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Abstract. A decision maker (DM) must choose an action in order to maximize a reward
function that depends on the DM’s action as well as on an unknown parameterΘ. The DM
can delay taking the action in order to experiment and gather additional information onΘ.
We model the problem using a Bayesian sequential experimentation framework and use
dynamic programming and diffusion-asymptotic analysis to solve it. For that, we consider
environments in which the average number of experiments that is conducted per unit of
time is large and the informativeness of each individual experiment is low. Under such re-
gimes, we derive a diffusion approximation for the sequential experimentation problem,
which provides a number of important insights about the nature of the problem and its so-
lution. First, it reveals that the problems of (i) selecting the optimal sequence of experi-
ments to use and (ii) deciding the optimal time when to stop experimenting decouple and
can be solved independently. Second, it shows that an optimal experimentation policy is
one that chooses the experiment that maximizes the instantaneous volatility of the belief
process. Third, the diffusion approximation provides a more mathematically malleable for-
mulation that we can solve in closed form and suggests efficient heuristics for the nona-
sympototic regime. Our solution method also shows that the complexity of the problem
grows only quadratically with the cardinality of the set of actions from which the decision
maker can choose. We illustrate our methodology and results using a concrete application
in the context of assortment selection and new product introduction. Specifically, we study
the problem of a seller who wants to select an optimal assortment of products to launch
into the marketplace and is uncertain about consumers’ preferences. Motivated by emerg-
ing practices in e-commerce, we assume that the seller is able to use a crowd voting system
to learn these preferences before a final assortment decision is made. In this context, we
undertake an extensive numerical analysis to assess the value of learning and demonstrate
the effectiveness and robustness of the heuristics derived from the diffusion approximation.
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1. Introduction
This paper is concerned with the problem faced by a
decision maker (DM) who must choose an action a
from a finite set of available actions A in order to
maximize a reward function R(a,Θ) that depends on
the action a taken as well as on an unknown parame-
ter Θ. Instead of selecting an action immediately, the
DM has the option of postponing this decision in or-
der to experiment and gather additional information
about the true value of Θ. In this context, the decision
maker needs to select the most effective sequence of
experiments to implement through time as well as the

time when to stop these experiments and select a final
action a ∈A.

A wide range of applications can be modeled using
this general framework. For example, the DM can be a
factory manager who needs to decide if a batch of pro-
duction meets specific quality standards. For that the
DM can sample items sequentially to measure their in-
dividual condition and, accordingly, extrapolate the
quality assessment on the entire batch (Qiu 2014). Al-
ternatively, the DM can be a pharmaceutical company
conducting a sequence of clinical trials to evaluate the
efficacy of some new drug or vaccine (Armitage et al.
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2002). In yet another example, the decision maker can
be an educational institution designing computerized
adaptive testing systems to assess the level of profi-
ciency of a cohort of examinees in a particular subject
area (Bartroff et al. 2008, Finkelman 2008).

One particular application, which has served as our
initial motivation for this paper, relates to the problem
of assortment selection in the context of new product
introduction. Launching new products into the mar-
ketplace offers great opportunities for companies to
generate new revenue streams and increase sales.
However, such endeavors represent risky bets as con-
sumers’ preferences are typically unknown and un-
successful products are a major liability generating
possibly great capital expenditure, early markdowns,
serious goodwill cost, and loss of market share.1 To
mitigate these risks, companies seek to test the mar-
ket’s reaction (e.g., value for the price) to new prod-
ucts before launching decisions are made.

In general, experimentation can be expensive and
difficult to conduct effectively and probably worth do-
ing only seldomly. However, in many situations, this
reality is now changing as companies are beginning to
recognize the potential to crowdsource such market-
testing activities. Online experimentation has been in-
deed growing exponentially in the last decade or so.
Companies such as Uber, Netflix, Amazon, Microsoft,
and many more2 are aggressively implementing mar-
ket experimentation through dedicated platforms
with the objective of continuously improving the
online experiences of their customers and inferring
customer preferences. In the context of new product
introduction, some companies have created crowd-vot-
ing platforms (e.g., Threadless.com),3 on which cus-
tomers can vote for their favorite products among a
menu of available options. By doing so, companies
generate continuous feedback from the “crowd” at al-
most no cost except often for the lack of accuracy and
veracity of the data gathered. In view of these chal-
lenges, an effective execution of a crowd-voting sys-
tem involves deciding what is the best assortment of
products to display to each individual voter in order
to maximize the speed of learning as well as when to
stop the experimentation process and decide which
new products should be commercialized (Kohavi and
Thomke 2017). Section 6 is devoted to this particular
crowd-voting example, which we use to illustrate the
methodology and results that we develop first in Sec-
tion 4 for the general case.

Motivated by the operating conditions of many on-
line experimentation platforms, our formulation of the
DM’s problem and the corresponding analysis are
based on two important and distinctive features: (i)
the time epochs at which experimentation is possible
are driven by an exogenous point process that the DM
does not control, and (ii) the average number of

experiments that can be conducted per unit of time is
large, but the amount of information generated by each
individual experiment is low. In the context of the
crowd-voting example, the first assumption accounts
for a stochastic arrival of viewers/voters to the plat-
form website. As for the second feature, it depicts the
high velocity at which data can be collected online and
also captures the fact that such data are inherently
more noisy and less reliable than when experiments are
more targeted and carefully designed (e.g., focus
groups or surveying experts). Under these conditions,
we are able to use asymptotic analysis to derive a diffu-
sion approximation for both the sequential experimen-
tation problem and the underlying optimal stopping
problem that the decision maker must solve. As we see,
the diffusion model provides a number of important in-
sights about the nature of the problem and its solution.
First, it reveals that the problems of (i) selecting the op-
timal sequence of experiments and (ii) deciding the op-
timal time to stop experimenting decouple and can be
solved independently. Second, it shows that an optimal
experimentation policy is one that chooses the experi-
ment that maximizes the instantaneous volatility of the
belief process, a proxy of the learning process. This
maximum volatility principle reduces dramatically the
complexity of the dynamic experimentation selection
problem and its solution. Third, the diffusion approxi-
mation also provides a more mathematically malleable
formulation of the optimal stopping problem that we
can solve in closed form. Interestingly, the computa-
tional complexity of the latter grows only quadratically
with the cardinality of the set of actions A; in fact, we
show that solving a problem with |A| actions is equiva-
lent to solving a collection of |A| (|A| −1) problems
each with only two actions.

In addition, we obtain from our diffusion approxima-
tions, heuristics policies for the moderate, nonasymp-
totic regime. These heuristics turn out to be extremely
effective and robust as shown in our numerical analy-
sis. Finally, as a by-product of our analysis of the
crowd-voting example in Section 6, we derive diffusion
approximations for a setting in which experimentation
and learning are driven by the choices that voters make
under a multinomial choice model (MNL). Given the
popularity of the MNL model to represent consumer
preferences, we believe that our approach to obtaining
diffusion approximations can possibly be applied to a
number of other applications beyond those discussed
in this paper.

2. Related Literature
Our paper is related to two streams of literature.
Methodologically, we contribute to the literature on
hypothesis testing and sequential design of experi-
ments initiated by Wald (1947) in the early 1940s. In
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terms of applications, we contribute to the operations
literature on assortment planning and demand learn-
ing (e.g., Caro and Gallien 2007, Kök et al. 2009).

Sequential analysis is concerned with the problem
of effectively detecting the validity of a hypothesis
through sequential sampling or tests. The sequential
probability ratio test (SPRT) developed by Wald
(1945) (see also Wald and Wolfowitz 1948) establishes
that, under certain conditions, an optimal policy is
determined by the first exit time of an appropriately
defined likelihood ratio process from a bounded inter-
val; the end points of this interval are determined by
prespecified type I and II error targets. The initial for-
mulation and ideas of Wald’s (1945) SPRT test have
been applied to a wide range of applications and ex-
tended in many different directions (e.g., Siegmund
1985, Lai 2001). One important extension relevant to
our work relates to the problem of sequential design
of experiments, in which the DM chooses dynamically
the experiments to undertake from a set of available
options (e.g., Robbins 1952; Chernoff 1959, 1972) and
does that until the DM decides to stop and selects
what the DM believes is the true hypothesis.

In terms of solution techniques, large sample analy-
sis has been commonly used to study sequential hy-
pothesis testing problems and evaluate the asymptotic
optimality of concrete (often simple) policies. The as-
ymptotic regime in many of these studies is obtained
by assuming that the cost of experimentation goes to
zero (e.g., Chernoff 1959, Keener 1984). Chernoff
(1959, p. 757) mentions that “it may pay to continue
sampling even though we are almost convinced about
which is the true state of nature.” The alluded
“inefficiency” in Chernoff’s (1959) regime is required
to guarantee a probability of error that is proportional
to the cost of experimentation that is becoming in-
creasingly small. Our work also relies on a type of as-
ymptotic analysis in which the number of experiments
grows large; however, our approach differs signifi-
cantly from large sample methods as we not only
scale the number of experiments but simultaneously
decrease the informativeness of each experiment. As a
result, in such asymptotic regime the “rate” of infor-
mation that the DM collects remains comparable to
those in small sample problems, and therefore, when
the DM is experimenting, it does so only because the
DM is still unsure of the true hypothesis. This inter-
play between larger sample sizes and less informative
experiments was also recently explored by Naghshvar
and Javidi (2013). They also rely on large sample anal-
ysis but introduce a multiple hypothesis setting and
represent the limited informativeness by scaling the
number of hypotheses. Their results are a generaliza-
tion of Chernoff (1959) in which they suggest adjusted
policies and find tight bounds to prove their asymp-
totic optimality. In the context of multiarmed bandit

(MAB) problems, Wager and Xu (2021) and Fan and
Glynn (2021) are two recent arXiv preprints that study
a similar type of asymptotic regime and diffusion lim-
its as the ones considered in this paper. In particular,
they consider a regime in which the mean rewards of
the arms scale as 1=

��
n

√
, where n is the number of arm

pulls. Wager and Xu (2021) suggest a framework
governed by a well-behaved sampling function to
implement such approach in the context of sequential
experimentation. Fan and Glynn (2021) develop the
theory from first principles in the specific context of
Thompson sampling. In our two-hypothesis setting,
we introduce a general framework to model lack of in-
formativeness. This framework includes, for instance,
the case of asymptotically indistinguishable hypothe-
sis as well as settings in which the experiments gener-
ate increasingly noisy outcomes. We show that, under
our asymptotic regime, the sequential experimenta-
tion problem reduces to a diffusion-free boundary
problem that we are able to solve and induce approxi-
mations for the nonasymptotic regime. Other papers
study diffusion models in the context of sequential
testing (e.g., Chernoff 1961, Breakwell and Chernoff
1964, Peskir and Shiryaev 2006, Harrison and Sunar
2015) although in our case we make no Gaussian as-
sumption regarding the initial process that is being
observed. Other examples of sequential analysis pa-
pers that rely on diffusion approximations include the
work on Bayesian multiarmed bandits by Chang and
Lai (1987) and Brezzi and Lai (2002), ranking and se-
lection problems by Chick and Gans (2009) and Chick
and Frazier (2012), and also in the context of strategic
experimentation with Bolton and Harris (1999), who
consider a many-agent, two-armed Bernoulli bandit
problem in which agents can learn from the experi-
mentation of other agents (i.e., information as a public
good).

Our work also contributes to a growing stream of
sequential hypothesis testing problems in the context
of best arm identification (BAI) (see Garivier and
Kaufmann 2016, Kaufmann et al. 2016, Russo 2020). In
our sequential hypothesis testing setup, we interpret
each available experiment as an “arm” that, when
pulled, generates information on the true hypothesis.
A key difference between our model and this litera-
ture is that we allow for the possibility that the set of
arms available for learning is different from the sets of
arms from which the DM chooses a final action. One
feature of our model is that the DM learns about the
true hypothesis from any pulled arm. This behavior is
similar to some BAI settings in which the unknown
parameters can affect the reward of multiple corre-
lated arms (see Soare et al. 2014). Moreover, in the
illustrative example of Section 6, we assume that an
experiment is an assortment of products offered to a
customer, and the outcome is the product selected by
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that customer. We assume in this example that this se-
lection happens following an MNL model, making
this setup similar to an MNL-bandit-like exploration
(see the recent work of Agrawal et al. 2019, Oh and
Iyengar 2019). Despite some structural difference with
BAI and, more generally, MAB literature, we compare
in Online Appendix B the numerical performance of
some MNL-bandit algorithms—introduced in the lit-
erature—with the ones we suggest here.

Finally, we recall that this work naturally belongs
to the broad area of reinforcement learning. Our sug-
gested heuristics can be viewed as approximate dy-
namic programming (ADP) techniques for solving a
dynamic learning problem. Such techniques are
shown to be effective in managing the curse of di-
mensionality (see Powell 2016). In this recent review,
Powell (2016) divides ADP policies in four categories:
myopic cost function approximations, lookahead pol-
icies, policy function approximations, and policies
based on value function approximations. The latter
two are often based on the specific structure of the
problem. Indeed, most of the heuristics we suggest
(see Section 5) belong to these two categories and are
obtained by either reducing carefully the set of poli-
cies on which we are optimizing or approximating
the value function itself. These approximations are
primarily inspired and obtained based on our asymp-
totic analysis. In our numerical analysis (see Section
7) we also include a lookahead-type policy. Some re-
cent works highlight the effectiveness of simple poli-
cies in the context of dynamic learning, such as
greedy algorithms (e.g., Bastani et al. 2021) and cer-
tainty equivalence (CE; e.g., Keskin and Zeevi 2018).
The greedy algorithm behaves well when exploration
is expensive although in our case it is free. As for the
CE, it is not appropriate in our setting. Indeed, in a
Bayesian setting, CE would assume that the current
belief is constant moving forward and, hence, would
always recommend to stop and never to explore.
Having said that, we do show that in our case a sim-
ple (static) experimentation policy behaves well and
is asymptotically optimal.

Our paper also contributes to the operations litera-
ture on sequential testing and demand learning. There
is a growing stream of papers in revenue management
that focus on the problem of characterizing optimal
dynamic pricing strategies when there is incomplete
information about consumers’ price sensitivity (see
Araman and Caldentey 2011, den Boer 2015). In this
context, pricing strategies play a dual role. On one
hand, they have a direct impact on sales and revenues.
On the other, they act as tools for experimentation
used by sellers to learn demand characteristics. Opti-
mal pricing strategies are those that balance the
so-called exploration–exploitation trade-off between
these two roles, for example, Araman and Caldentey

(2009), Besbes and Zeevi (2009), Harrison et al. (2012),
den Boer and Zwart (2014), Broder and Rusmevi-
chientong (2012), Gallego and Talebian (2012), and Ke-
skin and Zeevi (2014). Another stream of papers,
which is closer to the crowd-voting example that we
consider in Section 6, focuses on optimal assortment
planning under unknown demand characteristics. In
this literature, the decision maker wants to identify a
revenue-maximizing assortment of products from a
(possibly very large) set of available options. Con-
sumers’ preferences over assortments are typically
described in the form of a Luce-type choice model—
with the MNL being by far the most popular
choice—with unknown parameters. In this setting,
the DM experiments by displaying different assort-
ments to different consumers over time. Some rep-
resentative papers in this area include Caro and
Gallien (2007), Ulu et al. (2012), Sauré and Zeevi
(2013), Agrawal et al. (2019), and Feng et al. (2021).
A variant of this line of research is the recent paper
of Keskin and Birge (2019), in which the seller faces
unknown cost functions that increase with the qual-
ity of the products. At each period, the firm selects
vertically differentiated products and self-selection
pricing mechanisms to learn and maximize its profit
over a finite horizon.

Finally, our research also contributes to the recent
and growing literature on crowdsourcing and specifi-
cally crowd voting. We mention that the recent work
of Papanastasiou et al. (2018) tackles the provision of
information dissemination in an online setting in
which customers’ selection of products/services is af-
fected by historical outcomes. On the crowdfunding
end, Alaei et al. (2016) suggest a dynamic model of
crowdfunding and assess the probability of success of
a campaign by introducing the notion of anticipating
random walks. On crowd voting, the paper by
Marinesi and Girotra (2013) focuses on measuring the
information that is acquired from a customer voting
system. Using a two-period game-theoretical model,
they prove, among other results, that, by offering a
sufficiently high discount during the voting phase,
crowd-voting systems—used to decide whether to de-
velop the product or not—represent an effective way
to elicit information on customers willingness to pay.
Our focus, however, through our crowd-voting
example, is on how to operationally manage a voting
platform that faces a stream of myopic (nonstrategic)
consumers. In that regard, our work is close to Feng
et al. (2021).

3. Model Description
We consider a DM who must choose an action a in or-
der to maximize a reward function R(a,Θ) that de-
pends on both the action a as well as a parameter Θ.
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The DM selects the action a from a finite set of avail-
able actions A and does not know the value of Θ that
can take one of two possible values {θ0,θ1}. Specifi-
cally, the DM has incomplete information on Θ and,
hence, on the reward function, having a prior that
Θ � θ0 with probability δ ∈ (0, 1).

We assume that the decision maker is risk neutral.
If the DM were to make a decision at time t � 0, the
DM would then select an action that maximizes the
DM’s expected reward conditional on the DM’s prior
belief δ. That is, the DM would select an action a∗ ∈A
that maximizes Eδ[R(a,Θ)], where Eδ[·] is the expecta-
tion operator conditional on the prior belief that
Θ � θ0 with probability δ.4 We define the optimal
expected reward function

G(δ) :�max
a∈A Eδ[R(a,Θ)]

�max
a∈A {δR(a,θ0) + (1− δ)R(a,θ1)} (1)

and let A∗(δ) ⊆A be the set of actions at which the
maximum reward is achieved. Without loss of opti-
mality, we assume that, for every a ∈A, there exists a
δ ∈ (0, 1) such that a ∈A∗(δ) (otherwise, some actions
are uniformly dominated and can be removed from
the set A of available actions). It is worth noticing
that, because A is a finite set, the function G(δ) is
piecewise linear in δ.

3.1. The Experimentation Process
Instead of selecting immediately an action from the
set A∗(δ), the DM has the option of postponing this
decision in order to experiment and gather additional
information about the true value of Θ. The type of ex-
perimentation process that we consider is character-
ized by two key features:

1. The decision maker has at the DM’s disposal a fi-
nite set E of experiments. Each experiment E ∈ E has
associated a finite set XE of possible outcomes and a
likelihood function

L(x,E) :�Q(x,E,θ1)
Q(x,E,θ0) , x ∈ XE ,

where Q(x,E,θ) :� Pθ(x | E) is the conditional probabil-
ity of observing outcome x ∈ XE when the experiment
E is used and Θ � θ. We assume that every experi-
ment E ∈ E is informative in the sense that there exists
x ∈ E such that L(x,E)≠ 1.

2. There exists an exogenous Poisson process Nt,
with rate Λ, that determines the time epochs {ti}i≥1 at
which experiments are conducted, where ti � inf {t ≥ 0 :
Nt ≥ i}. As a result, although the decision maker selects
the experiment at each experimentation epoch, the DM
does not have control over the exact times when these
experiments are conducted.5

In this setting, a policy is a triplet (π,τ, aτ), where π
is an experimentation policy that adaptively deter-
mines the sequence of experiments {Et1 ,Et2 , : : : , } to
conduct at the experimentation epochs {ti}i≥1, τ is a
stopping time that defines the duration of the experi-
mentation process, and aτ ∈A is the action taken at
time τ. Because, at optimality, we have a∗τ ∈A∗(δτ), we
simply denote by (π,τ) a generic policy. We also de-
note by {xt1 ,xt2 , : : : ,xtNτ

} the sequence of outcomes of
the experiments and by F t the history (filtration) gen-
erated by the experimentation process up to time t. We
denote by T the set of stopping times with respect to
F � (F t)t≥0. Also, and using a slight abuse of notation,
we denote by Et the experiment that is used at time
t and by xt the corresponding outcome. Naturally, we
must have xt ∈ XEt .

By judiciously selecting an experimentation policy
π and observing the outcomes of each experiment, the
decision maker can gradually learn the true value of
Θ over time. In particular, we define the belief process
δt :� Pδ(Θ � θ0 | F t) whose evolution is governed by
Bayes rule.

Lemma 1 (Belief Process). Let {Et1 ,Et2 , : : : } be a sequence
of experiments and {xt1 ,xt2 , : : : } be the corresponding se-
quence of observed outcomes. If the decision maker has a
prior belief δ � Pδ(Θ � θ0), then the belief process δt
evolves as an F t-martingale given by

δt � δ

δ+ (1− δ)Lt , where Lt is the likelihood

-ratio function Lt :�
∏Nt

i�1
L(xti ,Eti):

(2)

Proof. This and other proofs are relegated to Online
Appendix A. w

3.2. The Optimization Problem
Under some mild assumptions on the likelihood ra-
tios L(x,E), the belief process converges to zero or
one depending on whether Θ � θ0 or Θ � θ1, respec-
tively. Hence, an infinitely patient decision maker
eventually learns the true value of Θ. However, by
running a long experimentation process, the decision
maker is also delaying the time when the final deci-
sion is made. If we assume that, ceteris paribus, the
decision maker prefers to collect these rewards as
early as possible, then the DM faces a trade-off be-
tween learning the true value of Θ (exploration) and
collecting the reward R(a,Θ) (exploitation). To model
this trade-off, we assume that the decision maker’s
objective is to maximize the expected discounted re-
ward that the DM will collect at the time a final
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decision is made. That is, the DM is interested in
solving the following optimal stopping time problem:

Π(δ) :� sup
(π,τ)

Eδ e−rτG(δτ)[ ], (3)

where r is the decision maker’s discount factor. We
tackle the solution of (3) using dynamic program-
ming. To this end, we find it convenient to express the
dynamic evolution of the belief process δt in Equation
(2) using the following stochastic differential equation
(SDE) representation.

Lemma 2. The belief process in (2) admits the SDE repre-
sentation

dδt � η(δt−, xt, Et−) dNt, where

η(δ, x, E) :� (1 − δ)δ 1 − L(x, E)
δ + (1 − δ)L(x, E)
( )

:

In the statement of the previous lemma, the left-limit
notation Et− (δt−) stands for the experiment (belief) that
is chosen (observed) right before a jump of Nt at time t.
The factor η(δ,x,E) is the size of the jump of the belief
process (i.e., the “amount” of learning) if an experiment
E is chosen that produces an outcome x when the belief
process (just before the experiment) is equal to δ.

Equipped with Lemma 2, we formulate the decision
maker’s problem as a Markov decision problem and,
without loss of optimality, restrict our attention to the
class of deterministic Markovian policies (e.g., Black-
well 1965 and section 4.4 in Puterman 2005). In partic-
ular, the experimentation policy π maps each value of
the belief δ to an experiment π(δ) ∈ E, and the stop-
ping time τ is a hitting time of the belief process on
some intervention set I . We interchangeably use τ and
I depending on the context. In the following defini-
tion, M(E) is the set of measurable functions from
[0, 1] to E and B is the set of Borel sets in [0, 1].
Definition 1 (Deterministic Markovian Policy). A deter-
ministic Markovian policy corresponds to a pair
(π,I ) ∈M(E) × B. For all δ ∉ I , the DM displays exper-
iment π(δ) ∈ E. On the other hand, for δ ∈ I the deci-
sion maker chooses to stop the experimentation process
and implements an optimal action a ∈A∗(δ).

Putting all the pieces together, the decision maker’s
optimization in (3) can be rewritten as the following
optimal control problem:

Π(δ) :� sup
(π, I)

Eδ e−r τG(δτ)[ ] (4)

subject to : dδt � η(δt−, xt,π(δt−)) dNt, δ0 � δ,
and τ � inf {t > 0 : δt ∈ I}:

The following proposition proves useful in various
places in the analysis that follows.

Proposition 1. The functions G(δ) and Π(δ) are both con-
vex in δ ∈ [0, 1].

In Online Appendix B, we discuss how to exploit
the convexity of Π(δ) to simplify the optimization
problem by eliminating some experiments that are
dominated in a convex order dominance sense.6

To solve the control problem in (4), we can express
its optimality conditions in the form of the following
Hamilton–Jacobi–Bellman (HJB) equation:

0�max
{
G(δ)−Π(δ) ,Λmax

E∈E
{Eδ[Π(δ+η(δ,x,E))

−Π(δ)]}− rΠ(δ)
}
,

(5)

with border conditions Π(0) � G(0) and Π(1) � G(1)
because both δ � 0 and δ � 1 are absorbing belief
states (see Lemma 1). By solving the inner maximiza-
tion, we can compute an optimal experimentation pol-
icy E∗(δ), that is,

E∗(δ) ∈ arg max
E∈E

{Eδ[Π(δ+ η(δ,x,E))]}: (6)

The HJB equation in (5) leads to a tractable computa-
tional approach to solve the decision maker’s prob-
lem. For instance, we can implement the value iteration
algorithm

Π0(δ) � G(δ) and

Πl+1(δ) �max G(δ), Λ

Λ+ r
max
E∈E

Eδ[Πl(δ+ η(δ,x,E))]{ }{ }
,

(7)

which defines a sequence of continuous functions
{Πl(δ) : l ≥ 0} that are monotonically increasing in
l and converge uniformly to a limit Π(δ) �
liml→∞Πl(δ) that satisfies the HJB equation in (5), (see
the proof of Proposition 1 for details).

Despite its computational simplicity, the HJB Equa-
tion (5) is not particularly malleable for the purpose of
analysis and to derive structural results about an opti-
mal solution and its properties. For this reason, in the
next sections, we tackle the decision maker’s optimi-
zation problem using a diffusion approximation that
preserves the same trade-offs as in the original formu-
lation but provides a more transparent representation
of the problem and its optimal solution.

We end this section with a numerical example that
illustrates the value iteration method used and high-
lights some feature of an optimal solution.

Example 1. Suppose the decision maker has four al-
ternative actions from which to choose (i.e., |A| � 4)
with corresponding payoffs R1(δ) � 6− 30δ, R2(δ) �
4− 5δ, R3(δ) � 3δ, and R4(δ) � −20+ 25δ. There are
nine possible experiments that the DM can use (i.e.,
|E| � 9), and each experiment produces a binary out-
come, that is, XE � {0, 1} for all E ∈ E. Table 1 specifies
the probability Q(0,E,Θ) for each of the nine
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experiments for Θ � θ0 and Θ � θ1. Finally, we let Λ �
8 and r � 0.5.

Figure 1 depicts the numerically computed solution
using the value iteration in (7) after 200 iterations. The
left panel shows the value function Π(δ), and the right
panel shows the optimal experiment E∗(δ). We use the
convention E∗(δ) � 0 for those values of δ at which
Π(δ) � G(δ) and no experimentation is used.

As we can see, in an optimal solution, the belief
space is partitioned into a collection of intervals that
define the regions in which experimentation is used
or not used. For example, in the interval δ ∈ [0:1, 0:31],
the decision maker does not use any experimentation
and selects immediately (at time t � 0) an action in
A∗(δ) that maximizes the DM’s expected reward (in
this case A∗(δ) � {2}). On the other hand, in the inter-
val δ ∈ (0:31,0:69), the DM wants to experiment. In
this case, the interval (0:31, 0:69) is further partitioned
into a collection of subintervals in which a specific ex-
periment is selected. For instance, for δ ∈ (0:45, 0:51),
the decision maker uses Experiment 3, and for
δ ∈ (0:51,0:61), the DM uses Experiment 4.

We note that experimentation occurs around those
values of δ for which the payoff function G(δ) �
maxi{Ri(δ)} has a kink, that is, for which two payoff
functions intersect. Intuitively, in these regions, a small
change in the value of δ can lead to a discrete change in
the optimal action to select, and so the DM has locally
more incentive to experiment and learn in these regions.

4. Asymptotic Approximation
In this section, we specialize the problem described in
the previous section to a particular class of instances
in which (i) experiments are conducted at “high
frequency” although (ii) the “informativeness” of each
experiment is low. There are many natural and practi-
cal situations in which the decision maker has access
to a large number of experiments but the informative-
ness of each individual one is low. For instance, online
experiments are becoming quite common in the busi-
ness world, and each experiment is often linked to
one visitor who is offered a set of choices from which
to select. Such common setup generates a large vol-
ume of experiments in a relatively short time period.
However, one of the major issues faced by the experi-
menter is the relevance and veracity of the data gener-
ated (we refer the reader to the section “Beware of
Low-Quality Data” in Kohavi and Thomke 2017). In
some cases, the heterogeneity of the experimentees in
online experimentation can generate very noisy data.
Moreover, the hypotheses being tested can be margin-
ally different, making the task of distinguishing them

Table 1. Probabilities of Observing Outcome Zero for Each
of the Nine Experiments as a Function of the Value of Θ

Q(0,E,Θ)
Experiment 1 2 3 4 5 6 7 8 9

Θ � θ0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Θ � θ1 0.03 0.04 0.09 0.16 0.25 0.36 0.49 0.68 0.86

Figure 1. (Color online) Numerically Computed Solution

Notes. The left panel depicts the value functions Π(δ). The right panel depicts the optimal experiment E∗(δ). Data: R1(δ) � 6− 30δ,
R2(δ) � 4− 5δ, R3(δ) � 3δ, R4(δ) � −20+ 25δ, r � 0.5, andΛ � 8.
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harder. Both settings are typical and are examples of
how little informative online experiments can be. Our
illustrative example in Section 6 builds on these ideas.
The notion of limited informativeness of experiments
is also present in other settings. In their recent work,
Lewis and Rao (2015) show how difficult it is to prove
the return on investment of advertising campaigns. The
paper notes specifically that informative advertising
experiments can require more than 10 million person-
weeks, which reflects exactly the tension of our regime
between large sample size and little informativeness.
Clinical trials are another major area that suffers from
serious data error and lack of accuracy (see Nahm
2012) and, as a result, would require large sample sizes.

4.1. Diffusion Formulation
To formalize the notion of a high frequency versus low
informativeness regime of experimentation, we consider
a sequence of instances of the problem indexed by a
nonnegative integer k in such a way that, as k grows
large, both the number of experiments conducted per
unit of time becomes high and the amount of informa-
tion generated from each individual experiment goes
to zero. Under our proposed scaling, the magnitude of
the jumps of δt as well as the time between two experi-
ments converge to zero, resulting in a belief process
that converges weakly to a diffusion process.

We let Qk(x,E,θ) be the conditional probability of
observing outcome x ∈ XE when experiment E ∈ E is
conducted conditional on Θ � θ for the k th instance of
the problem. To capture the notion of low informa-
tiveness of an experiment, we impose the following
requirement on the sequence {Qk(x,E,θ)}.
Assumption 1 (Low-Informativeness Regime). For each
E ∈ E, there exists a probability distribution Q(·,E) such
that, for θ ∈ {θ0,θ1},��

k
√ Qk(x,E,θ)

Q(x,E) − 1
( )

→ α(x,E,θ), (8)

where α(x,E,θ) satisfies∑
x∈XE

α(x,E,θ)Q(x,E) � 0:

Intuitively, the asymptotic scaling in Assumption 1 has
the following property: as k→∞, the likelihood function
Lk(x,E) �Qk(x,E,θ1)=Qk(x,E,θ0) converges to one for
every x ∈ XE , and as a result, the jumps ηk(δ,x,E) of δt
(see Lemma 2) converge to zero. In other words, in this
asymptotic regime, the outcomes of an experiment be-
come less and less informative as k grows large.

On its own, the scaling in Equation (8) would lead
to a trivial limit in which δt remains constant over
time. To counterbalance the fact that individual ex-
periments become less informative under (8), we also
scale up the arrival rate of Nt in a way that the amount

of information collected by the experimentation pro-
cess per unit of time remains comparable to the one in
the original unscaled system. Specifically, let Nk

t de-
note the Poisson process that determines the experi-
mentation epochs for the kth instance.

Assumption 2 (High-Frequency Regime). Let Λk be the
intensity of Nk

t . Then, Λ
k satisfies

Λk � kΛ, (9)

for some fixed constant Λ > 0.

Our objective at this point is to suggest a diffusion
approximation of the general formulation Problem
(4). For that, we combine the parameter scalings in (8)
and (9) to obtain a well-defined diffusion limit for the
belief process, δt.7 We derive this limit over the class
of continuous randomized Markovian policies defined
as follows and show that this class contains an ε-optimal
policy for any ε > 0 (see Proposition 3).

In the following definition, Δ(E) is the set of
probability distributions on the collection of possible
experiments in E and Mc(ΔE) is the set of continuous
measurable functions from [0, 1] to Δ(E). For a ran-
domized experimentation policy π ∈Mc(ΔE), we let
π(δ,E) denote the probability of selecting experiment
E, which is continuous in δ for all E ∈ E.

Definition 2 (Continuous Randomized Markovian
Policy). A continuous randomized Markovian policy
is a pair (π,I) ∈Mc(ΔE) × B. For all δ ∈ I , the DM dis-
plays experiment E ∈ E with probability π(δ,E). On
the other hand, for δ ∈ I the decision maker chooses
to stop the experimentation process and implements
an optimal action a ∈A∗(δ).

Next, we move to state our limiting result for the
belief process under the scalings given in (8) and (9).

Proposition 2. Consider a fixed experimentation policy
π ∈Mc(ΔE) and let δkt be the belief process induced by π
for instance k under the scaling in Equations (8) and (9).
Then, we have that δkt ⇒ δ̃t as k→∞, where δ̃t is a diffu-
sion process solution of the SDE

dδ̃t � σ̃(̃δt,π) δ̃t (1− δ̃t) dWt,

where Wt is a Wiener process and

σ̃2(δ,π) :�Λ∑
E∈E

∑
x∈XE

π(δ,E)(α(x,E,θ1)−α(x,E,θ0))2Q(x,E):

(10)

Remark 1. Throughout the paper, we use tildes (~) to
denote quantities that are related to the asymptotic
approximation. �

The next result shows that restricting our attention
to continuous randomized policies is without a
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significant loss of optimality in the sense of the L1

norm.

Proposition 3. Let (π,I) ∈M(E) × B be an optimal Mar-
kovian policy with a corresponding value function Π(δ).
For any ε > 0, there exists a continuous randomized policy
(πc,I c) in Mc(ΔE) × B with expected payoff function
Π̂(δ) such that

||Π− Π̂ ||1 < ε,

where || · ||1 is the L1 norm in [0, 1].
In sum, and in light of Propositions 2 and 3, we sug-

gest the following diffusion-asymptotic approxima-
tion of the decision maker’s problem given in (4):

Π̃(δ) � sup
(π, I)∈Mc(E)×B

Eδ[e−r τ G(̃δτ)] s:t:

dδ̃t � σ̃(δt,π) δ̃t (1 − δ̃t) dWt and

τ � inf {t > 0 : δ̃t ∈ I}: (11)

We can view Problem (11) as having two decision var-
iables, namely, the experimentation policy π and the
intervention region I . Interestingly, it turns out that
we can decouple the optimization of these two deci-
sions; in particular, we can solve for the optimal ex-
perimentation π∗ without computing explicitly I ∗.
Surprisingly, this implies that the choice of an optimal
experiment is independent of the intervention region
and, thus, of how long the decision maker decides to
run the experimentation process. We formalize this
observation in the following section.

4.2. Asymptotically Optimal
Experimentation Policy

From the diffusion approximation in Equation (11),
one can easily see that the impact an experimentation
policy π has on the decision maker’s optimization
problem is channeled only through the volatility of
the belief process σ̃(δ,π). We use this fact to derive a
rather simple solution to the problem of selecting an
asymptotically optimal policy πA. (The superscript
“A” is mnemonic of “asymptotic”). To this end, let us
define the mapping

Tπ
t :�

∫ t

0

1

σ̃2(δs,π)
ds,

which acts as a random time change in the following
proposition.

Proposition 4. The optimization problem in (11) is equiv-
alent to
Π̃(δ) � sup

(π, I)∈Mc(E)×B
Eδ[e−r Tπ

τ G(̃δτ)] s:t:

dδ̃t � δ̃t (1 − δ̃t) dWt and τ � inf {t > 0 : δ̃t ∈ I}:
The previous result provides an alternative interpreta-
tion of the effect an experimentation policy π has on

the decision maker’s performance. According to Prop-
osition 4, a policy π impacts only the discount factor
rTπ

τ that the decision maker uses to penalize the time
value of money. The following corollary follows di-
rectly from this observation.

Corollary 1 (Maximum Volatility). For any stopping set
I ∈ B, an optimal asymptotic experimentation policy πA

minimizes the modified discount factor rTπ
τ pathwise or,

equivalently, maximizes pointwise the belief process’s vola-
tility σ̃2(δ,π). Thus, from (10), we conclude that we can se-
lect πA to be a static experimentation policy, namely,
πA(δ,E) � 11(E � ẼA) for all δ ∈ I c, where ẼA is given by

ẼA � arg max
E∈E

∑
x∈XE

(α(x,E,θ1) −α(x,E,θ0))2Q(x,E)
{ }

:

(If there are multiple experiments that maximize the
expression inside the brackets, then we can select any
static experimentation policy that uses an experiment
ẼA from the argmax set.)

A few remarks about this result are in order. First,
Corollary 1 confirms our previous claim that an opti-
mal experimentation policy is independent of the
choice of the stopping set I , and so we can effectively
decouple the problem of determining an optimal
experimentation strategy and that of when to stop
experimenting. We also note that an optimal static ex-
perimentation strategy is continuous in δ, and so we
can invoke the weak convergence in Proposition 2
directly to πA(δ, ẼA).
Example 2 (Example 1 Revisited). To illustrate the re-
sult in Corollary 1, let us revisit the instance in Exam-
ple 1 in the context of the asymptotic regime. To this
end, suppose the probabilities Qk(0,E,θ) for the k th in-
stance of the problem are equal to

Qk(0, E, θ)�Q(0, E) 1 + α(0, E, θ)��
k

√
( )

,

where Q(0, E)and α(0, E, θ) are given in Table 2. Note
thatwe are not including Experiments 1, 8, and 9 because
they are dominated (see Online Appendix B). Also, the
original probabilities in Table 1 correspond to the case k
� 1. Figure 2mimics Figure 1 but for k� 10,000.

Consistent with the result in Corollary 1, for k suffi-
ciently large, the optimal experimentation strategy

Table 2. The Values of Q, α(ċ, ċ, θ0) and α(ċ, ċ, θ1) for an
Outcome “0” and for Experiments 2, 3, 4, 5, 6, and 7

Experiment 2 3 4 5 6 7

Q(0,E) 0.2 0.3 0.4 0.5 0.6 0.7
α(0,E,θ0) 0.0 0.0 0.0 0.0 0.0 0.0
α(0,E,θ1) −0.8 −0.7 −0.6 −0.5 −0.4 −0.3
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EA(δ) consists of a single experiment independent of
δ, which in this case corresponds to Experiment 5.
One can check that Experiment 5 maximizes the in-
stantaneous volatility of the belief process. �

4.3. Optimal Stopping of Experimentation
Let us now turn to the problem of determining the
optimal intervention region in the asymptotic regime
under consideration. In what follows, we assume that
an optimal experimentation policy has been selected
based on Corollary 1. That is, we focus on solving
Problem (11) given the optimal experimentation policy
πA(δ,E) � 1(E � ẼA). We find it convenient to rewrite
this problem using the following optimal stopping time
formulation:

G̃(δ) :� sup
τ∈T

Eδ e−rτG(̃δτ)
[ ]

subject to

dδ̃t � σ̃ δ̃t (1− δ̃t) dWt, δ̃0 � δ:

(12)

For notational convenience, throughout this section,
we suppress the dependence of G̃ and σ̃ on the display
set ẼA because it remains fixed.

We approach the problem in two steps. First, we
derive optimality conditions in the form of a set of
partial differential inequalities that characterize the
optimal stopping time. Then, we use these inequalities
to characterize an optimal solution and the corre-
sponding payoff.

4.3.1. Quasi-Variational Inequalities (QVI). Let Ck[0, 1]
denote the set of real-valued continuous functions on
[0, 1] having derivatives of order k ≥ 0. We define also
the set

Ĉ2 :�{ f ∈C1[0,1] : thereexistsa finitesetNf ⊆[0,1]
suchthat f ′′(δ)exists∀δ∈[0,1]\Nf }: (13)

(Note that the set Nf depends on the specific function
f.) We also define the operatorH on Ĉ2 as follows:

Hf (δ) :� 1
2
σ̃δ(1−δ) f ′′(δ)− r f (δ), for all δ∈ [0,1]\Nf :

(14)

Definition 3 (QVI). The function f ∈ Ĉ2 satisfies the
quasi-variational inequalities for the optimization
Problem (12) if, for all δ ∈ [0, 1]\Nf ,

f (δ) −G(δ) ≥ 0
Hf (δ) ≤ 0
(f (δ) −G(δ))Hf (δ) � 0: w

(15)

As one might expect, a solution to these QVI condi-
tions partitions the interval [0, 1] into two regions: a
continuation region in which the firm’s optimal strat-
egy is to keep experimenting and an intervention re-
gion in which stopping the experimentation process
is optimal.

Figure 2. (Color online) Numerically Computed Solution Under the Asymptotic Regime

Note. Data:R1(δ) � 6− 30δ, R2(δ) � 4− 5δ, R3(δ) � 3δ, R4(δ) � −20+ 25δ, r � 0.5,Λ � 8k, and k � 10,000.
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Continuation : C :�{δ∈[0,1] : f (δ)>G(δ) and Hf (δ)�0},
Intervention : I :�{δ∈[0,1] : f (δ)�G(δ) and Hf (δ)≤0}:
For every solution of the QVI conditions, we can asso-
ciate a control τ ∈ T.

Definition 4. Let f ∈ Ĉ2 be a solution of the QVI condi-
tions in (15). We define the control τ as follows:

τ � inf {t > 0 : f (̃δt) � G(̃δt)}
and refer to it as the QVI-control associated to f.

We are now ready to formalize the verification theo-
rem that provides the connection between the QVI
conditions and the original optimization problem in
(12).

Theorem 1 (Verification). Let f ∈ Ĉ2 be a solution of the
QVI in (15). Then,

f (δ) ≥ G̃(δ) for every δ ∈ [0, 1]:
In addition, if there exists a QVI-control τ associated with f
such that E[τ] <∞, then τ is optimal and f (δ) � G̃(δ).

This verification theorem reduces the problem of
determining the value function G̃(δ) to that of solving
the QVI equations defined earlier. In order to find a
solution, we take full advantage of the fact that the
payoff function G(δ) is a piecewise linear continuous
function of δ ∈ [0, 1] (see Equation (1)). Moreover, an
important building block in our methodology is the
solution to a special case in which G(δ) has only two
linear pieces, that is, the set A includes only two ac-
tions. We focus on this simpler case first and then
show how to leverage this solution and extend it to
the general case in which A includes an arbitrary
number of actions.

4.3.2. Special Case: |A |52. Suppose the set of ac-
tions is given by A � {ai, aj} for two distinctive ac-
tions, ai and aj. Let us denote by G̃ij(δ) �max {R̃i(δ),
R̃j(δ)}, where R̃n(δ) � Eδ[R(an,Θ)] for n � i, j (see
Equation (1)). Without loss of generality, we assume
that G̃ij(δ) ≥ 0 for all δ ∈ [0, 1]. Let us denote by δ̂ij
the value of the belief at which R̃i(δ̂ij) � R̃j(δ̂ij). (Recall
that we have assumed there is no action in the set A
that is uniformly dominated, and this assumption
guarantees the existence of δ̂ij ∈ [0, 1].)

To solve the QVI conditions in this special case we
take an “educated guess” approach and assume that
the continuation region Cij is given by an interval
[δij, δ̄ij] for two thresholds 0 ≤ δij ≤ δ̄ij ≤ 1. Further-
more, we assume the intuitive fact that δ̂ij ∈ [δij, δ̄ij].
To illustrate, consider the example in Figure 3 that de-
picts the value function G̃ij(δ) as well as the payoff
functions R̃i(δ) and R̃j(δ) for products i and j.

By definition, in the interior of the continuation re-
gion, we have that G̃ij(δ) < G̃ij(δ). Hence, according to
the third QVI condition, in this region, the value func-
tion must satisfy HG̃ij(δ) � 0. This is a second-order
differential equation

(̃σδ(1− δ))2
2

G̃
′′
ij (δ) − r G̃ij(δ) � 0,

whose general solution is given by

G̃ij(δ) � C0
ij
(1− δ)γ
δγ−1

+C1
ij

δγ

(1− δ)γ−1 ,

where γ :� 1+
�������������
1+ 8r=σ̃2

√
2

,

(16)

and C0
ij and C1

ij are two constants of integration.
To complete our proposed characterization of the

value function, we need to determine the constants of
integration as well as the two thresholds δij and δ̄ij
that define the continuation region. To do that, we im-
pose the so-called value-matching and smooth-
pasting conditions that regulate the behavior of the
value function at the boundaries between the inter-
vention and continuation regions. Specifically, we im-
pose the conditions

G̃ij(δ) � G̃ij(δ) and G̃′
ij(δ) � G̃′

ij(δ) for δ � δij, δ̄ij:

(17)

We formalize our previous discussion in the next
proposition.

Figure 3. (Color online) Example of the Value Function G̃ij(δ)
and Continuation Region Cij for the Case in Which A In-
cludes Two Actions

Note. Data: R̃ i(δ) � 3δ, R̃ j(δ) � 4− 5δ, r � 1, and σ̃ � 2.
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Proposition 5. Let γ � (1+ �������������
1+ 8r=σ̃2

√ )=2. If A � {ai,
aj}, then the QVI conditions admit a solution that we de-
note by G̃ij(·) given as follows:

G̃ij(δ)�
G̃ij(δ) if 0≤δ≤δij

C0
ij (1−δ)γδ1−γ+C1

ij (1−δ)1−γδγ if δij≤δ≤ δ̄ij

G̃ij(δ) if δ̄ij≤δ≤1:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(18)

Here, δij, δ̄ij ∈ (0, 1) and C0
ij and C1

ij are positive constants
all determined by imposing the value-matching and
smooth-pasting conditions in (17). The function G̃ij(δ) is

convex and in Ĉ2.
The verification theorem guarantees that the solu-

tion expressed in Proposition 5 is such that G̃ij � G̃
when A � {i, j}. In terms of implementation, this solu-
tion corresponds to the following policy.

Asymptotically optimal intervention policy: Sup-
pose the initial belief lies in the interior of the continua-
tion region Cij, that is, δ ∈ (δij, δ̄ij). In this case, the deci-
sionmaker runs an experimentation process and keeps
it running as long as δt ∈ (δij, δ̄j). As soon as the belief
process δt hits one of the two thresholds δij or δ̄ij, then
the experimentation process stops and the decision
maker selects the action that maximizes G̃ij at that
time. On the other hand, if the initial belief δ is not in
the interior of the continuation region, then no experi-
mentation is needed, and the decision maker selects
the action that maximizes G̃ij(δ) at time 0. �

The simple representation of the value function in
Proposition 5 is due to the diffusion approximation
obtained in this asymptotic regime. Moreover, this
same diffusion approximation allows one to use some
standard results for one-dimensional diffusion pro-
cesses (e.g., section 5.5 in Karatzas and Shreve 1991) to
analyze its optimal solution, for instance, in those
cases in which δ ∈ (δij, δ̄ij) experimentation should be
conducted and its duration corresponds to the first
exit time of δt from the interval (δij, δ̄ij). The following
corollary characterizes the expected duration of this
experimentation phase as well as the likelihood that
action ai or aj is eventually selected.

Corollary 2. Suppose δ ∈ (δij, δ̄ij) and let τ∗ � inf {t > 0 :
δ̃t ∉ (δij, δ̄ij)} and p̄(δ) � P(̃δτ∗ � δ̄ij | δ0 � δ). Then,

p̄(δ) � δ− δij

δ̄ij − δij
and

E[̃τ∗] � p̄(δ) T (δ̄ij) + (1− p̄(δ)) T (δij) − T (δ),
where T (δ) is the function

T (δ) :� 2
σ̃2

(2δ− 1) ln δ

1− δ

( )
:

We conclude our discussion of this special case with
||A|| � 2 by exploiting the result in Proposition 4 to
derive upper and lower bounds for the value
function.

Proposition 6. The value function G̃ij satisfies

G̃ij(δ) ≤ G̃ij(δ) ≤ G̃ij(0) (1− δ) + G̃ij(1)δ
for all δ ∈ (0, 1):

Furthermore,

max
δ∈(0, 1)

{G̃ij(δ) − G̃ij(δ)} � G̃ij(δ̂ij) − G̃ij(δ̂ij):

4.3.3. General Case: |A |≥ 2. Let us now turn to the
general case in which the set A includes an arbitrary
but finite number of actions. Our derivation of the
value function G̃(δ) in (12) is obtained based on the so-
lution derived in the previous section. For each pair of
actions {ai,aj} ∈A, the function G̃ij(δ) in Proposition 5
is the value function of a problem in which only ac-
tions ai and aj are available. It follows that G̃(δ) ≥ G̃ij(δ)
for all δ ∈ [0, 1] and so

G̃(δ) ≥ Ṽ(δ) :� max
{ai, aj}∈A

{G̃ij(δ)},
where Ṽ(δ) is the pointwise maximum of the functions
G̃ij(δ). Our main result in this section establishes that

the inequality is, in fact, an equality; that is, G̃(δ) �
Ṽ(δ). To prove this, we show that the function Ṽ(δ)
satisfies the QVI conditions so that we can invoke the
verification Theorem 1. To this end, we first show that
Ṽ(δ) satisfies all three QVI conditions in (15).

Proposition 7. For all δ ∈ [0, 1], we have that
Ṽ(δ) ≥ G̃(δ). Also, there exists a finite set NṼ ⊆ [0, 1] such
that HṼ(δ) ≤ 0 and (Ṽ(δ) − G̃(δ))HṼ(δ) � 0 for all
δ ∈ [0, 1]\NṼ.

The attentive reader might have noticed that the re-
sult in Proposition 7 is not enough to invoke the verifi-
cation Theorem 1. The reason is that, besides verifying
the QVI conditions, we also need to show that the
function Ṽ(δ) is sufficiently smooth and belongs to the
set Ĉ2 (see Equation (13)). We formalize this condition
in the following result.

Theorem 2. The function Ṽ(δ) �max{ai,aj}∈A{G̃ij(δ)} is in
Ĉ
2
. As a result, G̃(δ) � Ṽ(δ).
It is worth noticing that the previous theorem shows

that the complexity of the diffusion optimal stopping
problem grows only quadratically with the cardinality
of the action setA. In fact, Theorem 2 reveals that solv-
ing a problem with |A | actions is equivalent to solving
a collection of |A | (|A | −1) problems each with only
two actions.
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To illustrate the result in Theorem 2 and the resulting
optimal policy, let us consider the example in Figure 4
in which the set A has four actions. The left panel de-
picts all six functions {G̃ij(δ) : {ai, aj} ∈A}, and the right
panel depicts the function Ṽ(δ) :�max{ai,aj}∈A {G̃ij(δ)}.

After a quick inspection, we can check that, in this
example, there exist two (nonunique) thresholds δ
and δ̄ such that

Ṽ(δ) �
G̃12(δ) if 0 ≤ δ ≤ δ

G̃23(δ) if δ ≤ δ ≤ δ̄

G̃34(δ) if δ̄ ≤ δ ≤ 1:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
Furthermore, at δ � δ, the functions G̃12(δ) and G̃23(δ)
meet smoothly because G̃12(δ) � G̃23(δ) � R̃2(δ). A sim-
ilar smooth pasting occurs at δ � δ̄ because
G̃23(δ̄) � G̃34(δ̄) � R̃3(δ̄). As a result, because each of
the functions G̃ij(δ) is in Ĉ2 by Proposition 5, it follows

that Ṽ(δ) is also in Ĉ2. Note also that an optimal policy
is given by a sequence of thresholds that define the
continuation and intervention regions. In this exam-
ple, we have that

Continuation : CA � (δ12, δ̄12) ∪ (δ23, δ̄23) ∪ (δ34, δ̄34):
Intervention: IA�[0,δ12 ]∪[δ̄12,δ23]∪[δ̄23,δ34]∪[δ̄34,1],

where the thresholds δij and δ̄ij are defined in Proposi-
tion 5.

5. Nonasymptotic
Experimentation Policies

In this section, we discuss how to interpret the asymp-
totic analysis developed in the previous section to
construct experimentation policies that can be used in
an arbitrary instance. Recall from Definition 1 that a
policy consists of two components: (a) an intervention
region I that defines the set of beliefs δ at which the
decision maker stops the experimentation process and
selects an optimal action a∗ ∈A∗(δ), and (b) an experi-
mentation policy π(δ) ∈ E that identifies the experiment
that the DM should conduct at each δ in the continua-
tion region C � I c.

The asymptotic analysis of the previous section pro-
duces an experimentation strategy π(δ) � ẼA and an
intervention region IA defined in Corollary 1 and
Proposition 5, respectively. However, we cannot im-
plement these policies directly because they are com-
puted in terms of the nonprimitive quantities Q(x,E),
α(x,E,θ0) and α(x,E,θ1) appearing in Assumption 1.
Therefore, in order to recover a solution to an arbitrary
instance of the problem from the asymptotic analysis
of the previous section, we need to derive the values of

Figure 4. (Color online) Example inWhich the Offer SetO Includes Four Products

Notes. The left panel depicts the value functions G̃ ij(δ) derived in Proposition 5. The right panel depicts the function V(δ) :�max{i,j}∈O{G̃ ij(δ)}.
Data:R1(δ) � 6− 30δ, R2(δ) � 4− 5δ, R3(δ) � 3δ, R4(δ) � −20+ 25δ, r � 1, and σ̃ � 2.
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Q(x,E), α(x,E,θ0) and α(x,E,θ1) from the primitives of
the model, namely, from the values of Λ, Q(x,E,θ0),
andQ(x,E,θ1).

In some settings, this derivation can be done directly
by imposing a specific parametric structure in the defini-
tions of Q(x,E,θ0) and Q(x,E,θ1). The idea in these set-
tings is that the parametric structure is used to capture a
distinctive feature of the problem at hand, which, in
turn, would determine the asymptotic regime of interest.
Let us illustrate this point with a concrete example.

Example 3. Consider a setting in which the primitives
Q(x,E,θ) are known and assumed to be continuously
differentiable in θ for θ in some open neighborhood
that contains the two hypotheses Θ � θ0 and Θ � θ1.
Suppose that we are interested in a setup in which a
distinctive characteristic of the problem is that the two
hypotheses are hard to distinguish. We can model this
feature by setting θ1 � θ0 + ξ=

��
k

√
for some fixed scalar

ξ. Using a first order Taylor expansion, it follows that
Q(x,E,θ1) �Q(x,E,θ0) +Qθ(x,E,θ0)ξ=

��
k

√ + o(k1=2),
where Qθ(x,E,θ) is the partial derivative of Q(x,E,θ)
with respect to θ. Under this specific parameterization
of the problem, we can now apply the asymptotic
analysis of the previous section (by letting k go to in-
finity) to derive the corresponding values of Q(x,E),
α(x,E,θ0) and α(x,E,θ1). In this case, it is not hard to
see that

Q(x,E) �Q(x,E,θ0), α(x,E,θ0) � 0 and

α(x,E,θ1) �Qθ(x,E,θ0) ξ: �

In Section 6, we consider at length a concrete application
related to crowd voting in which Q(x,E,θ) are viewed
as choice probabilities governed by an MNL model. In
this context, similarly to Example 3, we also derive the
quantities Q(x,E) and α(x,E,θ) not only for the case of
indistinguishable hypotheses, but also for the case in
which the experiment outcomes are very noisy.

The previous example provides some insights into
how one can leverage some concrete knowledge about
the structure of the problem to identify the proper as-
ymptotic regime to use. However, this approach does
not generalize in an obvious way to an arbitrary set-
ting for which such knowledge is not available. In
what follows, we propose a methodology that does
not rely on any additional information beyond the
values of Λ, Q(x,E,θ0), and Q(x,E,θ1).

Combining the asymptotic scalings in Equations (8)
and (9), we have that the input parameters
Λk, Qk(x,E,θ0) and Qk(x,E,θ1) satisfy the following re-
lationship for k large����

Λk
√ Qk(x,E,θ)

Q(x,E) − 1
( )

≈ α(x,E,θ): (19)

Furthermore, going back to the conditions that define
the asymptotic regime in Corollary 1, we see that the
value of Q(x,E) is such that the quantity Qk(x,E,θ)

Q(x,E) − 1
converges to zero at a rate of 1=

��
k

√
uniformly in E ∈

E, x ∈ E and θ � θ0,θ1. Thus, in a nonasymptotic re-
gime, we can reinterpret this condition as one that re-
quires Q(x,E) to be as close to Q(x,E,θ) as possible for
all E ∈ E, x ∈ E and θ � θ0,θ1. In other words, we can
represent this problem as an optimization problem
that minimizes the “distance” between Q(x,E) and
Q(x,E,θ). We propose the following min-max formu-
lation to computeQ(x,E):
ForeveryE∈E solve: min

Q≥0 max
θ∈{θ0,θ1}

max
x∈E

Q(x,E,θ)
Q(x,E) −1

∣∣∣∣ ∣∣∣∣
subject to

∑
x∈E

Q(x, E)�1: (20)

After computing the value of Q(x,E), we can obtain
the values of α(x,E,θ0) and α(x,E,θ1) using (19), that
is,

α(x,E,θ) ≈ ���
Λ

√ Q(x,E,θ)
Q(x,E) − 1

( )
, for θ � θ0,θ1: (21)

The following proposition establishes the consistency
between the value of the probability kernel Q(x,E)
computed in (20) and the corresponding asymptotic
limit.

Proposition 8. Consider a sequence of probability distri-
butions {Qk(x,E,θ); E ∈ E,x ∈ E,θ � θ0,θ1} satisfying the
condition in Assumption 1. In particular, Qk(x,E,θ) →
Q(x,E) for some probability kernel Q(x,E) for θ � θ0,θ1.
Moreover, for each k and Qk(x,E,θ), letQk(x,E) be the cor-
responding solution to (20). Then, Qk(x,E) converges to
Q(x,E) as k ↑ ∞ for all E ∈ E and x ∈ E.

Let us now turn to the issue of how to adapt the as-
ymptotic solutions to derive implementable policies.
Equations (20) and (21) allow us to compute the val-
ues ofQ(x,E), α(x,E,θ0) and α(x,E,θ1) that are needed
to derive the asymptotic strategy π(δ) � Ẽ

A
and IA.

From Corollary 1, we have that

Ẽ
A � arg max

E∈E

∑
x∈XE

(α(x,E,θ1) −α(x,E,θ0))2Q(x,E)
{ }

:

On the other hand, the value of IA is obtained from
our diffusion analysis of the optimal stopping problem
combining the results in Proposition 5 and Theorem 2.
The volatility σ̃ of the underlying diffusion process is
the one identified in Proposition 2, that is,

σ̃2 � ∑
x∈X

ẼA

(α(x, ẼA,θ1) − α(x, ẼA,θ0))2Q(x,E):
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We use this asymptotic solution (ẼA,IA) to propose
two concrete approximation policies.

• Asymptotic Policy (A) : This policy implements di-
rectly the strategy (ẼA,IA).

•Maximum Volatility Policy (MV) : This policy uses the
same intervention region IA as the asymptotic policy.
On the other hand, in terms of experimentation, the MV
policy reinterprets the solution in Corollary 1 and, for
each δ in the continuation region, selects the experiment
that maximizes the instantaneous volatility, that is, πMV

(δ) � EMV(δ), where

EMV(δ) � arg max
E∈E

E0
(1−L(E))2

δ+ (1− δ)L(E)

[ ]{ }
: (22)

(The subscript “MV” is mnemonic for maximum
volatility.)

Note that the asymptotic policy suggests a static ex-
perimentation, and maximum volatility offers a dy-
namic experimentation function of the current belief.
However, it should be clear from our previous discus-
sion that both of these policies are asymptotically
equal and optimal in the limiting regime defined by
Equations (8) and (9). It is also worth noticing that, in
contrast to the derivation of an optimal experimenta-
tion policy in Equation (6) that requires full knowledge
of the value function, the MV policy can be computed
directly using only the knowledge of the likelihood
function L(x,E). This, of course, simplifies significantly
its computational complexity.

In Section 7, we conduct a set of numerical experiments
to test the performance of our proposed policies using a
concrete application in the context of new product intro-
duction that we present in the next section. We conclude
this section with a remark on how to extend some of the
insights that have developed to the problem of designing
the type of experiments that the DM can use.

5.1. A Remark on the Optimal Design of
Experiments

In some applications (such as the assortment selection
problem discussed in the next section), the decision
maker has some degree of control over the design of
the set E of available experiments. In such cases, ob-
serve that the optimization in (22) that defines EMV(δ)
can be reformulated over a more abstract set L of like-
lihood ratios, in which each L ∈ L corresponds to an
experiment E. As a result, the optimization problem
that defines the maximum volatility policy is given by

max
L∈L

Eδ
1−L

δ+ (1− δ)L
( )2[ ]

, or equivalently;

max
L∈L

E0
(1−L)2

δ+ (1− δ)L

[ ]
,

where E0[·] denotes the expectation under the proba-
bility measure P0(·).

Depending on the nature of the set L, this optimiza-
tion problem can be cast as a Tchebycheff moment
problem. Consider the following setting in which the
DM can design experiments that correspond to any
possible likelihood ratio L as long as L is bounded by
two given quantities L and L̄. In this case, the follow-
ing result holds.

Proposition 9. Suppose that L � {L : E0[L] � 1and L ≤
L ≤ L̄} for two nonnegative scalars L and L̄ and let

L∗ � arg max
L∈L

E0
(1−L)2

δ+ (1− δ)L

[ ]
:

Then, L∗ is a random variable with a two-point distribution
with mass at L and L̄.

Proof. The result follows from noticing that the func-
tion (1− ℓ)2=(δ+ (1− δ)ℓ) is convex, and so an optimal
solution is a two-point distribution with mass at L and
L̄. w

The solution in Proposition 9 suggests that the deci-
sion maker should select an experimentation policy
that maximizes the range of the likelihood function. In
Section 7, we explore this idea and propose a variation
of the maximum volatility policy that incorporates
this “maximum range” condition and shows very
good numerical performance.

6. Illustrative Example: New Product
Introduction

We discuss in this section a concrete application of the
methodology and results presented in the previous
sections in the context of a new product introduction
problem. The literature on the topic is quite broad (see
the recent work of Sunar et al. 2019 and references
therein). In particular, we consider an environment in
which the experimentation outcomes are the result of
a consumer voting process driven by an MNL. Our
objective in developing this example is twofold. First,
we use it to provide some specific details on how to
formulate and derive our proposed asymptotic ap-
proximation policies discussed in the previous sec-
tion. As a by-product of this discussion, we also show
how to obtain diffusion approximations for a belief
process that is governed by an MNL model using two
different types of asymptotic regimes. Our second ob-
jective is to use this concrete example in Section 7 to
conduct a set of numerical experiments to test the
quality of our proposed methodology.

6.1. Model Setup
The specific setting that we consider is as follows.
Consider a seller (or firm) that is contemplating the
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possibility of introducing a new product (or products)
into the marketplace. In the process of developing
these new products, the seller has prototyped n differ-
ent versions andwould like to decidewhich is the right
subset to commercialize if any. These prototypes differ
in terms of some specific set of attributes which might
include their price and quality as well as launching
and manufacturing costs to name a few. We assume
that the intrinsic utility that a consumer assigns to ver-
sion i ∈ [n] is equal to ui(Θ), where Θ > 0 is some un-
known real parameter.

Example 4 (Linear Utilities). A popular modeling ap-
proach is to assume that the utilities ui(Θ) are linear
in the unknown parameter Θ. For instance, we can
have ui(Θ) � qi − piΘ, where qi and pi are product i’s
quality and price, respectively. In this case, Θ meas-
ures consumers’ price sensitivity. �

The seller is uncertain about market conditions and
does not know the value of the parameter Θ. In an at-
tempt to reduce the risk of launching the wrong ver-
sion(s), the seller sets up an online voting system in
which potential customers (those visiting the seller’s
website) can vote for the different prototypes. For sim-
plicity, we assume that each voter votes for at most
one version, and the seller only tracks the cumulative
number of votes for each one. This voting phase oc-
curs before the seller decides to launch a product and
has the potential of offering a win–win situation for
both the consumer and the seller. As we show later, it
is not necessarily optimal for the seller to display the
entire set [n] during the voting phase. Hence, we as-
sume that the seller selects a subset E of prototypes to
show each voter during the voting phase. We call E
the display set and let |E | be its cardinality. To keep
some consistency between the notation in this and the
previous sections, we note that, in the most general
case, both the set of experiments E and available ac-
tions A coincide with the power set of [n], that is,
E �A � 2[n]. In some cases, however, one might need
to restrict the set of experiments and actions. For in-
stance, if the number of prototypes is large, then it
might be impractical to display the entire menu, and
experimentation should be restricted to display sets of
a given cardinality. Similarly, it is also possible that
the seller is constrained in the number of versions that
it can launch.

Voters arrive according to a Poisson process with
rate Λ and vote for one alternative from the display
set according to a multinomial choice model. Specifi-
cally, a voter who observes a display set E assigns to
each version i ∈ E a utility U i(Θ) � ui(Θ) + εi, where
{εi : i ∈ E} are idiosyncratic utility shocks that are inde-
pendent and identically distributed according to a
Gumbel distribution with mean zero and variance

Var[ε] � π2=(6 µ2) for some fixed constant µ > 0. It fol-
lows that a utility-maximizing voter votes for version
i ∈ E with probability

Q(i,E,Θ) :�P(U i(Θ)≥U j(Θ), ∀ j∈E)� exp(µui(Θ))∑
j∈Eexp(µuj(Θ)):

(23)

Note that our formulation allows for the possibility
that a voter might end up not selecting any of the
available options. To model this no-vote option, we
simply include version zero with quality, price, and
intrinsic utility equal to zero, u0(Θ) � 0. In what fol-
lows, we assume that every display set E includes the
nonpurchase option.

We assume that the seller has a prior belief
about the value of Θ that can take one of two
possible values {θ0,θ1}, and its prior is that Θ � θ0

with probability δ ∈ (0, 1). We let ui(θ0) and ui(θ1)
denote voters’ intrinsic utilities under these two
hypotheses for i ∈ [n] and define the likelihood ra-
tio function by

L(i,E) :�Q(i,E,θ1)
Q(i,E,θ0) ∀i ∈ E: (24)

We complete the description of the model by spec-
ifying the seller’s objective function. As in the gen-
eral case, we assume that there exists a piecewise
linear function G(δ) (see Equation (1)) that repre-
sents the seller’s expected payoff as function of its
belief δ. The seller’s optimization problem is given
by

Π(δ) � sup
(π,I)

Eδ e−rδτ G(δτ)[ ]
, subject to

τ � inf {t > 0 : δt ∈ I}:
(25)

Recall that a policy is defined by an experimentation
policy π that determines the collection of display sets
{Et ∈ E : 0 ≤ t ≤ τ} to use throughout the voting pro-
cess and an intervention region I that defines the du-
ration of the voting campaign.

Remark 2 (Payoffs from Sales). To illustrate a concrete
example of the piecewise linear payoff function G(δ)
in the context of new product introduction, consider
the case in which the seller is interested in maximiz-
ing the expected discounted value of the cash flows
generated by the sales that occur after time τ. Specif-
ically, at time τ, the seller stops the voting process
and selects a subset A ∈A of products to launch
based on the available information at this time. Sup-
pose consumers arrive according to a Poisson pro-
cess of rate Λs and make buying decision according
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to the same MNL model that governs the voting
process. Under this assumption, the seller’s expected
discounted payoff is given by

R(δτ,A) :� E
∑
i∈A

∫ ∞

τ

e−r (t−τ)(pi − ci)dSit−Ki | F τ

[ ]

�∑
i∈A

(pi − ci)
r

ΛsE Q(i,A,Θ) | F τ[ ] −Ki

[ ]
� φ(A) + β(A)δτ,

where pi, ci, and Ki are the per-unit price, manufactur-
ing cost, and fixed launching cost of product i ∈S, re-
spectively, and

φ(A) :�∑
i∈A

(pi − ci)
r

Λs Q(i,A,θ1) −Ki

[ ]
and

β(A) :�∑
i∈A

(pi − ci)
r

Λs (Q(i,A,θ0) −Q(i,A,θ1))
[ ]

:

In the case that all products are discarded, one can as-
sume the seller receives a fixed payoff R0 (possibly
zero), which captures the opportunity cost of the busi-
ness. Finally, the seller’s payoff function in this case is
given by G(δ) �max {R(δ,A) :A ∈A}. �

6.2. Asymptotic Approximation
We move now to apply the results in Section 4 to
approximate the optimization in (25) by a diffu-
sion control problem. In order to invoke the weak
convergence result in Proposition 2, we need to
specify an asymptotic regime under which the
MNL choice probabilities satisfy the condition in
Equation (8). In what follows, we propose two
concrete alternatives, each capturing a different
type of uninformativeness associated with the vot-
ing process.

6.2.1. Noisy Preferences. Motivated by the issue of
low-quality data that has been reported in the con-
text of online learning applications and advertising
(Lewis and Rao 2015, Kohavi and Thomke 2017),
we consider a regime in which the variance of the
MNL idiosyncratic shocks in the k th instance of
the problem grows proportionally with k, namely,
Var[εk] � k π2=(6 µ2). In other words, this asymp-
totic regime is one in which votes—and the infor-
mation they contain—become more and more
noisy as k grows large.

Under this scaling, one can show that the choice
probability Qk(i,E,θ) in (23) can be written as

Qk(i,E,θ) � 1
|E | 1+ µ

|E | ��
k

√ ∑
j∈E

(ui(θ) − uj(θ)) + o(k−1=2)
[ ]

,

(26)

which satisfies the requirements in Assumption 1with

Q(i,E) � 1
|E | and α(i,E,θ) � µ (ui(θ) − ū(E,θ))

where ū(E,θ) :� 1
|E |

∑
j∈E

uj(θ):

Recall that, under our asymptotic scaling, voters
arrive according to a Poisson process Nk

t with in-
tensity Λk � kΛ in the k th instance of the problem.
Given this scaling of Var[εk] and Λk, we can use
the result in Proposition 2 to obtain the following
corollary.

Corollary 3. Let Δui :� ui(θ1) − ui(θ0) and Δū(E) :�
ū(E,θ1) − ū(E,θ0). Suppose the seller uses a static display
policy Et � E during the voting process. Then, the belief
process δkt converges weakly to the solution of the SDE

dδ̃t � σ̃(E) δ̃t (1− δ̃t) dWt, where

σ̃2(E) �Λµ2

|E |
∑
i∈E

(Δ ui −Δū(E))2,

and Wt is a Wiener process.

Combining this result together with the maximum
volatility principle in Corollary 1, we can now identify
an optimal display set in this asymptotic regime un-
der consideration, namely,

Ẽ
A
NP � arg max

E∈E
1
|E |

∑
i∈E

(Δui − Δū(E))2
{ }

: (27)

(The subscript “NP” stands for noisy preferences
regime.)

Without loss of generality, let us index the proto-
types in ascending order of Δu so that Δu1 ≤ Δu2
≤⋯≤ Δun. Also, for 0 ≤ i ≤ j ≤ n, let us define the dis-
play set

E[i, j] :� {0} ∪ {1, : : : , i} ∪ {j, : : : ,n}, (28)

which includes the nonpurchase option together with
the first i prototypes with the lowest values of Δu and
the n− j+ 1 prototypes with the highest values ofΔu.

Proposition 10. Let ẼA
NP be a solution to (27). Then, there

exist integers n1 and n2 with 0 ≤ n1 < n2 ≤ n such that
Ẽ
A
NP � E[n1,n2]. Furthermore, in the special case that all

the {Δui} have the same sign (i.e., Δu1 ≥ 0 or Δun ≤ 0),
then Ẽ

A
NP consists of a single prototype i∗ � arg max{|Δui |:

i ∈S} together with the nonpurchase option zero, that is,
Ẽ
A
NP � {0, i∗}.
An important corollary of Proposition 10 is that in-

stead of solving (27) over the power set of E, we can
restrict ourselves to the much simpler problem of
maximizing the volatility of the belief process over the
significantly smaller class of display sets {E[i, j] : 0 ≤
i ≤ j ≤ n}, which has a cardinality of O(n2).
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Example 5 (Example 4 Revisited). Suppose the intrin-
sic utility of product i is equal to ui(Θ) � qi − piΘ;
then, Δui � pi (θ0 −θ1). If all the {pi} are of the same
sign, for example, if they correspond to the prices of
the products, then the {Δui} are also of the same sign,
and the optimal display set ẼA

NP includes a single pro-
totype, namely, the one with the highest price. �

6.2.2. Asymptotically Indistinguishable Hypotheses.
An alternative regime in which we can apply the as-
ymptotic analysis of Section 4 corresponds to the case
in which the values of θ0 and θ1 become indistin-
guishable as k grows large. To be precise, let us con-
sider the case in which ui(θ1) � ui(θ0) + ξi=

��
k

√
for

i ∈ [n], where {ξ1,ξ2, : : : ,ξn} are fixed constants inde-
pendent of k. Under this scaling, the choice probability
Qk(i,E,θ) in (23) admits the following representation:

Qk(i,E,θ0) � νi∑
j∈Eνj

and

Qk(i,E,θ1) � νi∑
j∈Eνj

1+ 1��
k

√
∑

j∈Eνj (ξi − ξj)∑
j∈Eνj

+ o(k−1=2)
[ ]

,

(29)

where νi :� exp (µui(θ0)). It follows that these choice
probabilities satisfy the conditions in Assumption 1
with

Q(i,E) � νi∑
j∈Eνj

, α(i,E,θ0) � 0 and

α(i,E,θ1) �
∑
j∈E

(ξi − ξj) Q( j,E):

From Corollary 1, the optimal display set in this as-
ymptotic regime is given by

Ẽ
A
IH � arg max

E∈E

∑
i∈E

(α(i, E,θ1))2 Q(i, E)
{ }

: (30)

(The subscript “IH” stands for indistinguishable hy-
potheses regime.)

To get some intuition about ẼA
IH, consider an arbi-

trary display set E ∈ E and let ξ(E) be random varia-
bles taking values in {ξ1,ξ2, : : : ,ξn} with probability
distribution Q(i,E). (In this definition, we assume that
Q(i,E) � 0 if i ∉ E.) Then, (30) can be rewritten as

Ẽ
A
IH � arg max

E∈E
{Var[ξ(E)]}:

Remark 3. It is worth noticing that the asymptotic re-
gime in which the two alternative hypotheses Θ � θ0

and Θ � θ1 are asymptotically indistinguishable does
not imply that the DM optimization problem becomes
trivial in the limit. To see this, let us consider the pay-
off structure discussed in Remark 2, in which R(δ,A)
is the discounted payoff that the DM expects to collect
if the DM launches assortment A when the DM’s

belief is δ. Under the scaling in (29), it is not hard to
show that, for the kth instance,

Rk(1,A) −Rk(0,A) �∑
i∈A

(pi − ci)
r

Λk
s��
k

√ α(i,A,θ1)Q(i,A)
[ ]

+ o(k−1=2),

where Λk
s is the selling rate after launching. Thus, de-

pending on the rate of growth of Λk
s in k, there is a

nonnegligible difference in payoffs between the two
hypotheses, and so it is in the DM’s best interest to try
to learn which one holds true.8 �

7. Numerical Experiments
In this section, we conduct a set of numerical experi-
ments to assess the quality of our methodology using
the application discussed in the previous section. In
particular, we are interested in investigating the per-
formance of our proposed asymptotic and maximum
volatility policies introduced in Section 5. Online Ap-
pendix C contains some additional computational
experiments.

7.1. Optimality Gap
In our first set of computational experiments, we nu-
merically evaluate the optimality gap of the asymptot-
ic and maximum volatility policies with respect to an
optimal policy using the noisy preferencesmodel in Sec-
tion 6.2.1. We let ΠA(δ), ΠMV(δ) and Π(δ) denote the
value functions generated by the A, MV, and optimal
policies, respectively, and define the optimality gap of
these policies by

ΔΠj :� max
δ∈(0,1)

Π(δ) −Πj(δ)
Π(δ)

{ }
, j �A; MV:

Wemeasure ΔΠA and ΔΠMV using a set of 500 random
instances of the problem. Specifically, we consider a
problem with n � 5 products, whose intrinsic utilities
ui(θ0) and ui(θ1) are randomly generated uniformly in
[0, 1] for all i ∈ [n]. For each random instance we run
five different scenarios in which Λ � k and Var[ε] �
k π2=(6 µ2) with k � 10κ for κ � 0, 1, 2, 3, 4. The rest of
the parameters are kept fixedwith µ � 1, r� 0.05, and the
terminal payoff function G(δ) �max {6− 30δ, 4− 5δ,
3δ, − 20+ 25δ}. This is the same terminal payoff func-
tion that we used in the examples in Figures 2 and 4.
Finally, in these and the rest of our numerical com-
putations, we evaluate the value function of a given
policy using Gauss–Seidel value iteration (see section
6.3 in Puterman 2005) with an error tolerance of 10−3
over a mesh of size 10−3 for the [0, 1] interval that de-
fines the domain of δ.

Table 3 presents the mean optimality gap—as well
as the maximum value and standard deviation—
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computed over a run of 500 randomly generated in-
stances. As we can see from the table, the two policies
perform very well on average although the MV policy
is substantially better than the A policy, especially for
small value of k. As k grow large, both policies ap-
proach the optimal policy, which is consistent with our
asymptotic analysis in Section 4. By comparing the
“Maximum” rows that report the maximum optimality
gap, we can also see that the MV policy is significantly
more robust than the A policy for small values of k. The
results in Tables 3 and 4 lead us to conclude that the
MV heuristic dominates the A heuristic as it has con-
sistently better optimality gap and comparable run-
ning times. For this reason, in the rest of our numerical
experiments we focus exclusively on further exploring
the performance the maximum volatility policy.

7.2. Benchmark Analysis
We next conduct a benchmark analysis in which we
compare the performance of the MV policy against
the following three alternative policies:

• Full Display (F): This policy always displays the en-
tire set of prototypes, that is,

Full Display Policy: EF(δ) :� {0,1,2, : : : ,n}: (31)

This is a simple and popular benchmark that does
not require any type of optimization.

• One-Step-Look-Ahead Policy Approximation (LA):
This is a commonly used value function approxima-
tion, which, in our setting, corresponds to selecting an
optimal experiment to display under the assumption
that a final decision must be made after the outcome of
this experiment is revealed. That is,

One-Step-Look-Ahead Policy :

E LA(δ) ∈ arg max
E∈E

{Eδ[G(δ + η(δ, x, E))]}: (32)

• Maximum Range Policy (MR): Motivated by the re-
sult in Proposition 10, we consider the policy

Maximum Range Policy :

EMR(δ) :� arg max
0≤i≤j≤n

E0
(1−L(E[i,j]))2

δ+ (1− δ)L(E[i, j])

[ ]
:

(33)

A key advantage of the MR policy over the MV policy
is that MR maximizes the instantaneous volatility

Table 3. Optimality Gap of the Asymptotic Policy

k � 1 k � 10 k � 100 k � 1,000 k � 10,000

Mean, % 2.39 1.77 0.87 0.27 0.13
Maximum, % 26.19 22.95 13.67 1.99 0.87
Standard deviation, % 4.88 4.18 1.55 0.39 0.13

Note. Optimality Gap:ΔΠA.

Table 4. Optimality Gap of the Maximum Volatility Policy

k � 1 k � 10 k � 100 k � 1,000 k � 10,000

Mean, % 0.56 0.12 0.26 0.15 0.09
Maximum, % 4.09 1.47 3.56 1.87 0.43
Standard deviation, % 0.86 0.22 0.41 0.22 0.06

Notes. Optimality Gap: ΔΠMV. Data: µ � 1, r � 0.05, G(δ) �max
{6− 30δ, 4− 5δ, 3δ, − 20+ 25δ}, andΛ � 2k, Var[ε] � k π2=(6 µ2).

Figure 5. Distribution of Relative Error of the Full (F), One-Step-Look-Ahead (LA), andMaximumRange (MR) Policies Relative
to the MaximumVolatility Policy over 1,000 Randomly Generated Instances

Note. Data: µ � 1, r � 0.05,G(δ) �max {6− 30δ, 4− 5δ, 3δ, − 20+ 25δ}, andΛ � 2,Var[ε] � π2=(6 µ2).
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over the smaller set of experiments E[i, j] defined in
(28), which simplifies its computation.

We assess the performance of these three policies
relative to the maximum volatility policy using the
following relative error measure:

Relative Error : Δ̄Πj �
∫ 1

0

ΠMV(δ) −Πj(δ)
ΠMV(δ) dδ,

j � F; LA; MR:

Figure 5 shows the distribution of this relative error
measure for 1,000 randomly generated instances of
the problem with n � 10 products each.

As we can see from the figure, the MV policy sub-
stantially outperforms the LA and F policies, which
have average relative errors of 10.34% and 15.01%,
respectively. On the other hand, the MR policy is es-
sentially equivalent to the MV policy with an average
relative error of 0.001%. A similar conclusion holds
when we compare the average running times of these
policies. Indeed, the average running times per in-
stance are equal to 0.292, 0.224, 0.520, and 16.184 for
the MV, MR, F, and LA policies, respectively (all times
in seconds).

In Online Appendix C, we confirm the superiority
of our suggested policy by extending in various ways
our numerical discussion. We extensively analyze and
compare running times of different policies. We also
look at the value of optimal stopping relative to the
case in which the duration of the voting phase is pre-
determined. Finally, given the similarity with bandit
problems, we compare our suggested MV policy to a
couple of generic policies for MAB problems.

8. Conclusion
In this paper we study the problem faced by a DMwho
must select an action to maximize a reward function
that depends on an unknown parameter that the DM
can learn through experimentation. The DM has to de-
cide dynamically which experiment to conduct and
when to stop the experimentation. We adopt a novel
diffusion-asymptotic analysis technique that relies on
simultaneously increasing the frequency at which ex-
periments are conducted and decreasing the degree of
informativeness of each experiment. By doing so, the
limiting experimentation process remains comparable
to the “unscaled” process in terms of the informative-
ness per unit of time. This scaling fits many practical sit-
uations, specifically, online experimentationwithwhich
the velocity of data are always contrasted with their ve-
racity. The diffusion model we obtain provides a num-
ber of important insights with respect to the nature
of the problem and its solution. Interestingly, we also
suggest a universal approach to unscale the diffusion
approximation and derive a heuristic for the original

problem, that is, in the nonasymptotic regime, which is
extremely relevant from an implementation point of
view. Although the model that we study in this paper is
very general, we have tested our solution approach in
the context of an assortment-selection problem in which
the experimentation is driven by consumers’ choices
over menus of products. As a by-product of this analy-
sis, we derive a diffusion limit for a belief process that
is governed by an MNLmodel. Given the popularity of
the MNL model to represent consumer preferences,
we believe that our diffusion analysis and approxima-
tion have applications beyond the one discussed in this
paper.

Our work opens also some interesting and natural re-
search avenues. The diffusion approximation obtained
by counterbalancing large sample sizes with little infor-
mativeness is revealed to be extremely effective and
suggests that such approach should be considered in
other related settings in which it might offer new ap-
proximations that complement those obtained by scaling
only one parameter (e.g., the sample size). The recent ar-
Xiv manuscripts by Wager and Xu (2021) on MAB and
Zenios and Wang (2021) in the context of clinical trials
represent another confirmation of this claim. One ingre-
dient of ourmodel thatmade some of our analysesmore
tractable is the discrete set of experiments available to
the DM from the start. In Section 5.1, we briefly discuss
the design of the experimentation set in away that lever-
ages our model setup and analysis. We believe this is an
interesting avenue to explore further by adopting proba-
bly a continuous and infinite set of possible experiments
from which the DM selects dynamically the ones that
are more effective for learning. Finally, our assumption
that the unknown parameter takes only two values is re-
strictive, yet this assumption is an important first step
in unravelling the multiple layers that the problem and
the approach followed have to offer. The multihypothe-
sis case requires a much more complex analysis and is
left for a future work. We believe, for instance, that the
principle of maximum volatility is preserved yet would
require an adaptation of the definition of volatility to ac-
commodate the multidimensional processes involved.
As a result, the optimal experimentation becomes state
dependent, and the diffusion limit of the belief processes
requires even more advanced machinery than the one
used in the two-hypothesis case. We also conjecture that
the optimal stopping problem would again decouple
from the dynamic experimentation. However, finding
the stopping regions in this multidimensional setting
will not be easy to characterize (see Dayanik et al. 2008)
in the case of a compound Poisson process.
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Endnotes
1 Making the wrong selection has even driven many major brands
to discontinue some of their products shortly after introduction (see
“Sell Big or Die Fast,” New York Times, J. Wortham and V.G. Kopyt-
off, August 23, 2011).
2 We refer the reader to the spot light articles of the March–April
2020 issue of the Harvard Business Review.
3 This is a site on which anyone can design a T-shirt and submit it to a
weekly contest. Viewers vote for their favorite T-shirts, the winning
designs are selected for production, and their designers get rewarded.
4 To be precise, the probabilistic framework that we consider is
defined by a probability space (Ω,F ;P0,P1) equipped with two
probability measures P0 and P1. For each δ ∈ [0, 1], we associate a
probability measure Pδ � δP0 + (1− δ)P1 and let Eδ[·] denote its ex-
pectation operator. Finally,Θ is a Bernoulli random variable that sat-
isfies Pδ(Θ � 0) � δ.
5 This description assumes that the outcomes of the experiments are
instantly observed. Alternatively, we can think that each experi-
ment takes an exponential random time (with rate Λ) to generate an
outcome and only at this point in time can the next experiment be
set. As a result, the outcomes of the experiments follow again a
Poisson process with rate Λ. For instance, in the crowd-voting ex-
ample mentioned in the introduction, experimentation occurs when
a customer arrives to the online platform and votes, which we mod-
el as a Poisson process. See Section 6 for more details.
6 The notion that an experiment dominates another one is similar to the
notion that an experiment is more informative than another one as dis-
cussed in Blackwell (1951) (see also Lindley 1956 and Le Cam 1996).
7 In Sections 5 and 6.2, we show how to interpret and operationalize
our asymptotic scaling in practical settings.
8 During the voting phase, we assume that the arrival rate of votersΛk

is O(k), but during the selling phase, the arrival rate Λk
s does not need

to be of the same order and could drop toO( ��
k

√ ). In this case, the differ-
ent payoffs between the two hypotheseswould still be significant.
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