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Routes to fractality and entropy in Liesegang systems
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Liesegang bands are formed when solutions of co-precipitate ions interdiffuse in a 1D gel matrix.
In a recent study [R. F. Sultan, Acta. Mech. Sin. 27, 119 (2011)], Liesegang patterns have been
characterized as fractal structures. In addition to experimentally obtained patterns, geometric
Liesegang patterns were constructed in conformity with the well-known empirical laws. Both
mathematical fractal dimensions and box count dimensions for images of PbF, and Pbl, Liesegang
patterns have been calculated. Liesegang patterns can also be described by the entropy state
function, and categorized as more or less ordered structures. We revisit the relation between
entropy and fractal dimension, and apply it to simulated geometrical Liesegang patterns. We have
resort to three different routes for the estimation of the entropy of a Liesegang pattern. The HarFA
software enabled the calculation of the Hausdorff dimension and the topological entropy, then the
information dimension and the Shannon entropy. In a third pathway, analytical calculations were
carried out by estimating the probability of occurrence of a fractal element or coverage. The
product of Shannon entropy and Boltzmann constant yields the thermodynamic entropy. The
values for PbF, and Pbl, Liesegang patterns attained the order of magnitude of the reported Third
Law entropies, but yet remained lower, in conformity with the more ordered Liesegang structures.
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Liesegang patterns display bands of precipitate when
interdiffusion of co-precipitate ions takes place in a gel
medium. Because such stratification yields highly ordered
structures, we are interested in calculating their entropy.
We undertake such a task by relating entropy to the frac-
tal dimension of experimentally and theoretically gener-
ated Liesegang patterns. Different methods used give
consistent results, and the entropy approaches, but yet
remains lower (as it should) than the Third Law entropy
of the precipitate compound.

. INTRODUCTION

Liesegang bands”™* are normally observed when two co-
precipitate electrolytes interdiffuse in a gel medium, result-
ing in a spectacular scene of alternating precipitate and
precipitate-free domains. The band formation is essentially
attributed to a cycle of supersaturation, nucleation, and
depletion—the so-called Ostwald cycle.>® But a set of “post-
nucleation” theoretical models constitutes another class of
mechanisms, based on the Lifshitz-Slyozov’ instability in a
quasi-homogenously distributed sol of colloid precipitate
particles. The present paper is concerned with an estimation
of the absolute entropy of a Liesegang pattern with clear and
distinct bands. To find a suitable approach and route to such
a calculation, we resort to a possible relation between en-
tropy and fractal dimension. In a recent study, Liesegang
systems have been characterized as fractal structures.'

Fractal dimension and entropy were widely used in an
inter-related context, and in a broad variety of applications,

calculations were performed to characterize the global earth-
quake population, and the stability of the Earth system near
criticality conditions.® The Earth mantle was described as an
entropy sink” for dissipation from the system components of
the surface plates, leading to a self-organized plate tectonics
landscape. Statistical information entropy can be used to
gauge the predictability of geomorphic reliefs.'® Arzate-
Vizquez et al.'' developed the entropy/fractal dimension ra-
tio for the evaluation of image complexity and roughness in
a simultaneous way. They applied their method to the micro-
structure characterization of the texture of chitosan and algi-
nate films.'" In biology and medicine, the entropy function
and fractal dimension are valuable tools in the analysis of
heart and blood pressure rates,'> EEG (electroencephalogra-
phy) dynamics,'? muscle ultrasound,'* bone tissue regenera-
tion,'” and the perinatal model of human gravity transition.'®

We carry out here a semi-empirical computation of en-
tropy, with a focus on real PbF, and Pbl, patterns prepared
in the laboratory. The PbF, and Pbl, Liesegang patterns had
been classified as fractal chemical objects, and were charac-
terized by a fractal dimension." We also demonstrate an
almost perfectly linear relation between entropy and fractal
dimension.

Fractals are self-similar structures that replicate on dif-
ferent length scales. They are classified into natural fractals
and geometrical fractals. Natural fractals'’ are those found
in nature such as branching and ramifications in trees, while
geometric fractals are those that could be assembled by suc-
cessive subdivisions of a certain object according to rigorous
mathematical rules.'™?' Mathematical fractal geometry
became a well-established characterization tool due to Benoit

notably in geology, biology, and medicine. Entropy  \andelbrot,'® known as the father of fractal theory, who also

coined the term fractal. Whereas the geometric fractals dis-
YEmail: rsultan@aub.edu.lb play exact replications, the natural fractals are generally
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random. In Chemistry, macroscopic ramifications and dendri-
tic shapes have been reported particularly in precipitate®*>*
and metal electrodeposition systems.?>*® Even at the molecu-
lar level, fractal properties are manifested in the repeating dis-
tance of the unit cell in some metallic alloys,27 and the
structural replications in self-assembled macromolecules
(dendrimers).?®

A Liesegang pattern exhibits fractal ramification, in that
a new forming band may be viewed as a ramified object
from the preceding one. The 2D texture and morphology of
the pattern consisting of the various band widths and band
spacings in a repetitive rectangular framework, makes it
approach a geometrical fractal like the Sierpinski carpet or
the Cantor set.'* %!

The purpose of this paper is twofold: 1. to add the
Liesegang patterns to the class of systems where fractal
dimension and entropy play a role in the characterization of
the patterning features; 2. develop feasible methods of en-
tropy calculation for Liesegang patterns through a variety of
routes, to ensure a round and solid approach to the problem.
This task frames Liesegang patterns into the set of applica-
tions, notably given the similarities between Liesegang band-
ing and the banded scenery widely spread in geochemistry.

Il. METHOD OF CALCULATION OF FRACTAL
DIMENSION

We select two well-known Liesegang systems studied
previously: PbF, and Pbl,.?’ The representative patterns are
depicted in Fig. 1. The tubes are prepared with the following
concentrations for PbF,: [Pb2+]0 =0.250M, [F]o=0.045 M,
and for Pbl,: [Pb”]o =0.250M, [I']p=10.045M according to
previously reported experimental procedures.*” In both tubes,
the lead ion Pb®" lies in the outer electrolyte, and the anion
(F or I” is in the inner. In such experiments, both electro-
lytes are doped in gel (agar).

A representative sample of 11 bands from each
Liesegang pattern (PbF, and Pbl,) was photographed for

m

a. b.

FIG. 1. Liesegang bands of white PbF, (frame a) and yellow Pbl, (frame b).
The concentrations used are: a For PbF, [Pb2+] =0.250M (outer); [F]
=0.045M (inner), both in 1% agar. b For Pbl, [Pb*F]1=0.250 M (outer);
[I"]=0.045 M (inner), both in 1% agar.
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fractal analysis. The images were transformed to black and
white (BW) and the fractal dimensions were calculated by the
box-count method. This necessitates the selection of a suita-
ble threshold for the conversion. We decide on the threshold
that gives the best visual BW contrast. We found that a varia-
tion of threshold over a 100 units range results in a standard
deviation (SD) of 0.021 in the fractal dimension of the PbF,
pattern. The reported value of 0.034 in Table I refers to the
SD among the points (length scales) for a fixed threshold
(yielding the best contrast). The SD value of 0.021 is across a
wide range of chosen thresholds. Thus, we see that the image
is robust and essentially insensitive to small threshold varia-
tions. The value of the fractal dimension (D, ) is primarily
determined by the topology of the pattern. Simultaneously,
we construct another set of BW pictures, but this time calcu-
lated from the well-known empirical laws.*' These are the
time,32 spacing,33 width,34 and Matalon-Packter’>>® laws.
The band spacing of each Liesegang pattern (here PbF, and
Pbl,) depends on the initial concentrations of the diffusing
(outer) and immobile (inner) electrolytes ([A], and [B]o,
respectively, which we will denote Ay and B, for simplicity)
in accordance with the Matalon-Packter law.?® For those lat-
ter patterns constructed geometrically, both mathematically
developed,' and box-count (on BW images) fractal dimen-
sions were calculated.

The fractal dimension (D) is calculated for each pattern,
using the box-count method. Since D is defined by the
relation (1)

_ In[N(2)]

D=y M

where 1 is a length scale measuring unit, and N(Z) is the
number of squares covering the pattern, then D is obtained
from the slope of the plot of In [N(1)] versus In[1/2].

The calculation was performed by averaging over 20
length scales or square boxes of side 4, with N(1) designating
the number of squares of side 4 covering all the topological
components of the pattern, as shown in Fig. 2 (the white
bands).

The results are summarized in Table 1 (D.,, ). Because
Liesegang bands are ordered structures that seemingly ex-
hibit geometrical branching upon mathematical computation,
the analytical method for calculating the fractal dimension is
derived from geometrical patterns of strictly rectangular
bands, generated as follows. By measuring band location
(x,) as a function of the concentrations Ay and B,, we can
extract the mathematical expressions of the functions F(B)
and G(B,), which appear in the Matalon-Pactker law*~'

G(By)
Ay

p =F(By) + )

TABLE 1. Fractal dimensions of the PbF, and Pbl, Liesegang patterns,
obtained by various methods.

SyStem Dexp. SD Danal. Dgeom. DHau.v.
PbF, 1.3676 0.0339 1.4003 1.3925 1.410
Pbl, 1.6331 0.0285 1.6334 1.6253 1.6129
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PbF, Liesegang pattern in a tube

Pbl, Liesegang pattern in a tube

Geometrical PbF, pattern from laws

Geometrical Pbl, pattern from laws

FIG. 2. Black and white pictures of Liesegang patterns of PbF, and Pbl, for
image analysis. Top two tubes: real experimental patterns. Bottom two
tubes: geometrical patterns obtained by construction from the empirical
laws. All patterns consist of 11 bands for consistency.

for each precipitate system independently.”” Here p is the

spacing coefficient, which appears in the spacing law>'*

ﬂ:1+p. (3)

Xn—1

From the plots of the spacing coefficient p versus 1/Aq (Eq.
(2)), we obtain, by curve fitting
For PbF;:

F(Bo) = 10.4B2 — 0.6773B, — 0.0397, 4)

G(By) = —2.4444B% + 0.5633B, + 0.0082.  (5)

For Pbl,:
F(By) = 19.437B} — 4.8884B, + 0.2767, (6)
G(By) = 0.66B; — 0.0004. (7

The location of band # (x,,) for each pattern is then calculated
from Eq. (3). The width (w,) of the n™ band is taken to
obey: w, = mx}; (with m=0.002 and «=1) for PbF, and
(m=0.017; «=1) for Pbl,. The above calculation of x,, and
w, allows a full construction of the aforementioned geomet-
rical patterns (Figure 2). The method for calculating the frac-
tal dimension analytically for the geometrical pattern (D)
is fully described in Ref. 1. The results are reported in
Table I. In addition to this fractal dimension evaluation, we
also calculate fractal dimension by the box-count method,
but this time on the geometrical (not the experimental) pat-
terns (called D, and recorded in Table I). We see that
the D values are all essentially in good agreement.

lll. ENTROPY
A. Rényi-Kolmogorov entropy

The PbF, and Pbl, Liesegang patterns had thus been
classified as fractal structures, characterized by a fractal
dimension. Being categorized as ordered structures among an
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infinite family of fractal objects, it would be interesting to
obtain an estimate of the absolute entropy of such patterns.
As a first conceptual approach, the Rényi-Kolmogorov (R-K)
entropy (S,, often denoted K)) describes the degree of chaot-
icity and diversity of a system, and gives the average rate of
uncertainty or information loss about a position of the phase
point on a given attractor.’®*’ The Rényi-Kolmogorov en-
tropy of order ¢ is defined for ¢ > 1 (for ¢ — 1 as a limit) as

1 m
= In) pf (®)

S4(X)

where X is a discrete random variable, p; is the probability of
the event {X =ux;}. If the probabilities are identical, then all
the Rényi entropies of the distribution become equal, and the
equation of entropy becomes

S(X) = Inm, )

where m here is the event (or band) number. Generally, in a
perfectly ordered system, S,=0 while in a totally random
system S, — oo, and in a chaotic system that is described by
a state of deterministic chaos 0 < §, < oo, where the param-
eter g refers to the entropy order. The R-K entropy (S,) and
generalized fractal dimension (D, where the value of ¢ is not
specified) are connected by the linear relationship

S, =D,Inr, (10)

where 7 is the size of the X variable. The Shannon entropy S
in information theory is a special case of Rényi entropy
where ¢ =1, and the thermodynamic entropy S is obtained
upon multiplying the Shannon entropy by Boltzmann’s con-
stant kp.'®

Higher values of ¢ that approach infinity result in a
Rényi entropy that is greatly dependent on the highest proba-
bility events only, while lower values of ¢ that approach zero
give the Rényi entropy, which increasingly weights all possi-
ble events more equally, regardless of their probabilities.
The case ¢ = 1 represents an intermediate situation that char-
acterizes the Shannon entropy with its unique properties;
while when ¢ =0, the entropy is the logarithm of the size r
of the support of X.*®

B. Relation between entropy and fractal dimension

Various entropies of the fractal systems could be derived
from the Rényi-Kolmogorov entropy of order ¢ (Eq. (8));
also, a relation between the entropy and the fractal dimension
could be derived. Lewis Fry Richardson®® and Benoit
Mandelbrot'*? studied the effect of changing the scale of
measurement on the measured length. They showed that the
coverage n(¢) of an E-dimensional Euclidean space E by frac-
tal structure, and the measured parts among the measured
length of a border N(¢) (Ref. 41) are connected by the relation

n(e) = KeEP, N(e) = n(a)/aF = Ke P, (11

where ¢ is defined as the size measure and K is the number of
measured parts for ¢ = 1. Mandelbrot'® named the parameters
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D and K as the fractal dimension and fractal measure for two
and three-dimensional structures, respectively. The term n(e)
is dependent on the size scale used for measurement, and the
units depend on the dimension of the space E where the frac-
tal structure is defined. The coverage n(e) represents either
length of fractal structure (for E = 1), its area (for E =2), or
volume (for E = 3).41

By comparing the equation of entropy (9) to the defini-
tion of fractal dimension (1) we get the following relation:

dInN(e) lnm

D=——--
dlneg

— 12
Inr (12)
As a consequence of Eq. (12), we get a linear depend-

ence between the entropy and fractal dimension (Eq. (13),4
as follows:

S(r)=Dlnr. (13)

C. Hausdorff dimension and topological entropy
(g=0)

The topological entropy is the simple Rényi-
Kolmogorov entropy defined for order ¢ =0 (Eq. (14)); it
does not depend on the probability (since p? = 1), but solely
on the number of the events m with the probability p; >0,
where the events m are taken here as the bands themselves in
our constructed geometric Liesegang pattern with location
X,, and with Y p; = 1. Recall that'®

So(r) =n> _p) =Inm, (14)
So(r) =Dglnr. (15)

The Hausdorff dimension Dy, is basically a description
of the fractal geometry of the set that is characterized by its
uniform density. It has been synonymously referred to as the
capacity, box-counting dimension, or fractal dimension.
Note that the last term is generic, and hence used for any
dimension that may be nonintegral.** For most of the fractal
sets of interest, the capacity and the Hausdorff dimension are
equal.*? Tt has been referred to as the capacity dimension
since it provides information about how abundantly the mea-
sure is distributed over the scales of interest.*> We use the
HarFA 5.5 software (Harmonic and Fractal image Analyzer)
to compute the Hausdorff (box-count) dimension in our frac-
tal Liesegang systems (PbF, and Pbl,), and compare it with
the fractal dimension obtained before (Table I).

In HarFA 5.5 software,44 the image that needs to be ana-
lyzed should be transformed into black and white (BW
image). A modified traditional box counting is used, where
squares of the black and white regions are counted sepa-
rately, those which cover the border of black object and
those which just contain a white background (thus com-
pletely white). As a consequence of this modification, three
fractal dimensions Dg, Dy, and Dy, are obtained, which are
characteristic of the black plane, black-white border of black
object, and white background, respectively. In case of our
constructed Liesegang patterns, we are interested in the frac-
tal dimension of the white region since the bands constitute
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the white part of our BW image. If we carry out such meas-
urements for several sizes of square of the overlaid mesh, we
can establish individual fractal dimensions as slopes of the
plots of the functions N, Ny, and Ny versus In(1/r),
according to the equations

NB(}”) :DBIIl(l/I”)—FI(B7 (16)
Ngw(r) :Dgwln(l/l”)+ng, (17)
Ny (r) = Dy In(1/r) + Ky. (18)

In order to obtain the Hausdorff dimension and the topo-
logical entropy, the fractal analysis of the HarFA software
has been employed. The analysis was done on 11 bands
taken as an arbitrary extract of the entire Liesegang pattern,
using Mathematica software.*> We constructed black and
white images of geometrical patterns that resemble the ex-
perimental patterns prepared with the following concentra-
tions for PbF,: [Pb2+] = 0.250M; [F]1=0.045M, and
for Pbl,: [Pb*"]=0.250M; [I']=0.045M. The Hausdorff
dimensions were obtained as slopes of the function describ-
ing the white region in Eq. (15), and the values are recorded
in Table I. The corresponding plots are depicted in Fig. 3.

It is seen that the values agree, to a great extent, with the
analytical fractal dimensions (D, ) and the fractal dimen-
sions obtained by the Benoit software (D, ), for the geo-
metrical Liesegang patterns constructed by Mathematica.
The topological entropy of the white regions (bands) in our

PbF, Hausdorff Plot

Solr)

-6 -5 -4 -3 -2 -1

Pbl, Hausdorff plot

-12 1 1 1 1 1 1 1 J

7 6 5 4 3 2 -1

0o 1
b. In(r)

FIG. 3. HarFA plots of order zero for the geometrical Liesegang patterns of
PbF, (a) and Pbl, (b). The slopes yield the Hausdorff dimension (D).
Dy =1.410 for PbF, and D= 1.613 for Pbl,.
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constructed Liesegang patterns was calculated from the
Hausdorff dimension D, using the equation So(r) = Dolnr
for each pattern, respectively, wherein the area of the entire
image analyzed is 1127 x 181 pixels for the PbF, tube, and
1122 x 147 pixels for the Pbl, tube. In order to compute the
area or the size of the white region (white bands, S,,) of our
Liesegang patterns, we use the relation'®

S, = M. (19)
Kg + Kw — Kpw

The size of the white bands of the PbF, geometrical
Liesegang pattern obtained is S, = 0.06569 using Eq. (19),
and S,, =0.1190 for the Pbl, geometrical Liesegang pattern.
To calculate the size in pixels, we multiply each fraction by
the image area indicated above, which yields the actual
region where fractal analysis is performed. For the PbF, pat-
tern, the topological entropy is calculated as So(r) = Dolnr,
where Dy=1.410 and r=13400, hence Sy(r) of PbF,
=13.39. Similarly for the Pbl, pattern, So(r) = 15.94, where
Do=1.6129 and r=19627." The D, values appear in
Table I under the name Dy,

D. Information dimension and Shannon entropy
(g=1)

The Shannon entropy is a measure of the average infor-
mation content when the random variable has an unknown
value. Let n;, be the frequency with which the fractal enters
the /™ vel of size r in the k™ covering. We define the proba-
bility pj; of the fractal within the j” vel as the ratio of ny to
the total number Ny of intersects of the fractal with all the

vels (Eq. (21)), as follows:*®

def .. Nk
where
def N
N2y e @n
i=1

For the k™ covering fractal, the probability (Eq. (20)) is
rewritten as p;, and the Shannon entropy is defined by*

Si(r)==> pilnp:. (22)
i=l1

The Shannon entropy (22) is defined for the order g =1,
and it depends on the probability and its logarithm, and on
the number of events m with the probability p; > 0. There is
a linear dependence between the Shannon entropy and the in-
formation dimension (23), given by

Si(r)=DiInr. (23)

The information dimension, D;, is a measure of the
density of the fractal, determined from the relative frequency
of occurrence of the fractal in each intersecting vel.'® The
information dimension D; also expresses how many real
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numbers are needed to specify a point in a fractal set; in
other words, it counts the degrees of freedom for a point in a
fractal set. Furthermore, the information dimension is used
to determine how many bits of information are needed to
specify a point to a given accuracy.** A lower D; indicates a
greater density of the fractal characterized by greater
clustering.*?

We now attempt to calculate the Shannon entropies
and the information dimensions for the same geometrical
Liesegang patterns described above.

In order to obtain the information dimension and the
Shannon entropy, the 2D wavelet analysis method of the
HarFA software has been employed.'® The Haar power spec-
trum transmission signals of a given topological pattern is
transformed by a multi-revolution decomposition fast algo-
rithm which utilizes the orthogonal wavelet bases.*’ Each
signal is decomposed into components under different scales
and this yields the wavelet transform of the pattern. In this
analysis, a narrow peak (signal) is associated with low en-
tropy, which embodies certainty and regularity; whereas a
broad, flat peak expresses high complexity and uncertainty,
and thus has a large spectrum entropy. Because the uncer-
tainty of any event is associated with its states and probabil-
ities, then the uncertainty of a signal correlates with a diffuse
distribution and hence a blurred, broad peak.47 The HarFA
software selects an area (to be analyzed) of size N XN,
where N is an integer power of 2. Wavelet analysis is then
performed by mapping the various datasets onto intensity
values that are shades of grey, hue, red, green, or blue com-
ponents of color information.*®

The analysis was done on the 11 bands described above.
The information dimensions were obtained as slopes of the
function describing the white region (Eq. (16)). We found
D{=1.517 for the PbF, Liesegang pattern and D; =1.600
for the Pbl, Liesegang pattern. The dependence of Shannon
entropy on the information dimension of the white region
(bands) of the Liesegang patterns was calculated using the
equation S;(r) = Dy Inr (Eq. (23)) for each pattern, respec-
tively, with the area of the entire image analyzed equal to
1024 x 128 pixels. In order to compute the area or the size of
the white region (S,,), we use Eq. (19).

The sizes of the white regions S,, are S,, =0.169 for the
PbF, pattern, and S,, = 0.222 for the Pbl, pattern. These rep-
resent the fractions of the white regions (bands) of the two
Liesegang patterns, respectively. For the size in pixels, we
multiply each fraction, respectively, by the total area of anal-
ysis 128 x 128 pixels. Subsequently, the Shannon entropies
calculated from S;(r) = D;Inr are 12.03 for PbF,, and
13.12 for Pbl,, respectively, with rpyr, = 2769 pixels, and
rpp, = 3637 pixels. The thermodynamic entropies are calcu-
lated from the extended Boltzmann formula

S = ke S1(r), (24)

where kp is the Boltzmann constant. All values are reported
in Table II; and the corresponding plots are shown in Fig. 4.
Another interesting route for calculating the information
dimension and the Shannon entropy is to take the frequency
of occurrence of each band nj, as the area or size of each
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TABLE II. Information dimension and Shannon entropy for PbF, and Pbl,
Liesegang patterns, obtained from the HarFA software and by the analytical
method. The units of S§ | §&4- and 3 law S are J mol 'K ~'.

3 law §

DY i)™ Sp. Ref.49) Dt Si(n)™ sg

100.02 110.5 1.361 12.07 100.3
109.08 174.9 1.387 13.45 111.8

PbF, 1.517 12.03
Pbl,  1.600 13.12

band = width w,, multiplied by its height (namely the tube di-
ameter), and the probability pj as the size ratio, as follows:

Ny
;. where size,pq = g sizeji. (25)
=

sizeji

Pjk =
SiZ€total

Here N, is obviously the total number of bands (11
bands) in the pattern. An important variant from Eq. (25) is
introduced in our method to calculate the probability.
Because the fractality of a Liesegang pattern depends on the
topological distribution of the bands, it is imperative that the
band location be implicated in the calculation of the fractal
dimension and the entropy. Thus, the size of the £ band in
the j’h vel (Eq. (25)) is weighted (multiplied) by its location
X;. To maintain the dimensionless character of the probabil-
ity, we weight the denominator by the total pattern length (¢)

PbF, 2D Shannon plot

= 27
w 07
-2 4
-4
-6 -
-8 — T
6 5 4 3 2 -1 0 1
a. In(r)

Pbl, 2D shannon plot

S (r)

-10 T T T T T T 1
6 5 4 3 -2 -1 0 1
b. In (r)
FIG. 4. HarFA plots of order 1, for the PbF; (a) and the Pbl, (b) Liesegang

patterns. The slopes of the straight lines yield the information dimension
(D). Dy =1.517 for PbF, and Dy = 1.600 for Pbl,.
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FIG. 5. Plots of S versus In r for the geometrical Liesegang patterns of PbF,
(a) and Pbl, (b), obtained by the analytical method described in Sec. III D
(second half). The slopes yield the analytical fractal dimension (D$"").
D"l = 1.361 for PbF, and D" = 1.387 for Pbl,.

o

(spanning from upper edge of the first band to bottom edge
of the last band). Thus, Eq. (25) is readjusted to

Ni
where size; i = E sizeji. (26)

Jj=1

_sizej X
pit =

Plots of individual Shannon entropy associated with
each event m (the band in our pattern) versus Insize;, were
constructed,46 and the information dimension D; was thus
calculated as the slope of each plot. The plots are displayed
in Fig. 4, and exhibit a very good linearity. We found
D, =1.361 for PbF,, and D; = 1.387 for Pbl,.

In this latter method, the size of the white bands (size;,;
Eq. (25)) was 0.003936 for PbF, and 0.5000 for Pbl, geo-
metrical Liesegang pattern. So these are the fractions of the
white regions (bands) of the two Liesegang patterns, respec-
tively. To compare with the HarFA wavelet computation, we
calculate the size in pixels as before. The corresponding
Shannon entropies (S| (r) = D; Inr) were 12.07 for PbF, and
13.45 for Pbl,, with rpyr, = 7098 pixels, rpy, = 16240 pix-
els. The thermodynamic entropies of the PbF, and Pbl, are
again calculated from the Boltzmann formula (24). The
results are recorded in Table II; and the corresponding plots
are highlighted in Fig. 5.

IV. CONCLUSIONS

The present study enabled the classification of the PbF,
and Pbl, Liesegang patterns as fractal structures that are
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characterized by their fractal dimensions. The fractal dimen-
sions were calculated analytically, as well as by image analy-
sis of both the experimental Liesegang patterns and the
constructed geometrical Liesegang patterns that mimic them.
The agreement between the analytical formulation of the ge-
ometrical fractals and the fractal dimension of real pattern
images validates the classification of those patterns as fractal
objects. An important comparison has also been drawn
between the fractal dimension and the Hausdorff box count
dimension obtained by the HarFA software. The values of
the Hausdorff box counting dimension turned out to be close
to the fractal dimension values (calculated before both ana-
lytically and by image analysis), as presented in Table I.
Finally, in the zero-order regime, the topological entropies
of the PbF, and Pbl, patterns were estimated. The Shannon
entropies and the information dimensions of constructed
PbF, and Pbl, Liesegang patterns, consisting of 11 bands
each, with concentrations [Pb>"]o=0.25M (for both),
[F1o=0.045M, and [I"]p=0.045M, have been computed.
The computation of the Shannon entropies and information
dimensions of the Liesegang patterns was carried out both
mathematically and by the HarFA 2D wavelet method; and
the values are reported in Table II. The numbers obtained by
the two methods showed fairly good agreement. In addition,
the thermodynamic entropies have been calculated for the
PbF, and Pbl, Liesegang patterns, by multiplying their
Shannon entropy by Boltzmann’s constant kp. It was found
that under the same initial conditions (both systems have
equal concentrations of inner and diffusing (outer) electro-
lytes), the values are S, of PbF,=100.3J mol 'K~ and
Sunar.  Oof PblLb=111.8Tmol 'K™', and Sy,rs of
PbF, =100.02Jmol 'K~' and Sy,r4 of Pbl,=109.087J
mol 'K~!. In all calculations, PbF, turned out to be a more
ordered Liesegang system than Pbl,. This appears to be in
agreement with mere observation (see Fig. 1). Table II also
lists the Third Law entropies of PbF, and Pbl, (110.5J
mol 'K™! and 174.9Jmol 'K™!, respectively). Three im-
portant observations can be inferred from our calculations:

1. The fractal dimension and entropy values obtained
through the different methods (routes) are in good agree-
ment. This reveals the coherence of the treatment and the
robustness of the various methods.

2. The similar orders of magnitude between the entropy val-
ues obtained and the Third Law entropies reported in the
literature are promising, and reveal a good extent of reli-
ability in the methods used.

3. The entropy values obtained for both PbF, and Pbl,
Liesegang patterns are lower than the reported entropies,
exactly as expected. A pattern of Liesegang bands is more
ordered than a homogeneous bulk of precipitate.

Entropy is an important measuring tool, not only
because it gives the degree of disorder of a system in a given
state, but because it contains the degree of uncertainty or
complexity in a measured quantity, information, or signal.
For instance, a low EEG entropy (reflecting enhanced EEG
regularity and low brain complexity) has been associated
with pathological states like sleep, anesthesia, schizophrenia,
Parkinson’s, and Alzheimer’s diseases."? In cardiac systems,

Chaos 24, 023121 (2014)

the higher the entropy value, the more the signal consists of
random components of variability in heart beats.'? It can be
a good measure of the extent of arrhythmia or tachycardia.
In Liesegang systems, like in geological landscapes consist-
ing of banded textures,”'® entropy provides a good estimate
of the dissipative nonequilibrium state of the pattern.

A more complete analysis is needed, wherein a bigger
span of the spatial domain of the Liesegang pattern, and
hence its time evolution should be considered. Further
improvements include testing the calculations on other
Liesegang systems (than PbF, and Pbl,). This gives a probe
for the universality of the applied method.
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