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Abstract
This article proposes novel methods for the computation of state and output
bounding sets for discrete-time uncertain systems. The systems under consid-
eration are formed from the interconnection of a nominal linear time-invariant
system and an uncertainty operator that is known to lie within a prespecified set.
The set of allowable uncertainties is described by a pointwise integral quadratic
constraint (IQC), that is, a quadratic constraint that holds for all time-steps.
Examples of pointwise IQCs characterizing common uncertainty sets are pro-
vided. The exogenous input to the system is assumed to lie in a given polytope or
ellipsoid for all time-steps. The proposed methods are illustrated via an example.
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1 INTRODUCTION

This article deals with computing state and output bounding sets for discrete-time uncertain systems subject to persistent
inputs bounded pointwise in time. The uncertain systems are modeled in a linear fractional transformation (LFT) frame-
work, wherein the nominal part is a discrete-time linear time-invariant (LTI) system and the set of allowable uncertainty
operators is characterized using the framework of integral quadratic constraints (IQCs). Specifically, the set of allow-
able uncertainties is assumed to satisfy a pointwise IQC, that is, a quadratic constraint that holds for all time-steps and
relates the input and output of the operators in the uncertainty set. A classical IQC consists in the discrete-time setting
of a constraint on an infinite summation of quadratic terms,1 and so, a pointwise IQC is by definition more restrictive
than its classical counterpart. Nonetheless, examples are provided of common uncertainty sets that admit pointwise IQC
characterizations. The exogenous input affecting the uncertain system is assumed to lie in either one of two sets for all
time-steps: (1) a convex, closed, and bounded polytope or (2) an ellipsoid. As with the works,2,3 the characterization of the
exogenous input in terms of a constraint that holds for all time-steps is a distinctive feature of the proposed methods. In
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comparison, other IQC-based approaches for the computation of invariant sets and operational envelopes for uncertain
systems assume 𝓁2-norm-bounded exogenous inputs,4-9 as is common practice in robust control.

The literature is rich in works that deal with the problem of computing invariant sets for control systems as well
as related problems such as the computation of reachable sets and estimation of regions of attraction; see, for instance,
the monograph10 and the references therein. Commonly used set representations include ellipsoids, polyhedral sets, and
zonotopes. Ellipsoids are used to represent the bounding sets computed in the present work. Generally, ellipsoids allow for
a simple set representation and the use of convex optimization tools. An important reference on the use of ellipsoids and
linear matrix inequality (LMI) techniques for the computation of invariant sets is the seminal book.11 Ellipsoidal modeling
has also been used in reachability analysis;12 see also the MATLAB toolbox,13 which implements the methods in Refer-
ence 14. Some recent relevant works that deal with discrete-time problem setups include the work15 in which the maximal
contractive invariant ellipsoid is determined for multi-input systems with linear feedback subject to saturation, the work16

in which the attractive ellipsoid method is applied for the computation of robustly stabilizing state-feedback control laws
for polytopic systems subject to control constraints and bounded perturbations, and the work17 which deals with the
reachable set estimation problem (ellipsoidal over-approximation) for polytopic linear systems subject to peak-bounded
disturbances and multiple constant delays. Polyhedral sets allow for a more complex representation of invariant sets;
however, they are computed using complex iterative algorithms whose finite termination needs to be separately analyzed.
One potential remedy is to look for low/fixed-complexity polytopic sets as was done in the works18-20 for the computa-
tion of robust control invariant sets for discrete-time, constrained, uncertain systems subject to additive disturbances.
The work18 deals with systems subject to norm-bounded uncertainty matrices, whereas the works19,20 deal with systems
formulated in an LFT framework wherein the uncertainty matrix lies in a polytope. Zonotopes are a special class of poly-
topes, parameterized by a center and generators, which allow for some computationally cheaper operations involved in
reachability analysis. Zonotopes are used in the MATLAB toolbox, CORA,21 for the over-approximation computation of
reachable sets. Finally, in addition to the aforementioned convex set representations, it is possible to have nonconvex
set representations; see for instance the survey paper22 and the recent paper23 wherein sparse polynomial zonotopes are
introduced as a new set representation for formal verification of hybrid systems.

Closely related to the present work are the works,4-9 which also employ the IQC framework, and the works17,21 on
reachability analysis. While these works produce operating envelopes for uncertain systems, our work looks at the dif-
ferent analysis problem of computing state invariant and output bounding sets. The derived results make use of the
S-procedure; see, for instance, the Reference 24. This allows for the extension of the results in the Reference 25, which
deals with discrete-time LTI systems, to the class of uncertain systems in LFT form treated here and the integration
of the IQC framework into the analysis. The adopted IQC framework allows for a systematic and unified treatment of
multiple types of uncertainties, for example, static LTI, static linear time-varying (LTV), rate-bounded static LTV uncer-
tainties, and uncertain time-varying time-delays, as well as sector-bounded nonlinearities, and combinations thereof,
as long as they admit pointwise IQC characterizations. Our results allow for both static and dynamic IQC multipli-
ers and filters in admissible IQC characterizations. As mentioned before, compared to the aforementioned IQC-based
works, our results allow for persistent, bounded exogenous inputs, namely, inputs that lie in a given polytope or ellip-
soid at all time-steps, as opposed to being restricted to finite energy inputs. In this regard, the works2,3 also employ the
IQC framework and derive analysis results that allow for persistent bounded exogenous inputs. Motivated by problems
in model predictive control, these works employ 𝜌-hard IQCs from Reference 26 and derive results for the computa-
tion of reachable sets for uncertain systems subject to inputs that are norm-bounded pointwise in time. Specifically,
the works2,3 employ Finsler’s lemma to extend the results in Reference 26, derived for the analysis of convergence of
optimization algorithms, by accounting for exogenous inputs to the uncertain system. A preliminary version of this
work appeared in the conference paper.27 Therein, results are presented for computing state invariant sets for uncertain
systems subject to inputs that lie in a polytope for all time-steps. The present work extends those results by allow-
ing for computing both state and output bounding sets for uncertain systems subject to inputs that lie in a polytope
or an ellipsoid for all time-steps. Additionally, the present work discusses the potential use of a multiconvexity relax-
ation technique for deriving alternative conditions to one condition in the results in Reference 27, which potentially
can lead to a reduction in conservatism. This work also provides a list of uncertainty sets that admit pointwise IQC
characterizations and explains how to modify the results to account for local pointwise IQCs describing the uncertainty
sets. Moreover, this work discusses the computational complexity of the derived results through a practical example
involving the analysis of a linear parameter-varying (LPV) controller designed for a small fixed-wing unmanned aircraft
system. Finally, the paper provides a comprehensive illustrative example that showcases the applicability of the proposed
results.
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The work in this article is motivated by analysis problems that arise in hybrid control design and formal verification.
For instance, an autonomous system may be modeled as a hybrid system consisting of a family of dynamic subsystems and
a rule that drives the switching between these subsystems. A modular approach to solving the associated hybrid control
problem entails designing subcontrollers locally for each constituent subsystem; see, for instance, the works.28,29 Then,
the analysis results of this article can be used to guide the control design process to achieve some desired robust perfor-
mance guarantees for the hybrid system by ensuring that the outputs of the controlled subsystems reside in matching
invariant sets across switching boundaries. Also, these tools can potentially be used to formally verify the control software
implementation. Specifically, they could be utilized to annotate the control code with statements in predicate logic based
on the Floyd-Hoare paradigm, and then the annotated code can be checked for correctness by using a theorem prover;
see, for instance, the seminal work.30

The article is structured as follows. Section 2 gives the notation and S-procedure. Section 3 describes the considered
classes of uncertain systems and exogenous inputs and gives the problem formulation. Sections 4 and 5 give the results
pertaining to inputs bounded for all time-steps within polytopes and ellipsoids, respectively. Section 6 gives examples of
uncertainty sets that can be characterized using pointwise IQCs. The illustrative example is given in Section 7, and the
article concludes with Section 8.

2 NOTATION AND PRELIMINARIES

The sets of nonnegative integers, reals, real-valued vectors of dimension n, and n ×m real-valued matrices are denoted
by N0, R, Rn, and Rn×m, respectively. The n ×m zero matrix and the n × n identity matrix are denoted by 0n×m and In,
respectively. Given a vector v ∈ Rn, diag(v) = diag(v1, … , vn) denotes the diagonal matrix formed from the entries vi of v.
Let G be an LTI system. The quadruple (A,B,C,D) is used to denote a realization of G, which may also be represented as[

A B

C D

]
. Let A ∈ Rn×m and B ∈ Rp×q, and denote by aij the (i, j)th entry of A. The block-diagonal augmentation of A

and B is defined as blkdiag (A,B) =
[

A 0n×q
0p×m B

]
, and their Kronecker product is given by

A ⊗ B =
⎡⎢⎢⎢⎣

a11B · · · a1mB
⋮ ⋱ ⋮

an1B · · · anmB

⎤⎥⎥⎥⎦
∈ R

(n×p)×(m×q)
.

The transpose of a matrix X is denoted by XT . The sets of n × n symmetric matrices, positive semidefinite matrices, and
positive definite matrices are denoted by Sn, S

n
+, and S

n
++, respectively. Let X ∈ Sn. We write X ≽ 0, X ≼ 0, X ≻ 0, and

X ≺ 0 to mean that X ∈ S
n
+,−X ∈ S

n
+, X ∈ S

n
++, and−X ∈ S

n
++, respectively. With every X ∈ S

n
++, we associate an ellipsoid

X = {x ∈ Rn | xTXx ≤ 1}.
The symbol RH

m×n
∞ denotes the space of m × n real, rational, matrix-valued functions, whose poles lie inside the open

unit-disk in the complex plane. The symbol 𝓁n
2e denotes the space of real, vector-valued sequences w = (w(0),w(1), …)

such that w(k) ∈ Rn for all k ∈ N0. The Hilbert space 𝓁n
2 is a subspace of 𝓁n

2e consisting of sequences w having a finite
𝓁2-norm, defined by ||w||2𝓁n

2
=
∑∞

k=0||w(k)||22, where ||w(k)||2 =√wT(k)w(k) is the Euclidean norm. The symbols 𝓁n
2e and

𝓁n
2 are often simplified to 𝓁2e and 𝓁2, respectively.

Lemma 1 (S-procedure24). Let Qi ∈ Sm, si ∈ Rm, ri ∈ R for i = 0, 1, … ,N, and define the following

quadratic functionals on Rm: 𝜎i(x) = xTQix + 2sT
i x + ri =

[
x
1

]T [Qi si
sT

i ri

] [
x
1

]
. If there exist 𝜏i ≥ 0 for i =

1, … ,N such that 𝜎0(x) −
∑N

i=1𝜏i𝜎i(x) ≥ 0 for all x ∈ Rm, or equivalently,

[
Q0 s0

sT
0 r0

]
−

N∑
i=1
𝜏i

[
Qi si

sT
i ri

]
≽ 0,

then it follows that 𝜎0(x) ≥ 0 for all x ∈ Rm such that 𝜎i(x) ≥ 0 for all i = 1, … ,N.
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KHALIFE et al. 8455

F I G U R E 1 LFT system (G,Δ) (left) and augmented system H (right).

3 PROBLEM FORMULATION

Consider the LFT system (G,Δ) in Figure 1, described by

xG(k + 1) = AGxG(k) + BG1𝜗(k) + BG2d(k),
𝜑(k) = CG1xG(k) + DG11𝜗(k) + DG12d(k),
y(k) = CG2xG(k) + DG21𝜗(k) + DG22d(k),
𝜗 = Δ(𝜑), (1)

where k ∈ N0 denotes discrete time. The sequences xG, d, and y denote the state, external input, and system output,
respectively. As for the dimensions, xG(k) ∈ RnG , d(k) ∈ Rnd , y(k) ∈ R

ny ,𝜑(k) ∈ R
n
𝜑 , and 𝜗(k) ∈ Rn

𝜗 . The nominal system

G =
[

G11 G12
G21 G22

]
∶ 𝓁n

𝜗

2e × 𝓁
nd
2e → 𝓁

n
𝜑

2e × 𝓁
ny
2e is assumed to be a stable discrete-time LTI system. The uncertainty operator

Δ ∶ 𝓁n
𝜑

2e → 𝓁n
𝜗

2e is assumed to be causal and bounded and lies within a prespecified set 𝚫. The uncertain system (G,𝚫) is
assumed to be well-posed. (G,𝚫) is well-posed if, for allΔ ∈ 𝚫 and d ∈ 𝓁nd

2e , there exist unique solutions xG ∈ 𝓁
nG
2e ,𝜑 ∈ 𝓁n

𝜑

2e ,
𝜗 ∈ 𝓁n

𝜗

2e , and y ∈ 𝓁ny
2e to (1) that causally depend on d.

In this article, we treat the problem of finding ellipsoidal sets in which xG(k) and y(k) lie for all k ∈ N0, given that xG(0)
and d(k) for all k ∈ N0 lie in prespecified sets. The uncertainty set 𝚫 is assumed to satisfy a pointwise IQC, as defined
next.

Definition 1. Let Ψ ∈ RH
nr×(n𝜑+n

𝜗
)

∞ and S ∈ Snr for some positive integer nr. The set 𝚫 is said to satisfy the
pointwise IQC defined by (Ψ, S), or 𝚫 ∈ pwIQC(Ψ, S) for short, if the quadratic inequality

rT(k)Sr(k) ≥ 0, (2)

holds for all k ∈ N0, 𝜑 ∈ 𝓁n
𝜑

2e , 𝜗 = Δ(𝜑)(∈ 𝓁n
𝜗

2e ), and Δ ∈ 𝚫, where

xΨ(k + 1) = AΨxΨ(k) + BΨ1𝜑(k) + BΨ2𝜗(k),
r(k) = CΨxΨ(k) + DΨ1𝜑(k) + DΨ2𝜗(k),

xΨ(0) = 0, xΨ(k) ∈ R
nΨ , r(k) ∈ R

nr . (3)

Examples of uncertainty sets 𝚫 that admit pointwise IQC characterizations are given in Section 6.
To derive the results in this article, an LTI augmented system H is constructed, as illustrated in Figure 1. For all k ∈ N0,

the state-space equations of system H are given by

xH(k + 1) = AHxH(k) + BH1𝜗(k) + BH2d(k),
r(k) = CH1xH(k) + DH11𝜗(k) + DH12d(k),
y(k) = CH2xH(k) + DH21𝜗(k) + DH22d(k), (4)
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8456 KHALIFE et al.

with xH(k) = (xG(k), xΨ(k)),

AH =

[
AG 0

BΨ1CG1 AΨ

]
, BH1 =

[
BG1

BΨ1DG11 + BΨ2

]
, BH2 =

[
BG2

BΨ1DG12

]
,

CH1 =
[

DΨ1CG1 CΨ
]
, DH11 = DΨ1DG11 + DΨ2, DH12 = DΨ1DG12,

CH2 =
[

CG2 0
]
, DH21 = DG21, DH22 = DG22.

Two sets of input signals d are considered. Given a convex, closed, and bounded polytope Γ ⊆ Rnd , the first set is
defined as

DΓ =
{

d ∈ 𝓁nd
2e | d(k) ∈ Γ for all k ∈ N0

}
. (5)

Let V = {v1, … , vp}, for some integer p ≥ 1, denote the set of vertices of Γ. Then, Γ is the convex hull of V .
Given an ellipsoid Λ = {z ∈ Rnd | zTΛz ≤ 1}, where Λ ∈ S

nd
++, the second set of allowable input signals d considered

in this work is denoted by DΛ and defined as

DΛ =
{

d ∈ 𝓁nd
2e | d(k) ∈ Λ for all k ∈ N0

}
. (6)

The problem addressed in this article is to find W ∈ S
nG
++ and Q ∈ S

ny
++ such that if xG(0) ∈ W , then xG(k) ∈ W and

y(k) ∈ Q for all k ∈ N0, Δ ∈ 𝚫, and d in the set DΓ or DΛ. To address this problem, the equations of system H are con-
sidered, and matrices P ∈ S

nG+nΨ
++ , W ∈ S

nG
++, and Q ∈ S

ny
++ are found such that if xH(0) ∈ P, then xH(k) ∈ P, xG(k) ∈ W ,

and y(k) ∈ Q for all k ∈ N0, d in DΓ or DΛ, and 𝜗 ∈ 𝓁n
𝜗

2e such that the output r of system H satisfies rT(k)Sr(k) ≥ 0 for all
k ∈ N0. Since𝚫 ∈ pwIQC(Ψ, S), a special case of such signals 𝜗 are those generated from the uncertain system equations,
that is, 𝜗 = Δ(𝜑), Δ ∈ 𝚫, and

𝜑(k) = CG1xG(k) + DG11𝜗(k) + DG12d(k) = [CG1 0] xH(k) + DG11𝜗(k) + DG12d(k), (7)

for all k ∈ N0. Thus, this indirect approach gives us bounding sets for the augmented system H that are also valid for
the uncertain system (G,𝚫). Let P11 denote the (1, 1)-block of P when partitioned conformably with the partitioning of
xH(k). The zero initial condition, xΨ(0) = 0, of the IQC filter Ψ is used to express the condition xH(0) ∈ P equivalently as
xG(0) ∈ P11 . Thus, the computed positive definite matrices P, W , and Q are such that xG(0) ∈ P11 implies that xH(k) ∈ P,
xG(k) ∈ W , and y(k) ∈ Q for all k ∈ N0, Δ ∈ 𝚫, and d in DΓ or DΛ.

4 STATE AND OUTPUT BOUNDING SETS: POINTWISE POLYTOPIC
INPUT CONSTRAINTS

This section treats the problem of finding bounding sets for the uncertain system (G,𝚫), where𝚫 ∈ pwIQC(Ψ, S) and d ∈
DΓ. Theorem 1 summarizes the results in Reference 27 for computing state bounding sets. Theorem 2 provides extensions
for computing output bounding sets.

Theorem 1 (27). Consider the uncertain system (G,𝚫) defined in (1) with state xG such that 𝚫 ∈ pwIQC(Ψ, S)
and the corresponding augmented system H defined in (4) with state xH.

(a) If there exist P ∈ S
nG+nΨ
++ , 𝜏1 ≥ 0, and 𝜏2 ≥ 0 such that
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⎡⎢⎢⎢⎣
−

[
AT

H

BT
H1

]
P
[

AH BH1

]
−

[
AT

H

BT
H1

]
PBH2vi

− vT
i BT

H2P
[

AH BH1

]
1 − vT

i BT
H2PBH2vi

⎤⎥⎥⎥⎦
− 𝜏1blkdiag

(
−

[
I
0

]
P
[

I 0
]
, 1

)

− 𝜏2

⎡⎢⎢⎢⎣

[
CT

H1

DT
H11

]
S
[

CH1 DH11

] [
CT

H1

DT
H11

]
SDH12vi

vT
i DT

H12S
[

CH1 DH11

]
vT

i DT
H12SDH12vi

⎤⎥⎥⎥⎦
≽ 0, (8)

for all the vertices of Γ, that is, vi ∈ V, and

BT
H2PBH2 + 𝜏2DT

H12SDH12 ≽ 0, (9)

then xT
H(0)PxH(0) ≤ 1 implies that xT

H(k)PxH(k) ≤ 1 for all k ∈ N0,Δ ∈ 𝚫, and d ∈ DΓ, where DΓ is defined in (5).

(b) If there exist P ∈ S
nG+nΨ
++ , W ∈ S

nG
++, 𝜏1 ≥ 0, 𝜏2 ≥ 0, and 𝜏3 ≥ 0 that satisfy (8) for all vi ∈ V, (9), and

[
− ETWE 0

0 1

]
− 𝜏3

[
− P 0

0 1

]
≽ 0, (10)

where E =
[
InG 0nG×nΨ

]
, then xT

H(0)PxH(0) ≤ 1 implies that xT
G(k)WxG(k) ≤ 1 for all k ∈ N0, Δ ∈ 𝚫, and d ∈ DΓ.

Imposing (9) in addition to (8) at the vertices of Γ ensures that (8) holds for all d̂ ∈ Γ. Remark 2 shows how to use the
multiconvexity relaxation technique to obtain other, potentially less conservative conditions than (9). If Γ is symmetric,
that is, −Γ = {−d̂ | d̂ ∈ Γ} = Γ, (8) needs to be imposed only at half of the vertices since (8) holds at vertex vi if and only
if it holds at vertex vj = −vi.

The IQC filter Ψ is typically fixed a priori and the IQC variables in S often appear linearly. Thus, when solv-
ing the inequalities in Theorem 1, one solves for Ŝ2 = 𝜏2S by lumping 𝜏2 ≥ 0 with the variables in S, which elim-
inates the nonlinearity due to the multiplication between 𝜏2 and S. The remaining source of non-convexity in (8)
is the multiplication between 𝜏1 and P, which can be handled by gridding over 𝜏1. For a fixed 𝜏1, (8) is an LMI
in P and the variables in Ŝ2. Moreover, 𝜏1 ∈ [0, 1] since (9) is imposed. If Ψ is a static operator, solving (8) and
(9) yields a state invariant set for the uncertain system (G,𝚫). In this case, xH = xG and P ∈ S

nG
++, and so, if xG(0) ∈

P, then xG(k) ∈ P for all k ∈ N0, Δ ∈ 𝚫, and d ∈ DΓ. If Ψ is a dynamic operator, solving (8) and (9) yields a
state invariant set for the augmented system H: if xH(0) ∈ P, then xH(k) ∈ P for all k ∈ N0, 𝜑 defined as per
(7), 𝜗 = Δ(𝜑), Δ ∈ 𝚫, and d ∈ DΓ. In this case, (10) can be further imposed to conclude that xG(k) ∈ W for all
k ∈ N0, Δ ∈ 𝚫, and d ∈ DΓ. Since xΨ(0) = 0, then xH(0) ∈ P if and only if xG(0) ∈ P11 , where P = [Pij]i,j=1,2 is par-
titioned conformably with the partitioning of xH(k) = (xG(k), xΨ(k)). Thus, by solving (8)–(10), we conclude that if
xG(0) ∈ P11 , then xG(k) ∈ W for all k ∈ N0, Δ ∈ 𝚫, and d ∈ DΓ. In this article, we take W = P11 − P12P−1

22 PT
12 ≻ 0 (this

choice of P and W satisfies (10) for 𝜏3 = 1). In this case, the ellipsoid W = {x̂ ∈ RnG | x̂ = Ex, x ∈ P} is a projection
of P.

Remark 1. The conditions in Theorem 1 clearly imply the robust uniform stability of the the uncertain sys-
tem (G,𝚫). Namely, (G,𝚫) is robustly uniformly stable if it is well-posed and there exists a constant scalar
c ≥ 0 such that ||xG(k)||2 ≤ c||xG(0)||2 for any xG(0) ∈ RnG , k ∈ N0, Δ ∈ 𝚫, and d ≡ 0. This is not difficult to
see since if there exist P ∈ S

nG+nΨ
++ , 𝜏1 ≥ 0, and 𝜏2 ≥ 0 such that (8) holds for all the vertices of Γ, then the

inequality

[
AT

HPAH − P AT
HPBH1

BT
H1PAH BT

H1PBH1

]
+ 𝜏2

[
CT

H1

DT
H11

]
S
[

CH1 DH11

]
≼ 0 (11)

holds, which implies the robust uniform stability of the system31 with c =
√

cond(P), where cond(P)
is the condition number of P. Furthermore, if the solutions P and 𝜏2S are such that (11) holds with
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8458 KHALIFE et al.

strict inequality, then the system is robustly asymptotically stable,5(Theorem 1) that is, the solutions to (1)
are in 𝓁2 for d ∈ 𝓁nd

2 , and the system equations define a bounded causal mapping from d to (xG, y)
for all Δ ∈ 𝚫.

Remark 2. It is possible to use the multiconvexity relaxation technique32 to derive other sufficient con-
ditions, potentially less conservative than (9), that ensure that (8) holds for all d̂ ∈ Γ if it holds for
all vi ∈ V . For example, assume that Γ is a hyper-rectangle, that is, Γ = {d̂ ∈ Rnd | lj ≤ d̂j ≤ uj for j =
1, … ,nd}, where d̂j is the jth component of d̂. Let Z = (P, Ŝ2), where Ŝ2 = 𝜏2S, and define the matrix-valued
function 𝜏1(⋅, ⋅) such that (8) can be expressed as 𝜏1(Z, vi) ≼ 0. By Theorem 1, to find a state bound-
ing ellipsoid for (G,𝚫), it is required to find appropriate 𝜏1 and Z such that 𝜏1(Z, d̂) ≼ 0 for all d̂ ∈
Γ. For a fixed 𝜏1, 𝜏1(Z, d̂) ≼ 0 is a parameterized LMI in Z, where d̂ is the parameter. It is possible
to write

𝜏1(Z, d̂) = M0,𝜏1(Z) +
nd∑
j=1

d̂jMj,𝜏1(Z) +
nd∑

j,m=1
d̂jd̂mMj,m,𝜏1(Z),

where M0,𝜏1(⋅), Mj,𝜏1(⋅), and Mj,m,𝜏1(⋅) are appropriately defined real, symmetric, matrix-valued and linear func-
tions of Z. By the results in Reference 32 (Section 4.1) dealing with parameterized LMIs with quadratic
parameter dependence, for a given 𝜏1, it follows that 𝜏1(Z, d̂) ≼ 0 for all d̂ ∈ Γ if 𝜏1(Z, vi) ≼ 0 for all vi ∈ V
and Mj,j,𝜏1(Z) ≽ 0 for j = 1, … ,nd. By introducing additional variables 𝜆j ≥ 0 for all j = 1, … ,nd and impos-
ing the constraint 𝜏1(Z, vi) ≼ −

∑nd
j=1(vi)2j 𝜆jI for all vi ∈ V , the multiconvexity constraints can be relaxed to

Mj,j,𝜏1(Z) ≽ −𝜆jI for j = 1, … ,nd.

Remark 3. It is possible to incorporate local pointwise IQCs33 into the conditions of Theorem 1. The advan-
tage of using local IQCs is that they provide a more accurate characterization of the uncertainties in the
operating region of interest. For instance, in the case of sector-bounded nonlinearities, it is possible to derive
tighter sector bounds on local intervals. Suppose 𝚫 satisfies the local pointwise IQC defined by (Ψloc, Sloc)
when the jth element of 𝜑(k), denoted by 𝜑j(k), is restricted to the interval [−𝜑j, 𝜑j] with 𝜑j ≥ 0 for j =
1, … ,n𝜑. Then, the S-procedure can be used to ensure that the elements of 𝜑(k) are indeed restricted to
their local intervals. To this end, for j = 1, … ,n𝜑, we define three quadratic functions 𝜎0,d̂(x), 𝜎1(x), and
𝜎2,d̂(x) such that, for 𝜉(k) = (xH(k), 𝜗(k)), the inequalities 𝜎0,d(k)(𝜉(k)) ≥ 0, 𝜎1(𝜉(k)) ≥ 0, and 𝜎2,d(k)(𝜉(k)) ≥ 0
are equivalent to (𝜑j(k))2 ≤ 𝜑2

j , that is, |𝜑j(k)| ≤ 𝜑j, xT
H(k)PxH(k) ≤ 1, and rT(k)Sloc,jr(k) ≥ 0, respectively,

where Sloc,j is a copy of Sloc associated with 𝜑j. Then, using Lemma 1, we derive a matrix inequality sim-
ilar to (8), parameterized by the vertices vi ∈ V of the polytope Γ. To ensure that this inequality holds for
all d(k) ∈ Γ rather than just at vi ∈ V , we impose an inequality similar to (9). Hence, given the bounds on
the components 𝜑j(k) of 𝜑(k), these inequalities can be enforced alongside the inequalities of Theorem 1,
where S is substituted with Sloc. If DG11 = 0, the quadratic function 𝜎2,d̂(x) is dropped and the resulting
inequalities simplify. In this case, an alternative approach inspired by the work in Reference 33 can also be
implemented. Namely, in addition to the conditions in Theorem 1, we enforce the following inequalities:
𝜑j ≥ dj and

⎡⎢⎢⎣
(𝜑j − dj)2

[
C(j)

G1 0
]

[
C(j)

G1 0
]T

P

⎤⎥⎥⎦ ≽ 0, (12)

for j = 1, … ,n𝜑, where dj = max
d(k)∈Γ

(|||D(j)
G12d(k)|||

)
and C(j)

G1 and D(j)
G12 denote the jth rows of CG1 and DG12, respec-

tively. These conditions are derived by applying34(Lemma 1) to Equation (7), while taking into account that
DG11 = 0 and d(k) ∈ Γ for all k ∈ N0.

Theorem 2. Consider the uncertain system (G,𝚫) defined in (1) with state xG and output y such that 𝚫 ∈
pwIQC(Ψ, S) and the corresponding augmented system H defined in (4) with state xH. Let P ∈ S

nG+nΨ
++ . If there
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KHALIFE et al. 8459

exist Q ∈ S
ny
++, 𝜏4 ≥ 0, and 𝜏5 ≥ 0 such that

⎡⎢⎢⎢⎣
−

[
CT

H2

DT
H21

]
Q
[

CH2 DH21

]
−

[
CT

H2

DT
H21

]
QDH22vi

− vT
i DT

H22Q
[

CH2 DH21

]
1 − vT

i DT
H22QDH22vi

⎤⎥⎥⎥⎦
− 𝜏4blkdiag

(
−

[
I
0

]
P
[

I 0
]
, 1

)

− 𝜏5

⎡⎢⎢⎢⎣

[
CT

H1

DT
H11

]
S
[

CH1 DH11

] [
CT

H1

DT
H11

]
SDH12vi

vT
i DT

H12S
[

CH1 DH11

]
vT

i DT
H12SDH12vi

⎤⎥⎥⎥⎦
≽ 0, (13)

for all the vertices vi of Γ and

DT
H22QDH22 + 𝜏5DT

H12SDH12 ≽ 0, (14)

then, for any k ∈ N0, xT
H(k)PxH(k) ≤ 1 implies that yT(k)Qy(k) ≤ 1 for all Δ ∈ 𝚫 and d(k) ∈ Γ.

Proof. We begin by defining the quadratic functions

𝜎̂1(x) =

[
x
1

]T

blkdiag

(
−

[
I
0

]
P
[

I 0
]
, 1

)[
x
1

]
,

𝜎̂0,d̂(x) =

[
x
1

]T ⎡⎢⎢⎢⎣
−

[
CT

H2

DT
H21

]
Q
[

CH2 DH21

]
−

[
CT

H2

DT
H21

]
QDH22d̂

− d̂
T

DT
H22Q

[
CH2 DH21

]
1 − d̂

T
DT

H22QDH22d̂

⎤⎥⎥⎥⎦
[

x
1

]
,

𝜎̂2,d̂(x) =

[
x
1

]T ⎡⎢⎢⎢⎣

[
CT

H1

DT
H11

]
S
[

CH1 DH11

] [
CT

H1

DT
H11

]
SDH12d̂

d̂
T

DT
H12S

[
CH1 DH11

]
d̂

T
DT

H12SDH12d̂

⎤⎥⎥⎥⎦
[

x
1

]
.

Define 𝜉(k) = (xH(k), 𝜗(k)). Then, it is not difficult to see that 𝜎̂0,d(k)(𝜉(k)) ≥ 0, 𝜎̂1(𝜉(k)) ≥ 0, and 𝜎̂2,d(k)(𝜉(k)) ≥ 0
if and only if yT(k)Qy(k) ≤ 1, xT

H(k)PxH(k) ≤ 1, and rT(k)Sr(k) ≥ 0, respectively.
xT

H(k)PxH(k) ≤ 1 holds by assumption, and rT(k)Sr(k) ≥ 0 holds for all k ∈ N0 and d(k) since 𝚫 ∈
pwIQC(Ψ, S). Since (14) is imposed, it follows that (13) holds for all d(k) ∈ Γ and not only at vi ∈ V . To see
this, (13) is expressed as

M̃ (vi) =

[
M̃11 M̃12vi

vT
i M̃T

12 m̃22 − vT
i M̃22vi

]
≽ 0,

where m̃22 = 1 − 𝜏4 and M̃22 = DT
H22QDH22 + 𝜏5DT

H12SDH12. It is desired to show that M̃(vi) ≽ 0 for all vi ∈
V and M̃22 ≽ 0 (by (14)) imply that M̃(d(k)) ≽ 0 for all d(k) ∈ Γ. For any d(k) ∈ Γ, there exist ci ≥ 0 for
i = 1, … , p such that

∑
i ci = 1 and d(k) =

∑
i civi. Then, M̃(d(k)) =

∑p
i=1ciM̃(vi) + blkdiag(0, x̃), where x̃ =

−dT(k)M̃22d(k) +
∑

i civT
i M̃22vi. Thus, M̃(d(k)) ≽ 0 since x̃ ≥ 0 and ci ≥ 0 and M̃(vi) ≽ 0 for all i = 1, … , p. That

x̃ ≥ 0 follows from the convexity of the function f (x) = xTM̃22x and Jensen’s inequality,11 that is, f (d(k)) =
f (
∑

i civi) ≤
∑

i cif (vi).
Since (13) holds for all d(k) ∈ Γ, it follows from the S-procedure that 𝜎̂0,d(k)(𝜉(k)) ≥ 0 whenever 𝜎̂1(𝜉(k)) ≥ 0

and 𝜎̂2,d(k)(𝜉(k)) ≥ 0 for all d(k) ∈ Γ as desired. ▪

Theorem 2 states that, for a given P ≻ 0, if there exist Q ≻ 0, 𝜏4 ≥ 0, and 𝜏5 ≥ 0 that satisfy (14) and (13) for all vi ∈
V , then, for any k ∈ N0, xH(k) ∈ P implies that y(k) ∈ Q for all d(k) ∈ Γ and Δ ∈ 𝚫. Note that it may be possible to
obtain less conservative constraints than (14) by using the multiconvexity relaxation technique explained in Remark 2.
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8460 KHALIFE et al.

If P is obtained from Theorem 1, the conclusion from Theorem 2 is strengthened to: xH(0) ∈ P implies that y(k) ∈ Q
for all k ∈ N0, Δ ∈ 𝚫, and d ∈ DΓ. Thus, Theorems 1 and 2 can be applied to compute positive definite matrices P and
Q such that if xG(0) ∈ P11 , then xG(k) ∈ W , xH(k) ∈ P, and y(k) ∈ Q for all k ∈ N0, Δ ∈ 𝚫, and d ∈ DΓ, where W =
P11 − P12P−1

22 PT
12.

There are two possible ways for computing P and Q. One may first find P ≻ 0, 𝜏1 ≥ 0, and 𝜏2 ≥ 0 that satisfy (8) for
all vi ∈ V and (9), and then use the found P to solve for Q ≻ 0, 𝜏4 ≥ 0, and 𝜏5 ≥ 0 that satisfy (13) for all vi ∈ V and (14).
Alternatively, one may simultaneously solve for P ≻ 0, Q ≻ 0, and nonnegative 𝜏1, 𝜏2, 𝜏4, and 𝜏5 that satisfy (8) and (13)
for all vi ∈ V , (9), and (14). In both cases, the problems at hand are formulated as semidefinite programs (SDPs) and
solved using convex optimization tools. If P and Q are found sequentially, the problem in the first step, which yields
a state bounding ellipsoid, is rendered convex by gridding over 𝜏1, and the problem in the second step, which yields
the corresponding output bounding ellipsoid, is convex. If P and Q are solved for simultaneously, double gridding over
both 𝜏1 and 𝜏4 is required. Coarse grids are first used to estimate the location of the optimal point, followed by finer
grids to obtain accurate results. In this work, the minimum volume output bounding ellipsoid Q is sought by mini-
mizing − log(det(Q)). When P and Q are found separately, the volume of the state bounding ellipsoid W is minimized
in the first step, where W = P11 − P12P−1

22 PT
12. To minimize the volume of W , an auxiliary matrix 0 ≺ W ≼ W is intro-

duced and the negative of its log-determinant is minimized. The constraint W ≼ W is equivalently re-written as the
following LMI:

[
W − P11 P12

PT
12 −P22

]
≼ 0.

Simultaneously solving for P and Q yields a lower objective function value − log(det(Q)) than first optimizing P by
minimizing − log(det(W)) and then optimizing Q for the found P. This improvement comes at the expense of having
to double-grid over 𝜏1 and 𝜏4. In the example of Section 7, a minimal improvement in the objective function value is
observed when simultaneously optimizing P and Q, which does not justify the incurred increase in the computational
cost. Therefore, we only focus on the sequential solution approach in this article.

Remark 4. The optimization problems formulated from Theorems 1 and 2 can be generally expressed as vec-
tor optimization problems over the positive semidefinite cone. Specifically, the vector optimization problem
obtained by applying Theorem 1 is

minimize (w.r.t. S
n
+) f0(P)

subject to P ≻ 0, 𝜏1 ≥ 0, 𝜏2 ≥ 0,
(9), and (8) imposed for all vi ∈ V ,

where f0 ∶ Sn → Sn is defined by f0(P) = P−1 with domain dom(f0) = S
n
++. As discussed in the book,11

Pareto optimal points can be obtained for this problem using scalarization. Different scalarizations can be
used; for instance, in this article, the scalarized problems considered consist of minimizing log det(f0(P)),
log det(f0(W)), or log det(f0(Q)), which can be interpreted as minimizing the volume of the corresponding
ellipsoid, and we have found that to yield satisfactory results for our considered examples. It is also possi-
ble to minimize trace(f0(P)) and to impose shape constraints on the ellipsoids based on the specific problem
of interest.

5 STATE AND OUTPUT BOUNDING SETS: POINTWISE ELLIPSOIDAL
INPUT CONSTRAINTS

This section treats the problem of finding bounding sets for the uncertain system (G,𝚫), where 𝚫 ∈ pwIQC(Ψ, S) and
d ∈ DΛ.

Theorem 3. Consider the uncertain system (G,𝚫) defined in (1) with state xG and output y such that 𝚫 ∈
pwIQC(Ψ, S) and the corresponding augmented system H defined in (4) with state xH. If there exist P̃ ∈ S

nG+nΨ
++ ,
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KHALIFE et al. 8461

𝜏1 ≥ 0, 𝜏2 ≥ 0, and 𝜏3 ≥ 0 such that

blkdiag
(
−
[

AH BH1 BH2

]T
P̃
[

AH BH1 BH2

]
, 1
)
− 𝜏1blkdiag

(
−
[

I 0 0
]T

P̃
[

I 0 0
]
, 1
)

(15)

− 𝜏2blkdiag
([

CH1 DH11 DH12

]T
S
[

CH1 DH11 DH12

]
, 0
)
− 𝜏3blkdiag

(
−
[
0 0 I

]T
Λ
[
0 0 I

]
, 1
)
≽ 0,

(15)

then, for any k ∈ N0, xT
H(k)P̃xH(k) ≤ 1 implies that xT

H(k + 1)P̃xH(k + 1) ≤ 1 for all Δ ∈ 𝚫 and d(k) ∈ Λ.
Furthermore, if there exist Q̃ ∈ S

ny
++, 𝜏4 ≥ 0, 𝜏5 ≥ 0, and 𝜏6 ≥ 0 such that

blkdiag
(
−
[

CH2 DH21 DH22

]T
Q̃
[

CH2 DH21 DH22

]
, 1
)
− 𝜏4blkdiag

(
−
[

I 0 0
]T

P̃
[

I 0 0
]
, 1
)

(16)

− 𝜏5blkdiag
([

CH1 DH11 DH12

]T
S
[

CH1 DH11 DH12

]
, 0
)
− 𝜏6blkdiag

(
−
[
0 0 I

]T
Λ
[
0 0 I

]
, 1
)
≽ 0,

(16)then, for any k ∈ N0, xT
H(k)P̃xH(k) ≤ 1 implies that yT(k)Q̃y(k) ≤ 1 for all Δ ∈ 𝚫 and d(k) ∈ Λ.

Proof. Consider the quadratic functions

𝜎̃
(1)
0 (x) =

[
xT 1

]
blkdiag

(
−
[

AH BH1 BH2

]T
P̃
[

AH BH1 BH2

]
, 1
)[

x
1

]
,

𝜎̃
(2)
0 (x) =

[
xT 1

]
blkdiag

(
−
[

CH2 DH21 DH22

]T
Q̃
[

CH2 DH21 DH22

]
, 1
)[

x
1

]
,

𝜎̃1(x) =
[

xT 1
]

blkdiag
(
−
[

I 0 0
]T

P̃
[

I 0 0
]
, 1
)[

x
1

]
,

𝜎̃2(x) =
[

xT 1
]

blkdiag
([

CH1 DH11 DH12

]T
S
[

CH1 DH11 DH12

]
, 0
)[

x
1

]
,

𝜎̃3(x) =
[

xT 1
]

blkdiag
(
−
[
0 0 I

]T
Λ
[
0 0 I

]
, 1
)[

x
1

]
.

Let 𝜉(k) = (xH(k), 𝜗(k), d(k)). The following equivalences hold: xT
H(k + 1)P̃xH(k + 1) ≤ 1, xT

H(k)P̃xH(k) ≤ 1,
rT(k)Sr(k) ≥ 0, dT(k)Λd(k) ≤ 1, and yT(k)Q̃y(k) ≤ 1 if and only if 𝜎̃(1)0 (𝜉(k)) ≥ 0, 𝜎̃1(𝜉(k)) ≥ 0, 𝜎̃2(𝜉(k)) ≥ 0,
𝜎̃3(𝜉(k)) ≥ 0, and 𝜎̃(2)0 (𝜉(k)) ≥ 0, respectively.

By the S-procedure, if (15) holds with P̃ ≻ 0 and 𝜏1, 𝜏2, and 𝜏3 nonnegative, then 𝜎̃(1)0 (𝜉(k)) ≥ 0 whenever
𝜎̃1(𝜉(k)) ≥ 0, 𝜎̃2(𝜉(k)) ≥ 0, and 𝜎̃3(𝜉(k)) ≥ 0. Similarly, if (16) holds with P̃ ≻ 0, Q̃ ≻ 0, and 𝜏4, 𝜏5, and 𝜏6 non-
negative, then 𝜎̃(2)0 (𝜉(k)) ≥ 0 whenever 𝜎̃1(𝜉(k)) ≥ 0, 𝜎̃2(𝜉(k)) ≥ 0, and 𝜎̃3(𝜉(k)) ≥ 0. To conclude, 𝜎̃2(𝜉(k)) ≥ 0
since 𝚫 ∈ pwIQC(Ψ, S), 𝜎̃3(𝜉(k)) ≥ 0 since d(k) ∈ Λ, and 𝜎̃1(𝜉(k)) ≥ 0 by assumption. ▪

Corollary 1. Consider the uncertain system (G,𝚫) defined in (1) with state xG and output y such that 𝚫 ∈
pwIQC(Ψ, S) and the corresponding augmented system H defined in (4) with state xH. Let DΛ be the set defined
in (6). Then, the following hold.

(1) If there exist P̃ ∈ S
nG+nΨ
++ , 𝜏1 ≥ 0, 𝜏2 ≥ 0, and 𝜏3 ≥ 0 such that (15) holds, then xG(0) ∈ P̃11

, that is, xH(0) ∈ P̃,
implies that xG(k) ∈ W̃ and xH(k) ∈ P̃ for all k ∈ N0, Δ ∈ 𝚫, and d ∈ DΛ, where W̃ = P̃11 − P̃12P̃−1

22 P̃T
12.

(2) If there exist P̃ ∈ S
nG+nΨ
++ , Q̃ ∈ S

ny
++, and nonnegative 𝜏1, … , 𝜏6 such that (15) and (16) hold, then xG(0) ∈ P̃11

implies that y(k) ∈ Q̃ for all k ∈ N0, Δ ∈ 𝚫, and d ∈ DΛ.
Proof. The result follows from a repeated application of Theorem 3, taking into account that W̃ and P̃ satisfy
(10) for 𝜏3 = 1 and xΨ(0) = 0. ▪

Both (8) and (15) (respectively, (13) and (16)) are derived using the S-procedure. The left-hand side of (15) has a larger
size and contains an extra term, whereas that of (8) is parameter dependent, which necessitates the imposition of (8) at
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8462 KHALIFE et al.

all vi ∈ V and the addition of condition (9). Thus, the number of constraints in Theorems 1 and 2 increases with p, the
number of vertices of Γ. This increase is circumvented in Theorem 3 and Corollary 1.

Remark 5. The conditions in Theorem 3 clearly imply the robust uniform stability of the uncertain sys-
tem (G,𝚫). Using a similar argument to the one used in Remark 1, it can be shown that if there exist
P̃ ∈ S

nG+nΨ
++ , 𝜏1 ≥ 0, 𝜏2 ≥ 0, and 𝜏3 ≥ 0 such that (15) holds, then the system is robustly uniformly stable,31 that

is, ||xG(k)||2 ≤ c||xG(0)||2 for any xG(0) ∈ RnG , k ∈ N0, Δ ∈ 𝚫, and d ≡ 0, with c =
√

cond(P̃). Furthermore, if
the solutions P̃ and 𝜏2S are such that (11) holds with strict inequality when P and 𝜏2 are substituted with P̃
and 𝜏2, respectively, then the uncertain system is robustly asymptotically stable.5(Theorem 1)

Remark 6. It is possible to incorporate local pointwise IQCs33 into the conditions of Theorem 3. Similarly to
Remark 3, two approaches can be used to ensure that the elements of 𝜑(k) are restricted to their local inter-
vals. The first approach relies on the S-procedure. Specifically, in this approach, for j = 1, … ,n𝜑, we define
four quadratic functions 𝜎0(x), 𝜎1(x), 𝜎2(x), and 𝜎3(x) such that, for 𝜉(k) = (xH(k), 𝜗(k), d(k)), the inequali-
ties 𝜎0(𝜉(k)) ≥ 0, 𝜎1(𝜉(k)) ≥ 0, 𝜎2(𝜉(k)) ≥ 0, and 𝜎3(𝜉(k)) ≥ 0 are equivalent to |𝜑j(k)| ≤ 𝜑j, xT

H(k)PxH(k) ≤ 1,
rT(k)Sloc,jr(k) ≥ 0, and dT(k)Λd(k) ≤ 1, respectively. Then, we derive a matrix inequality similar to (15) using
Lemma 1. Hence, given the bounds on the components𝜑j(k) of𝜑(k), these inequalities can be enforced along-
side the inequalities of Theorem 3, where S is substituted with Sloc. The second approach may be applied when
DG11 = 0 and consists of enforcing the conditions of Theorem 3 alongside inequality (12) for j = 1, … ,n𝜑,
where P is substituted with P̃ and dj = max

d(k)∈Λ

(
D(j)

G12d(k)
)

.

Remark 7. In Theorems 1 and 2, the size of the left-hand sides of inequalities (8) and (13), which are imposed
at each vertex vi ∈ V , is (nG + nΨ + n𝜗 + 1) × (nG + nΨ + n𝜗 + 1), and the size of the left-hand sides of the
added constraints (9) and (14) is nd × nd. In Theorem 3 and Corollary 1, the size of the left-hand sides of (15)
and (16) is (nG + nΨ + n𝜗 + nd + 1) × (nG + nΨ + n𝜗 + nd + 1). In both cases, the decision variables appearing
in the formulated optimization problems are the same, namely, (P,Q, 𝜏1, 𝜏2, 𝜏4, 𝜏5) and (P̃, Q̃, 𝜏1, 𝜏2, 𝜏4, 𝜏5), and
the nonlinearities can be handled in the same way, that is, via sequentially solving for the state and output
bounding ellipsoids while gridding over one parameter in the first step or simultaneously solving for both
ellipsoids while resorting to double gridding. In the case of Theorem 3 and Corollary 1, there are additional
nonnegative scalar variables 𝜏3 and 𝜏6 that appear linearly in (15) and (16), respectively.

The size of the optimization problems formulated in Section 4 may become prohibitive for a large p. Nonetheless, mod-
ern convex optimization tools, such as Yalmip35 and MOSEK,36 are able to efficiently handle reasonably large problems.
Moreover, the results derived in this section can still be applied even when d ∈ DΓ by using ellipsoidal approximations
of Γ, for example, the maximum/minimum volume inscribed/covering ellipsoid centered at the origin. The following
example gives an idea of the complexity of the results when applied to real systems.

Example 1. We compute bounding sets for the LPV path-following controller designed in the article37 for a
small, fixed-wing, unmanned aircraft system. Namely, ellipsoids are computed in which the state of the LPV
controller and its output (control input to the plant) lie for all time-steps given bounded measurements from
the plant (input to the controller). The reported computations are carried out in MATLAB 9.5 on a Dell desk-
top with Intel Xeon E-2224G, 3.5 GHz processor, and 32 GB of RAM running Windows 10 Enterprise. The
parser and solver used are Yalmip and MOSEK, respectively. The LPV controller, that is, the uncertain sys-
tem (G,𝚫) in this case, is well-posed (in fact, robustly stable) and has nG = 16 state variables, nd = 10 inputs,
and ny = 4 outputs. Using flight-test data, a tight hyper-rectangle is determined in which d(k) resides for all
k ∈ N0. The constructed hyper-rectangleΓ is relaxed/enlarged to become symmetric such that (8) and (13) can
be imposed at 2nd−1 = 29 vertices instead of 2nd = 210 vertices. For comparison, the minimum volume ellip-
soid Λ centered at the origin and covering Γ is also computed to apply the results of Section 5. In LFT form,
there are n𝜑 = n𝜗 = 7 copies of the scheduling parameter 𝛿(k). Rate bounds can be computed on 𝛿(k), and so
𝚫 is viewed as the set of rate-bounded, static LTV uncertainty operators; see Proposition 6. As explained in
Section 6, an augmented system Ge and uncertainty set𝚫e are formed in this case such that𝚫e ∈ pwIQC(Ψ, S),
and the analysis is performed on (Ge,𝚫e). The dynamic IQC filter Ψ utilized for the analysis has nΨ = 28
state variables, and so the dimension of the state vector of the augmented system is nH = nG + nΨ = 44.
The IQC variables in S are X ∈ S21

+ , X ∈ S14
+ , and skew-symmetric matrices Y and Y in R21×21 and R14×14,

respectively. For the above described problem setup, solving one instance of the SDP for finding the minimum
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KHALIFE et al. 8463

volume state bounding ellipsoid, that is, for a given 𝜏1∕𝜏1 value, takes on average 2618.9 s when d ∈ DΓ and
5.9 s when d ∈ DΛ, respectively. Solving for the output bounding ellipsoid for a given state bounding ellipsoid
is a convex problem, that is, needs to be solved only once, and takes on average 386.3 s when d ∈ DΓ and 0.9
s when d ∈ DΛ, respectively.

6 EXAMPLES OF POINTWISE INTEGRAL QUADRATIC CONSTRAINTS

This section gives examples of uncertainty sets that admit pointwise IQC characterizations that can be extracted from the
ones presented in References 1,3,38-40.

Proposition 1 (38). Let 𝚫 be the set of static LTI operators Δ that represent the multiplication in the
time-domain by an uncertain scalar 𝛿, that is, 𝜗 = Δ(𝜑) means that 𝜗(k) = 𝛿In

𝜑
𝜑(k), where |𝛿| ≤ 𝛼, for all

k ∈ N0. Then, 𝚫 ∈ pwIQC(Ψ, S), where

Ψ(z) =

[
(z) 0

0 (z)

]
⊗ In

𝜑
, S =

[
𝛼

2X Y
Y T −X

]
, (17)

X = XT ∈ S
n

×n

𝜑

+ , Y = −Y T in R
(n

×n

𝜑
)×(n


×n

𝜑
), and  ∈ RH

n

×1

∞ .

Proof. The proof is an adaptation of its continuous-time counterpart.38 For i = 1, … ,n and j = 1, … ,n𝜑,
define signals 𝜇i,j and 𝜂i,j in 𝓁1

2e such that

⎡⎢⎢⎢⎣
𝜇1,j

⋮

𝜇n

,j

⎤⎥⎥⎥⎦
= 𝜑j,

⎡⎢⎢⎢⎣
𝜂1,j

⋮

𝜂n

,j

⎤⎥⎥⎥⎦
= 𝜗j,

Let 𝜇̃i = (𝜇i,1, … , 𝜇i,n
𝜑
) and 𝜂̃i = (𝜂i,1, … , 𝜂i,n

𝜑
) for i = 1, … ,n, and define 𝜇̂ = (𝜇̃1, … , 𝜇̃n


) and 𝜂̂ =

(𝜂̃1, … , 𝜂̃n

). It can be seen that r = Ψ

[
𝜑

𝜗

]
=
[
𝜇̂

𝜂̂

]
. Since 𝜗(k) = 𝛿𝜑(k) for all k ∈ N0, it follows by linearity of

 that 𝜂i,j = 𝛿𝜇i,j for all i and j. Thus, 𝜂̂ = 𝛿𝜇̂ and

rT(k)Sr(k) =
[
𝜇̂

T(k) 𝜂̂
T(k)

][
𝛼

2X Y
Y T −X

][
𝜇̂(k)
𝜂̂(k)

]
= (𝛼2 − 𝛿2)𝜇̂T(k)X𝜇̂(k) ≥ 0,

for all k ∈ N0, which concludes the proof. ▪

Proposition 2 (38). Let 𝚫 be the set of static LTV operators Δ that represent the multiplication in the
time-domain by a time-varying scalar 𝛿(k), that is, 𝜗 = Δ(𝜑) means that 𝜗(k) = 𝛿(k)In

𝜑
𝜑(k), where |𝛿(k)| ≤ 𝛼,

for all k ∈ N0. Then, 𝚫 ∈ pwIQC(Ψ, S), where

Ψ(z) =

[
In

𝜑
0

0 In
𝜑

]
, S =

[
𝛼

2X Y
Y T −X

]
, (18)

X = XT ∈ S
n
𝜑

+ , and Y = −Y T in R
n
𝜑
×n

𝜑 .

Proof. The proof is analogous to its continuous-time counterpart.38(Appendix B) ▪

Proposition 3 (38). Consider the functions 𝜙i ∶ R ×R → R satisfying (𝜙i(x, k) − 𝛼ix) (𝛽ix − 𝜙i(x, k)) ≥
0 and 𝜙i(0, k) = 0, where 𝛼i ≤ 𝛽i, for all x ∈ R, k ∈ N0, and i = 1, … ,n𝜑. Let 𝚫 be the set of
time-varying, memoryless, and sector-bounded nonlinearitiesΔ = diag(Δ̃1, … , Δ̃n

𝜑
) such that 𝜗 = Δ(𝜑)means

that 𝜗i(k) = (Δ̃i(𝜑i))(k) = 𝜙i(𝜑i(k), k) for all k ∈ N0 and i = 1, … ,n𝜑. Then, the following statements hold.
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8464 KHALIFE et al.

(i) The set 𝚫 ∈ pwIQC(Ψ, S), where

Ψ(z) =

[
− diag(𝛼) In

𝜑

diag(𝛽) −In
𝜑

]
, S =

[
0 S12

ST
12 0

]
, (19)

S12 = diag(S1, … , Sn
𝜑
) with Si ≥ 0 for i = 1, … ,n𝜑, 𝛼 = (𝛼1, … , 𝛼n

𝜑
), and 𝛽 = (𝛽1, … , 𝛽n

𝜑
).

(ii) The set 𝚫 ∈ pwIQC(Ψ, S), where

Ψ(z) =

[
In

𝜑
0

0 In
𝜑

]
, S ∈ S, (20)

S =
⎧⎪⎨⎪⎩

S ∈ S
2n

𝜑
|||
[

In
𝜑

diag(𝛿)

]T

S

[
In

𝜑

diag(𝛿)

]
≽ 0 for all 𝛿 ∈ R

n
𝜑 such that 𝛿i ∈ [𝛼i, 𝛽i] for i = 1, … ,n𝜑

⎫⎪⎬⎪⎭
.

Proof. The proofs of statements (i) and (ii) are analogous to their continuous-time counterparts.38(Appendix B)▪
For n𝜑 = 1, the factors in (19) give

Π = ΨTSΨ = S1

[
− 2𝛼1𝛽1 𝛼1 + 𝛽1

𝛼1 + 𝛽1 −2

]
= Ψ̃TS̃Ψ̃,

Ψ̃ =

[
1 0
0 1

]
, S̃ = S1

[
− 2𝛼1𝛽1 𝛼1 + 𝛽1

𝛼1 + 𝛽1 −2

]
.

In the above, the notation is simplified and the dependence on z is dropped since Ψ and Ψ̃ are static filters. For n𝜑 = 1,
Proposition 3 in Reference 27 states that a set𝚫 similar to the one defined in Proposition 3 here satisfies𝚫 ∈ pwIQC(Ψ̃, S̃).
Thus, the factors in (19) generalize the ones in Reference 27 to the case n𝜑 ≥ 1. Moreover, the pointwise IQC characteri-
zation of 𝚫 in statement (i) is a special case of that in statement (ii). We illustrate this for n𝜑 = 1 for simplicity. As argued
above, statement (i)means that 𝚫 ∈ pwIQC(Ψ̃, S̃). Since Ψ̃ has the form ofΨ in (20), it is only needed to show that S̃ ∈ S.
Namely,

[
1 𝛿1

]
S̃

[
1
𝛿1

]
= 2S1(𝛿1 − 𝛼1)(𝛽1 − 𝛿1) ≥ 0,

for all 𝛿1 ∈ [𝛼1, 𝛽1], since S1 ≥ 0.
The set S is defined by an infinite number of LMI constraints. For implementation, the Polya relaxation tech-

nique38(Section 5.2.2) is used herein to find sufficient conditions for S to be in S that are defined by a finite number of LMI
constraints.

Proposition 4 (1). Let 𝚫 be the set of static LTV operators Δ that represent the multiplication in the
time-domain by a time-varying matrix L(k) such that L(k) ∈  for all k ∈ N0, where  is a polytope of matrices
with N vertices L1, … ,LN . In other words, 𝜗 = Δ(𝜑)means that 𝜗(k) = L(k)𝜑(k), where L(k) ∈ , for all k ∈ N0.
Then, 𝚫 ∈ pwIQC(Ψ, S), where

Ψ(z) =

[
In

𝜑
0

0 In
𝜗

]
, S =

[
X F
FT R

]
, (21)

X ∈ S
n
𝜑 , R ≺ 0, and X + FLi + LT

i FT + LT
i RLi ≽ 0 for i = 1, … ,N.

Proof. The proof is analogous to its continuous-time counterpart.1 ▪
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KHALIFE et al. 8465

Proposition 5 (3, Section 5). Let𝚫 be the set of operatorsΔ that represent uncertain time-varying time-delays in
the time-domain, namely, 𝜗 = Δ(𝜑)means that 𝜗(k) = 𝜑(k − 𝜏(k)) − 𝜑(k), where 𝜏 ∶ N0 → N0 is the time-delay
function defined such that 0 ≤ 𝜏(k) ≤ 𝜏max, for all k ∈ N0. Then, 𝚫 ∈ pwIQC(Ψ, S), where the realization ofΨ is
given by

[
AΨ BΨ1 BΨ2

CΨ DΨ1 DΨ2

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎣

0 In
𝜑

0 0
⋮ ⋱ ⋱ ⋮

⋮ ⋱ ⋱ In
𝜑

0 … … 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

0
0
0

In
𝜑

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

0
⋮

⋮

0

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎣

In
𝜑

−In
𝜑

0 0
0 ⋱ ⋱ 0
⋮ ⋱ ⋱ −In

𝜑

⋮ ⋱ ⋱ In
𝜑

0 … … 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
⋮

0
−In

𝜑

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
⋮

⋮

0
In

𝜑

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (22)

with nΨ = 𝜏maxn𝜑, nr = n𝜑(𝜏max + 1), and S ≽ Si for i = 0, … , 𝜏max, where Si = blkdiag
(

Xi,−X
)

, X = XT ∈

S
n
𝜑

+ , Xi = blkdiag
(
0(𝜏max−i)×(𝜏max−i), 1i

)
⊗ X, and 1i is the i × i all ones matrix.

The final example of an uncertainty set𝚫 that can be characterized by a pointwise IQC is the set of rate-bounded static
LTV operators that represent the multiplication in the time-domain by a rate-bounded time-varying scalar. To perform

IQC-based analysis on (G,𝚫) in this case, an augmented system Ge =
[[

G11 0
]

G12[
G21 0

]
G22

]
and uncertainty set 𝚫e are formed

such that 𝚫e satisfies an appropriate IQC, and the analysis is performed on the system (Ge,𝚫e).39,40 Proposition 6 gives
the set 𝚫e and corresponding factors (Ψ, S) and shows that 𝚫e ∈ pwIQC(Ψ, S).

Proposition 6 (39,40). Let𝚫 be the set of rate-bounded static LTV operatorsΔ that represent the multiplication
in the time-domain by a rate-bounded time-varying scalar 𝛿(k), that is, 𝜗 = Δ(𝜑)means that 𝜗(k) = 𝛿(k)In

𝜑
𝜑(k),

where |𝛿(k)| ≤ 𝛼 and |𝛿(k + 1) − 𝛿(k)| ≤ 𝛽, for all k ∈ N0. Define 𝚫e as the set of operators Δe such that

[
𝜗1

𝜗2

]
= Δe(𝜑) =

[
Δ(𝜑)

(Z∗ΔZ − Δ)𝜇

]
, Δ ∈ 𝚫,

where the time-shift operator Z satisfies ((Z∗ΔZ)𝜇)(k) = 𝛿(k + 1)𝜇(k) for all k ∈ N0 and Δ ∈ 𝚫, and 𝜇 is the
output of a stable LTI system with realization (ÂΨ ⊗ In

𝜑
, B̂Ψ ⊗ In

𝜑
,ÂΨ ⊗ In

𝜑
, B̂Ψ ⊗ In

𝜑
) driven by 𝜑 and starting

from zero initial conditions, with ÂΨ ∈ Rn̂×n̂ and B̂Ψ ∈ Rn̂×1 for some positive integer n̂. Then,𝚫e ∈ pwIQC(Ψ, S),
where the realization ofΨ is given by

[
AΨ BΨ1 BΨ2

CΨ DΨ1 DΨ2

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

[
ÂΨ 0
0 ÂΨ

] [
B̂Ψ
0

] [
0 0

B̂Ψ In̂

]

⎡⎢⎢⎢⎢⎢⎣

ĈΨ 0
ÂΨ 0
0 ĈΨ
0 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

D̂Ψ

B̂Ψ
0
0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

0 0
0 0

D̂Ψ 0
0 In̂

⎤⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⊗ In
𝜑
, (23)
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8466 KHALIFE et al.

with ĈΨ ∈ Rn

×n̂ and D̂Ψ ∈ Rn


×1 for some positive integer n, and

S =

⎡⎢⎢⎢⎢⎢⎣

𝛼
2X 0 Y 0
0 𝛽

2X 0 Y
Y T 0 −X 0
0 Y

T
0 −X

⎤⎥⎥⎥⎥⎥⎦
, (24)

where X = XT ∈ S
n

×n

𝜑

+ , X = X
T
∈ S

n̂×n
𝜑

+ , Y = −Y T in R
(n

×n

𝜑
)×(n


×n

𝜑
), and Y = −Y

T
in R

(n̂×n
𝜑
)×(n̂×n

𝜑
).

Proof. The proof is an adaptation of its continuous-time counterpart.39,40 The equations for 𝜗1 and 𝜗2 are given
by 𝜂1(0) = 0, 𝜗1(k) = 𝛿(k)𝜑(k), 𝜗2(k) = (𝛿(k + 1) − 𝛿(k))𝜇(k),

𝜂1(k + 1) = (ÂΨ ⊗ In
𝜑
)𝜂1(k) + (B̂Ψ ⊗ In

𝜑
)𝜑(k),

𝜇(k) = (ÂΨ ⊗ In
𝜑
)𝜂1(k) + (B̂Ψ ⊗ In

𝜑
)𝜑(k) = 𝜂1(k + 1),

for all k ∈ N0. Ψ maps (𝜑, (𝜗1, 𝜗2)) to r = (r1, r2, r3, r4). Let the state vector of Ψ be partitioned as xΨ(k) =
(𝜉1(k), 𝜉2(k)). The filter equations are given by 𝜉1(0) = 0, 𝜉2(0) = 0, and

𝜉1(k + 1) = (ÂΨ ⊗ In
𝜑
)𝜉1(k) + (B̂Ψ ⊗ In

𝜑
)𝜑(k),

𝜉2(k + 1) = (ÂΨ ⊗ In
𝜑
)𝜉2(k) + (B̂Ψ ⊗ In

𝜑
)𝜗1(k) + 𝜗2(k),

r1(k) = (ĈΨ ⊗ In
𝜑
)𝜉1(k) + (D̂Ψ ⊗ In

𝜑
)𝜑(k),

r2(k) = (ÂΨ ⊗ In
𝜑
)𝜉1(k) + (B̂Ψ ⊗ In

𝜑
)𝜑(k) = 𝜉1(k + 1),

r3(k) = (ĈΨ ⊗ In
𝜑
)𝜉2(k) + (D̂Ψ ⊗ In

𝜑
)𝜗1(k),

r4(k) = 𝜗2(k) = (𝛿(k + 1) − 𝛿(k))𝜂1(k + 1),

for all k ∈ N0. Since 𝜂1(0) = 𝜉1(0) = 0, then 𝜂1(k) = 𝜉1(k) and r4(k) = (𝛿(k + 1) − 𝛿(k))r2(k) for all k ∈ N0.
Moreover,

𝜉2(k + 1) − 𝛿(k + 1)𝜉1(k + 1) = (ÂΨ ⊗ In
𝜑
)(𝜉2(k) − 𝛿(k)𝜉1(k)),

for all k ∈ N0. Since 𝜉2(0) = 𝜉1(0) = 0, it follows that 𝜉2(k) = 𝛿(k)𝜉1(k) and r3(k) = 𝛿(k)r1(k) for all k ∈ N0. Since
Y = −Y T and Y = −Y

T
, rT(k)Sr(k) can be expanded as

rT(k)Sr(k) = (𝛼2 − 𝛿(k)2)rT
1 (k)Xr1(k) + (𝛽2 − (𝛿(k + 1) − 𝛿(k))2)rT

2 (k)Xr2(k),

which is nonnegative for all k ∈ N0, since X ≽ 0, X ≽ 0, |𝛿(k)| ≤ 𝛼, and |𝛿(k + 1) − 𝛿(k)| ≤ 𝛽. ▪

Remark 8. In Propositions 1,2, and 6, the number of decision variables in the symmetric matrix S can
be reduced by using an equivalent parametrization of S. Specifically, in Propositions 1 and 2, S can be
parametrized as

S =

[
𝛼I −I
𝛼I I

]T [
0 Y T

Y 0

][
𝛼I −I
𝛼I I

]
,
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KHALIFE et al. 8467

where Y + Y T
≽ 0, while, in Proposition 6, S can be parametrized as

S =

⎡⎢⎢⎢⎢⎢⎣

𝛼I 0 −I 0
0 𝛽I 0 −I
𝛼I 0 I 0
0 𝛽I 0 I

⎤⎥⎥⎥⎥⎥⎦

T ⎡⎢⎢⎢⎢⎢⎣

0 0 Y T 0
0 0 0 Y

T

Y 0 0 0
0 Y 0 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

𝛼I 0 −I 0
0 𝛽I 0 −I
𝛼I 0 I 0
0 𝛽I 0 I

⎤⎥⎥⎥⎥⎥⎦
,

where Y + Y T
≽ 0 and Y + Y

T
≽ 0.

7 ILLUSTRATIVE EXAMPLE

In this section, the proposed results are applied to a simplified model of an active automobile suspension system. The
system under consideration appears in the book,41 and its state-space model is given by

q̇(t) = Acq(t) + Bc,uu(t) + Bc,ww(t),

where q(t), u(t), and w(t) are the state, control input, and disturbance vectors at time t ≥ 0, and

Ac =

⎡⎢⎢⎢⎢⎢⎣

0 0 1 0
0 0 0 1

− ks1
M

ks1
M

− b1
M

b1
M

ks1
m

− ks1+ks2
m

b1
m

− b1+b2
m

⎤⎥⎥⎥⎥⎥⎦
, Bc,u =

⎡⎢⎢⎢⎢⎢⎣

0
0
1
M
− 1

m

⎤⎥⎥⎥⎥⎥⎦
, Bc,w =

⎡⎢⎢⎢⎢⎢⎣

0 0
0 0
0 0

ks2
m

b2
m

⎤⎥⎥⎥⎥⎥⎦
.

The values considered for the parameters are M = 300 kg, m = 50 kg, ks2 = 30,000 N/m, b1 = 600 N/(m/s), and b2 =
1000 N/(m/s). ks1 is an uncertain parameter defined as ks1 = (1 + c𝛿1) ks1, where c = 0.2, 𝛿1 ∈ [−1, 1], and ks1 = 3000 N/m.
The disturbance vector w(t) = (zR(t), żR(t)), where zR(t) is the roadway profile with respect to some nominal height. The
system equations are discretized using the Euler method with a sampling time T = 0.01 s, which preserves the affine
dependence of the state-space matrices on 𝛿1. The resulting discrete-time uncertain system model is given by

q(k + 1) = Ad(𝛿1)q(k) + Bd,uū(k) + Bd,wd(k),

where q(k) = q(kT) and ū(k) = u(kT) for all k ∈ N0. For an appropriately defined Bd,w, we let d(k) = (zR(kT), dzR(kT)),
where dzR(kT) = żR(kT)T. A robust state feedback controller gain K is designed for the above discrete-time polytopic
system using the method in the Reference 42. The applied input to the system is the summation of the control law
Kq(k) and a nonlinear uncertainty term 𝜙(Kq(k)), that is, ū(k) = Kq(k) + 𝜙(Kq(k)) for all k ∈ N0. 𝜙 ∶ R → R represents
a time-invariant, memoryless, sector-bounded nonlinearity that satisfies 𝜙(0) = 0 and (𝜙(x) − 𝛼x)(𝛽x − 𝜙(x)) ≥ 0 for all
x ∈ R with 𝛼 = −0.1 and 𝛽 = 0.15. 𝜙 belongs to the set 𝚫SBN ∈ pwIQC(ΨSBN, SSBN), where ΨSBN and SSBN are defined in
(20). Applying the input ū(k), the following closed-loop system equation is obtained:

q(k + 1) = (Ad(𝛿1) + Bd,uK)q(k) + Bd,u𝜙(Kq(k)) + Bd,wd(k),

for all k ∈ N0. The outputs of interest are given by

y(k) =

[
y1(k)
y2(k)

]
= Cd(𝛿1)q(k) + Dd,wd(k) =

[
− ks1 ks1 0 0

0 −ks2 0 0

]
q(k) +

[
0 0

ks2 0

]
d(k),

for all k ∈ N0. The outputs relate to the spring forces in the suspension system as follows: Fks1 = y1 +Mg and Fks2 = y2 +
(M +m)g, where g is the gravitational constant. Next, the equations of the formulated discrete-time uncertain system are
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8468 KHALIFE et al.

F I G U R E 2 Schematic diagram (left) and equivalent LFT representation (right) of the uncertain system (G,𝚫) analyzed in the
illustrative example of Section 7.

expressed in LFT form as in (1). In the obtained LFT system (G,Δ),

Δ =

[
Δ1 0
0 𝜙

]
, 𝜗 =

[
𝜗1

𝜗2

]
= Δ(𝜑) = Δ

([
𝜑1

𝜑2

])
=

[
Δ1(𝜑1)
𝜙 (𝜑2)

]
,

where 𝜗1(k) = Δ1(𝜑1(k)) = 𝛿1I1𝜑1(k), with 𝛿1 ∈ [−1, 1], for all k ∈ N0. That is, Δ1 ∈ 𝚫SLTI, where 𝚫SLTI is the set defined
in Proposition 1 satisfying 𝚫SLTI ∈ pwIQC(ΨSLTI, SSLTI) with ΨSLTI(z) and SSLTI defined in (17). To construct ΨSLTI(z), the

basis transfer function matrix (z) =
[
1 1

(z−𝜆)
1

(z−𝜆)2

]T
is used with 𝜆 = 0.8. Thus, Δ ∈ 𝚫, where

𝚫 =
{
Δ = blkdiag(Δ1, 𝜙) | Δ1 ∈ 𝚫SLTI, 𝜙 ∈ 𝚫SBN

}
.

The set𝚫 ∈ pwIQC(Ψ, S), whereΨ(z) and S are obtained by block-diagonal augmentation of the individual factors. Using
a state-space realization of Ψ, an augmented system H is formed as in (4).

The road profile obeys the bounds |zR(t)| ≤ zR = 0.3 m and |żR(t)| ≤ 0.15 m/s for all t ≥ 0, which result in |dzR(k)| ≤
dzR = 0.15T for all k ∈ N0. Thus, for all k ∈ N0, d(k) belongs to the symmetric polytope Γ defined by the vertices v1 =
(zR, 0), v2 = (zR − dzR, dzR), v3 = (−zR, dzR), v4 = −v1, v5 = −v2, and v6 = −v3. So, when applying the results of Section 4,
we take d ∈ DΓ, where DΓ is defined in (5), and when applying the results of Section 5, we take d ∈ DΛ, where DΛ is
defined in (6) and Λ is the minimum volume ellipsoid coveringΓ and centered at the origin. Figure 2 shows the schematic
diagram and equivalent LFT representation of the uncertain system analyzed in this example.

Theorems 1 and 2 are applied to compute P ∈ S
nG+nΨ
++ , W ∈ S

nG
++, and Q ∈ S

ny
++ such that if xG(0) ∈ P11 , then xG(k) ∈ W ,

xH(k) ∈ P, and y(k) ∈ Q for all k ∈ N0, Δ ∈ 𝚫, and d ∈ DΓ. As explained in Section 4, the matrices P and Q are found
in two steps whereby the volume of W is minimized in the first step and that of Q in the second. In the first step, a
grid of 𝜏1 values between 𝜏1,min = 0.99 and 1 at 10−4 increments is used. For 𝜏1 < 𝜏1,min, MOSEK does not return feasible
solutions. This 𝜏1,min value is found using the bisection method. For our small-scale example, the chosen dense grid of
𝜏1 values is acceptable. For larger examples, one can perform more efficient gridding by first using coarse grids and then
finer grids around the optimal point. In addition to considering the full uncertainty set 𝚫, we showcase the modularity of
the IQC framework by also considering each uncertainty set alone. That is, we perform the analysis on the three uncertain
systems (G,𝚫SLTI), (G,𝚫SBN), and (G,𝚫), where G is appropriately defined in each case. Moreover, we apply specialized
versions of the results on the nominal discrete-time LTI system Gnom without considering any uncertainty, which we
obtain by setting ks1 = ks1 and ū(k) = Kq(k). In this case, the result for computing the state bounding ellipsoid reduces
to that in the Reference 25. The 𝜏1,min value changes for the nominal system to 0.985. A summary of the obtained results
is presented in Table 1. In the case of the nominal system Gnom, there is no need for the formulation of an augmented
system nor the IQC machinery, that is, xnom

H = xnom
G , Pnom = Pnom

11 = Wnom, and Pnom defines a state invariant ellipsoid for
Gnom. Similarly, in the case of (G,𝚫SBN) wherein the filter ΨSBN is static, xSBN

H = xSBN
G , PSBN = PSBN

11 = WSBN, and xG(0) ∈
PSBN implies that xG(k) ∈ PSBN for all k ∈ N0, 𝜙 ∈ 𝚫SBN, and d ∈ DΓ. In the case of the uncertain systems (G,𝚫SLTI) and
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KHALIFE et al. 8469

T A B L E 1 Results from applying Theorems 1 and 2 to the nominal system Gnom and the uncertain systems (G,𝚫SLTI), (G,𝚫SBN), and
(G,𝚫).

Uncertainty set − log(det(P)) − log(det(W)) − log(det(Q))

No uncertainty (nominal system) 8.84 8.84 38.42

𝚫SLTI 51.13 9.94 38.84

𝚫SBN 9.88 9.88 38.72

𝚫 54.74 10.93 39.12

F I G U R E 3 Plots of the ellipsoids Qnom , QSLTI , QSBN , and Q (right) and the projections of the ellipsoids Wnom , WSLTI , WSBN , and W on
planes formed by the coordinate axes (left and middle).

(G,𝚫), the filters ΨSLTI and Ψ are dynamic with nΨ = 6, and so nG + nΨ = 10. In these cases, the volume of W , where
W = P11 − P12P−1

22 PT
12, is minimized and not that of P. Moreover, the entries in the second column in Table 1 can also be

computed from − log(det(P)) = − log(det(W)) − log(det(P22)). As expected, the ellipsoids corresponding to the nominal
system lie inside those corresponding to the three uncertain systems. As for the ellipsoids corresponding to the three
uncertain systems, they compare to each other as follows:PSLTI ⊆ P,WSLTI ⊆ W ,QSLTI ⊆ Q,WSBN ⊆ W , andQSBN ⊆ Q.
The output bounding ellipsoids and the projections of the state bounding ellipsoids on the planes (q1, q2) and (q1, q3) are
plotted in Figure 3. From the figure, it can be also seen that the ellipsoids QSLTI and QSBN (respectively, WSLTI and WSBN )
are not comparable. The scale of the y1- and y2-axes on the right of Figure 3 is due to the fact that outputs of interest relate
to the spring forces in the suspension system.

Next, we illustrate via simulations that the computed ellipsoids for (G,𝚫) define bounding sets for xG, xH , and y.
The simulations are performed on the discrete-time uncertain system. The initial condition xG(0) for each simulation is
computed using a heuristic to start the simulations near the boundaries of both P11 and Q. Namely, a vector is randomly
generated on the boundary of P11 , which is then used to initialize the Matlab solver “fmincon” applied for solving the
following nonconvex optimization problem:

xG(0) = argmaxx xTCT
G2QCG2x

subject to xTP11x ≤ 1.

For each simulation, the uncertain parameter 𝛿1 is randomly generated in [−1, 1] and the input d(k) is fixed at one of the
vertices vi of Γ for all k ∈ N0. As for the nonlinearity 𝜙, we consider one of three cases in each simulation: 𝜙1(x) = 𝛼x,
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8470 KHALIFE et al.

F I G U R E 4 Simulation results corresponding to W , P, Q computed by applying Theorems 1 and 2 to system (G,𝚫). In the
bottom-right figure, the black “x” and red “o” represent the start and end points of a given simulation, respectively.

T A B L E 2 Summary of the results obtained for system (G,𝚫).

Input set − log(det(P)) − log(det(W)) − log(det(Q))

DΓ 54.74 10.93 39.12

Input set − log(det(P̃)) − log(det(W̃)) − log(det(Q̃))

DΛ 59.87 13.69 40.50

Note: Theorems 1 and 2 are applied when d ∈ DΓ, and Theorem 3 and Corollary 1 are applied when d ∈ DΛ.

𝜙2(x) = 𝛽x, and

𝜙3(x) =

{
𝛼x, x ∈ I2 ∪ I4,

𝛽x, x ∈ I1 ∪ I3 ∪ I5,

where I1 = [−1500, 1500], I2 = [−3000,−1500) ∪ (1500, 3000], I3 = [−4500,−3000) ∪ (3000, 4500], I4 = [−6000,−4500) ∪
(4500, 6000], and I5 = (−∞,−6000) ∪ (6000,∞). The simulations are shown in Figure 4, where it is seen that xG(k) ∈ W ,
xH(k) ∈ P, and y(k) ∈ Q for all k ∈ N0, as expected, since xG(0) ∈ P11 .

Then, Theorem 3 and Corollary 1 are applied to system (G,𝚫) to compute P̃ ∈ S
nG+nΨ
++ , W̃ ∈ S

nG
++, and Q̃ ∈ S

ny
++ such

that if xG(0) ∈ P̃11
, then xG(k) ∈ W̃ , xH(k) ∈ P̃, and y(k) ∈ Q̃ for all k ∈ N0, Δ ∈ 𝚫, and d ∈ DΛ. The matrices P̃

and Q̃ are solved for sequentially, and the same grid of 𝜏1 values is used for 𝜏1. The results obtained are summarized
and compared to those obtained from Theorems 1 and 2 in Table 2. We find that P ⊆ P̃, W ⊆ W̃ , and Q ⊆ Q̃,
that is, the bounding ellipsoids corresponding to DΓ are subsets of those corresponding to DΛ. In terms of compu-
tational cost, when d ∈ DΓ, it takes on average 0.1981 s to solve one instance (for a fixed 𝜏1) of the SDP for finding
the state bounding ellipsoid and 0.1156 s to solve the SDP for finding the output bounding ellipsoid. These numbers
are 0.2356 and 0.1304 s, respectively, when d ∈ DΛ. The reported numbers are obtained using the same platform as
in Remark 7.

Figures 5 and 6 show the ellipsoids Q and Q̃ and the projections of W and W̃ on the (q1, q2) and (q1, q3) planes.
They also show simulations obtained similarly to those reported in Figure 4. In both figures, the simulations in black
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KHALIFE et al. 8471

F I G U R E 5 Plots of the output bounding ellipsoids Q and Q̃ (bottom right) and projections of the state bounding ellipsoids W and
W̃ on the (q1, q2) and (q1, q3) planes (top right and bottom left, respectively). The figure shows simulations that start from xG(0) ∈ P̃11

with
d ∈ DΓ (black) and d ∈ DΛ (green and red). The starting and end points of a simulation are marked with “x” and “o,” respectively.

F I G U R E 6 Plots of the output bounding ellipsoids Q and Q̃ (bottom right) and projections of the state bounding ellipsoids W and
W̃ on the (q1, q2) and (q1, q3) planes (top right and bottom left, respectively). The figure shows simulations that start from xG(0) ∈ P11

with
d ∈ DΓ (black) and d ∈ DΛ (green and red). The starting and end points of a simulation are marked with “x” and “o,” respectively.
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8472 KHALIFE et al.

correspond to inputs d ∈ DΓ ⊆ DΛ such that d(k) is fixed at some vertex vi ∈ V for all k, while the simulations in red and
green correspond to inputs in DΛ such that d(k) is fixed at some point on the boundary of Λ for all k. In Figure 5, the
simulations start from xG(0) ∈ P̃11

, while the corresponding simulations in Figure 6 (same uncertainties and exogenous
input) start from xG(0) ∈ P11 . The simulations in Figure 5 show no violations of the bounding ellipsoids, that is, with
xG(0) ∈ P̃11

, it can be seen that xG(k) ∈ W̃ and y(k) ∈ Q̃ for all k, which is expected since these simulations satisfy
the conditions of Theorem 3 and Corollary 1. In Figure 6, the simulations in black show no violations of the bounding
ellipsoids, which is also expected since the conditions of Theorems 1 and 2 are satisfied in these simulations. However,
violations are observed in the red simulations, wherein xG(k) and y(k) exit the ellipsoids W and Q, respectively. The
green simulations do not happen to exhibit violations of W and Q, but this cannot be guaranteed from our results since
d ∈ DΛ ⧵DΓ (set difference of DΛ and DΓ) in this case, which violates the requirement that d ∈ DΓ in Theorems 1 and 2.
In other words, when we consider inputs d(k) outside the set Γ, in this case d(k) ∈ Λ ⧵ Γ, we start observing violations
of the bounding sets W and Q.

8 CONCLUSION

This article presents novel methods for computing state and output bounding sets for discrete-time uncertain systems.
The exogenous input is assumed to lie in a given polytope or ellipsoid for all time-steps. The uncertainty set is assumed
to satisfy a pointwise IQC; and examples of common uncertainty sets that admit such characterizations are given. An
example involving the analysis of an active automobile suspension system is given to demonstrate the applicability of
the proposed results. Future plans include extending the results to deal with more general quadratic characterizations of
uncertainty sets, which renders the results applicable to analysis problems involving neural network controllers. Future
work will also tackle the incorporation of pointwise signal IQC characterizations of the input in the results. Other
directions for future work may include the study of control invariant sets (and corresponding control laws) for uncer-
tain LFT systems modeled using the IQC framework as well as the consideration of other set representations such as
polytopes.
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