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between concentric horizontal circular and square cylinders 
F. Moukalleda, M. Darwisha, J. Kasamanib, A. Hammoudb, and M. Khamis Mansourb 

aDepartment of Mechanical Engineering, American University of Beirut, Riad El Solh, Beirut, Lebanon; bDepartment of 
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ABSTRACT 
This paper reports on natural convection heat transfer in a porous annulus 
between concentric horizontal circular and square cylinders. The heated inner 
circular cylinder is maintained at the uniform hot temperature Th, whereas 
the cooled outer square duct is held at the uniform cold temperature Tc. A 
pressure-based collocated finite-volume method is used to numerically 
investigate the effects on the total heat transfer of Rayleigh number (Ra), 
Prandtl number (Pr), Darcy number (Da), porosity ("), and annulus aspect ratio 
(R/L). Results demonstrate that at low Ra values, conduction is the dominant 
heat transfer mode. Convection contribution to total heat transfer becomes 
more important beyond a critical Ra value, which decreases with an increase 
in Da and/or ". Furthermore, an increase in the enclosure aspect ratio (R/L) 
leads to an increase in total heat transfer. A similar behavior is obtained with 
Prandtl number, where predictions indicate higher heat transfer rates at 
higher Pr values with its effect increasing as Ra increases. Streamlines and 
isotherms reveal flow separation for some of the reported cases. Limited 
computations are also performed for natural convection in a porous annulus 
between two horizontal concentric circular cylinders having the same inner 
and outer perimeters as the investigated enclosure. Comparison of the 
predicted average Nusselt number estimates with similar ones obtained in 
the original enclosure reveals a large percentage difference in values, 
demonstrating the strong influence of geometry on natural convection in 
enclosures. 
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Introduction 

An extensive number of investigations dealing with natural convection heat transfer in porous media 
have been reported. These studies covered a broad range of applications such as ground-water 
hydrology, geothermal operations, high-performance insulations for cryogenic containers, sensible heat 
storage beds, grain storage, and solar power collectors to cite a few. In a previous article, Moukalled and 
Acharya [1] studied natural convection heat transfer in the annulus between a heated horizontal circu-
lar cylinder and its cooled square enclosure. The aim of this article is to extend the work reported in [1] 
to include a porous medium within the same enclosure, the presence of which is expected to dampen 
the strength of the buoyancy-induced flow causing a more uniform distribution of temperature. 

Numerous articles pertinent to natural convection heat transfer in porous enclosures appear in the 
literature. Hussain and Jabbar [2] studied experimentally and numerically natural convection heat 
transfer in an inclined cylindrical enclosure filled with a fluid-saturated porous medium for the case 
when the bottom and top walls are insulated and the side walls are subjected to a periodic heat flux. 
Reported numerical and experimental results are in good agreement and indicate an increase in heat 
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transfer with increasing values of Rayleigh number, heat flux period, and enclosure inclination angle. 
Prasad and Chui [3] investigated numerically natural convection heat transfer inside a cylindrical 
enclosure filled with a volumetrically heated, saturated porous medium for the case when the vertical 
wall is isothermal and the horizontal top and bottom walls are either adiabatic or isothermally cooled. 
For weak convection, the maximum temperature in the cavity is found to be significantly higher than 
that obtained for the case of pure conduction. Moukalled and Darwish [4] reported on laminar natu-
ral convection heat transfer in a fluid-saturated porous enclosure between two isothermal concentric 
cylinders of rhombic cross sections. Their work indicated the presence of a critical Rayleigh number 
below which conduction is the dominant heat transfer mode. Beji and Gobin [5] studied numerically 
natural convection in a two-dimensional rectangular enclosure, filled with a saturated porous 
medium, heated along its vertical walls. Their work analyzed the effect of thermal dispersion on flow 
and heat transfer assuming the effective thermal conductivity of the porous medium to be dependent 
on the local filtration velocity. It was found that the introduction of thermal dispersion in the classical 
Darcy–Brinkman–Forchheimer model leads to a significant increase in the overall heat transfer. 
In addition, it leads to a better agreement with experimental data, particularly when the thermal 
conductivities of the fluid and the solid matrix are similar. Basak et al. [6] studied numerically the 
phenomenon of natural convection in an isosceles triangular enclosure filled with a porous matrix 
and proposed correlations for the average Nusselt number in terms of the Rayleigh number for 
different values of Darcy and Prandtl numbers. 

Numerical investigations of steady natural convection flow through a fluid-saturated porous 
medium in a rectangular enclosure with a sinusoidal varying temperature profile on the bottom wall 
were conducted by Varol et al. [7]. Their work demonstrated that heat transfer increases on increasing 
the sinusoidal temperature profile amplitude and decreases on increasing the enclosure aspect ratio. In 
another numerical study, Varol et al. [8] investigated the steady natural convection flow in a two- 
dimensional right-angle trapezoidal enclosure filled with a fluid-saturated porous medium. In the 
adopted configuration, the vertical wall is heated, the horizontal top and bottom walls are insulated, 
and the inclined wall is partially cooled with the remaining portion insulated. Their predictions indi-
cated a strong dependence of predicted Nusselt number values on the location of the cooled section. 
Bhardwaj and Dalal [9] analyzed numerically natural convection heat transfer in a two-dimensional 

Nomenclature 

cp specific heat of fluid at constant pressure 
dp pore diameter 
Da Darcy number 
F constant in Forchheimer’s extension 
g gravitational acceleration 
j unit vector along the y-axis 
k thermal conductivity of fluid 
K permeability of the porous media 
L width of the square duct 
n unit vector normal to the surface 
Nu local Nusselt number 
Nu average Nusselt number 
p dimensional pressure 
P dimensionless pressure 
Pr Prandtl number 
R radius of the cylinder 
Ra Rayleigh number 
Si, So distance along the inner and outer enclosure surfaces 
T dimensional temperature 
u, U dimensional and dimensionless x-velocity component 

v, V dimensional and dimensionless y-velocity 
component 

v, V dimensional and dimensionless velocity 
vector 

x, y dimensional coordinates 
X, Y dimensionless coordinates 
α thermal diffusivity 
β thermal expansion coefficient 
μ dynamic viscosity 
ν kinematic viscosity 
ρ density 
θ dimensionless temperature 
ϵ porosity 
ψ stream function 
Subscripts  

c cold wall 
h hot wall 
i condition at inner surface 
o condition at outer surface   
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right-angled triangular porous enclosure having undulation on the left wall. The temperature profile 
along the bottom wall of the cavity is sinusoidal while the other two side walls are maintained at an 
isothermal cold temperature. Predictions demonstrated that the undulation on the left wall plays an 
important role in enhancing heat transfer in the enclosure. Varol et al. [10] performed a theoretical 
study of buoyancy-driven flow and heat transfer in an inclined trapezoidal enclosure filled with a 
fluid-saturated porous medium heated and cooled along the inclined walls. The reported results reveal 
that the inclination angle of the trapezoid is more influential on heat transfer and flow strength than 
the inclination angle of the side walls. 

In the remainder of this article, after a brief description of the physical situation and the equations 
governing heat transfer in porous media, the boundary conditions are introduced. Then an account 
for the solution procedure is given, followed by a parametric study of natural convection heat transfer 
in a porous annulus between a heated horizontal circular cylinder and its cooled square enclosure. 

Physical model 

A schematic of the physical situation is depicted in Figure 1a and represents a horizontal circular cyl-
inder of radius R placed concentrically inside a square enclosure of side L. Symmetry of the flow about 
the vertical axis is exploited to reduce the computational domain into half its original size. The heated 
inner circular cylinder is upheld at the hot temperature Th whereas the outer cooled square duct is kept 
at the cold temperature Tc. The porosity of the material inside the enclosure is e and is supposed to be 
in thermal equilibrium with the moving fluid. The fluid properties are assumed uniform except for 
density, which is temperature dependent and modeled using the Boussinesq approximation. Variations 
in the body force term of the momentum equations give rise to buoyancy forces that establish a flow, 
which is considered to be steady, laminar, and two dimensional. 

Governing equations 

The conservation equations governing the transport of momentum and energy in the porous annulus 
are the continuity, momentum, and energy equations. The Brinkman extended form considered here 
includes also the boundary and inertia terms [11–13]. Defining the following dimensionless variables: 

X ¼
x
L
; Y ¼

y
L
;

U ¼
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gb Th � Tcð ÞL

p ; V ¼
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gb Th � Tcð ÞL

p ;

P ¼
pþ qgy

qgb Th � Tcð ÞL
; h x; yð Þ ¼

T � Tc

Th � Tc
;

Pr ¼
mcp

k
; Ra ¼

qgbDTL3

ma
;

F ¼
1:75
ffiffiffiffiffiffiffiffiffiffiffi
150e3
p ; K ¼

e3d2
p

150 1 � eð Þ
2 ; Da ¼

K
L2

ð1Þ

the non-dimensional volume-averaged forms of the governing equations [14] are written as 
1

e2r � V ¼ 0 ð2Þ

1

e2 V � rð ÞV ¼
1
e

ffiffiffiffiffiffi
Pr
Ra

r

r2V � rP �
1

Da

ffiffiffiffiffiffi
Pr
Ra

r

V �
F
ffiffiffiffiffiffi
Da
p Vj jVþ hj ð3Þ

1

e2 V � rh ¼
1

e2
ffiffiffiffiffiffiffiffiffiffi
RaPr
p r2h ð4Þ
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The no-slip condition is used on walls for the momentum equation, whereas for the energy 
equation the dimensionless temperature along the hot and cold walls is assigned the values of 1 
and 0, respectively. Mathematically the boundary conditions are given by 

U ¼
qV
qX
¼
qh

qX
¼ 0 along the symmetry lines ð5Þ

U ¼ V ¼ 0; h ¼ 1 at inner walls ð6Þ

U ¼ V ¼ h ¼ 0 at outer walls ð7Þ

Flow fields are presented in the form of streamline maps calculated using the following definition 
of the stream function: 

1
e2 U ¼

qw

qY
and

1
e2 V ¼ �

qw

qX
ð8Þ

Moreover, thermal fields are reported in terms of local (Nu) and average Nu
� �

Nusselt number 
estimates computed as 

Nui ¼ �
pR
L
rhi � n Nuo ¼ � 2rho � n

Nu ¼ Nui=o ¼
1

Si=o

Z

Si=o

Nui=ods
ð9Þ

Solution procedure 

The solution to the nonlinear system of equations (Eqs. (2)–(4)) subject to the boundary conditions 
given in Eqs. (5)–(7) is obtained numerically using a pressure-based finite-volume method. In this 
approach, the physical domain (Figure 1a) is first subdivided into a number of nonoverlapping 
elements (Figure 1b) each associated with a grid point located at its centroid. The conservation 
equations are integrated over each element and with the aid of the divergence theorem, the volume 
integral of the convection and diffusion fluxes is transformed into surface integrals along the element 
faces. Then, in a second step, these fluxes are approximated and transformed into algebraic relations 
using interpolation profiles. In this work the diffusion term is discretized using a linear interpolation 

Figure 1. (a) Computational domain, (b) grid details in the vicinity of the hot circular cylinder, and (c) a typical control volume.  
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profile and treated following the method described in Zwart et al. [15]. For the convection flux, the 
pseudo-third-order Sharp and Monotonic Algorithm for Realistic Transport (SMART) scheme [16] 
applied in the context of the Normalized Variable and Space Formulation (NVSF) methodology 
[17] and implemented using the deferred correction approach of Khosla and Rubin [18] is adopted. 
The volume integral of the source (Figure 1c) is evaluated using the one-point Gaussian integration 
approach, which is equivalent to assuming the value of the dependent variable at the centroid to rep-
resent the average value over the element volume. The collocated SIMPLE algorithm [19–21] is used 
to resolve the pressure–velocity coupling with mass flow rates at cell faces calculated using the Rhie– 
Chow interpolation technique [22]. 

Numerical accuracy and validation 

Computations are performed using a nonuniform mesh with a size of 256 � 256 elements clustered in 
high gradient regions near walls and symmetry lines (Figure 1b). A grid-independent solution was 
established by generating results on a finer mesh with a size of 380 � 380 elements, and comparing 
them to predictions obtained on the coarser mesh (256 � 256 elements). Differences in average Nus-
selt number values for the cases considered were negligible (i.e., less than 0.06%), justifying adopting 
the 256 � 256 mesh. 

The in-house computer code used has been extensively tested and validated [23–27]. Nonetheless, 
Table 1 compares, for a square enclosure, average Nusselt number values predicted by the code with 
similar ones reported by Hadim [28] and Lauriat and Prasad [29]. In addition, local variations in Nus-
selt number values along the hot wall of the square enclosure [28] are compared in Figure 2. The same 
code was also used in [24] to compare streamlines and isotherms in a trapezoidal cavity with similar 
ones reported by Basak et al. [30]. In all cases, the generated results are seen to be in good agreement 
with published data. 

Results and discussion 

The geometric parameter affecting the natural convection heat transfer in the present study is the 
aspect ratio (R/L), which is assigned three different values (R/L ¼ 0.1, 0.2, and 0.3). On the other 
hand, the thermo-physical parameters in the problem are: the porosity (e), the Rayleigh number 
(Ra), the Prandtl number (Pr), and the Darcy number (Da). Air and water are considered to be 
the working fluids and, as such, the Prandtl number is assigned the two values of 0.7 and 5. Moreover, 
four different values of Rayleigh number (Ra ¼ 104, 105, 106, and 107), three different values of Darcy 
number (Da ¼ 10−1, 10−3, and 10−5), and three different values of porosity (e ¼ 0.3, 0.6, and 0.9) are 
considered. Results are presented in the form of streamlines, isotherms, mid-height vertical velocity 
and temperature profiles, and local and average Nusselt number values. 

Before reporting the results of the parametric study conducted in this work, concerns that may be 
raised regarding flow symmetry and steadiness are first addressed. 

Table 1. Comparison of the current Nusselt number results with the similar ones reported by Hadim [28] and Lauriat and Prasad 
[29] for a Newtonian fluid in a square porous enclosure (F ¼ 0.55). 

Ra Da Pr Ref. [28] Ref. [29] Present work  

105 10−1 1  4.38  4.36  4.30 
105 10−1 10−2  1.90  1.94  1.89 
108 10−4 1  18.6  18.4  18.39 
108 10−4 10−2  6.06  6.19  6.04 
1012 10−8 1  45.4  44.3  44.16 
1012 10−8 10−2  20.0  21.5  21.0  
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Flow symmetry 

It is well known that convection is a directional phenomenon, which may not preserve symmetry of the 
flow even in symmetrical geometries. Thus confirmation is needed that this will not occur over the 
range of parameters considered here to justify using only half the domain of interest. Hence, solutions 
in the configuration where the strongest flow is expected to occur (i.e., R/L ¼ 0.1, e ¼ 0.9, Pr ¼ 5, 
Da ¼ 0.1) are obtained over the full annulus for all Rayleigh number values considered in this study. 
This is carried out by covering the entire annulus with a mesh system and applying a cyclic, rather than 
symmetric, boundary condition along an internal boundary of the domain. Generated flow and 
temperature fields in the annulus are displayed in Figure 3. Both streamlines (Figures 3a–3d) and 
isotherms (Figures 3e–3h) are fully symmetric at all Ra values, justifying obtaining solutions in only 
half of the domain while applying the symmetry boundary condition. 

Flow steadiness 

The objective of the current investigation is to predict natural convection heat transfer in a porous 
annulus under steady-state conditions. At high Ra values there is no guarantee that a steady flow 
exists. To confirm the steadiness and justify using an iterative solution method, the unsteady form 
of Eqs. (2)–(4) is considered and the same cases used to confirm symmetry are solved again, over half 
the domain, but by marching in time. The purpose of these computations is not to obtain accurate 
results in time, but rather to check whether steady solutions exist. Computations are performed and 
the variations with time of the average Nusselt number values along the cold and hot walls of the 
enclosure for the cases considered are plotted in Figure 4a and Figure 4b, respectively. Computations 
are extended over a long period of time and as seen the average Nusselt number values vary initially 
and remain constant afterward, thereby confirming the existence of steady-state solutions. 

Streamlines and isotherms 

Streamline and isotherm maps demonstrating how thermo-physical parameters and domain geometry 
affect the flow and temperature fields in the porous annulus are depicted in Figures 5 to 8. The 

Figure 2. Comparison of the current local Nusselt number results along the hot wall of a square porous cavity with the results 
reported by Hadim [28].  
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influence of varying the value of Rayleigh number from 105 to 107 can be inferred from the plots 
presented in Figure 5. Results are displayed for the two values of Pr considered in this study in an 
enclosure with R/L ¼ 0.1, e ¼ 0.6, and Da ¼ 0.1. For Pr ¼ 0.7, streamlines and isotherms are shown 
in Figures 5a–5c and 5g–5i, respectively. Similar streamline and isotherm maps for Pr ¼ 5 are reported 
in Figures 5d–5f and 5j–5l, respectively. Generally, the flow field is composed of a clockwise rotating 
eddy with fluid moving upward along the inner hot wall and symmetry lines of the enclosure, and 
downward along the outer cold wall. At Ra ¼ 105, the flow in the annulus is weak (Figure 5a) and 
the isotherms are slightly distorted (Figure 5g), indicating a conduction-dominant heat transfer mode. 
As the Rayleigh number increases, the strength of the flow increases (Figures 5b, c), the eye of the eddy 
moves upward toward the top wall, and isotherms become more distorted (Figures 5h, i), demonstrat-
ing that convection is the dominant heat transfer mode in the enclosure. At Ra ¼ 106, the fluid moving 
along the hot wall of the circular cylinder in the upper part of the enclosure separates, forming an 
anticlockwise rotating vortex. The acceleration of the flow by buoyancy along the hot wall increases 
the fluid velocity and results in higher-velocity gradients. This leads to an increase in the forces oppos-
ing the flow (Eq. (2)). The net effect of these conflicting forces dictates the flow behavior and explains 
the predicted separation zone. Isotherms displayed in Figure 5h clearly reflect this separation zone with 
a spread in isotherms in that region. At the highest Ra (i.e., Ra ¼ 107, Figure 5c) no flow separation 
occurs, the eye of the eddy is very close to the top wall of the enclosure, and the flow is stratified with 
a very low velocity in the lower part of the domain where a small circulation bubble forms. Isotherms 
depicted in Figure 5i show the formation of a thermal plume between the tip of the circular cylinder 
and the upper outer horizontal cold wall of the annulus. 

Streamlines presented in Figures 5d–5f indicate a reduction in the strength of the flow at higher Pr 
values due to a higher fluid viscosity. No separation in the upper half of the domain is predicted at all 
Ra values. The eye of the recirculation zone moves upward and outward toward the symmetry line as 
Ra increases. The velocity in the lower part of the domain is low due to stratification effects that are 
seen to increase as Ra increases. This is further demonstrated by the isotherms displayed in Figures 

Figure 3. Streamlines and isotherms for different values of Rayleigh number (Ra) obtained over the entire annulus (R/L ¼ 0.1, 
ϵ ¼ 0.9, Pr ¼ 5, Da ¼ 0.1).  
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5j–5l, which also reveal an increase in heat transfer as Ra increases. This increase is reflected by 
the denser clustering of isotherms near the hot and cold walls, with the boundary layer behavior 
becoming more apparent at higher Ra values and its thickness decreasing. 

The effects of varying the Darcy number in an enclosure with R/L ¼ 0.1, e ¼ 0.6, Ra ¼ 106, and for 
Pr ¼ 0.7 and 5 on the flow and temperature fields are depicted in Figure 6. At Da ¼ 10−5, streamlines 
presented in Figure 6a are nearly symmetric with respect to the horizontal centerline of the annulus, 
indicating a weak flow field. This is further confirmed by the isotherms plotted in Figure 6g, which are 
uniformly distributed over the domain, signifying a dominant conduction heat transfer mode. As Da 
increases to 10−3 the eye of the vortex in the enclosure moves upward (Figure 6b) and the flow 
symmetry is lost. Isotherms displayed in Figure 6h are more distorted, demonstrating higher 

Figure 4. Variations in time of average Nusselt number along the cold (a) and hot (b) walls of the annulus as steady state is 
reached for different values of Rayleigh number (R/L ¼ 0.1, ϵ ¼ 0.9, Pr ¼ 5, Da ¼ 0.1).  
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convection effects. As Da is further increased to 10−1, an even stronger flow is obtained. For Pr ¼ 0.7 
separation of the flow (Figure 6c) occurs for the reasons explained above, leading to the isotherms 
shown in Figure 6i. No flow separation occurs at Pr ¼ 5, and the streamlines and isotherms presented 
in Figures 6d–6f and 6j–6l, respectively, clearly show the increase in the flow strength and the 
asymmetry of isotherms as Da increases, even though the flow is weaker than for the corresponding 
cases of Pr ¼ 0.7. This increase in flow strength as Da increases can be explained by referring to the 
definition of Darcy number. Based on Eq. (1), an increase in Da can be accomplished by either increas-
ing the permeability of the porous media K or decreasing the characteristic length L. Since flow resist-
ance decreases with an increase in K, a stronger flow is obtained. In addition, decreasing L at a given Ra 
value must be accompanied by an increase in the temperature difference, leading to stronger flow. 

The effects of porosity on the flow and thermal fields can be inferred from the results displayed 
in Figure 7 generated in an enclosure with R/L ¼ 0.1, Da ¼ 0.1, and Ra ¼ 106. Streamlines are displayed 
in Figures 7a–7c for Pr ¼ 0.7 and in Figures 7d–7f for Pr ¼ 5, whereas isotherms are presented in 
Figures 7g–7i and 7j-7l for Pr ¼ 0.7 and 5, respectively. Predictions indicate an increase in the flow 
strength as e increases. This can be inferred from the streamline and isotherm maps displayed in the 
figures. While streamlines show an upward shift of the eye of the vortex as e increases, isotherms 
become more distorted with higher stratification levels in the lower part where the flow is very weak. 
This behavior is anticipated as higher porosity implies higher convection area and consequently 
stronger flow fields. 

The effects of varying the geometric parameter R/L on the natural convection heat transfer in the 
porous annulus can be analyzed by referring to streamlines and isotherms presented in Figure 8. 
Results in the plots describe the flow and thermal fields for the following values of thermo-physical 
variables: e ¼ 0.6, Da ¼ 0.1, Ra ¼ 107, and Pr ¼ 0.7 and 5. As R/L increases the flow field emerges as 

Figure 5. Streamlines and isotherms for different values of Ra number (R/L ¼ 0.1, ϵ ¼ 0.6, Da ¼ 10−1).  
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the outcome of two counteracting effects. The first is an increase in buoyancy forces aiding the flow, 
whereas the second is an increase in viscous forces opposing the flow. Both effects are due to the 
greater surface area at higher R/L values. For the streamlines shown in Figures 8a–8f, the values of 
the parameters lead to flow fields that have nearly the same flow strength at a given Pr value, with 
an increase in Pr reducing the strength of the flow. This can be further inferred from the isotherms 
depicted in Figures 8g–8i for Pr ¼ 0.7 and in Figures 8j–8l for Pr ¼ 5. 

Velocity and temperature profiles 

Representative V-velocity component and temperature profiles along the horizontal centerline of 
the annulus are presented in Figures 9 and 10. In both figures, profiles are plotted in terms of a 
dimensionless distance (ΔX/ΔXmax) defined as 

DX
DXmax

¼
X � Xmin

Xmax � Xmin
ð10Þ

The V-velocity values displayed in Figure 9a (Da ¼ 10−3, R/L ¼ 0.1, and e ¼ 0.6) increase as Ra 
increases at a given Pr and decrease as Pr increases at a given Ra, for the reasons explained earlier. 
Profiles show the boundary layer behavior by peaking in the regions close to the hot and cold walls. 
Higher peaks are predicted close to the hot wall resulting in steeper velocity profiles there. The lowest 
velocities are obtained in the central region of the domain. 

Figure 6. Streamlines and isotherms for different values of Darcy number Da (R/L ¼ 0.1, ϵ ¼ 0.6, Ra ¼ 106).  
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The effects of Darcy number on the mid-height vertical velocity profiles are depicted in Figure 9b 
for Ra ¼ 106, R/L ¼ 0.1, and e ¼ 0.6. The level of the profiles decreases as the Pr value increases. More-
over, the peaks near the hot and cold walls increase with increasing Da due to the increase in the 
permeability of the porous matrix. Furthermore, the V-velocity at Da ¼ 10−5 is almost zero, indicating 
that heat transfer in the annulus is mainly occurring by conduction. 

The impact of varying the matrix porosity on vertical velocity profiles is depicted in Figure 9c in an 
enclosure with R/L ¼ 0.1, Da ¼ 10−3, and Ra ¼ 107. As shown, the values are very close in the middle 
of the domain, but very different close to the walls where an increase in e results in a thinner velocity 
boundary layer and higher peaks. Again, the level of the velocity profiles close to the walls decreases as 
Pr increases. 

Figure 9d demonstrates the influence on vertical velocity profiles of varying the aspect ratio in the 
enclosure (Ra ¼ 107, e ¼ 0.6, and Da ¼ 10−3). At a given Pr, steeper peaks are predicted at low enclosure 
aspect ratio, but higher peaks are obtained at higher R/L values. This is because at high R/L, the surface 
area of the hot wall is greater, promoting higher convection effects in the mid-height region of the cav-
ity. The difference in peak values along the hot wall is smaller than the difference along the cold wall. 

The corresponding temperature profiles in the configurations for which the velocity profiles were 
presented in Figure 9 are reported in Figure 10. The influence of Ra on temperature is shown in 
Figure 10a. Variations are almost linear at low Ra values, indicating a conduction-dominant heat 
transfer mode. As Ra increases, temperature profiles become more distorted with steeper gradients 
near the hot and cold walls, implying that convection is the prevailing heat transfer mode. Whereas 

Figure 7. Streamlines and isotherms for different values of porosity ϵ (R/L ¼ 0.1, Da ¼ 0.1, Ra ¼ 106).  
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profiles for Pr ¼ 0.7 and 5 are almost coincident at low Ra values (i.e., Ra � 105), departure between 
profiles becomes apparent at higher values (i.e., Ra ≥ 106) with differences increasing as Ra increases. 
Moreover, temperature gradients at walls are steeper at the higher Pr value, indicating greater heat 
transfer rates. 

An increase in Darcy number is associated with an increase in the permeability of the porous 
matrix and consequently convection effects. Thus, as displayed in Figure 10b, the variations in profiles 
obtained in this case are similar to the ones obtained when Ra increases. Temperature varies linearly 
across the horizontal centerline of the annulus at low Da values with near-wall gradients becoming 
steeper as Da increases, leading to an increase in convection heat transfer contribution to total heat 
transfer. Again, the effects of Prandtl number start showing at high Da values with higher total heat 
transfer rates at higher Pr values. 

The impact of porosity on temperature profiles is depicted in Figure 10c. As shown, an increase in 
porosity leads to steeper temperature gradients at the hot and cold walls, which is accompanied by an 
increase in total heat transfer across the annulus. The same is also true for the Prandtl number where 
sharper temperature gradients are obtained at higher Pr values. 

The effects on temperature profiles of varying the annulus aspect ratio (R/L) can be inferred from 
the plots displayed in Figure 10d. As shown, the steepness of the profile increases as R/L decreases 
due to an increase in available convective area. Furthermore, steeper profiles are obtained at Pr ¼ 5 
compared with slopes of profiles at Pr ¼ 0.7, indicating higher heat transfer rates. 

Nusselt number 

The local Nusselt number distributions along the hot and cold walls of the enclosure, computed using 
Eq. (9), are presented in Figures 11 and 12. Plots show the effects on heat transfer of Rayleigh number 

Figure 8. Streamlines and isotherms for different R/L values (ϵ ¼ 0.6, Da ¼ 0.1, Ra ¼ 107).  
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(Figures 11a, b), Darcy number (Figures 11c, d), matrix porosity (Figures 12a, b), and 
enclosure aspect ratio (Figures 12c, d). Values are plotted as a function of the normalized parameter 
S/Smax, where S is the distance along the wall measured from its lowest point and Smax is the wall 
length. 

Nusselt number variations along either the cold or the hot wall depicted in Figures 11 and 12 are 
similar. Profiles along the cold wall exhibit two sharp minima located at the lower (S/Smax ¼ 0.25) 
and upper (S/Smax ¼ 0.75) right corners of the outer wall, respectively. These minima are due to the 
tendency of the fluid not to follow the corner contour with a consequent decrease in velocity and heat 
transfer. On the other hand, a local maximum between the lower and upper corners as well as at the top 
wall surface is obtained. The peak along the vertical portion of the cold wall (i.e., 0.25 < S/Smax < 0.75) 
arises because as the flow turns around the upper right corner, it initially accelerates, increasing the 
convection heat transfer coefficient and consequently the Nusselt number. Then while turning around 
the lower right corner, it experiences a reduction in velocity, leading to a decrease in Nusselt number. 
The maximum at the top surface is due to the hot fluid from the inner wall rising upward and 
impinging on the upper part of the cold wall. The values of the maxima increase with increasing Ra 

Figure 9. Effect of (a) Rayleigh number, (b) Darcy number, (c) porosity, and (d) aspect ratio (R/L) on mid-height vertical velocity 
profiles.  
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(Figure 11a), Da (Figure 11c), e (Figure 12a), R/L (Figure 12c), and Pr (Figures 11a, 11c, 12a, and 12c) 
for the reasons detailed earlier. The only profile not following the above-described behavior is the one 
depicted in Figure 11c for Da ¼ 0.1, Pr ¼ 0.7, R/L ¼ 0.1, e ¼ 0.6, and Ra ¼ 106. The altered profile 
obtained in this case is due to flow separation as shown in Figure 5b. 

Nusselt number profiles along the hot wall (Figures 11b, 11d, 12b, and 12d) exhibit two peaks, one at 
S/Smax ≈ 0.25 and the second at S/Smax ≈ 0.75. Both peaks are due to an increase in convection heat 
transfer coefficient as a result of an increase in the fluid velocity. The cooled fluid from the cold wall 
is transported by the clockwise eddy to the lower region of the hot wall. As a result, the largest tem-
perature gradients and hence Nusselt numbers occur in the leading region of the hot wall. As the fluid 
moves along the hot wall, it is under the influence of two counteracting effects. The buoyancy forces 
that increase its velocity and consequently the convection heat transfer coefficients and the increase in 
its temperature relative to the wall that acts at reducing heat transfer. As shown, the net effect is an 
initial increase in heat transfer followed by a decrease, with heat transfer maximizing almost halfway 
along the lower half of the cylinder. As the fluid continues moving along the hot wall, the two effects 
seem to balance each other, resulting in a nearly constant heat transfer rate. Beyond that region buoy-
ancy effects overcome the decrease in temperature difference effects, repeating the pattern observed in 

Figure 10. Effect of (a) Rayleigh number, (b) Darcy number, (c) porosity, and (d) aspect ratio (R/L) on mid-height temperature 
profiles.  
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the lower half and leading to the second peak in Nusselt number. The second peak is much lower than 
the first peak due to the continuous increase in fluid temperature while moving along the hot wall. 
Again, Nusselt number values and their peaks increase with increasing Ra (Figure 11b), Da 
(Figure 11d), e (Figure 12b), R/L (Figure 12c), and Pr (Figures 11b, 11d, 12b, and 12d) for reasons 
already discussed. Finally similar to the cold wall, the only exception to the above-described behavior 
is the case shown in Figure 11d for which flow separation occurs (Pr ¼ 0.7 and Da ¼ 0.1). 

The average Nusselt number values for all cases studied are given in Table 2. The trend of results 
confirms the above-drawn conclusions. At low Ra values, heat transfer in the annulus is dominated by 
conduction. Convection effects start to appear at a critical Ra whose value decreases as Da and e 
increase and as R/L decreases. Moreover, the total heat transfer in the annulus increases with increas-
ing values of R/L due to greater heated areas. The effects of Da on total heat transfer in the enclosure is 
almost nonexistent at low Rayleigh number values with its influence increasing as Ra increases. 
Whereas values are nearly independent of e at low Ra values, they have a noticeable impact on total 
heat transfer at high values of Ra with this influence decreasing as e and R/L increase. Heat transfer 
is seen to be higher at higher Pr values for the reasons explained earlier, except for two values obtained 

Figure 11. Effect of Rayleigh number on Nusselt number distribution along the (a) cold and (b) hot walls of the enclosure; effect of 
Darcy number on Nusselt number distribution along the (c) cold and (d) hot walls of the enclosure.  
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in two configurations (R/L ¼ 0.3, Ra ¼ 107, Da ¼ 0.1, and e ¼ 0.3 and 0.6) where separation of the flow 
occurs. For these configurations (one of them shown in Figure 8c), the flow separates in the top left part 
of the domain, creating a counterclockwise rotating eddy that enhances heat transfer in that region. As 
a result of this separation, the primary eddy is more capable of penetrating into the lower half of the 
domain, thereby increasing convection in the lower region and decreasing flow stratification (compare 
Figures 8c and 8f). The net effect is an increase in total heat transfer across the annulus. Here, the 
increase in heat transfer resulting from increasing the value of Pr to 5 is lower than the increase 
due to separation at Pr ¼ 0.7 leading to lower average Nusselt number values for the two mentioned 
cases. Although separation occurs for R/L ¼ 0.1 (Figure 5b), the convection area is large enough for 
the separated region not to impact the total heat transfer as the size and strength of the secondary eddy 
are comparable to those of the primary eddy. 

Comparison with results in a porous circular annulus 

The investigated configuration represents an unconventional geometry that necessitates the use of a 
curvilinear coordinate system to analyze. An enclosure that resembles closely the domain of interest is 

Figure 12. Effect of porosity on Nusselt number distribution along the (a) cold and (b) hot walls of the enclosure; effect of the 
aspect ratio on Nusselt number distribution along the (c) cold and (d) hot walls of the enclosure.  
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an annulus between two concentric horizontal circular cylinders. Natural convection heat transfer 
results generated in such annuli are compared, for the same inner and outer perimeters, with similar 
ones obtained above to infer whether results generated in this simpler annulus can eliminate the need 
to study the more complex geometry. Since for both configurations the inner hot wall is circular, the 
same inner radius is used. The outer radius, representing the cold wall, is computed by requiring the 
perimeters for both configurations to be equal (i.e., πRo ¼ 2L). Computations are performed for 
the three geometric configurations considered by fixing e and Pr to 0.6 and 0.7, respectively, while 
varying other parameters over the ranges used with the original configurations (a total of 36 cases). 
The physical domain and boundary conditions along with a typical grid used are depicted in 
Figure 13, while results are reported in Figure 14 and Table 3. 

Representative streamlines and isotherms are displayed in Figure 14 for the different values of 
Ra considered and for e ¼ 0.6, Ri/Ro ¼R/L ¼ 0.1, Da ¼ 0.1, and Pr ¼ 0.7. The trend of results is similar 
to that reported for the annulus with an outer square duct. As shown streamlines presented in Figures 
14b–14d resemble those displayed in Figures 5a–5c, respectively, with the exception of flow separation 
that does not occur in the porous circular annulus at Ra ¼ 106. Stronger flow is predicted at higher Ra 
values. Similar to contours displayed in Figures 5g–5i, isotherms depicted in Figures 14f–14h show the 
boundary layer behavior especially at high Ra values where higher stratification occurs. 

The average Nusselt number values in the enclosure for the various cases are depicted in Table 3. 
In addition to Nu values, the table also displays the percent differences between the current values and 
the corresponding values obtained in the original annulus. These values are computed as 

%D Nu
� �

¼ 100 �
Nucircular � Nu
� �

Nucircular
ð11Þ

As shown in Table 3, the %D Nu
� �

values vary between −28.4%�and 11.4%�with no clear trend. 
Therefore a large error will be committed if heat transfer in complex porous geometries is evaluated 
by just exploiting the corresponding values obtained in circular porous geometries and it validates the 
need for performing the current investigation. 

Figure 13. Computational domain and boundary conditions for the annulus between two concentric horizontal circular cylinders.  
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Closing remarks 

A numerical investigation of natural convection heat transfer in a porous annulus between two hori-
zontal concentric circular and square cylinders was conducted. The effects of Rayleigh number (Ra), 
Darcy number (Da), porosity (e), Prandtl number (Pr), and enclosure aspect ratio (R/L) were ana-
lyzed by generating solutions for different combinations of these parameters. Results were presented 
in the form of streamline and isotherm maps, mid-height vertical velocity and temperature profiles, 
and local and average Nusselt number values. Predictions demonstrated that conduction is dominant 
at low Ra values, with its strength increasing as R/L increases. Convection starts affecting heat transfer 
beyond a critical Ra number value, which decreases with increasing Da and becomes the dominant 
heat transfer mode at high Ra values. An increase in Da, e, Pr, and/or R/L leads to an increase in total 
heat transfer. Comparison of results with similar ones generated in an annulus between two concen-
tric circular cylinders of equal inner and outer perimeters showed large differences in values, demon-
strating that heat transfer results obtained in simple geometry cannot be used to approximate the 
values in complex geometry. 

Figure 14. Streamlines and isotherms in the annulus between two horizontal concentric circular cylinders (e ¼ 0.6, R/L ¼ 0.1, 
Da ¼ 0.1 Pr ¼ 0.7).  
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