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Consider a two-node closed cyclic queueing network with a total of M customers. The first node consists
of N < M parallel identical servers having exponential service times. Node 2 consists of a single server
having a general service time distribution. Waiting space at each node is sufficient to accommodate all
M customers.

We derive an exact solution for the steady state system size probabilities. Our approach is based on
developing and solving an imbedded Markov chain at Node 2 service completion epochs coupled with
a birth process over Node 1 service times. In that sense, our methodology is intuitively appealing and easy
to apply. We focus on analytically and numerically investigating the effect of Node 2 service time vari-
ability on system performance. We find that closed queueing networks, like the one considered here,
are less vulnerable to variability than open networks. However, the effect of variability is still significant
to merit considerable attention. Numerical results are presented to illustrate the viability of our method
for many service time distributions. As by-products, our work yield new results on birth processes and
combinatorial identities, which can be useful in other contexts.

A primary application of this model is the well-known machine repair model where a set of identical
machines are attended by a single repairman. Other applications include performance evaluation of man-
ufacturing and computer networks, as well as reliability studies where our model can be easily used to
compute system availability.
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1. Introduction and literature review

In this article we consider a two-node closed cyclic queueing
network with a total of M customers. The first node consists of
N < M parallel identical servers having independent and identi-
cally distributed (iid) exponential service times with rate 4 each.
The second node consists of a single server with iid service require-
ments S;,i=1,2,..., having a general distribution function B(.).
Waiting space at each node is sufficient to accommodate all M cus-
tomers and the service discipline is FCFS. Fig. 1 shows the block
diagram of the model.

A main motivation of this paper is to develop a methodology for
determining the measures of performances of this two-node net-
work model which is easy to understand and feasible to imple-
ment. For this purpose, we develop and solve an imbedded
Markov chain with states given by the number of customers in
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the second node at departure epochs. Such an approach is standard
in analyzing the general single-server model with Markovian arri-
vals, M/G/1. Moreover, the imbedded Markov chain technique has
been successfully applied to study the machine repair model with
no spares, M/G/1//N, (e.g. Saaty, 1961; Takagi, 1993; van Hoorn,
1984). In our model, this is equivalent to the special case of
M = N. The fact that M can be larger than N complicates the devel-
opment of the imbedded Markov chain in our model since the tran-
sition rate to the second node is not as smooth as in the case of
M/G/1 and M/G/1//N. This may explain why no other work, that
we are aware off, in the literature utilizes an imbedded Markov
chain approach for the closed cyclic two-node network model as
the one we consider. In this paper, we draw upon results from
the theory of birth processes (e.g. Ross, 1997) to facilitate the
development of the imbedded Markov chain solution. Our
approach is based on the simple intuition that our closed network
model is “equivalent” to a M/G/1 in certain states and to a
M/G/1//N in other states. The resulting structure is intuitively
appealing and can be understood and implemented easily with a
basic knowledge of Markov chains.
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Fig. 1. Block diagram of the model.

Another motivation of this paper is to study the effect of service
times variability on system performance within a closed queueing
network context. This issue has received attention within an open
network framework (e.g. EI-Taha & Maddah, 2006; Harchol-Balter,
2002; Whitt, 1999). This attention is fueled, in part, by the detec-
tion of “heavy tailed” service times characterized by high variabil-
ity in several computer and communication systems, especially in
Internet traffic (e.g. Crovella & Bestavros, 1997; Fowler, 1997;
Harchol-Balter & Downey, 1997; Naldi, 1999). Since our closed net-
work applies in such systems, it is of interest to study how variabil-
ity affects this model. In this paper, we study the effect of Node 2
service time variability, analytically and numerically. Our main
finding is that variability in closed queueing networks leads to sys-
tem performance deterioration, similar to open networks. How-
ever, variability effect is less severe in closed networks due to a
“self-correcting” behavior related to the finiteness of population
size in closed networks. We formally demonstrate that variability
effect is bounded in our network model in the case of Node 2 ser-
vice times having a hyper-exponential distribution with an infinite
variance.

While pursuing our main research objectives, we derive useful
by-products, which broaden the contribution of this paper. Specif-
ically, we derive a combinatorial identity involving nested geomet-
ric sums. We then utilize this identity to develop a closed-form
expression for the transition probabilities of a pure birth process
with a birth rate which starts constant (as in a Poisson process)
for a small population size, and then decreases linearly (similar
to a Yule process) when the population size crosses a threshold.
Both of these novel results can be useful in other contexts.

To recap, the main contributions of this paper are (i) developing
a simple solution methodology for the two-node closed network
model based on an imbedded Markov chain coupled with a birth
process; (ii) analyzing the effect of Node 2 service time variability
on the performance of the closed network; and (iii) developing
novel results on combinatorial identities and birth processes.

A primary application of this model is in machine repair where
Node 1 represents a set of N working identical machines that are
subject to random failures. Machine times to failure are iid expo-
nential random variables. Node 2 represents a single repairman
facility where repair times are iid with an arbitrary (general) distri-

bution. Upon failure, a machine moves to the repair facility where
it may start repair immediately, or, otherwise wait in queue until a
repair person, attending other failed machines, is available. Once a
machine is repaired it is redirected to the production floor. The
demand on the system requires that N machines be operational
at any given time. However, random failures lead to inevitable
delays at the repair facility which tends to degrade the system per-
formance. The machine repair model is widely utilized in the anal-
ysis of many systems characterized by a finite population of
customers. This model has many applications in manufacturing
(see Haque & Armstrong, 2007; Koenigsberg, 1982; Stecke, 1982
for reviews).

One way to guarantee that demand is often met, is to acquire
spare machines. That is, the system would own a total of
M = N + Y machines, N of which may be deployed to meet the
demand while the remaining operational machines, if any, wait
in queue at the production facility to resume operation immedi-
ately in case of a failure in the deployed machines. Such a model
is commonly considered under the assumption of exponential
repair and failure times (e.g. Koenigsberg, 1982; Stecke, 1982).
The exponential assumption is mostly for analytical tractability.
For example, if machines failures are one of two types at random,
then the overall repair time distribution is not exponential. Instead,
the repair time is a mixture of two random variables, characterized
by high variability if the two repair types are sensibly different. In
this context, the model is denoted by M/G/1//N-+Y when
appropriate.

Our network model has other applications as well. In particular,
it applies in computer science to the study of limited memory mul-
tiprogramming systems where one node represents the central
processing unit (CPU) and the other node represents Input/Output
(I/O) devices, and a fixed number M of programs is processed con-
tinuously at the two nodes in a cyclic fashion (e.g. Allen, 1978, pp.
242-250; Shum, 1980). The assumption of fixed number of pro-
grams is justified in heavy traffic since, in this case, a job that fin-
ishes processing gets quickly replaced by a new job. In addition,
this closed network model has applications in reliability as it can
be used to evaluate the availability of a K-out-N system composed
of M parts which is functional if at least K parts are operating (e.g.
Krishnamoorthy & Ushakumari, 2001; Lam & Zhang, 2000 and ref-
erences therein). We illustrate this via example in Section 4.

Literature review. There is a vast related literature on two-
node networks in the context of the machine repair model and
its variants. A recent paper by Haque and Armstrong (2007) pre-
sents an extensive review of the related recent literature. Reviews
of earlier works are found in Koenigsberg (1982) and Stecke
(1982). In the following, we review the literature that is mostly
related to this paper. Specifically, we limit the review to articles
that consider two-node closed cyclic networks and/or machine
repair with non-exponential repair times and spares. To the best
of our knowledge, the only article that develops an algorithm that
can potentially give exact solution (in terms of system size proba-
bilities) for the M/G/1//N + Y model with general repair distribu-
tion is by Gupta and Rao (1996). However, Gupta and Rao (1996)
apply the supplementary variable technique, which requires more
specialized knowledge compared to our imbedded Markov chain
approach. We believe that our solution methodology is easier to
implement because it does not require higher order differentiation
of the Laplace-Steiltjes transform of the service times density func-
tion. In addition, our article is the first to study the effect of vari-
ability on system performance in such closed systems. Rao and
Gupta (2000) extend the model in Gupta and Rao (1996) by consid-
ering warm spare machines (i.e. spare machines that may fail
while not in operation). One recent article that also utilizes the
supplementary variable technique on the M/G/1//N model,
involving no spares, is by Wang, Su, and Yang (2014) who focus
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on the effect of “imperfect coverage” where a failed machine may
not be noticed by the repairman.

Few papers develop exact solution for non-exponential closed
systems, especially the M/G/1//N + Y model with a specific distri-
bution of repair times. Wang (1994) studies a M/G/1//N +Y sys-
tem with an Erlang distribution of repair times, while Wang and
Wu (1995) studies a system with two modes of failure each requir-
ing an exponentially distributed repair times, which is equivalent
to having a repair time with a hyperexponential distribution. Both
models in Wang (1994), Wang and Wu (1995) allow for warm
spares. Recently, Jain, Sharma, and Sharma (2008) consider a model
similar to Wang and Wu (1995) with additional variations such as
balking and reneging. The main contribution of these papers (Jain
et al., 2008; Wang, 1994; Wang & Wu, 1995) is developing the sys-
tem sized probabilities utilizing a two dimensional continuous
Markov chain. Our model is general enough to include most of
these articles as special cases (excluding features like warm spares,
balking, reneging, and features that we do not include in our
model).

Some studies in the literature on computer systems assume
general processing times at one node in a cyclic network. However,
to the best of our knowledge, such studies are limited to having a
single server at both nodes. For example, Lewis and Shedler (1971)
develop an exact imbedded Markov chain solution for a general-
ized cyclic queue model with preemption and single-server nodes,
where the CPU processes jobs in multiple stages before and after
visiting the I/0O. Shum (1980) develops an approximation to extend
product form solutions to the case of general-service-time single-
server queueing networks. Gaver and Shedler (1973) develop a dif-
fusion type approximation for the cyclic queue with a single server
at each node. Our model may be useful in similar computer science
applications involving multiple parallel processors. Finally, one
stream of literature utilize diffusion approximations for general
service times and multiple servers at both nodes of the network.
The reader interested in diffusion approximations may refer to
Jain (1993) and Sivazlian and Wang (1989), Sivazlian and Wang
(1990).

The remainder of this paper is organized as follows. In Section 2,
we derive an imbedded Markov chain and solve for the imbedded
and time-average probabilities of the closed network observed at
Node 2 service completion epochs. In Section 3, we analytically
investigate the effect of repair time variability on system perfor-
mance. In Section 4, we present numerical examples using several
service (repair) time distributions to illustrate the solution
methodology and further discuss, via examples, the effect of repair
time variability. Section 5 concludes the paper.

2. The imbedded Markov chain

In this section, we describe a Markov chain imbedded at the ser-
vice completion instants of the second node. We use ideas from
pure birth processes to derive expressions for the one-step transi-
tion probabilities of this Markov chain. This allows obtaining the
stationary system-size probabilities at departure epochs, and, sub-
sequently, at arbitrary times. Key performance measures are then
determined.

Let X, be the number of customers at Node 2 upon service com-
pletion of the n! customer. Then, the number of customers X, is
related to X,_; as follows:

X Xoo1+A—1 if X1 >0
" A if X, 1 =0’
where A, is the number of transitions from Node 1 to Node 2. In the

context of the machine repair model, this represents the number of
failures during the repair time of the n" machine. Just after the nt

customer starts service the number of customers at Node 2 is X,,_;
and the number of customers at Node 1 is M — X,,_;. Therefore, the
number of transitions A, depends on X, ; only. This implies that
{Xn;n=1,2,---} is a Markov chain. The one-step transition proba-

bilities of X, defined as, p;=P{X,=jX,1 =i}, i=0,...,
M-1,j=0,...,M—1, are given by
py=P{An=j—i+ 11Xy =i}, ifix1,j>i-1, (1)

and for i=0,py; = py; for all j; otherwise, p; =0 if j <i—1. Let
7;,i=0,...,M—1 be the stationary distribution of the Markov
chain X,,.

Our approach is based on using the imbedded Markov chain for
solving for the stationary system-size departure epochs probabili-
ties {m;,i=0,...,M—1}, @ =lim,_ . P{X, =1}. The stationary
probabilities are interpreted as

7; = limP{n"* departing customer leaves behind i
n—oo
customers at Node 2}.

The stationary distribution {m;,i =0,...,M — 1}, is evaluated by
solving the equation, 7P = 7; YV, ' 7; = 1, where P is the transition
probability matrix, (P);; = py, and 7 = (o, 71, . .. , Tm 1)

Now we turn our attention to deriving expression for the one
step transition probabilities that can be computed efficiently. Let
{W(u),0 < u < t} be a pure birth process representing the number
of transitions (arrivals) from Node 1 to Node 2 during one service
time of length t at Node 2. That W(u) is a pure birth process is
due to the fact that the time between two consecutive arrivals
(machine failures) is exponential, possibly with different rates.
Then, p; is the probability that W (u) produces j — i + 1 births dur-
ing a random service time at Node 2,

Py = / T P{W() = + 1|W(0) = i}dB(t) = / Ty (0dBY),  (2)
0 0

where Q;(t) are the transition probabilities of W (u). The following
results are utilized to evaluate Qj(t).

Lemma 2.1. Fori=Y,... M -1,

M — 1 - s
Qi(t) = (M_]l.>e*<M*f>“(1 —eY j=i,... M.

Proof. With i > Y, the birth rate of W(u) is 4; = (M — i)\ For j =1,
Ross (1997) (Proposition 6.1, p. 314) proves that
Q;i(t) = e/t = e~M-0%_ Therefore, the lemma holds for i =j. We
complete the proof using induction. Suppose that the lemma is
valid for some j — 1 > i. Then, following Ross (1997) (Proposition
6.2 p. 321)

t
Q;(t) = )g-le”‘f[/o e7Q;j_1(s)ds

o M=i N\ [t i
=(ij+1)/le’<M”)"‘(M_ji1)/0 e (1—e ) " ds

_q M—i . o
_ (M B i>e—(1v1-j);.r(1 _ e—;.r)jfi
M—j ’

which completes the proof. OJ

Lemma 2.1 has the following intuitive interpretation in the con-
text of the machine repair model. Since machines fail according to
an exponential distribution, starting with M — i < N machines on
the production floor, a machine fails independently of other machi-
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nes with probability 1 — e=*. Then, the number of failed machines
during a time t is a Binomial random variable with parameters
M —iand (1 — e *). With no spares, i.e. Y = M — N = 0, for the case
of the M/G/1//N model, Lemma 2.1 applies for all i > 1. This intu-
itive argument is commonly utilized in the literature in the analy-
sis of the M/G/1//N model (see, for example, Saaty, 1961, p. 324;
van Hoorn, 1984, p. 19). Lemma 2.1 gives a formal argument for
this intuition and helps provide a better understanding of the
M/G/1//N + Y model. The second result deals with the case when
i<Y-1.

Lemma 2.2. Fori=1,...,Y -1,

—N/t(N;L )
Q;(t) = S forj=i,...Y, (3)
Q) = Jy 1ot /0 €5°Q;;_1(s)ds, forj =Y +1,..., M, (4)
where ;= (M —j)A.

Proof. The proof follows directly from Proposition 6.2 in Ross
(1997) by noting that the birth rates of W(u) are given by
Ji=N4, ifi <Y, and 4 = (M —i)4, otherwise. The first part of the
Lemma follows by using induction, and for j > Y the lemma is
restating Ross’ Proposition. [J

Intuitively, in the context of the machine repair model, Lemma
2.2 states that if the system starts a repair with i < Y machines in
the repair facility and ends repair with j machines, then the first
Y — i machines fail according to a Poisson process. That is, the sys-
tem is “equivalent” to an M/G/1 queue with arrival rate NA. If more
than Y — i machines fail, then the last j — Y machines fail according
to diminishing failure rates similar to those of an M/G/1//N model
with no spares. That is, fori < Y, the M/G/1//N + Y model is a mix-
ture of the M/G/1 and the M/G/1//N models. Otherwise, fori > Y
the behavior of the model is similar to that of an M/G/1//N.

In Lemma 2.2, the evaluation of (4) can be computationally
demanding. The following theorem presents a combinatorial iden-
tity that allows simplifying the expression in (4).

Theorem 2.3. (MTGS) For Z and k integers, and Sy =11 + - -
have the following identity

-+ 1, We

2l Pk k+1 Z+1 k k+r
S5 ST = ey e ()
r=0r,=0  n=0 I=1 r=0

x (k+1—r) @

Proof. See Appendix. O

We call the identity in Theorem 2.3 multidimensional triangular
geometric sum (MTGS) for obvious reasons. Theorem 2.3 leads to
the following theorem which provides a computationally efficient
closed-form expression for (4).

Theorem 24. For i=1,...,Y-1, and k=1,... N, let
Sk =11+---+Ty then
- k1 -1
Q) =N TN -1+ 0 S (K1)
=1 r=
% (k*T) (Y- H1)6—(N—k+r).
kyfi Y—i-r Y—i-sp 4 N1+Sk Y
+(=1) Z Z Tk g+l [t Ql+5k ( ):|
r1=0 r,=0 =0 Hl 1

(NAt)Y 5k
Y=i=S)T*

where Q.5 y(t) = e ™

Proof. See Appendix. O
Now, the transition probability matrix P = [p;] of the Markov

chain {X,,n=0,1,...,} is evaluated utilizing (2). For i > Y, it fol-
lows from (2) and Lemma 2.1 that

M—-i VX j-i+1
i = -1 B[(M—j—1+1)i
Py <j7i+l);( )( ; )[( j=1+n),
j=i-1,... M—-1, (5)

where B*(.) is the LST of B(.) = [y e "dB(u). Eq. (5) allows the
evaluation of py,i > Y w1th ease for repair time distributions with
closed-form Laplace transforms. For i<Y, the evaluation of
pj,J =1—1,...Y, is similar to the case of the M/G/1 which can be
done easily as well. For i <Y and j > Y,Qj(t) are evaluated using
Theorem 2.4, and then p; are determined. In its current form,
Theorem 2.4 allows determining Q;(t),i<Y,j>Y function of
M/G/1-type transition probabilities. For instance, it may be seen
that, fori <Y,

NY—iH

Qiys(t) =

e (N-1)J ZNx+r yQ1+rY( ):|

r=0

Qiyaalt) = NY-i+1 (N-1) [zf(Y*erl)e—(N—Z)/lt _ e (N-t

y—i
> N - 2'<””>Qi+r,y(t>} :
r=0

Before proceeding we point out that the MTGS identity in The-
orem 2.3 and the birth process result in Theorem 2.4 may be appli-
cable in other context not necessarily involving closed cyclic
networks and machine repair. To the best of our knowledge, these
two results are novel.

Having determined the transition probability matrix for the
Markov chain {X,,n=0,1,...,M — 1} the limiting probabilities
m;,i=0,...,M — 1, are then evaluated. However, we are interested
in the time-average stationary distribution of the number of cus-
tomers in at Node 2 at at arbitrary times defined as

pi = limP{X(t) = i}, i=0,....M,

where X(t) is the number of customers at Node 2. Moreover we are
interested in determining the performance measures of the system.
The most important performance measure is the throughput or, in
the machine repair model, the aggregate failure rate, ;. The rate
/s measures the average traffic flow in the network, as shown in
Fig. 1. The following lemma determines the values of s and the
p;’s once the 7;’s are obtained from the Markov chain analysis.

Lemma 2.5. Let E[S] be the mean service time, ; = N for i <Y and
i = (M —1)4, otherwise. Then, the throughput, J, is given by
N2

C NJES] ()
The system size probabilities, p;, i =0,...M, are given by

AT
p=22 =0 .M-1,

i

andpM ]_Zlopl'

Proof. The probabilities 7; and p; are related by the following
equation (see, for example, El-Taha & Stidham (1999)):

)uipi = /1f7T,', i= 0,1,..M-1.

In addition, Little’s law implies that

1 py = #EIS].
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The result follows upon solving for /; and simplifying. O

With /; and the p;’s determined from Lemma 2.5, other mea-
sures of performance could be determined easily. The mean num-
ber of customers at Node 2 (down machines) E[N,] is given by

M
E[Ng = _ip:.

i-1
Little’s law implies that the mean delay at Node 2 is
W, = E[Nd|/%s — E[S],

and the average number of customers at Node 1 (operational
machines) is
2
EINo) = .
In Section 4, we evaluate /s, Wg, and E[N,] numerically using several

service time distributions.

3. Effect of high variability

In this section, we analytically investigate the effect of Node 2
service time (repair time) variability on system performance. The
following lemma develops bounds on the throughput which are
function of the first moment of service times only.

Lemma 3.1. The aggregate failure rate, J, satisfies

1 X 1
TN) T ES] S ER)

Proof. Follows directly from (6) by noting that 0 < 7o < 1. O

Lemma 3.1 indicates some insensitivity to service time variabil-
ity especially if N/ is large. Moreover, this lemma shows that even
an infinite variance of Node 2 service times (repair times) will not
completely deteriorate the system performance since the aggre-
gate throughput (failure rate) is always above the lower bound in
the lemma. This is in contrast with open systems where, in heavy
traffic, service times with infinite variance lead to infinite delay
(e.g. Scheller-Wolf & Sigman, 1997). We elaborate more on this
with a sharper result in Lemma 3.2.

We present a result when Node 2 service (repair) time has infi-
nite variance. Consider a service/repair time having a two phase
balanced hyper-exponential distribution, H,. The H, distribution,
a mixture of two exponential distribution, has a density function
of the form

—

b(t) = 2p> e 7 1 2(1 — p)Ppe 2 PR (0 <p < ). 7)

\¥]

The variance of this distribution is infinite when p — 0. The follow-
ing lemma describes the asymptotic performance of our model
under H, service times with infinite variance.

Lemma 3.2. Suppose that Node 2 has a H, service time distribution
function with parameters p and p as given in (7). As p — 0, the system

7 M2u . s
| NERT where 7, “" is the probability of
having zero customers at Node 2 at a departure instant in a
M/M/1//N +Y system with the same throughput (failure rate) but

with twice the service rate as the M/H,/1//N + Y system.

throughput approaches nM-ZuN
0

Proof. Recall that P = [p] is the transition matrix of our imbedded
Markov chain. Then, it follows from (2) and (7) that
P = pP"?H 1 (1 — p)PM2("PH \where PY?# and PM2("P# are the
transition matrices of the imbedded Markov chains of the
M/M/1//N+Y systems with failure rates 2pp and 2(1 —p)u
respectively. Denote by 7(p) the system size departure epochs

probabilities as a function of p. In the following we find
lim, 7 (p). Note that wt(p) = 7t(p)[pP"** + (1 — p)P"*'"P¥) Then,
lim,_o7(p) = lim,_o7(p)P"*. (Observe that the lim,_opP™?"* =
0, where 0 is a matrix with all elements equal zero, because all ele-
ments of P*?* are bounded between 0 and 1.) The uniqueness of
the limiting probabilities corresponding to PM? implies that
lim, o7t(p) = 2%, where ™2# are the limiting probabilities cor-
responding to PM?*. Utilizing (6) completes the proof. O

The result in Lemma 3.2 may appear counter-intuitive at first as
it indicates that extremely high service time variability will not
completely damage the system performance. (As aforementioned,
this is not the case in open systems.) However, Lemma 3.2 can
be understood by thinking of the basic characteristic of the system
at hand. The system has a finite population of customers circulat-
ing between two-nodes (in the machine repair model, the system
owns a finite number of machines). When high variability of service
(repair) times leads to a long queue at the repair facility, the arrival
rate to the second node (repair sub-system) diminishes (as the
number of operational machines decreases), which allows fast
clearing of the queue. The system, in this sense, is self-correcting.
Shum (1980) makes a similar point about insensitivity to extre-
mely high variability. However, Shum (1980) does not provide ana-
lytical (or numerical) evidence.

More specifically, Lemma 3.2 is believed to develop a tighter
lower bound than Lemma 3.1 on the throughput of the
M/H,/1//N +Y system under infinite variance. This is reasonable
since in an alternate system with twice the repair rate, such as
the one in the lemma, we expect that the probability of having
an empty system increases (i.e. 7o < 7y >*). This indicates that
the limit in the lemma is indeed a lower bound on /. In Section 4,
we observe numerically that the /s converges to this bound as the
variance of repair times approaches infinity.

4. Applications

In this section, we present several examples to illustrate the
application of our model and draw useful insights. In Example 1,
we illustrates the application of the model for the case of deter-
ministic service times. In Example 2, we numerically evaluate the
system performance for many distributions and interpret the
results focusing on the effect of service time variability. In Example
3, we discuss the effect of high variability in detail utilizing numer-
ical results on the hyper-exponential distribution. In Example 4 we
explain how can our model be used to assess system reliability.
Finally, in Example 5, we explain how the model can be amended
to handle a case of group arrivals.

Example 1. Consider a deterministic service time with value b.
Consider a system with four machines and with a demand of two
machines. That is, M =4,N=2 and Y = 2. Lemma 2.2 and Theo-
rem 2.4 imply that

Qui(t) =e ", Quy(t) = 2ate™,
Qq3(t) = 4e ™ — 4jte 2" — 4e2* and
Qu4(t) = 1 —de™™ - 2)te™? 4 3¢,

Lemma 2.1 implies that
2

Qn =e" Qp=2e"(1-e"), Qu(t)=(1-e"),
Qs3(t) = eiuy andQ34(t) =1—e*.
Note that Q;(t) = 0 for all values of i and j not shown above.

With deterministic service times of duration b, Eq. (1) implies that
the transition probabilities matrix of the Markov chain is given by
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de~ — 42be " — 4e-b
e 2 2;be " 4e-tb — 4,be > — 4e-2b
0 e—z/‘.b ze—zb(] _ e—/‘.b)
0 0 e

g2 2)he ¥

P=

Example 2. In this example, we consider the following repair time
distributions: Deterministic, uniform, exponential, and the two
phase hyper-exponential (H,) distribution discussed in Section 3.
We fix the mean of the distribution to 1.0, i.e. u = 1, for all four dis-
tributions. For the H,,p = 0.1 and the uniform distribution has
support (0,2). Let p = A/u be the offered load at the repair server.
Applying our solution methodology using the four distributions for
the system with M = 4 customers, N = 2 and Y = 2, we obtain the
results in Tables 1 and 2.

To verify our numerical computations, results with exponential
service/repair times were compared with similar values obtained
from the classical approach based on a birth-death process. Results
from both approaches were exactly the same on all cases as
expected. For other distributions, we utilized simulation to verify
the results. All results were valid when compared with simulation
outputs with an average run length of five millions repair
completions.

Gupta and Rao (1996) obtain similar results using the supple-
mentary variable technique. Their approach results in an algorithm
that requires as input the Laplace Stieltjes transform (LST) of the

Node 2 service time distribution and their (j + 1)*" derivatives for
j=0,1,...,Y—2. This is a significant requirement when the
number of spares is relatively large. In contrast, our developed
method does not need higher order derivatives as input. Moreover,
our method is more efficient computationally as our computations
show.

In Tables 1 and 2, the effect of congestion as reflected by the
offered load and service time variability is clear. For example, with
deterministic service times when the offered load, p increases from
0.4 to 0.8 the average waiting time in the repair facility, Wg,
increases from 0.784 to 1.703, by a factor of approximately 2. With
other distributions, similar increase in the delay is observed.
Similarly, the mean number of Node 1 customers (up machines
operating,) E[N,], decreases as p increases (i.e. the failure rate
increases). The throughput, 4 as a measure of traffic intensity
(4r/ ) also increases as p increases.

The variability of the four considered distributions increases
according to their order in the tables. It can be observed that the
system performance diminishes as one goes down in Tables 1 and

1—4e 4 2)be ™ + 3pe 2
1—4e7 +2)be™" 4 3pe >
(1-e)?

1—e

2. For example, in Table 1, /s decreases from 0.732 to 0.623, by
approximately 15%, when the service/repair time distribution is
shifted from deterministic with no variability to hyper-exponential
with high variability. Similar effects are observed with other
performance measures in the tables. Although the effect of
variability (on the throughput for example) is not modest, one
may still argue, by observing the results above that the system
exhibits certain degree of “insensitivity” toward service time
variability compared to open models (e.g., El-Taha & Maddah,
2006). This is not surprising given our analytical results in
Section 3.

Example 3. In this example, we further investigate the effect of
service time variability on system performance. We consider the
hyper-exponential distribution and vary the squared coefficient

of variation of service times, C2, which is equal to the ratio of the
variance to the square of the mean.

It is clear from Table 3, that system performance declines as
variability increases. However, the decline happens at a decreasing
rate. That is, as variability increases from “moderate” to “high” (say
lines 1 and 3 of Table 3) the system performance deteriorates by a
somewhat significant amount. On the other hand, when variability
is increased from “high” to “extremely high” the system perfor-
mance is almost insensitive (compare lines 3 and 4). Additional
results, not shown here, indicate that /; decreases by very modest

amounts as C2 increases beyond the values in line 4 of Table 3. In

fact, the lowest values of ir we observe as C? increases are 0.560
for p = 0.4 and 0.812 for p = 0.8. These values correspond to the
lower bound derived in Lemma 3.2. These findings can be also
related to the insensitivity and self-correcting behavior of the
model relative to variability discussed in Section 3.

We finally caution the reader to the values of the “fraction of
time the Node 2 server is idle”, py, in Table 3. As it is observed in
Table 3, p, increases as variability increases. This may also seem
counter intuitive. However, this could be understood by noting
that the H, type of variability is due to a very small number of jobs
causing most of the delay (as it is case with heavy tailed
distributions). Whenever a large job is getting processed, the

Table 1
The model with M =4,N=2Y=2,and p =04.
Distribution Po P1 D2 D3 Pa Af Wy E[N,]
Deterministic 0.268 0.329 0.254 0.129 0.021 0.732 0.784 1.83
Uniform 0.288 0.290 0.237 0.151 0.035 0.712 0.903 1.78
Exponential 0.317 0.253 0.203 0.162 0.065 0.683 1.065 1.708
Hyper-exponential 0.377 0.218 0.136 0.098 0.172 0.623 1.359 1.558
Table 2
The Model with M =4,N=2,Y=2,and p=0..
Distribution Po o D2 P3 D4 A5 Wy E[N,]
Deterministic 0.024 0.093 0.274 0.439 0.170 0.976 1.703 1.221
Uniform 0.048 0.113 0.237 0.393 0.209 0.952 1.733 1.190
Exponential 0.080 0.128 0.204 0.327 0.261 0.920 1.785 1.15
Hyper-exponential 0.136 0.142 0.159 0.207 0.356 0.864 1.899 1.080




B. Maddah, M. El-Taha/Computers & Industrial Engineering 110 (2017) 297-306 303

Table 3
Effect of Variability on the Model with M =4,N=2Y =2 S ~ H,.
H, p=04 p=038
p c2 ’f Do Wy E[No] 5 Po Wq E[No]
0.05 9.256 0.604 0.396 1.488 1.511 0.842 0.158 1.951 1.503
0.02 24.510 0.578 0.422 1.643 1.445 0.825 0.175 1.993 1.032
0.005 99.503 0.565 0.435 1.724 1.413 0.815 0.185 2.019 1.019
0.001 499.501 0.561 0.439 1.749 1.403 0.813 0.187 2.026 1.016

queue length reaches its maximum value of N+Y -1 for a
significant amount of time. This, however, happens rarely. At other
instants, the Node 2 queue is mostly idle.

Example 4. In this example, we model Node 2 as a repair facility
and the N servers at Node 1 as system components subject to fail-
ures and Y spare components. We consider the availability of K-
out-N redundant system with Y spares, exponential failure times
and general repair times. In this system, at least K out of the N com-
ponents must be working for the system to function. The key mea-
sure of performance here is to obtain the system availability given
by Zﬁgk p;- The one-step transition probabilities for this system are
computed in the same way as our model except that here the state
space is reduced to {0,1,...,M — K}.

For example, consider a system with constant repair time b, five
total components/machines, with a demand of three machines. The
system functions if two or more components/machines are oper-
ating. That is, N=3,K =2 and Y = 2. In this case, the one-step
transition probabilities are given by

9e 2 — 9e-3 _ 9 be >
e 3 3jbe" 9e¥b —9e=3h _9be >
0 e—3/;b 3e—2/1b(1 _ e—zb)
0 0 e-2ib

g3 3)he 3

P=

Then, the system availability can be obtained by solving for the
system size departure epochs probabilities, 7t; and the system size
probabilities, p;, i =0,1,2,3, as discussed in Section 2.

Example 5. It is generally difficult to analyze group arrivals in
closed networks. To the best of our knowledge, the few works in
the literature on this utilize involved diffusion approximations
(e.g. Jain, 1993). This example illustrates how our model can
(exactly) accommodate a special type of group arrivals resulting
from a clustered arrangement of customers at Node 1. To simplify
the presentation, the discussion is in the context of machine repair.
Consider that machines are organized in k clusters having ¢ machi-
nes each. Suppose also that the demand requires [ clusters to be
operational and that up to g = k — I clusters can act as spares. When
a machine in a cluster fails, according to an exponential time with
rate Z,, then the whole cluster is sent to repair. Before that repair
actually starts, the repairman needs the identify which machine
in the cluster has failed. This requires an inspection time I. After
inspection, the failed machine is repaired for a time R. The other
¢ — 1 operational machines in the cluster wait in the repair shop
during the repair time. Upon repair completion, the fixed machine
rejoins its cluster which is deployed back to the production floor.
With some thought, if one considers a cluster as an individual
customer in this queueing system, it can be seen that this system
can be analyzed with the base M/G/1//N + Y model described in
this paper with M = k,N = I, and Y = g, a repair time S = I + R, and

a failure rate /1 = ciy. The only additional complexity here is in
figuring out the distribution of the convolution S = I + R. However,
since reasonable distributions for I are either exponential or
deterministic, the convolution exercise is not expected to be too
hard.!

5. Conclusion

In this paper, we develop an imbedded Markov chain solution
for two-node closed cyclic network with one exponential multi-
server node and one general single server node. A primary example
of such a system is the machine repair model with general repair
times and spares. Our solution methodology is based on exploiting
properties of a birth process representing arrivals to the single-
server system. This approach is simple to understand and apply.
The wide range of applications of this closed model and the abun-
dance of non-exponential service times in many systems make our
model quite useful. The computational effort required by our
approach is somewhat modest especially for small systems.

1+ 62be > 1 83 _ ge-2b

1+ 62be > 4 83 — ge~2b

(1 _ e—)vb)z(l _ e—/',b + 36—2217)
1— e—2].b

We investigate, analytically and numerically, the effect of ser-
vice time variability on system performance. We find that because
the population size is finite, the effect of variability is limited, in
the sense that very high variability is not much worse than high
or moderate variability. The question of reducing variability in
queueing networks have received some attention recently (see,
for example, El-Taha & Maddah, 2006; Harchol-Balter, 2002;
Whitt, 1999). However, all works have been limited to open queue-
ing networks. Our findings here are encouraging from a modeling
point of view as it implies that closed systems are robust to vari-
ability so that rough, back of the envelope, approximations may
be utilized with reasonable accuracy. On the other hand, the insen-
sitivity result may discourage variance reduction alternatives. The
conclusion is that decisions for applying variability reduction
schemes in closed networks, as opposed to open networks, should
be considered with caution to avoid costly alternatives.

Finally, we point out that our solution approach based on ana-
lyzing birth processes may be applicable to other non-product
form queueing networks having one or more nodes with exponen-
tial service times. Moreover, the specific birth process studied in
this paper, having constant birth rates followed by linearly dimin-
ishing rates, could be applicable to other contexts (perhaps biolog-

1 If a cluster inspection stops when the failed machine is identified, then I is likely
to be exponentially distributed. Otherwise, if the inspection requires checking all the
machines in a cluster, with, perhaps, some minor maintenance performed, then I
might be assumed deterministic.
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ical systems). Incidentally, we obtain an interesting combinatorial
result (see Theorem 2.3) while analyzing this birth process. This
combinatorial identity could also be of use to other researchers.

Appendix A. Closed form for Q;y i <Y, k=1,... . N-1

In order to prove Theorem 2.4, we need the following support-
ing results.

Fact 1. [sZe®ds = e®y [ (—1) 255, for all a real and Z
integer. See, for example, Gradshteyn and Ryzhik (1994, p. 112).

Proof of Theorem 2.3. The proof is by collapsing the k — order sum
to the left hand side of the identity into sums of smaller order. First
collapse the sum into two sums of order k — 1 as follows:

Z Z-1 Z-S 1 k k+-1 r
S5 S TI(A)
r1=0r,=0 re=0 I=1
Z Z-1n ZSk]klk+1 k-‘r]
EENICONC)
Z Z-n Sk_2k k+1 r k—i—] Z-Sp_1+1
k2 ZH( o) ) ‘1}
7 VAVASS Z-Sk ok k
k(k—i—]ZHk ZHZZ ZH()
=0r,=0 re_1=01=1
zz-rn Z- sH;H k41
ST
=0r,=0 re_1=01=1
Therefore,

Z Z-1

;;)...Z;Zkolf][(k?ly/(k 2 :( >g r+1< )
e

=0r,=0 re-1=01=1

x(k+1-

By induction assume that

Z Z-1

» Ziﬁ(kﬂ/wﬂ—<5>r:<—w<:/>

s Z-1 Z=Sk_y-1k—v k+1—r T
x(k+1-m ZZ >
=0r,=0 T y=0 I=1
for v=1,...,w < k. In the following, we prove that this identity

holds for v =w+1
K\ & rw (W Z, kw1 oy
(S (Fesr-n ey S
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where the term in brackets above is equal to 1 based on the identity

R (") e (D)

see, for example, Feller (1968, p. 64). Upon simplifying and rear-
ranging, it follows that

7 Z-1 Z-S1 k k+1 T | 1Z+1_ k w+1 Lyt
S5 TI(TY) e = (550

Z Z-1

Z-Si_w ok—w-1 r
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which completes the inductive proof. For v = k — 1, the inductive
proof implies

7 Z-1n Z-Sk1 k
>SS fwe
=0r,=0 0 I=1
k-1 _ z
- < ' )Z(—])Hk—l(k 1)(/(—0—1 ) (Z+1) Z(k""l )"
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where the last equality also follows from the identity in Feller. Upon
rearrangement,

z il ra k+1 Z+1 k r+k
S5 T =ty
=0r,=0 =0 I=1 r=0

x (Ir‘)(k+1 -,

which completes the proof. O
The following lemma is another supporting result we need.

Lemma  5.1. Let  Qu;(t) 2 ye %t [T einsQuy(s)ds, i=1,...,
Y-1,j=Y+2,...M—1.Then,
~ ' NY- i
Qiyi(t) = (M —}j) {We (M—j-1)it
Y—i Nr
- OWQPA’Y(U .
r=|

Proof. Utilizing Fact 1,

Y-i
Qiyj(t):(M _]');Le—(M—j—l)/‘.t/ oM=j~1)is g-Nis (N2s) ds

0 (Y1)
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which completes the proof. O

Proof of Theorem 2.4. For k = 1, Fact 1 implies
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Therefore, the theorem holds for k = 1. By induction assume the
theorem holds for Q;y,,(t). In the following we prove that it also
holds for Q;y.y.1/(f).

t
1 — t LY ik+1S
Qi.,Y+k+1 (t) = Ay k€ AY k1 / erY+k+1
0

Qirnds)ds = (Tk[(N 1+ 1)>NYf

=1

(N k-1) /IZ ( -1 > (k _ r)*(Y*H»])

Yoir o YeiSer NS

ot Y-i
< e 1y Y
0 r=0

Tk 1
=0 ;=0 H l

L[N =l
w—1r¢

X Qi+5k‘Y.Y+k(t)] .

Note that
(N —k)Z ~(N—k-1)it ’H k=1 i) [ —(r+1)7s
T i) ;(—1) . (k—1) /0 e ds
p y (k—r) "y (r+1)2
(N k —(N-k-1) tz r+] (k T ) (1*6‘ +1) t)

(k—r)" (Y—it1)

(N—k-1)it r
=(N- k( Z (r+Dk—1-r)!
kzi (k- r)i(ﬁiﬂ) o-(N—k+)2t
- r+1 Wk—=1-r1)!

~(N—k-1) rk ! ) T)f(yfm)
=(N-k) Z r+1 I(k—1-r)!

e(Nk+r1)Zt> )

305

Moreover, Lemma 5.1 implies that
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This completes the proof. O
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