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Economic Operation of Droop-Controlled

AC Microgrids

Rabih A. Jabr

Abstract—Linear droop control is a standard approach for the
decentralized operation of AC microgrids. While the traditional
design of the real and reactive power droop functions does not con-
sider economic aspects, recent approaches present modifications
to enable least-cost operation. This paper proposes mixed-integer
conic programming (MICP) for computing the real and reactive
power droop parameters from a stochastic optimization frame-
work that captures several snapshots of the microgrid’s operation.
The model permits distributed generation to switch between grid-
forming and grid-feeding modes. Unlike previous works, MICP
provides droop parameters that are globally optimal for the design
scenarios. Numerical results show that using traditional linear
cost-based droop design methods may result in voltage magnitude
violations. In contrast, the proposed method gives a solution free
of violations and is yet more economical.

Index Terms—AC microgrids, droop control, economic dispatch,
optimization methods, power-sharing, voltage control.

NOMENCLATURE

ok Bk Binary variable denoting the choice of the k"
real/reactive power droop gain from a discrete
set.

c’g“j Slope of the piecewise linear cost function of
generator j over the k' segment.

C;(Py;) Cost function of generator j evaluated at ;.
Set of branches.

pis) /M6 ®5) " Binary variable associated with the

real/reactive power big-M constraints of
generator i over the k*" choice of droop gain
during scenario s.

f System frequency.

fm No-load frequency setpoint of generator .

i (s) / AES) Binary variable denoting generator’s ¢ opera-
tion at the lower real/reactive power dispatch
limit during scenario s.

71(.5) /Xl(-s) Binary variable denoting generator’s i opera-
tion at the upper real/reactive power dispatch
limit during scenario s.

9i/b; Shunt conductance/susceptance at node j.
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Correction factor of generator ¢ in the maxi-
mum/average cost-based scheme.
Real/reactive power droop gain of generator .

Ekth choice of the real/reactive power droop
gain of generator :.

Average cost-based real/reactive power droop
gain of generator 1.

Maximum cost-based real/reactive power
droop gain of generator .

Traditional real/reactive power droop gain of
generator 4.

Ekt" choice of the reactive power droop gain
of generator ¢ in the function of the squared
voltage magnitude.

Squared current magnitude in the branch 7.
Lower real/reactive power big-M parameter
for generator i at the k*" choice of droop gain.
Upper real/reactive power big-M parameter for
generator 7 at the k** choice of droop gain.
Number of nodes.

Number of piecewise linear segments in the
cost function.

Number of droop gain choices in a discrete set.
Number of generators.

Number of scenarios.

No-load squared voltage magnitude setpoint
of generator 1.

Squared voltage magnitude at node :.
Real/reactive power demand at node i.
Real/reactive power of generator i.

Real/reactive power of generator ¢ in its dis-
patch range during scenario s.

Real power of generator j at the k'" break-
point.

Real power of generator j in the k*" segment.
Real/reactive power flow in the branch 7.
Real/reactive power injection at node j.
Probability of occurrence of scenario s.
Resistance/reactance of branch 7.

No-load voltage magnitude setpoint of gener-
ator 1.

Voltage magnitude at node :.
Minimum/maximum value of a quantity.
Value of a quantity in scenario s.
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I. INTRODUCTION

HE increased integration of distributed generators in distri-

bution grids has propelled the evolution of microgrids that
can operate in grid-connected or islanded modes. The control of
microgrids is generally hierarchical and comprises three control
levels as described in [1]. In islanded AC microgrid operation,
which is the central theme of this work, two control levels are ap-
plicable: primary control and secondary control [2]. The primary
control is classical droop control for synchronous generators and
has been adapted to inverter-based distributed generators. It aims
to divide the load demand amongst the distributed generators
in proportion to their power ratings [3]. Classical droop control
inherently assumes that the line has a high inductive reactance to
resistance ratio, typical of high-voltage AC networks. Nonethe-
less, droop control is still applicable in low and medium-voltage
AC microgrids with the help of the virtual impedance [4]. As
the load varies, primary control allows the distributed generators
to share the power autonomously but giving rise to steady-state
frequency and voltage deviations. Secondary control restores the
frequency and voltage deviations while dispatching the energy
sources economically.

The secondary control is ideally centralized and achieves very
economical operation, but it commands extensive communica-
tion requirements and needs high-performance computation to
manage large amounts of data [5], [6]. Additionally, central-
ized secondary control raises reliability concerns linked with
single-point failures [4]. Therefore, the consensus algorithm has
been proposed as a solution to overcome the shortcoming of
centralized control. The consensus algorithm is implemented via
distributed control, which is surveyed in [7]. It aims to achieve
agreement on a data value amongst distributed systems, in this
case, the distributed generators and the processes controlling
them. For economic dispatch, an ideal choice for the data value
that the generators need to agree on is the incremental system
cost in the well-known equal-lambda criterion [8], [9]; the
formulation can include transmission losses [10] and power
dispatch limits [11]. Unfortunately, the distributed consensus
methods rely upon each generator knowing the system power
mismatch, which remains a challenge for totally distributed
systems. However, a promising solution that combines both
the consensus protocol and frequency control has been recently
reported in [12]. Furthermore, the accuracy of the consensus
algorithm is also dependent on data exchange via a communica-
tion network, although such a network is not as extensive as in
the centralized case. Ref. [13] proposed a compartmentalization
strategy to simplify the communication structure further and
reduce the dependency on communication networks, and [14]
discussed including demand response within the distributed
optimization for economic dispatch.

At the other extreme, economic dispatch-based decentralized
control strategies do not require a communication infrastructure.
Instead of having the least cost operations entirely relegated to
centralized or distributed secondary control, it is possible to in-
clude the generation economics into primary generation control
through modifying the droop control law. There are different
modification strategies for the nonlinear droop curves: in the
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function of the incremental cost [15]—[17], based on the relative
values of generation cost [18], or a combination of integer and
fractional power functions whose parameters are obtained by an
optimization heuristic [19]. The real and reactive power droop
modification method in [20] is also based on the relative cost
function values. Still, it gives rise to simple linear characteristics
with the plug-and-play flexibility of existing implementations
maintained.

This work proposes a stochastic optimization framework to
compute active and reactive linear droop curve parameters, i.e.,
the no-load setpoint and droop gain, while considering the oper-
ational economics of units with practical nonlinear convex cost
curves, as reported for example in [18], [20]. Although the droop
curves are linear to maintain compatibility with the classical
droop implementation, the no-load setpoints and droop gains are
computed from a mixed-integer conic programming formulation
that can provide optimality guarantees for the combination of
chosen system snapshots. Such assurances are not available from
the above surveyed decentralized methods. Furthermore, the
proposed framework considers a conic network model for each
snapshot representing a decentralized operation [21], thus alle-
viating potential voltage magnitude violation problems that may
appear under droop control. Finally, the distributed generators
are modeled via grid-forming or grid-feeding modes, depending
on the operating region [22]-[24]. Out-of-sample analysis shows
performance very close to what can be anticipated from a fully
centralized operation. Recent work has also demonstrated the
effectiveness of mixed-integer convex programming design in
the context of DC microgrids [25].

This paper focuses on designing the real and reactive power
linear droop control laws, a simple and practical format of droop
control. The article is the first to propose a formulation that
provides a globally optimal solution for a predefined set of
scenarios; this is the paper’s main contribution. The originality
is in setting the control parameters in a way much better than ex-
isting techniques and yet remaining compatible with the current
hardware implementations. The rest of this paper is organized
as follows. Section II reviews the classical linear droop control
paradigm with some modifications for cost-based dispatch [20].
Then, Section III presents the stochastic optimization framework
for droop controller design via mixed-integer conic program-
ming. Numerical results are given in Section IV and contrast
the effectiveness of the proposed controller designs with those
from Section II, in addition to a globally optimal centralized
solution [26]. Finally, the paper is concluded in Section V. The
Appendix includes the details of power flow implementation
with droop control, as it is required in the comparative analysis.

II. DROOP CONTROL

Distributed generators in a microgrid commonly adopt linear
droop control for sharing the real and reactive power load-
ing. This section discusses the classical scheme for choosing
the parameters of the droop straight-line relationships and a
recent modification geared towards the economic operation.
The distributed generators are connected at nodes 1 to n, and
are referred to below by their connection node number. Each
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generator has a convex cost function C’,;(Pg,; ), whose general
format is given in [20], and where P,; is the generated real
power.

A. Traditional Linear Droop Scheme

The traditional linear droop method allows the generators to
share their real and reactive power in proportion to their power
ratings [3], [20]. Eq (1) is the real power linear droop equation
depicting how the system frequency drops gradually with the
actual real power generation Py;. Two parameters define the real
power linear droop equation: f™#*, the maximum frequency, and
K17, the real power droop gain computed in (2). In (2), f min
is the minimum frequency, and Pgi** is the rated real power
generation. Similarly, (3) is the reactive power droop equation,
and (4) is the reactive power droop gain. In (3) and (4), V; is the
voltage magnitude of the generator connected at node 4, V;™"
and V;"'%* are the minimum and maximum values, @Q4; is the
actual reactive power generation, and (;** is the rated reactive
power value.

f= 1" = KpiPy, i=1,...,n4 (D
fmax _ fmin
KtT‘ S 2
Pi pmax ( )
gi
Vi =V — KGQgiy i =1,...,ng )
Kt’l‘i — % (4)

gt

B. Cost-Based Linear Droop Schemes

Ref. [20] modified the real and reactive power droop gains
so that the generators economically share the load power. Two
schemes are proposed: the first is based on the full-load gener-
ation cost and the second on the average generation cost.

1) Maximum Cost-Based Scheme: The maximum cost (mc)
scheme for droop control ((5) and (7)) employs the power droop
gains given by (6) and (8). The droop gains in the maximum
cost-based scheme are formed by the traditional droop gains
multiplied by a correction factor K for each generator-i.

,max
Ref. [20] defines the correction factor in (9), where C7 . is
the full-load cost of the generator-¢ minus the no-load cost,
all normalized by the maximum power rating. The rationale
behind the choice of the correction factors is that the least costly

generators must contribute most of the load power.

f=fMm KPP, i=1,...,n4 5)

Kpf = KpiK] nax (6)

Vi =V — K30Qgi, i=1,...,n4 (7

KGf = KGiK{ max (8)

K nax = Clima 9)
T max (s Clar 5 Ol )

2) Average Cost-Based Scheme: The average cost (ac)
scheme is similar to the one above, except for the generator
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Fig. 1. Piecewise linear cost curve with n. = 3.

correction factors (12) used in calculating the droop gains (10)

and (11). C7,, in (12) uses the average cost of generator-i instead

of the full-load cost as in (9).

K$ = KB K, (10)
K& = Kg, K ., (11)
i Cz(,av
Ki,av = : (]2)
max (Cf oy Ol s Ol )

III. MIXED-INTEGER CONIC PROGRAMMING FOR DROOP
CONTROL DESIGN

The cost-based schemes described above reduce the opera-
tional cost as compared to the traditional droop control [20].
The straight-line parameters (no-load setpoint and droop gain)
in subsection II-B are heuristically obtained, and therefore their
computation using formal optimization theory is expected to
give lower operational costs. Additionally, the heuristic tun-
ing of the droop gains does not account for the microgrid
network model, thus permitting voltage magnitude violations
during droop control. This section proposes a mixed-integer
conic programming (MICP) formulation for designing the droop
controllers; the formulation employs several snapshots of the
system represented via its conic network model in a stochastic
optimization framework.

A piecewise linear formulation (13)—-(16) can approximate
the distributed generator convex cost curves as given in [20].
In the approximation, the cost curve is represented by n.
linear segments interpolating between n. -+ 1 breakpoints:

k k Ne Ne
(Py7 Ci(Py)): o (P O3 (Py)). o (P C5(Py )

93 g3 > .
Fig. 1 shows an illustration for n. = 3. The abscissa of the first

. 0) . .. . 3
point P;j) is the same as the minimum generation Pg;™, and

the last point, Pg(;“), coincides with the maximum generation
Pi*. Eq (16) gives the slope of each interpolating segment.

j=1,...,n, (13)

93 93~ 937
k=1

Cj (ng) = Cj (P(O)) + Ck»Pk
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Py =Fy + 3Py, (14)
k=1
0< P <P® PO o1 g, k=1, n,
(15)

(k) (k-1)

o _a@m)-am”)

93 (k) (k-1)
ng ng

j = ]-7 ,TLQ7 k - ]-7 7nc (16)

A. Conic Network Model

The conic network model is a relaxation applicable to ra-
dial networks that allows recovering global solutions of some
optimal power flow (OPF)-type problems. The conic network
model was first proposed using the bus injection relaxation [27]
and later using the branch flow relaxation [26]. The conic model
adopted herein employs the branch flow relaxation as it avoids
subtracting variables with similar values, thus giving better
numerical computing characteristics [28]. The minimum cost
branch flow conic OPF [21] is given by (17)—(26):

g
minZC’j (Pyj) a7
j=1
Z Z —riiliy) + gjv, §=1,.
k:j—k 11—
(18)
QJZZQj}C_ZQZj Lij zg)+bijj—1
k:j—k i ]
(19)
vi =vi = 2(rijPy + 2;Qui;) + (r; +a) by, V(i,j) € E
(20)
vilij 2 P+ Q% ¥(i,j) € E @n
o ng—de, jzl,...,ng
by { —Py, j=ng+1,...,n 22)
Qg]_de7 jzla"'7ng
= . 23
Q; { —Qgj, Jj=ng+1,...,n (23)
Qmm < Qg] < QmaX7 ] 1,... ;g (24)
I <y <y =1, (25)
fmin < g < (i ) € B 26)

where:

® 7, is the number of nodes,
FE is the set of branches,
r;j/x;; is the resistance/reactance of branch ij,
g;/b; is the shunt conductance/susceptance at node j,
P;/Q); is the real/reactive power injection at node j,
P;;/Q);; is the real/reactive power flow in the branch i,
£;; is the squared current magnitude in the branch ¢j, and
v; is the squared voltage magnitude at node <.
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Egs. (22)—(23) distinguish between power injections at load
(subscript d) and generation (subscript g) nodes, and (24)—(26)
impose operational min/max limits on reactive power generation
@ 4i, squared voltage magnitude v;, and squared branch current
;5. The limits on real power generation are implicitly implied
through the piecewise linear cost equations (14)—(15).

The following vectors are introduced to simplify the presen-
tation in the remainder of this paper:

® by =[ly:(i,]) € E]

® Pb:[Pij:(Z])EE] Qb [Qz]~(i7j)€E]

L4 Pd:[Pdi.Z—l,..., ]Qd—[Qdi:i:].,...,n}
° Pg:[Pgi:izl,...,ng],ng[Qgi:izl,...,ng]
e v=[y:i=1,...,n]

The conic OPF problem given by (17)—(26) and (13)—(15)
can then be placed in the compact form below, where P, and Q4
are input parameter vectors to the optimization problem, and the
remaining vectors are computed from the optimization problem.

minC (P,) @7)
F(EbvpbvpdapgaQb,Qdanay) <0 (28)

B. Conic Programming-Based Droop Design Scheme

The conic OPF (27)—(28) forms the basis of computing the
real and reactive power droop relationship parameters using
a stochastic optimization formulation. Consider ns snapshots
of the network that include different load scenarios and possi-
ble contributions from non-dispatchable distributed generators
modeled as negative loads. The load scenarios and contribu-
tions from non-dispatchable distributed generators are in prac-
tice obtained from historical observations. Let p(*) denote the
probability of occurrence of a particular scenario. The conic
programming-based stochastic optimization formulation mini-
mizes the expected cost of operation given by (29), subject to
the network and operational constraints in each scenario (30),
the scenario frequency being between its limits (31), and the
droop control rules that couple the manner of real and reactive
power dispatch across the various scenarios as discussed in
11-B1-11I-B2.

mini p(s)C (Pg(s)) (29)
s=1
(g(s') P() p(@) P(s Q( )Q(‘;) Q. (s) V(s))
<0s=1,...,ng (30)
frin < P < s =1, n, 31)
1) Real Power Droop: The real power generation Pg(f )ina

given scenario is given by (32), where the real power droop equa-
tion is f(®) = fo; — Kplpji(s). When Pg(f) is at the minimum
generation value Pmln the scenario frequency f(%) is greater
than or equal to the maximum(sgrequency given by the droop

relationship. Similarly, when P ; is at the maximum generation

value Pji*, f () is less than or equal to the minimum frequency
value of the droop relationship. Other than the extreme limits,
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P( *) can be equal to P ; d(s) , which is related to the scenario fre-
quency using the real power droop equation. Note that operation
at the limits is consistent with the grid-feeding mode, whereas
the droop relation applies to grid-forming [22]-[24].

F)mln7 f(s > fOL KpiPmin

ngis) = d(é , 9 = fo *qupd(b

Pmax7 f(s < fO’L KP?,PmaX
1=1,...,ng, s=1,...,n4 (32)
poin < pOY < pmex =1 ng, s=1,...,n, (33)

The optimization solution gives the optimal choice of the linear
droop parameters, i.e., fy; that varies in a continuous range
(34), and the droop gain Kp; that can take values from a
discrete set (35). A discrete set allows turning the problem into
a mixed-integer conic program by avoiding the bilinear terms
in the middle equation of (32), as described in subsection III-C.
However, if any of the droop gains is represented as a continuous
variable, its bilinear term will give rise to a non-convex contin-
uous relaxation, making it impossible to use MICP to achieve a
global solution.

mln<f02<fmaxai:17"'ang (34)
Kp; € {K}}},...,K}Qd’}, i=1,....ny (35

2) Reactive Power Droop: Eqs. (36)—(39) for the reactive
power droop parallel the presentation of (32)—(35) for the real
power droop. Thus, in a given scenario, the reactive power gen-

eration Q(S-) can be at the minimum value Q™™, the maximum

gr >’

value Q;*, or at a value Qz(«s) governed by the reactive power

droop equation 1/( = vy — KQde(S)~

( ) g;in7 1( ) Z Voi KQC’L rnln

Qgi = QQES)v 1( ) = o5 KchQgrLS)

Igr:;ax’ Z( ) S I/ KQC,LQmaX
1=1,...,ng, s=1,...,n4 (36)
Qun < QW < i=1,...,ng s=1,....,n, (37
VI <y < U =1, Mg (38)
Koo € {Kg) o KGD Y, i=1,0 0, (39)

The proposed droop control schemes apply to dispatchable
distributed energy generation technologies such as combustion
turbines, cogeneration, energy storage systems, microturbines,
and reciprocating engines [29]. In this case, acommonly adopted
model of the real (33) and reactive (37) power dispatch region is
a box bounded by the lower and upper real and reactive power
limits [20].

C. Big-M Method

The mathematical programming formulation having the con-
ditional choice constraints (32) and (36) is not directly in the
format of MICP. In addition, although the discrete sets (35) and
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(39) avoid the bilinear terms and retain the convexity of the
continuous relaxation, they necessitate the introduction of big-M
constraints in the model. Both of these aspects are described
below.

1) Real Power Droop: The real power generation conditional
choice-value in a given scenario (32) is modeled using two
binary variables, 72(-5) and 71(-8), as shown in (40). The sum
of the binary variables is restricted to a maximum of one, as
shown in (42), thus either one of the binary variables is one, or
they are both zero. The setup together with (43) leads to three
(s)

distinct cases: v;

=1 giving P(S) prn, 75 ) =1 giving

Pg(s) P2, and lgs) = 71(‘ *) = 0 giving P(S) Pgdi(s).When
Pg(; ) — P;i(g), the value of sz’( $) will be related to the scenario

frequency via the linear droop equation for the specific choice
of the real power droop gain. This is modeled using the big-M
constraints (44), where nggl ) is zero only when fy( ) = fy(s) 0
(i.e., the linear droop is used for generator-¢ in scenario-s) and
ozl(-k) =0 (i.e., the k' droop gain is chosen for generator-i), as
given by the OR function (45). Eq (46) allows only one binary

variable agk) to be zero over k = 1,...,ng4, corresponding to
the choice of the k" droop Kp (k) . Therefore K p; is given by
(48), where only one of the K, ( ) values survives the product.

The values of the big-M parameters M }D’?* and M I(JIZH in (44)
are given in subsection III-D.

P;zs) — lgs)P;?in +§ES)P;Z‘1ax + PZ(S)

t=1,...,ng, s=1,...,n4 (40)
2 e {0,1}, 71 € {0,1} (41)
¥ +7 7 <1 i=1,...,ng s=1,...,n, (42)

min () =(s) d(s) max _ A8 =09

Py (1 L‘s Vi )SPgi < Py (1 lis 71’)

1=1,...,ng, s=1,...,n4 (43)

MI(:)I?_ (’i9)<fs)_f —|—K )Pd()<M(k) g?S)

i=1,....,ng, k=1,...,nq, s=1,...,n4 (44)

k,s) i

ng = OR (117 +51, 0" )

t=1,....,ng, k=1,...,nq9, s=1,...,n4 45)

Z J=ng—1,i=1,...,n, (46)

k=1

ol e 0,1}, i=1,...,ng k=1,...,n4 (47)
nd

Kpi=> KU (1—a£k))7 i=1,....n (48)

k=1

Egs. (49) and (50) define the frequency limits of the real power
droop equation. Eq (49) ensures that the droop relation evalu-
ated at minimum generation is less than the maximum allowed
frequency, and (50) states that the droop equation at maximum
generation is greater than the minimum allowed frequency. Eqs
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(51) and (52) model the limits of the scenario frequency corre-
sponding to P’{nln and Pi**, as described in the first and last

equations in (32). Consider for illustration (51). When l(-s) =1,

i.e., corresponding to Pg(f) = P}™ as in (40), the left-hand side
of (51) will be greater than or equal to zero as desired. However,

when l(s) = 0, meaning that Péf )

. = is not at its minimum value,
(51) reduces to (53), which is dominated by f(¥) > fmin jp
(31) due to the constraint (49). Similar reasoning justifies the

left-hand side of (52).

Joi = Kpi Ppi™ < fox (49)
SR < foi — Kpi P
i=1,...,n (50)

f(s) — foi + KPinr?in > (fmin N fmax) (1 _lgs)>

i=1,...,ng, s=1,...,n4 (G20

f(s) _ fOi + KPiP;rilaX < (fmax _ fmin) (1 _758))

i=1,..., (52)

ng, s=1,...

(fmax _

7”8

f&) > pmin foi + Kp;i PEM) (53)

2) Reactive Power Droop: Eqs. (54)-(66) are the direct
counterparts of (40)—(52) for reactive power droop. The reactive
power generation conditional-choice value for a given scenario,
as defined by (36), is formulated by using two binary variables
Lz(»s) and XES) , as in (54). The choice of the reactive power droop
gain is again using the binary variable Bi(k) , where the OR func-
tion (59) with inputs ({*) + XES)) and 8*) switches the reactive
power droop relation on or off (58). The three conditions in (36)
map to the big-M formulation constraints (58) and (65)—(66).
The relations imposed on the binary variables allow only one of

the equations in (58), (65), and (66) to effectively constrain the
model for a given generator in a particular scenario.

Q;SZ-) s)Qmm S)me n Qiz('S)

i=1,...,ng, s=1,...,n4 54)
A eqo,1y, 7 e 0,1} (55)
AT <1 im0, g, s =1, 0, (56)

min (s) =(s) d(s) max (s) +(s)
Qun (1-20 = 27) < @ < Qe (1-2 - 7Y)

1=1,...,ng, s=1,...,n4 57
M) 0™ < v — v+ KouQy” < Mg g

izl,...,ng,kzl,...,nd,s:l,...,ns (58)
A = om (3 5 5)

i=1,....,ng, k=1,...,nq9, s=1,...,n4 (59)
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ng
S =na-1,i=1,....n, (60)
k=1
Mefo,1},i=1,...,ny, k=1,...,n4 1)
Kqei = ZK& (1-87),i=1...on (62)
k=1
KQCZlen < Vrna.x (63)
V;;’l’lln S VOZ KQCZ max
t=1,...,n4 (64)
VZ(S) — voi + KQciQ;r;in > (V;nin _ Vlmax) (1 7A55))
1=1,...,ng, s=1,...,n4 (65)
Vz'( s) _ Voi + KchQmaX < ( Zmax _ V{nin) (1 _XES))
i=1,...,ng, s=1,...,n4 (66)

D. The OR Function Implementation and Big-M Parameters

The OR function in (45) has two inputs: (lz(-s) + WES)) which

can be either zero or one, and the binary variable al(-k). Thus,
the function can be equivalently written in terms of the linear
constraints (67)—(70). A similar set holds for the second OR
function in (59).

0< ) <1 (67)
n(k-’s) > ,y( 5) 4 7<s> (68)
& > o (69)
) <2047 ol
i=1,...,ng, k=1,...,nq9, s=1,...,n4 (70)

The big-M parameter values in (44) and (58) should be large
to the extent that they do not affect the optimal solution when
the droop gains are not selected. However, setting them to an
arbitrarily large value may result in ill-conditioning and affect
the convergence of the search method. To determine the smallest
possible values of the big-M parameters in (44), consider two
cases. First, consider that when Pgdi(s) is zero from (43), the

expression within bounds reduces to f(¥) — fo;, and the corre-
sponding right-hand side (RHS) and left-hand side (LHS) limits
are set to fmax — fumin gpg fmin _ fmax regpectively. Second,
consider that P;Z-(S) is nonzero, and assume that the optimal
setting of the real power droop gain is K7, as shown in (71).
Therefore, the value within limits in (44) is given by (72). Be-
cause K 5, is initially unknown and 0 < Pin < pP{*) < pmax,
the big-M parameters can be set as in (73)—(74), where the
discrete set of gains is assumed to be ordered (0 < Kl(;li) <

< KW < K'Y and the maximum droop gain K %)
is given by (2). Combining the expression of the big-M limits

d(s) - . .
for the cases when P, *) is zero and nonzero gives the desired
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result in (75)—(76).
f& — for =

* pd(s)
—KPini ,i1=1,...,n4, s=1,...,n,

(71)
A = O — o+ K PO < (K — K3, P20
(72)

i=1,....,ng, k=1,...,nq9, s=1,...,n4

Agfl)-‘r _ <K1(:Jkl) _ ng)) Pgnilax < Kg;d)P;;ax _ fmax _ fmin

(73)
AR = () - ) Py 2 —K e

_ pmin _ pmax o
My = o — min (f ) 5)
Mp))™ = o = max (f5™, ) (76)

Furthermore, if 0 < Qr(f;lin < Q(C;) < QEY, the big-M param-
eters for reactive power droop gains are similarly given by
(77)-(78).

min

Mg;” =" —min (I/O,L- ,V{nin) (77)
Mg?* = M max (V5 pmex) (78)

E. MICP Solution in Linear Droop Implementation

The desired MICP problem is given by (29)—(31), (33)—
(34), (37)—(38), (40)—(52), and (54)—(66) with the OR function
represented as in (67)—(70). Solving the MICP problem gives
the following parameters for each distributed generator-i: fy;,
Kpj, vy;, and K.;. Therefore, the corresponding linear droop
equation for real power is given in (79). For reactive power
droop, the equation is linear in terms of the squared voltage
(80). For use in the regular linear droop implementation, (81)
can be approximated by (82) with K; evaluated at one per-unit
node voltage (82), as shown in the development below.

f=1Jfo—KpiPgi, i=1,...,n4 (79)

V2 =VE — KgeiQgi, i=1,...,n, (80)

(V; - Vbz) (‘/z + ‘/E)z) = _KQcngiv i = 17 sy Mg (81)

Vi 2 Voi — KqQiQgi, 1 =1,...,n4 (82)
KQci

Ko = 83

T TV ®

IV. NUMERICAL RESULTS

The MICP method for droop-controller design was in Matlab,
and CPLEX was used for solving the MICP test instances [30].
The testing was carried out on five radial AC microgrids with
4,9, 43, 84, and 136 buses operated in island mode. Table I
shows the number of nodes n, the number of branches n;, the
number of distributed generators n4, and the original reference
for the network data. The number of buses includes the addi-
tional generation nodes for connecting the distributed generator
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TABLE I
TEST SYSTEM STATISTICS

[n | 4 [ 9 [ 43 [ 84 | 136 ]
n, | 3 8 | 42 [ 83 [ 135
ng | 3 3 5 8 8
ref. | [20] | [32] | (321 | (331 | [34]

impedance. Following [20], the MICP design considers three
loading snapshots at high, medium, and low levels with equal
probability values. Each generator’s real and reactive power
droop gain was allowed to vary in a discrete set of ten equally
spaced values (ng = 10). The maximum value in the set is equal
to the value from traditional droop control, i.e., (2) and (4). Thus,
each set comprises ten droop gain values equally spaced between
the maximum value divided by ten and the maximum droop gain
value. The complete data sets that would allow replication of the
results in the paper are available for download from [31]. Two
MICP designs were computed for each system:

e MICP-F: The MICP design as described in Section III with
the no-load frequency and no-load voltage fixed at their
maximum value. The minimum limits in (34) and (38) are
set equal to their maximum values, so the droop control
design parameters are the real and reactive power droop
gains (K p;, K¢;). The MICP-F solutions only optimize
the gains, as in the schemes described in subsection II-B.

e MICP-V: The MICP design as described in Section III with
both the controller no-load setpoints ( fo;, v0;) and gains
(Kpi, Kgi) as variable design parameters.

MICP-V, therefore, has more degrees of freedom as compared
to MICP-F. The MICP designed controllers are contrasted with
three different designs:

e Trad: The traditional linear droop scheme [3] as described

in subsection II-A.

e Max-CB: The maximum cost-based linear droop
scheme [20] as described in subsection II-B1.

® Av-CB: The average cost-based linear droop scheme [20]
as described in subsection II-B2.

The controller design results for all methods and systems are
available for download from [31]. Comparing the five droop
control designs (MICP-F, MICP-V, Max-CB, Av-CB, Trad)
requires simulating the microgrid using power flow under droop
control. The Appendix introduces the Newton-Raphson based
microgrid power flow method and its validation by comparison
with the laboratory hardware implementation in [20].

Table II shows the average percentage increase in operational
cost from MICP-F, MICP-V, and the above three methods
compared to the cost from a centralized conic OPF solution
(27)—(28). The conic OPF gives a global dispatch solution but
does not rely upon droop control, making it an ideal benchmark
for cost calculations. The average cost calculation in Table II is
done over the three scenarios considered in the MICP designs
and then under 100 load scenarios equally spaced between
minimum and maximum loading and correspond to conforming
changes in power injections. In the conforming case, loads in the
microgrid are assumed to follow a similar rise and decline pattern
during a day. Thus, in principle, the one hundred load scenarios
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TABLE II
PERCENTAGE INCREASE IN COST RELATIVE TO CENTRALIZED DISPATCH
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TABLE IV
MAXIMUM VOLTAGE MAGNITUDE VIOLATION [PU] AT A SINGLE NODE —
AVERAGE & MAXIMUM OVER 100 CONFORMING SCENARIOS & 1000

‘ Ns ‘ n ‘ 4 ‘ 9 ‘ 43 ‘ 84 ‘ 136 ‘ NON-CONFORMING SCENARIOS
VIVS-F 4.07 3.13 2.08 2.86 2.06
VIVS-V | 0.00 | 0.00 | 020 | 0.06 | 0.03 [ [ n J4TJ9[ 43 [ 84 [ 136 |
3 (sample) Max-CB 8.31 6.15 5.70 4.99 3.55 MICP-F | 0 | O 0 0 0
Mean-CB 7.85 5.76 6.18 5.01 3.53 Av. MICP-V | 0 | O 0 0 0
Trad 24.94 19.03 17.74 13.93 10.25 ns = 100 Max-CB | 0 | O 0 1.84E-03 | 7.12E-04
VIVSF 354 331 116 122 081 (conforming) | Av-CB 0] 0 0 2.21E-03 | 9.01E-04
VIVS-V 0.65 070 038 0.06 0.03 Trad 0] 0 1.43E-03 | 7.45E-03 | 3.16E-03
O i Max-CB | 754 | 601 | 437 | 339 | 2.8 MICPF [0 0] 0 0 0
(conforming) 7o "CB 7.09 | 5.66 | 471 | 330 | 2.20 Max MICP-V [0 [ 0 0 0 0
Trad 2589 | 2053 | 17.18 | 13.28 | 9.80 ns =100 | Max-CB | 0 | 0 0 1.59E-02 [ T.I8E-02
NS e o [ [oar] | S A [OTTE o T e
1000 (non- VIVS-V 0.74 0.33 0.06 0.06 0.02
conforming) | _Max-CB_[ 770 430 | 237 [ T06 | 053 MICP-F | 0 | 0 0 0 0
&) ["Mean-CB | 722 | 386 | 307 | 118 | 039 Av.mg, = | MICP-V | 0 | 0 0 0 0
Trad 26.13 20.33 16.45 12.64 951 1000 (non— Max-CB 0 0 0 1.52E-05 1.18E-05
conforming) Av-CB 010 0 1.77E-05 | 1.35E-05
TABLE 11l Trad 0 | 0 | I.53E-05 | 1.56E-04 | 2.34E-05
PERCENTAGE OF NODES WITH VOLTAGE MAGNITUDE VIOLATIONS — AVERAGE Max 7. — M}ggs 8 8 8 8 8
.= »
& MAXIMUM OVER 100 CONFOR%ING SCENARIOS & 1000 NON-CONFORMING 1000 (non- [ Max-CB [0 0 0 15507 T TI8E-02
CENARIOS conforming) [ Av-CB | 0 | 0 0 T.776-02 | 135602
Trad 0] 0 1.53E-02 | 4.11E-02 | 2.34E-02
[ [ n [ 4 [ 9 [ 43 [ 84 [ 136 ]
MICP-F | 0 | O 0 0 0
Av. 100 MICP-V [0 [0 [ 0 0 0 TABLE V
ns = 1U Max-CB | 0 | O 0 2.30 | 0.88 TOTAL VOLTAGE MAGNITUDE VIOLATION [PU] AT ALL NODES — AVERAGE &
(conforming) | Av-CB | 0 | 0 0 2.67 1.02 MAXIMUM OVER 100 CONFORMING SCENARIOS & 1000 NON-CONFORMING
Trad 01]O0 2.87 11.38 2.41 SCENARIOS
MICP-F | 0 | O 0 0 0
Max MICP-V | 0 | O 0 0 0 ‘ ‘ n ‘ 4 ‘ 9 ‘ 43 ‘ 84 ‘ 136 ‘
Nng = IQO Max-CB | 0 | O 0 15.79 10.16 MICPE 1 0 1 0 0 0 0
(conforming) | Av-CB 0] 0 0 17.11 10.16 Av. MICP-V T 0 10 0 0 0
Trad | O ] 0] 4474 | 61.84 | 1094 ne =100 [ Max-CB | 0 | 0 0 TI7E-02 | 5.30E-03
MICP-F 01]0 0 0 0 (conforming) | Av-CB 0] 0 0 1.46E-02 | 7.18E-03
Av. ng = MICP-V [ 0 | O 0 0 0 Trad 0| O | 548E-03 1.05E-01 3.13E-02
1000 (non- | Max-CB [ 0 [ 0 0 0.01 0.01 MICP-E |0 ] 0 0 0 0
conforming) Av-CB 00 0 0.02 0.01 Max MICP-V | 0 | 0 0 0 0
Trad 0|0 0.04 0.28 0.01 ns = 100 Max-CB [ 0 | O 0 1.21E-01 1.10E-01
MICP-F 010 0 0 0 (conforming) | Av-CB 0] 0 0 1.41E-01 1.31E-01
Max ns = MICP-V 0 0 0 0 0 Trad 0 0 8.16E-02 8.76E-01 2.62E-01
1000 (non- Max-CB | 0 | O 0 13.16 10.16 MICP-F | 0 | O 0 0 0
conforming) Av-CB 0[]0 0 17.11 | 10.16 Av. ng = MICP-V [ 0 | 0 0 0 0
Trad 0 | 0| 44.74 | 61.84 | 10.94 1000 (non- | Max-CB | 0 | O 0 1.12E-04 | T1.10E-04
conforming) Av-CB 0|0 0 1.41E-04 | 1.31E-04
Trad 0| O | 816E-05 1.23E-03 | 2.62E-04
can be arranged to depict load variation between minimum and Max 1. — 11\\/[/[118;5 8 g 8 8 8
maximum loading, and they also present out-of-sample analysis 1000 (S}lon_ Max-CB T 0 10 0 TT2E-0T | T.I0E0I
for the stochastic MICP solutions. Additionally, 1000 samples conforming) | Av-CB | 0 | 0 0 141E-01 | 1.31E-01
Trad 0| O | 816E-02 | 8.76E-01 2.62E-01

of non-conforming power injections, representing loads that can
vary in an uncorrelated manner, are considered in the Monte-
Carlo simulations.The results show that MICP-F and MICP-V
are consistently better from an economic perspective for all test
networks, an expected result given that their droop relationships
are computed based on formal optimization theory. In particular,
MICP-F gives lower cost than Max-CB, Mean-CB, and Trad as
it allows optimizing the droop gains. On the other hand, MICP-V
that additionally considers optimizing the no-load setpoints,
yields costs slightly higher than centralized OPF.

Another advantage of the MICP solution is that it avoids
voltage magnitude violations. Tables III, IV, and V show the
extent of voltage magnitude violations experienced by the load
nodes over the 100 conforming load scenarios and the 1000
non-conforming load snapshots, as measured by the percentage
of load nodes with voltage magnitude violations (Table III),

the maximum voltage magnitude violation at a single node
(Table 1V), and the total voltage magnitude violation at all
nodes (Table V). The results in these tables show that the
droop schemes other than MICP give rise to voltage magnitude
violations at a significant percentage of load buses, with worst-
case violations in the traditional design method. This outcome
is consistent with the fact that the droop designs other than
MICP do not explicitly consider a microgrid network model.
No frequency violations were encountered in any simulation
when using the methods: MICP-F, MICP-V, Max-CB, Av-CB,
and Trad.

Table VI shows the CPLEX computing time and relative
optimality gap for solving the MICP test instances with default
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TABLE VI
CPLEX COMPUTING TIME [S] AND OPTIMALITY GAP [%]

[ [ n [ 4 1 9 ] 4 ] 84 [ 136 |
Gme 5] | 46 | 28 | 4041 | 900 | 900
MICP-F %] [ 00T [ 0.00 T 00T | 430 | 483
tme [s] | 15 | 18 | 8224 ] 900 | 900
MICP-V o 1% [ 00T [ 0.00 | 0.01 | 0.14 | 0.08

settings and a maximum allowed time of 15 minutes. The solu-
tion is computed on a MacBook Pro with a 2.9 GHz Intel Core
i5 processor and 8 GB 2133 MHz memory. For MICP-V, the
relative optimality gap is close to zero, and it is less than 5% for
MICP-F.

V. CONCLUSION

This paper presented a mixed-integer conic programming
formulation for designing droop controllers in an islanded AC
microgrid. The global optimality of the design can be ascertained
for a predefined set of scenarios in a stochastic optimization
framework; the formulation considers droop gain settings from
a discrete set and the no-load frequency and voltage as continu-
ous variables. Furthermore, the stochastic optimization problem
allows distributed generators to operate in grid forming or grid
feeding modes. The numerical results include comparisons with
the classical droop method, the linear cost-based power-sharing
schemes [20], and centralized generator dispatch [26]. Numer-
ical comparative results show that the proposed approach is
superior to the competing methods in both cost of operation
and voltage magnitude violations and are pretty close to the
centralized operation. The designs are also compatible with the
existing hardware technology of linear droop implementations.
Possible future research directions include solving the proposed
formulation in a distributed way and considering three-phase
unbalanced systems.

APPENDIX

The microgrid Power Flow (PF) solution uses a polar for-
mulation with n node voltage magnitudes and n node voltage
angles [32]. The angle at an arbitrary bus is set to zero, giving rise
to the following variables: n voltage magnitudes, (n — 1) volt-
age angles, ny real power generation values, n, reactive power
generation values, and the system frequency. The total number of
variables is, therefore, 2n + 2n,. The equations are n real power
injection equations (84) and (86), n reactive power injection
equations (85) and (87), n, real power droop equations (88), and
ng reactive power droop equations (89). Therefore, the variables
can be obtained from the nonlinear system (84)—(89) using
the standard Newton-Raphson method. Upon convergence, the
real or reactive power generation may exceed the prespecified
generation limits. In this case, the generation value is held at
the violated limit, and the corresponding droop relationship is
dropped from the system of equations.

Py —fp(V,0) =Py, i=1,...,n4
Qgi — fo (V,0) =Quai, i=1,...,n4

(84)
(85)
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TABLE VII
POWER FLOW VERIFICATION: TRADITIONAL DROOP CONTROL
[ [ Hardware PF [20] [ Newton Raphson PF |
Loading 75% 50% 25% 75% 50% 25%
Pgl [W] 750 500 250 752 501 250
sz [W] 750 500 250 752 501 250
ng [W] 750 500 250 752 501 250
f [Hz] 49.50 | 50.00 | 50.50 | 49.50 | 50.00 | 50.50
TABLE VIII
POWER FLOW VERIFICATION: MAX-CB DROOP CONTROL
[ [ Hardware PF [20] | Newton Raphson PF |
Loading 75% 50% 25% 75% 50% 25%
Pg1 [W] 490 240 120 487 237 118
ng [W] 770 380 190 769 374 187
ng [W] 1000 880 440 1000 892 445
f [Hz] 50.02 | 50.52 | 50.76 | 50.03 | 50.53 | 50.76
fP(KG):_Pdhi:ng_'_l)"'an (86)
fQ(V,@):dei,i:nngl,...,n (87)
f+KTDZPgZ:fOZ7 7':177”9 (88)

The implemented microgrid power flow was validated by
comparing the results from a laboratory hardware implemen-
tation of a four-node network; one node corresponds to the load
connection, and the remaining three are nodes of distributed
generation connections. Ref. [20] reports the real power gen-
eration and microgrid frequency under three levels of loading
as measured from the hardware implementation for traditional
droop control (Table VII) and the maximum cost-based droop
(Table VIII). The Tables also show the corresponding results
from the Newton-Raphson power flow simulation, where the
maximum discrepancy is within 2%. Thus, the above indicates
the suitability of the Newton-Raphson power flow simulation
for evaluating the microgrid performance under droop control.
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