O)).

The proofs of Lemmas 2 and 3 are similar to those of Proposi-
tions 3.5 and 3.6 in [48], respectively, and are omitted for brevity.
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From Lemma 2, it follows that the supremum for the modified sys-
tem H occurs at w = 0. From Lemma 3, the supremum for the sys-
tem X; also occurs at w = 0.

The following lemma allows for deriving a property to be used
in subsequent proofs. To state this lemma, we define the majorisa-
tion < as follows. Let a and b be two nonnegative vectors in RC.
Then, loga <m logb means that [T, ag) < Ik, by forall1<k=<c
and [T¢_; aj; = [1i_; byi;» where (ap).....qy ) is the nonincreasing
rearrangement of a € R¢ [11, Chapter 3].

Lemma 4. [11, Corollary 111.4.6] Let M and N be two c x ¢ posi-
tive semidefinite matrices. Then, the vector of eigenvalues A(MN) =
(Amax(MN), ..., Amin (MN)) is nonnegative and satisfies

log A (M) + log AT (N) <m log A(MN) < log A (M) + log AV (N),

where AV (M) and A1 (M) are the vectors of the eigenvalues of M ar-
ranged in a nonicreasing and nondecreasing order, respectively.

From the properties of the majorisation, and for k =1, it fol-
lows that

Amax (M)A min (N) < Amax(MN) < Amax (M) Amax (N). (8)

The following lemma shows how to bound the #.,-norm of the
system X for general covariance matrices 2 and I'. Namely, the
provided upper and lower bound expressions isolate the terms that
depend on the covariance matrices from the ones that depend on
other system-theoretic quantities.

Lemma 5. Consider the system X, defined in (5). Let A, B, and
C denote the state, input, and output matrices of X, respectively,
ie, A=—Lf RWRT, B=[DIE-'Q —LIRT'], and C = R. The H-
norm of this system satisfies

”Et ”2 = (Amin(Q)kmin (BIBT) + )\min (F))\min(BZBc)))LmaxU)v
|| Er ”2 = ()hmax(Q))\max(BZBr) + }‘«max(F))\max(BZBC)))\max(,),

where By =E-'D;, B.=RTLl,, Q=QQT, F=ITT, and J=

e.s’
A-TCTCA-1,
Proof. By Lemma 3, [|Z¢[le = G (¢ (5)]s—0). Then,

I Z2 1% = Amax(Ze () T (5)*|s=0)
= hmax(C(—A)~'BB" (-AT)~ICT)
= Amax ((—AT)'C"C(-A)'BB")
= Amax(A"TC"CA™'BB") = Amax (JBB").

where the equality on the third line above follows from Dullerud
and Paganini [17, Proposition 3.17]. We use the obtained expression
to find bounds on || X, ||%,. Using (8), it follows that

Amax (DA min (BB") < AmaxJBB") < Amax (/) Amax (BB"). (9)

BBT can be expressed as BBT = BIQB; + BIFB,. Using Weyl's Theo-
rem [24, Theorem 4.3.1], it follows that

)\min(BBT) = )"min(BzQBr) + )‘min(BZFBC), (10)

Amax (BBT) < Amax (BZQBT) + Amax (BZFBC)~ (11)

Given the properties of the matrices E-1, Dy, LZ,, and R, it is not
difficult to see that A’(By) =0 and N (B;) = 0. By Foight et al. [20,
Lemma 2], since Q € R™" is a symmetric matrix and B; ¢ R™"-1
has N(B;) = 0, it follows that

Amin (Bz—.QBr) = )\min(Q))‘-min(BIBr)v

)\max(BTT-QBr) =< )\max(Q))\max(BZBr)

Similar bounds on the eigenvalues of BZFBC can also be derived
since F e RI€I¥I€l js a symmetric matrix and B; € RI€x=1 has
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N(B:) =0. From (10) and (11) and these derived bounds, we ob-
tain

)"min(BBT) = )‘-min(Q))\min(Bth) + )\min(F))"min(Bch)a
)&max(BBT) = )\max(Q))\max(BlBr) + )\max(F))&max(BZBc)-

The proof is concluded by combining the last two inequalities with
(9). O

Consider the pairs of covariance matrices (£2g, I'g) and (21, "7)
such that €y and Iy share the same maximum and minimum
eigenvalues with Q4 and I';, respectively. By Lemma 5, the H-
norms || X; gllec and || X; 1|leo that correspond to the systems with
the particular choice of covariance matrices (29, I'g) and (£2¢,"7),
respectively, will be governed by the same bounds. Equipped with
the bounds computed in Lemma 5, the remainder of the paper fo-

. . . . 1

cuses on the special choice of covariance matrices 2 = oyE2 and
1 . .

I' =o0y,W2, as considered in [20,21].

. . . 1
Assumption 1. The covariance matrices are defined as Q2 = owE2
1
and I' = o ,W2.

As per Theorem 3, the special choice of covariance matrices
given in Assumption 1 allows one to compute alternative bound
expressions for the H,.-norm of the system. In Section 4.2, we
make use of these expressions to derive new insights on H,,-norm
minimization and formulate an optimization problem for the selec-
tion of edge weights and time scales. Furthermore, Lemma 5 pro-
vides an a priori bound on the error resulting from estimating the
Hso-norm of the system with general covariance matrices by that
of a system with the special choice of covariance matrices that
share the same aforementioned eigenvalue properties. This obser-
vation motivates the adoption of a heuristic in the optimization
problem of Section 4.2 to tighten the alternative bounds.

Let Q = oWE% and I' = qUW% as per Assumption 1. The result-
ing system is denoted by Y., and its transfer function matrix is
given by

S (s) =R"(sI + L RWR") [0, DIE~% oy LE W1 ]. (12)
Tlleorem 1. The Hoo-norm of the system ¥, defined in (13) satisfies
122112, =5 (Z2), where

Z = 02R" (RWR'LL RWR")"'R + 0 2R (RWRT)~'R. (13)

Proof. By Lemma 3, | £¢[|2, = Amax(Z1 (5) ¢ ()*[s—0). from which
the result follows immediately. O

As mentioned in Section 3, the edge consensus model X; de-
fined in (5) (and hence, ¥; defined in (12)) corresponds to the
edge states of the given spanning tree G, of the underlying sys-
tem graph G. Since our problem setup allows for arbitrary time-
scaled agents and weighted interconnections, in general, different
choices of the spanning tree G, yield different values of the H.-
norm of the corresponding system ¥.. We illustrate this obser-
vation by considering the graph G shown in Fig. 1. This graph
has det(RRT) =3 spanning tree subgraphs [48], denoted by Gry
Gr,, and Gr,, and are also shown in Fig. 1. We assign the edge
weights as wy =4, w, =8, and w3 = 12 and the time scales €; =
0.1, € = 0.4, and €3 = 0.8. We further assume that oy =0, = 1.
Then, the values of the H.,-norm of the corresponding system
5. when the spanning trees Gr,» Gr,» and G, are considered
are || 2, |l = 04230, ||Zq, [l = 0.4211, and || Er,lo = 0.4237,
respectively. These H..-norm values are computed using the ex-
pression in Theorem 1 and are further verified using the built-in
MATLAB command hinfnorm. With this in mind, the remainder
of the results assume a given choice of the spanning tree for the
computation of || £; ||« and the corresponding bounds.



O. Farhat, D. Abou Jaoude and M. Hudoba de Badyn

European Journal of Control 62 (2021) 2-13

W1 Wo wy Wy y M
‘ w3 . w3 . ‘ ws
(a) (b) (c) (d)

Fig. 1. (a) Graph G that consists of 3 nodes and 3 edges and its three spanning tree subgraphs (b) G;,, (c) G,. and (d) G,. A time scale ¢; is associated with every node

ieV, and a weight w; is associated with every edge I € {1 €]}

€1

€3 €5
“/ wx ﬁ7 Nm
€8 €7 €10
Wy W14
w
€9 We X W15 wsg
V 1M
€9 €4 €6
W2 W12 Ws

Fig. 2. Graph G that consists of 10 nodes and 15 edges. A time scale ¢; is associated with every node i € V, and a weight w, is associated with every edge I € {1

|€]}. The

edges colored in black are the edges of the chosen spanning tree, while the edges colored in blue are the corresponding co-tree edges. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

To find lower and upper bounds on ||£:| obtained in
Theorem 1, we consider a modified system IT; defined by

M, (s) = W2, (s). (14)

System I is defined similarly to system ., with the difference
that the output matrix is weighted by W3.

Lemma 6. The H..-norm of the system I1; defined in (15) satisfies
Tz (|2, =6 (02X + oY), where

X =W 3R (RWR'LY RWRT)"'RW?, (15)

Y = W:RT(RWRT)"'RW?. (16)

Proof. A result 1similar to Lemma 3 can be derived to show that
M|l =& (W2RTTH(0)), ie. introducing the output equation

W%RTTXr (t) does not affect the frequency at which the supre-
mum occurs. Thus, the desired expression follows from ||TT; |2,
)\max(nr(s)nr(s)*|s:0)- O

The expression in Lemma 6 can be further simplified as ex-
plained next.

Lemma 7. The matrices X and Y defined in (16) and (17), respec-
tively, satisfy

Amax (X +Y) = Amax (X) + Amax (Y).

Proof. Let q#0 be the eigenvector of X corresponding to
Amax(X). Then, Xq = Amax(X)q # 0, and consequently q ¢ N (X).
That Amax (X)q # 0 follows from the fact that Apmax(X) # 0. Namely,
X =XT =0, and so trace(X) = 0 if and only if X is the zero matrix
[24, Corollary 7.1.5]. Since RT has full column rank, N'(X) = N (Y) =
N(RW%), and so we deduce that q ¢ N'(Y). Moreover, since X and
Y commute, i.e., XY =YX, and are both diagonalizable, they share
the same eigenvector matrix [44, Chapter 5]. Therefore, g is an

eigenvector of Y, and we can write Yq = yq, where y is an eigen-
value of Y. Since q ¢ N(Y), then Yg=yq+#0 and y #0. It can
be verified that Y is a projection matrix, i.e, Y2 =Y, and so it
has n — 1 eigenvalues at 1 and the remaining eigenvalues at zero.
Hence, Yq = Amax(Y)q =gq.

Finally, (X +Y)q = (Amax(X) + Amax(Y))q. Given that q 0 and
Amax(X) + Amax(Y) > 0, then Amax(X) + Amax(Y) is an eigenvalue
of X+Y. By Weyl's Theorem [24, Theorem 4.3.1], Amax(X +Y) <
Amax (X) + Amax (Y). Hence, this inequality is binding, and Amax (X +
Y) = Amax(X) + Amax(Y). O

Theorem 2. The H.-norm of the system I1. defined in (15) satisfies

T 12, = 0456 (X) + 07 (17)

where X is defined in (16).

Proof. From Lemma 6, ||TI;||2, = Amax(02X +02Y). Applying a
slightly modified version of Lemma 7, we get

IT1, ||§o = )‘«max(o’v%/x) + )"max(ayzy) = O'\,%;)‘«max(x) + 01)23

where the final equality follows from the fact that Y is a projection
matrix, i.e, Amax(Y)=1. O

By Theorem 2, it can be seen that the #.,-norm of the system
I1; only requires the computation of the largest eigenvalue of X
defined in (15). Further simplifications can be performed on graphs
with equal edge weights, i.e., W = pl. The case p =1 corresponds
to unweighted graphs.

Corollary 1. Consider the system £, defined in (13). Assume that all
the edge weights are equal, i.e., W = pl for some p > 0. Then, the
Hoo-norm of the system . satisfies

~ 1 _ 1
112 = ;av%a (R"(RR"L; RR")~'R) + ;oﬁ.
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Proof. For the special case wherein W = pl, it follows that
M. (s) = /p:(s), and so || =12, = %||l'[f||§c, from which the de-
sired result follows immediately. O

Remark 1. For the special case of W = pl, the second term in
Z defined in (13), i.e, RT(RRT)~'R, is a projection matrix [48,
Theorem 3.7]. Hence, a slightly modified version of Lemma 7 can
be applied to simplify the expression for || £;||2, in Theorem 1 di-
rectly. For a general weight matrix W, it is not always true that
RT(RWRT)-1R is a projection matrix. For this reason, the system
I1; is considered, wherein the corresponding term Y is a projec-
tion matrix.

The expression for |1 ||2, obtained in (17) can be used to cal-
culate new upper and lower bounds on the #H,.-norm of the origi-
nal system defined in (12).

Theorem 3. Consider systems %. and I, defined in (13) and (15),
respectively. The Ho,-norm of the system X, satisfies

1Tl [T [l
)Lmax (W%) )\min (W%)

< 1Zclle <

Proof. We aim to find bounds on || £;||2, = Amax(Z) as a function
of |TIz]|%, = Amax(V), where V = 02X + 02Y, Z is defined in (13),
and X and Y are defined in (15) and (16), respectively. Since V =
W%ZW%, it follows from the upper bound in (8) that

Amax W2ZWH) < Amax (W3 Z) Anax(W?) < Amax (Z) Amax (W 2)2,

from which we obtain Apax(Z) > Amax(V)/AmaX(W%)z. Moreover,
from the lower bound in (8), it follows that

Amax(WEZW ) = Amax (W2 Z) Agmin (W)
> max (ZW ) Amin (W)
> Jmax (Z) Aanin (WH)2.
Hence, we get that Amax(Z) < Amax(V)/Amin(W3)2. O

We note that the ratio of the upper bound to the lower bound
on || £;|l«, obtained in Theorem 3, is a function of the largest and
smallest edge weights only. Namely, this ratio is equal to

_ dma(W?2)
)\min (W% )
Therefore, when all edge weights are equal to each other, | £ ]«
is equal to both its lower and upper bounds. In this case, the ex-
pression for || ¢ ||« is given in Corollary 1. In addition to allowing
for W = pl, where p may be different from 1, a novel contribution
of Corollary 1 is that the expression derived therein holds for arbi-
trary node time scales. Moreover, if all the edge weights and time
scales are equal to unity, i.e., W =1 and E =, then the expression
for ||X;||2, given in [48, Theorem 3.7] is retrieved. To tighten the
bounds on the H..-norm of £, in the case W # pl, we propose
a heuristic in the optimization setup of Section 4.2, by which we
impose a bound on the upper to lower bound ratio n defined in
(18).

To illustrate the bounds obtained in Theorem 3, consider the
graph G shown in Fig. 2. This graph consists of n = 10 nodes and
was randomly generated using an edge probability of '“T” =0.23
[12, Theorem 7.3]. The Hs-norm of the corresponding system 3,
and the bounds obtained in Theorem 3 are computed for differ-
ent combinations of edge weights and time scales. The results are
presented in Fig. 3, wherein it is assumed that o, = oy = 1. The
examples in Fig. 3 are generated as follows. In example 1, the time
scale and edge weight matrices are E =1 and W = I. In examples
2—4, W =1, and E is varied. In examples 5—8, E=1, and W is
varied. Finally, in examples 9 — 14, both W and E are varied. We

(18)
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denote the upper and lower bounds obtained in Theorem 3 by
UB and LB, respectively. As expected from Corollary 1, the ra-
tios UB/[|Z¢]lec = LB/||Z¢]lec =1 in examples 1 —4. On the other
hand, in examples 5 — 14, UB/||Z;|lcc = 1 and LB/[|Z¢ |l < 1, as
expected from Theorem 3.

Section 4.1 is concluded by deriving results for the special case
when the underlying graph is a spanning tree.

Corollary 2. The Ho.-norms of the systems ¥, and I1; defined in
(13) and (15), respectively, when the underlying graph is a spanning
tree, are given by

1E:012 =6 (02WLE W)™ + 02W 1), (19)

T2, = 026 (WELEWE)") + 02, (20)

Proof. (19) and (20) are obtained by simply substituting R =1 in
the H.,-norm expressions in Theorems 1 and 2, respectively. O

For the case of spanning trees, we find bounds on the H,-norm
of X that only require the knowledge of the minimum eigenvalue
of L ¢ and the largest and smallest edge weights.

Theorem 4. When the underlying graph is a spanning tree, the Hoo-
norm of the system . defined in (13) satisfies L < ||X¢||%, <U,
where L = max{L;, L,},

Ll _ Uv% + Gljzkmin (Lg.s))‘rnaxl(w% )2 .
Amin (LE s) Amax (W2 )4
0 + 0 hmax (LE ) Amax (W) Amin (W 2)
Amax (LE$) Amax (W 2)3 hnin (W2)
02+ 02 Amin (L) Amin (W7 )2
Aomin (LE)AminWEY4
Proof. We first find bounds on ||T1||2, obtained in (20) using
(8). Namely, an approach similar to the one used in the proof of

Theorem 3 is followed to find bounds on Amax((W%LgvSW%)*l) =

AmaX(W‘%(Lg_s)*W‘%). We obtain the following two alternative
lower bound expressions:

L =

Amax (L5) ™) AminW™2)? = (Amin (LT ) Amax(W)?) ™, (212)
Ronin (LE5) ™) Amin (W) Amax (W™ 7)
= (max (L) Amax (W ) Agmin (W 2)) 1. (21b)

Moreover, the upper bound expression is given by

Amax (LE9) ™) dmax (W 1)2 = (Apmin (LE ) Amin (W 3)?) 1 (22)
In (21a), (21b), and (22), the rightmost expressions follow from the
fact that Amax (P~1) = 1/A i (P) for any P > 0. Thus, it follows from

(21a), (21b), and (22) that the H,.-norm of the system II; satis-
fies

0—2
w — + o2,
Amin (Lg,s))\max (Wz)?

1T 12, > max{

o2
w 2
1 1 + GU }’
)‘«max (Lg,s))\max (Wj ))\min (W7 )
2
0,
Y — + 05
}\min (Lg,s))\min (W7 )2
From Theorem 3, we have that
1T 12, 1T 12,
)"max (W% )2 )"min (W% )2
from which max{L;,L,} < ||£;||% <U is obtained by replacing

|IT1;]|2, on the right-hand-side of the above inequality by its upper
bound and on the left-hand-side by its lower bound. O

T2 <

<IZ% <
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Fig. 3. Ratios UB/||£; ||« and LB/||Z: ||~ for different edge weights and time scales combinations. UB and LB are the upper and lower bounds, respectively, obtained in

Theorem 3.

Further simplifications can be performed on spanning tree sub-
graphs having equal edge weights.

Corollary 3. Consider systems %, and ||I1;|| defined in (13) and
(15), respectively. Assuming that the underlying graph is a spanning
tree and has equal edge weights, i.e., W = pl for some p > 0, it fol-
lows that

= 1 1 - 1
1801 = I = bt (L2 ) + o =L=U,

where L and U are defined in Theorem 4.

Proof. The desired result follows immediately by substituting
W = pl in the H,-norm expressions of $. and I1; defined in
(19) and (20), respectively, and in the expressions of the bounds
in Theorems 3 and 4. We note that in this case L = Ly since

1 _ 1
Ll = pO’ﬁ)\.max((L;s) ]) + EO—VZ

1 1
> ﬁavuz/)‘min((l‘g,s)_l) + EO'UZ =L
]

Revisiting the graph shown in Fig. 2, consider the spanning tree
subgraph that consists of the edges colored in black. The Ho-
norm of the corresponding system . and the bounds obtained
in Theorems 3 and 4 are computed for various combinations of
W and E, similar to the combinations considered in the previ-
ous example. The results are presented in Fig. 4, wherein it is as-
sumed that oy = 0y = 1. We denote the upper and lower bounds
obtained in Theorem 3 by UB and LB, respectively, and the upper
and lower bounds obtained in Theorem 4 by UB1 and LB1, respec-
tively, with LB1 = +/L and UB1 = /U. As expected from Corollary 3,
|£:]lc = UB = LB = UB1= LB1 in examples 1 —4. On the other
hand, in examples 5— 14, UB1 > UB and LB1 < LB, as expected
from Theorem 4.

4.2. Optimal time scales and edge weights

In this section, the expression of ||TI||% in (17) is utilized to
derive new insights on the #H.,-norm minimization problem and

to design an optimization problem for the selection of time scales
and/or edge weights for the system ¥, defined in (12). We de-
fine the vectors of time scales and edge weights as € = (e1,...,€,)
and w= (wyq,..., W), respectively. Thus, E = diag(e) and W =

diag(w). Moreover, ¢~! and w~3 denote element-wise operations
on the vectors € and w, respectively, i.e., (€~ 1); = (¢)~! for all
ieV and (w‘%), = (w,)‘% for all I € {1,...,|€]|}. Further assume
that upper and lower bounds on the edge weights and time scales
are given, i.e., Wyin < W; < Wmax and €, < €; < €max, Where ho-
mogeneous bounds are assumed.

Proposition 2. Consider the system Il1;(E,W) defined in (15) and
the bounds Wil <W < wmaxl and €pinl < E < €maxl. Then, E =
E. = €minl and W =W, = wiaxI minimize ||I1;(E, W)|| co-

Proof. From the expression of ||T1;]|%, in (17), it can be seen that
minimizing Amax(X) leads to minimizing || ¢ ||%.. From the expres-
sion of X in (15), it follows that

Amax (X) = Amax ((RWRT)~3 (LT )~ (RWRT) %)

= Amax ((LE) "2 (RWRT) (L)~ ?).
From the fact that 0 < E, < E for any admissible E, it follows that
(Li):' = (DIE;' D)™ = (DIE'De) ™" = (Lg) ™

Hence, for a fixed W, Amax(X) is minimized for E = E,. Similarly,
from W, > W > 0 for any admissible W, it follows that

(RW,RT)~! < (RWR")1.
Hence, for a fixed E, Apax(X) is minimized for W =W,. O

As per Proposition 2, if E=E, = €] and W =W, = wmaxl,
then ||TT;|le is minimized, and so is [|£¢]lco = Tt ||o//Wmax-
This is a novel insight in #.,-based network optimization. Namely,
to minimize the #.-norm of the edge consensus model in (12),
we operate at minimum time scales and maximum edge weights.

In addition (and in contrast) to the above, we propose the fol-
lowing optimization paradigm if diversity of time scales and edge
weights is desirable in the particular application of interest. For
generality, we allow for non-homogeneous bounds on the time

1
~2 -1
= Wi and € <

1 1
; ; —2 ~2
scales and edge weights, ie, w 2  <w maxi =

ax,] = 'l
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€' <e i forallieVandle{l,.... |€]}. As per the expression

of ||[TI¢||% in (17), it is desirable to minimize Amax(X). This is
done by finding the minimum ¢ such that X < ¢I. To formulate our
problem as a convex optimization problem, we minimize Amax(X;)
instead, where

X = WERF(LZ ) (RN W, (23)
and Amax(X7) = Amax(X) as per Lemma 8.

Lemma 8. The matrices X and X; defined in (16) and (24), respec-
tively, satisfy Amax(X1) = Amax (X).

Proof. From the expression of Xj, it follows that
Amax (X1) = Amax (L3 ) P RTWIRT(LT )7 7).

From the expression of Apmax(X) in the proof of Proposition 2, it
follows that Amax(X1) > Amax(X) is equivalent to

Jmax (L) 2RI W IRNLE ) 2) = Anax (L5 2 (RWRTY 1 (1Z,) 7).
Proving the inequality above can be done by showing that
RHTW-IRT = (RWRT)1.

Expressing R as RT(RRT)~! and applying the Schur complement
formula twice, the proof further simplifies to showing that
—RWRT + RRT(RW~'RT)~'RRT < 0.

Applying the Schur complement formula, this inequality can be
equivalently rewritten as

—RWRT RRT
[ RRT —Rw—er} =0ve’ <0,
where

R O -W I
Therefore, our proof is concluded by showing that W < 0, which
follows from the Schur complement formula. O

If Amax(X7) is considered instead of Amax(X), and given that
(LZs)~1 >~ 0, we apply the Schur complement formula to equiva-
lently rewrite X; < ¢I as

1
[ ¢l w zRTi| 0.
(W—2RHT L
Therefore, we are able to replace the nonlinear constraint X < ¢I
by a linear matrix inequality (LMI) in ¢, W‘%, and E-!, where
LZ, = DIE-'D,.

Moreover, to penalize small node time scales, two different
methods can be used. The first method consists of adding the
constraint 37 4 6;1 < W, where p is a design parameter that en-
sures that the node time scales cannot be all equal to their mini-
mum values. The second method consists of adding a regulariza-
tion term |||, to the objective function instead. Two similar
methods may be used to penalize large edge weights. The first

_1
method consists of adding the constraint Z}ill w, 2 >y, where v

is a design parameter that ensures that the edge weights cannot
be all equal to their maximum values. The second method consists
of adding ||w||, to the objective function. However, since our de-

cision variable is w™2, a new variable £ € RI¢! is introduced such
1 . 1 . .
that w/ < §, or equivalently, W2 < E, where E = diag(§). Using

the Schur complement formula, w3 < & can be replaced by

|
—~ []
-
(RN
Y
o

10
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Thus, in the second method, the term ||£]|, is added to the objec-
tive function and the LMI above is added to the set of constraints.

Additionally, a heuristic based on the upper to lower bound
ratio n defined in (18) is proposed to tighten the bounds on
the #-norm of £,. Noting that 7= Amax(W2)/Amin(W2) =
kmaX(W‘%)/Amin(W‘%) is a quasiconvex function of W3 > 0, im-
posing an upper bound y on 1 can be done through adding the
convex constraint Amax (W*%) =¥ Amin (W*%) <0.

The two different options for penalizing large edge weights and
small time scales yield the formulation of four possible optimiza-
tion problems. In this paper, we perform #..-norm minimization
by solving the following semidefinite program:

minimize ¢ + a2 + Blle [

cw et E
. I W-zR?
subject to ¢ >0,
! [(RT)Twé IE, } =
_1 _1 _1 1 1 1
Wmazlx,l =w t< Wmizn,l’ €maxi =€ = €mini> (P
) I
[, W;} =0, Amax(W1) = Y dmin (W) <0,
forallievandle{l,...,|€&|}, where ¢ > 0 and B > 0 are weights

on the different components of the objective function.

5. Formation control example

This section provides an example of the improvement of dis-
turbance rejection observed by applying the edge weights and
time scales obtained from Problem (P;) with a specific choice of
(e, B, y). We start by performing a Pareto optimal front analysis
to determine a suitable choice of these parameters.

5.1. Pareto optimal front of problem (P;)

A numerical experiment is performed on the graph in Fig. 2 to
examine the Pareto optimal front induced by the parameters o,
B, and y. The optimization problem (P;) was solved over a log-
arithmic grid with o € (10-3,10-1), B (1073,1071), and y €
(10915,10%). Bounds on the edge weights are set as Wy, = 10
and wmax = 130, and bounds on the time scales are set as ei-
ther €y, = 0.1 or 1, and €max = 0.5 or 5, depending on whether
the node is a ‘fast’ or ‘slow’ node, as described in the example in
Section 5.2.

The resulting 3-dimensional surface corresponding to the Pareto
optimal front and exhibiting the trade-off between the three com-
peting objective functions ¢, ||&||,, and |l€~'|, is shown in Fig. 5.
A ‘knee’ is observed at (a,8.y) = (7.7 x 1073,2.15 x 1072, 10). In
this setting, solving one instance of Problem (P;) takes approxi-
mately 2.66 seconds on an Intel Core i7-9700K CPU (3.60GHz) us-
ing YALMIP and SDPT3 [29,46]. A more specialized and/or opti-
mized solver would lower this computational burden.

5.2. Formation control of non-homogeneous agents

Consider a network of non-homogeneous agents, for example
two groups consisting of autonomous ground and aerial vehicles,
respectively, as depicted in Fig. 6. The underlying graph in Fig. 6 is
the same as that of Fig. 2, and the nodes and edges are labeled
in the same way. Denote the set of nodes corresponding to the
ground vehicles as Vg, and the set of nodes corresponding to
the aerial vehicles as V,. Then, we can write V = Vg uV,. These
may represent autonomous delivery trucks coordinating with au-
tonomous delivery drones, or aerial vehicles platooning around a
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Fig. 6. Network of non-homogeneous agents operating on multiple time scales. Faster aerial vehicles are shown in green squares, and slower ground vehicles are shown in
blue ellipses. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 7. Target formation and agents trajectories. Left: Target formation, with node labels corresponding to Fig. 2. Fast nodes are depicted on the outer square with ‘o’ markers;
slow nodes are depicted on the inner square with ‘«’ markers. Middle: Trajectories of agents over 10s with no updates of time scales and edge weights. Right: Trajectories
of agents over 10s with updates of both time scales and edge weights. Both simulations in the right and middle figures are subject to the same disturbances and initial
conditions. Markers indicate the endpoints of the trajectories of the agents. Thick solid lines indicate the actual formation at the end of the 10s time frame.

ground vehicle formation. A similar multi-time scale layered net-
work configuration is considered for mobile sensor networks in [5].

Suppose that the natural dynamics of the vehicles operate on
two ranges, i.e., let the time scales associated with the nodes cor-
responding to the (faster) aerial vehicles satisfy €nin 2 < €; < €max,a
for all i € V,, and the time scales associated with the nodes cor-
responding to the (slower) ground vehicles satisfy €pin o <€; <
€max.g for all j e V. Specific to our example, €pnin , = 0.1, €maxa =
0.5, €ming =1, and €max g = 5.

Each agent i in Fig. 6 is assigned a position (p,;, p,;) relative
to a formation center in the plane, where the agents are num-
bered similarly as the corresponding nodes in Fig. 2. The forma-
tion is depicted in Fig. 7: slow agents are placed on the border of
the inner square, and fast agents are placed on the border of the
outer square. In each direction r € {z,y}, the agents run the one-
dimensional consensus protocol:
€Xi= Y Wij(Xj =X+ pri+di;) + 4. (24)
JjeN@)

d;fi(t) and dﬁij(t) are disturbance signals on the nodes and edges,
respectively, in the direction r € {z,y}. For all i e V, d}';(¢) is of the
form "

ari(t) = a;+ b, ;cos (271 ff‘fgg) ift; <t <tp, (25)

otherwise,

where —3.5 <a,; <3.5 and -2.4 <b,; < 2.4 are randomly chosen
for each node and direction, and [ts, t;] = [2, 3] is the finite support

of the disturbance. For all I € {1,...,|&]|}, df,ij(t) is of the same
form. The initial edge weights and time scales are set to unity,
and Problem (P;) is solved to improve the #.,-norm. We choose
the parameters (o, ,y) = (7.7 x 1073,2.15 x 1072, 10) from the
‘knee’ of the Pareto optimal front in Fig. 5. The resulting edge
weights and time scales are depicted in Fig. 8.

Starting from randomly seeded initial positions, the consensus
protocol (24) is simulated for 10 seconds with the disturbances
in (25). Two scenarios are considered. In one scenario, the time
scales and edge weights are all set to unity throughout the sim-
ulation. In the second scenario, the time scales and edge weights
are updated as per the solution of Problem (P;) during the time
period t € [2, 3] of the disturbance. One can see in Fig. 9 that the
disturbance across the edge states is almost completely rejected
when applying both the edge weight and time scale updates as
described.

The trajectories of the agents in the (z,y) plane are depicted
in Fig. 7 for both scenarios. For the scenario with the updates of
both the edge weights and time scales, one can see the robustness
of the reference trajectory tracking of the agents and the almost
complete rejection of the disturbance. Fig. 7 also shows the for-
mation of the agents at the end of the simulations. The endpoints
of the agents at the end of the simulation in the scenario with
the updates of both the time scales and edge weights are closer
to the desired formation than those corresponding to the scenario
with non-updated non-optimized edge weights and time scales, in-
dicating a more effective rejection of the disturbance. A video of
the positions of the agents over time in both scenarios is available
at [18].
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Fig. 8. Optimal edge weights and time scales for the graph in Fig. 2 obtained from solving Problem (P;) with («, 8,y) = (7.7 x 10~3,2.15 x 102, 10). Edges colored in
red are the spanning tree edges. Edges colored in blue are the corresponding co-tree edges. Edge widths are proportional to the optimal weights on the edges, and node

diameters are proportional to the optimal time scales on the nodes. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Time [s]

Fig. 9. Edge states in z,y directions over time. A disturbance is applied between 2 <t < 3. Test cases from top to bottom are with no updates (NUD) and both edge weight
and time scale updates (BUD). Edge states are numbered in the legend in accordance to Fig. 2.

12



O. Farhat, D. Abou Jaoude and M. Hudoba de Badyn
6. Conclusion

This paper considers the #,, performance problem for an edge
variant of the consensus protocol on weighted graphs consisting of
time-scaled nodes. Expressions of and bounds on the #H,,-norm of
the system of interest are provided. Specialized #.,-norm expres-
sions are derived for the case of graphs with equal edge weights.
Looser, but simpler, bounds on the #H.-norm are also derived for
spanning tree graphs. Using the computed expressions and bounds,
it is shown that the #.-norm is minimized when the network
is operated at the fastest time scales and largest edge weights.
Furthermore, if such an operation is not possible/desirable (for
example, in distributed systems consisting of non-homogeneous
plants whose natural dynamics operate on different ranges of time
scales), a versatile optimization setup is proposed for the selection
of these parameters. The usefulness of the proposed optimization
paradigm is illustrated via a formation control example with non-
homogeneous agents. A potential direction for future research in-
cludes designing structure-preserving model reduction techniques,
similar to the ones considered in [1-4], that allow for reducing the
system dynamics while retaining the network interpretation of the
reduced-order system.
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