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A Comprehensive Model for Single Ring Infiltration
II: Estimating Field-Saturated Hydraulic Conductivity

Soil Physics & Hydrology

In this study, we explored four approaches to infer field-saturated hydraulic 
conductivity (Kfs) from both early-time and steady-state infiltration measure-
ments using an explicit expression for three-dimensional flow. All approaches 
required an estimate of the soil capillary length, l. Approach 1 estimated Kfs 
via optimization, in which all other infiltration parameters (9 in total) were 
known. The remaining approaches constrained l through different interpre-
tations of coefficients generated by linear regression between infiltration and 
time. Approach 2 utilized these coefficients plus estimated soil water con-
tent to simultaneously quantify both l and Kfs. Approach 3 used an analytical 
expression in which l was estimated based on water retention/unsaturated 
hydraulic conductivity parameters, while Approach 4 adopted a universal 
l value of 15 cm. The accuracy of these four approaches were tested using 
numerical and laboratory infiltration data. Approach 1 had the highest accu-
racy but also required the most auxiliary data, making it most suitable for 
laboratory and numerical experiments. Approach 2 was the least consistent, 
providing negative estimates for l and Kfs under certain conditions. Approach 
3 also gave accurate predictions of Kfs, but may be inaccurate in instances 
where the water retention model parameters are uncertain or do not describe 
soil hydraulic behaviors well. Approach 4 provided reasonable estimates of Kfs 
(within a factor of three from the actual value in most cases), while not requir-
ing additional observational data. The optimal approach for interpreting Kfs will 
thus vary depending on the type and quality of available auxiliary data.

Infiltration tests are often used to determine soil physical properties such as 
field-saturated hydraulic conductivity, Kfs. In recent years, single ring infil-
trometers have become widely utilized toward this goal, as they are typically 

easy to set up and conduct, require minimal water and time, and allow for multiple 
simultaneous measurements within close spatial proximity (Bagarello et al., 2014; 
Castellini et al., 2016; Stewart et al., 2015; Stewart et al., 2013).

Interpreting Kfs from three-dimensional infiltration data requires constrain-
ing the capillary force. In many solutions, the capillary force is represented by a 
length term, l [L], or its reciprocal a* [L-1] (Bagarello et al., 2014; Reynolds et 
al., 2002a). This “capillary length” term (l) can be quantified by using infiltration 
tests with multiple ring diameters (Scotter et al., 1982) or multiple source pres-
sure heads (Reynolds et al., 2002a), by assuming a representative value based on 
soil textural class (Reynolds et al., 2002a), or by applying analytical expressions 
(as detailed in Part I of this study, Stewart and Abou Najm, 2018). Soil structural 
features such as aggregation and cracking often reduce the l term (or conversely 
increases the a* value), as detailed in Table 3.4-4 in Reynolds et al. (2002a). As a 
result, repacked or non-structured soil may have larger capillary length (l) values 
compared with field soils, by up to one order of magnitude.

Once the capillary length has been constrained, infiltration measurements can 
be interpreted using early-time data (Wu et al., 1999), steady-state data (Reynolds and 
Elrick, 1990), or a combination of both (Part I of this study, Stewart and Abou Najm, 
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2018). Another procedure for analyzing single ring infiltration mea-
surements is called the Beerkan Estimation of Soil Transfer proper-
ties, or BEST (Lassabatère et al., 2006). Full interpretation using the 
BEST method requires estimates of the initial and final water con-
tents, bulk density, particle size distributions, wetting front depth, 
and lateral wetting distance. To simplify this process, Bagarello et al. 
(2014) used a constant capillary length value of a* = 0.12 cm for all 
soil types, which resulted in Kfs estimates that were within a factor 
of two of those predicted by the full BEST protocol for a set of agri-
cultural soils. However, the model does not allow for differences in 
ring insertion depths or source pressures (i.e., ponded depths), and 
therefore may not work well with different experimental settings 
(e.g., positive water ponding heights in the single ring source).

In this study we explore four different approaches to de-
termine Kfs from single ring infiltration measurements, using a 
comprehensive single ring infiltration model that was developed 
in Part I of this study (Stewart and Abou Najm, 2018). Each ap-
proach differs in how it constrains the capillary length, l (a term 
that describes the capillary force driving early-time and three-
dimensional water flow), and in terms of data requirements. The 
approaches can use both early-time and steady-state infiltration 
data, making them relevant to a range of test conditions. To illus-
trate how the proposed methods are suitable for most situations 
and experimental conditions, we applied them to evaluate infil-
tration tests for five simulated soils in HYDRUS and for labora-
tory tests in a sandy loam soil.

Theory
As established in Part I (Stewart and Abou Najm, 2018), 

cumulative infiltration I [L] can be described as a function of 
time t [T] as:

s i source fs fs( )( ) /I h K b t afK tq q l= - + + 	
 t < tcrit  	 [1a]

s i source
fs

( )( )
4 (1 )

hI fK t
fb a

q q l- +
= +

-
		   t ≥ tcrit  	 [1b]

( )( )
( )

s i source
crit 22

fs4 1

h
bK f a

q q l
t

- +
=

-
	  [1c]

where qi and qs are the respective initial (i.e., background) and 
saturated soil water contents, hsource is the pressure head at the 
single ring water source [L], l is the capillary length [L], Kfs is 

the field-saturated hydraulic conductivity [L T-1], and a and b 
are constants (with assumed values of a = 0.45 and b = 0.55). f is 
a three-dimensional shape parameter defined by:

source

d

1
/2

hf
d r

l+
= +

+ 	  [2]

where d is the depth of insertion of the single ring [L] and rd is 
the disk radius of the ring [L].

Infiltration measurements, as interpreted using Eq. [1] and 
[2], can be used to estimate Kfs, so long as all other relevant pa-
rameters are known or constrained (Table 1). Operational pa-
rameters depend on the settings of each infiltration test, and so 
are relatively easy to quantify. In contrast, soil and conditional 
parameters vary between sites and situations. Here we summa-
rize four different approaches that can be used for generating the 
necessary constraints to estimate Kfs.

Approach 1: Known l, qi, and qs
In the first, simplest case, all parameters (Table 1) are known 

or constrained except for Kfs. Equation [1] can then be fit directly 
to the observed data (using the appropriate expression for the spe-
cific conditions of the infiltration test), for example by minimizing 
the residuals between the measurements and modeled data by ad-
justing the parameter value of Kfs. This approach requires the most 
auxiliary data, which can limit its applicability compared with the 
other approaches. On the other hand, this approach can be used 
with all data (i.e., early-time and steady-state conditions), whereas 
the other approaches require working with only one or the other.

Approach 2: Unknown l, Known qi and qs
In the case of early-time data, that is, when t < tcrit, Kfs can 

be estimated by linearizing Eq. [1a]. For example, Smiles and 
Knight (1976) recommended dividing cumulative infiltration 
by t1/2 to obtain, in the case of [1a]:

1/2 1/2
s i source fs fs 1 21/2

( )( ) /
I h K b afK t c c t

t
q q l= - + + = + 	 [3]

In a related approach, Vandervaere et al. (1997) proposed 
differentiating cumulative infiltration with respect to t1/2 as:

1/2 1/2
s i source fs fs 1 21/2

( )( ) / 2 2
dI h K b afK t c c t

dt
q q l= - + + = + 	 [4]

Table 1. Parameters required to solve for cumulative infiltration, I [L], as a function of time, t [T], using Eq. [1]. Parameter values 
are controlled by soil properties (Type = Soil), operational settings (Type = Operational), or a combination of soil properties and 
operational settings (Type = Conditional).
Parameter Description Dimension Type
qs Saturated water content [-] Soil
qi Initial water content [-] Soil
l Capillary length [L] Soil
Kfs Field-saturated hydraulic conductivity [L T-1] Soil
hsource Water supply pressure head [L] Operational
d Single ring insertion depth [L] Operational
rd Single ring disk radius [L] Operational
a Early-time gravity flow constant [-] Conditional
b Sorptivity constant [-] Conditional
f Three-dimensional wetting shape factor [-] Conditional
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In this manner, the constants c1 and c2 can be estimated 
from linear models fit using Eq. [3] or [4]. However, it should be 
noted that this approach can result in an ill-conditioned prob-
lem due to time appearing in both the first and second terms of 
the right-hand side of Eq. [1a] (Vandervaere et al., 2000). In such 
cases, a procedure established by Lassabatère et al. (2006), which 
combines results from both early time and steady-state measure-
ments, may instead be more suitable. However, the Lassabatère et 
al. (2006) method requires knowledge of steady-state infiltration 
rates, and therefore may not be appropriate for short duration 
tests or tests in fine-textured soils (where a steady state may not 
be reached during reasonable amounts of time).

Nonetheless, for situations where the use of Eq. [3] or [4] 
provides appropriate estimates of c1 and c2, then, given an esti-
mate of the initial and saturated water contents (qi and qs), the 
field-saturated hydraulic conductivity and capillary length can 
be estimated as:

( )2
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/
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a d r
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= -

+
		   [5]
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In the case of steady-state data (when t ≥ tcrit), Kfs can be 
found by fitting a line between I and t:
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Because tcrit is not known a priori, it may at times be dif-
ficult to know whether to use Eq. [5] to [6] (early-time con-
ditions) or Eq. [7] to [9] (steady-state conditions). One possi-
bility is to check if the last three measurements of infiltration 
rate (DI/Dt) are within some small error (e.g., ± 5%) of one 
another; if so, the test has probably reached steady-state condi-
tions (Thomas et al., 2016). A second choice is to focus on the 
earliest measurements (e.g., the first five to ten readings) and 
utilize the early-time approximation.

Approach 3: Constrained l
Here we focus on analytical solutions for constraining l us-

ing soil water retention and unsaturated hydraulic conductivity 
models, noting that the appropriateness of such solutions will 
depend on ability of the retention/conductivity models to accu-
rately characterize soil hydraulic behaviors. Using as an example 
the Brooks and Corey (1964) hydraulic model, in Part I (Stewart 
and Abou Najm, 2018) of this study we quantified l as:

b i b i( / )
1

h h h h hh
l

h
 -

= - 
		 hi < hb

  	  [10a]

ihl=-  			   hi ≥ hb 	  [10b]

where hi is the initial matric head of the soil [L] and h and hb are 
water retention/unsaturated hydraulic conductivity parameters. 
In the case that the soil is initially dry (e.g., hi << hb), the capil-
lary length attains a maximum value, lmax:

max b /(1 )hl h h= -  			    [11]

While Eq. [11] is strictly valid for the case that the initial 
matric head hi is much smaller than the bubbling pressure hb (i.e., 
initially dry soils), in practice it is approximately true over the 
range −¥ < hi < ~2hb (as detailed in Part I of this study, Stewart 
and Abou Najm, 2018).

Once the capillary length has been constrained, Kfs can be 
estimated directly from the early-time c2 term of Eq. [3] or [4] as:

2
fs
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1
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 	  [12]

or from the steady-state c4 term of Eq. [7] as (Reynolds and 
Elrick, 1990):

4
fs
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d

1
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cK
h
d r

l
=

 +
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 	  [13]

Approach 4: Assumed l*
Next, in the case that the capillary length cannot be experi-

mentally or analytically constrained, a universal capillary length 
value, l*, may instead be assumed. We recommend a value of 
l* = 15 cm, which should fall within one order of magnitude of 
the true value for many real soils. As in Approach 3, constraining 
the capillary length as l* allows Kfs to be quantified from the 
early-time results as:

2
fs

source

d

* 1
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cK
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d r
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 +

+ + 

 	  [14]

or from the steady-state results as (Reynolds and Elrick, 1990):

4
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Equation [14] is analogous to the abridged BEST procedure 
developed by Bagarello et al. (2014), in which the Haverkamp et 
al. (1994) model is simplified to:

2
fs

d

2.920.467 1
*

cK

r a

=
 

+ 
 

	  [16]

a* [L-1] is equivalent to l-1, with a universal value of a* = 0.12 cm-1 
recommended for most field soils (Bagarello et al., 2014).
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Methods
Numerical Simulations with HYDRUS-3D

HYDRUS-3D (Version 2.05.0250) was used to simulate 
infiltration from a single ring source for five different soil types. 
The models were configured as an axisymmetric (x-z) plane of 
100-cm radius by 200-cm depth, with 47,739 nodes in total. The 
single ring was modeled as having a 10-cm radius (rd = 10 cm) 
and two depths of insertion: d = 1 cm and d = 5 cm. A constant 
head condition was set at the portion of the top boundary corre-
sponding to the single ring, with pressure heads of hsource = 0 cm 
and hsource = 25 cm both tested, while the remaining upper 
boundary was set as a no-flux source. Five soils were simulated: 
Guelph loam; Yolo light clay; Grenoble sand; Columbia silt; and 
Silt loam G.E.3 soil. The Brooks and Corey hydraulic model was 
used; parameter values came from Fuentes et al. (1992), and are 
summarized in Table 2. Two initial conditions were modeled for 
each soil: dry (hi = -5000 cm) and wet (hi = -50 cm for the first 
four soils; hi = -130 cm for the Silt loam G.E.3 soil). All infiltra-
tion events lasted 500 min in total.

The simulated infiltration rates were then used to calculate 
Kfs and l (the latter when applicable). For Approach 1, a least-
squares regression was used to optimize Kfs so that Eq. [1] best 
matched the cumulative infiltration predicted by HYDRUS. 
In this instance all parameters except for Kfs were assumed to 
be known, based on the input parameter values used for the 
HYDRUS simulations. l was estimated with Eq. [10]. For 
Approach 2, I/Öt was plotted against Öt (i.e., Eq. [3]) for the 
infiltration data corresponding to t < tcrit, and I against t (i.e., 
Eq. [7]) for any data corresponding to t ≥ tcrit. Linear models 
were then fit to the data using a least-squares regression. The co-
efficients c1 and c2 were found from the early-time data (Eq. [3]), 
and the coefficients c3 and c4 came from the steady-state data 
(Eq. [7]). Those coefficients were then used to determine Kfs and 
l via Eq. [5] to [9]. We assumed that a = 0.45 and b = 0.55, and 
used the input/modeled values for hsource, d, rd, qi and qs.

We also examined the ability of the simplified expressions of 
Eq. [12] to [15] to constrain Kfs from infiltration measurements. 
For Approach 3, the input parameter values for hb and h were 
used in Eq. [11] to calculate the capillary length lmax for each 
soil, while in Approach 4 a universal value of l* = 15 cm was 
assumed for all soils. Finally, the Bagarello et al. (2014) model 
was fit to the c2 estimates, using Eq. [16] and a constant value of 
a* = 0.12 cm-1.

Laboratory Tests
In addition to the numerical simulations, we performed 

two single ring infiltration tests in an air-dry fine sandy loam soil 
(Adkins series). The soil was collected from a farm near Echo, 
OR, and was repacked into a 50-cm diameter by 90-cm tall plas-
tic barrel to a bulk density of approximately 1.58 Mg m-3. The 
packed soil was 50 cm deep at the time of testing. To conduct the 
tests, we inserted a 9.6-cm diameter ABS plastic ring (1-cm wall 
thickness) into the material to a depth of 5 cm. We added water 
to the ring in 100 cm3 increments for a total volume of 1600 cm3, 
recording the time required for each volume of water to infiltrate. 
The two tests were positioned within the barrel such that lateral 
extent of the wetting bulbs (as estimated at the surface) neither 
overlapped nor reached the sides of the container. As part of the 
experiment, nine intact soil cores (5.4 cm inner diameter by 3 
cm length) were collected from the column and were saturated 
before being placed into a pressure plate system (Soilmoisture, 
Inc., Santa Barbara, CA). Soil water retention measurements 
were made on the cores at 0, 330, 660, and 1000 cm pressure 
heads. Soil qs was determined based on the water content of the 
saturated cores, and qr was based on the water content of the 
cores when air dry. A least-squares regression on the Brooks and 
Corey water retention model (Eq. [10] in Part I, Stewart and 
Abou Najm, 2018) was used to determine the parameters h and 
hb. After collecting the experimental data, Kfs values for each test 
were estimated using the four approaches. The following param-
eter values were used (when applicable): hsource = 0.5 cm, d = 5 
cm, r = 4.8 cm, a = 0.7, b = 0.55, and qi = qr.

Laboratory Test Validation
For validation, saturated hydraulic conductivity of the 

sandy loam soil was quantified using two additional approaches. 
For the first validation, we estimated Kfs and the water reten-
tion parameters h and hb using the inverse model feature of 
HYDRUS-3D (Simunek and Sejna, 2011). The sand column 
was modeled as a 2D axisymmetric plane with a depth of 50 
cm and a radius of 25 cm. Node spacing ranged from 0.25 cm 
in the vicinity of the ring to 1 cm at the far bottom edge of the 
domain. In total, 3874 nodes and 7499 elements were modeled. 
The ring was modeled using a no-flux domain for the perimeter 
in contact with the sand. The infiltration tests were simulated 
using a constant head of 0.5 cm for the upper portion of the 
boundary corresponding to the inside of the ring, while a no-
flux boundary was used for the remaining sides. The initial pres-
sure head was set to hi = -5,000 cm. The initial soil properties 

Table 2. Saturated water content (qs), residual water content (qr), saturated hydraulic conductivity (Ks), bubbling pressure head 
(hb), and pore size index (h) for the soils used in comparisons and analysis.
No. Soil qs qr

Ks hb h

cm min–1 cm
1 Guelph loam 0.52 0.17 0.022 -45.82 3.56
2 Yolo light clay 0.50 0.0 0.00074 -16.56 2.62
3 Grenoble sand 0.31 0.0 0.26 -11.43 5.86
4 Columbia silt 0.40 0.0 0.0035 -6.657 5.45
5 Silt loam G.E.3 0.40 0.013 0.0035 -128.48 3.16
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were set as: qr = 0.0138, qs = 0.404, h = 3.183, hb = -9.49 cm, 
Kfs = 0.05 cm s-1, and l (a tortuosity parameter) = 0.5. The mod-
el then optimized values for h, hb and Kfs using the least-squares 
inverse solution routine based on the observed cumulative infil-
tration data; h was constrained to be between 2.6 and 6.5, to en-
sure model numerical stability.

For the second validation, constant head flow experiments 
were performed on three cylindrical cores (5.4 cm inner diameter 
by 3 cm length) collected from the soil. Flow measurements were 
conducted within sealed tempe cells (Soilmoisture, Inc., Santa 
Barbara, CA), following the procedure of Klute and Dirksen 
(1986). Hydraulic head loss across the cores was measured us-
ing a differential pressure transducer (Dwyer 2025 Magnehelic, 
Michigan City, IN). Note that because these cores were saturated 
(and thus theoretically did not contain entrapped air), they may 
represent an “end-member” of the maximum possible hydraulic 
conductivity that the soil can possess.

Statistical Analysis
For the numerical simulations, parameter estimates were as-

sessed using the differences (%) between the actual values for l 
(based on Eq. [10]) and Kfs (based on HYDRUS inputs), where 
the difference equals:

100 ´ (lestimated − lactual)/ lactual		  [17]
and

100 ´ (Kfs,estimated − Kfs,actual)/Kfs,actual		  [18]
With this convention, values of -50% and +100% both repre-
sent a factor of two difference between estimated and actual pa-
rameter values, and -75% and +300% both represent a factor of 
four difference.

For the laboratory data, model fit was assessed using the 
root mean square deviation (RMSD), calculated as:

2
1 ˆRMSD ( ) /N

i i iy y n== -∑ 	  [19]

where ˆiy  is the cumulative infiltration predicted by the proposed 
model at time i, yi is the measured cumulative infiltration at time 
i, and n is the number of observations.

Sensitivity Analysis
We performed a sensitivity analysis to determine the effect of 

erroneous l values on Kfs estimates. To conduct this analysis, we 
assessed how changes in l affected subsequent estimates of Kfs. 
The baseline scenario assumed that a = 0.45, d = 5 cm, rd = 5 cm, 
c2 = 0.00315 cm s-1, and Kfs = 0.00125 cm s-1 (though note that 
the solution is insensitive to the actual values of a and c2). The 
analysis then assumed that for all instances lestimated = 19.6 cm 
and Kfs,estimated = 0.00125 cm s-1, whereas the “actual” l value 
varied plus or minus an order of magnitude from the estimated 
value (i.e., 0.1 ≤ (lactual/lestimated) ≤ 10). The corresponding 
relative changes in the “actual” value of Kfs relative to its esti-
mated value (i.e., Kfs,actual/Kfs,estimated) were then analyzed for 
the baseline and six other combinations of ring radius (rd) and 
ring insertion depth (d). The seven scenarios were: (i) rd = 5 cm, 
d = 5 cm; (ii) rd = 5 cm, d = 2.5 cm; (iii) rd = 2.5 cm, d = 5 cm; 

(iv) rd = 2.5 cm, d = 2.5 cm; (v) rd = 5 cm, d = 10 cm; (vi) rd = 
10 cm, d = 5 cm; and (vii) rd = 10 cm, d = 10 cm. The analysis 
was repeated for two water supply pressure heads: hsource = 0.5 
cm and hsource = 25 cm.

Results and Discussion
Numerical Simulations

HYDRUS-3D was used to simulate infiltration into five 
synthetic soils (Guelph loam, Yolo light clay, Grenoble sand, 
Columbia silt, and Silt loam G.E.3). Approaches 2 to 4 were 
first used to estimate the capillary length (l) values associated 
with the HYDRUS simulations (Fig. 1; Supplemental Table S1). 
Approach 2, which used the intercept of linearized infiltration 
data (i.e., as seen in Eq. [3], [4], or [7]), had relatively low accu-
racy, with most of the predicted l values varying from those val-
ues calculated by Eq. [10] by more than a factor of two. In addi-
tion, six of the eighteen applicable simulations (33%) produced 
negative estimates for l when analyzed using Eq. [9] for their 
steady-state data. This poor performance may be attributed to 
uncertainty in the c3 term of Eq. [7]. Approach 3, which used wa-
ter retention data to constrain lmax, was the most accurate, and 
only diverged from the l estimated by Eq. [10] for three of the 
five soils in the initially wet conditions, with total differences less 
than 50% in all cases. The universal value of l* = 15 cm, which 
was used in Approach 4, varied by -92 to 84% from the l values 
given by Eq. [10] (with the -92% difference corresponding to an 
approximately 12-fold underestimation, and the 84% difference 
corresponding to an approximate twofold overestimation).

Next, the four approaches, plus the Bagarello et al. (2014) 
method, were used to estimate Kfs based on the HYDRUS simu-
lations. Approach 1, in which Kfs was estimated via parameter 
optimization, was the most accurate, with predicted Kfs values 
that varied from actual by 0 to 20% (Fig. 2; Supplemental Table 
S2). However, Approach 1 required constraining all parameters 
besides Kfs, making this method most suitable for numerical or 
laboratory exercises. Uncertainty in any of the terms, l for exam-
ple, would also render this approach less accurate (as discussed in 
the next section below).

Approach 2 provided the worst estimates of Kfs (Fig. 2; 
Supplemental Table S2), with differences that ranged from 4 to 
1760% for the early-time data (Eq. [5]) and from 7 to 322% for 
the steady-state data (Eq. [8]). The negative l values calculated 
by Eq. [9] translated to negative estimates of Kfs, again affect-
ing six of the steady-state simulations. Altogether, when using 
Approach 2, any inaccuracies in estimating l will compromise 
the ability of that method to estimate Kfs.

Approach 3, in which lmax was constrained using water re-
tention data (Eq. [10]), provided relatively accurate estimates of 
Kfs. The early-time data, analyzed using Eq. [12], predicted Kfs 
values that varied from actual by 2 to 129%, with all but one value 
differing from the true Kfs by less than 100% (Fig. 2; Supplemental 
Table S3). The steady-state data (analyzed with Eq. [13]) provided 
a similar range of 0 to 109%, with all but two values varying from 
actual by less than 35% (Fig. 2; Supplemental Table S3).
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Approach 4, in which the capillary length was fixed at a uni-
versal value of l* = 15 cm, also provided fairly accurate predic-
tions for Kfs for the Guelph loam, Yolo light clay, Grenoble sand 
and Columbia silt soils, varying from actual values by a factor of 
three or less for most combinations of initial pressure head (hi), 
ring insertion depth (d), and water ponding depth hsource (Fig. 2; 
Supplemental Table S3). However, this approach was highly in-
accurate for Silt loam G.E.3 soil (differences of 49 to 766%. This 
large error was likely due to the relatively large capillary length 
value of that soil (lactual = 130 to 188 cm), which means that 
the assumption of a universal value may be less accurate in fine-
textured soils with large bubbling pressure and capillary length 
values. However, fine-textured soils tend to have lower capillary 
length values when in field conditions as compared with (re-
packed) laboratory settings (Reynolds et al., 2002a). Further, 
Approach 4 required no additional information to interpret, and 
thus may make a good option for infiltration tests that are done 

at high spatial resolutions (e.g., multiple measurements conduct-
ed within one or more fields) and/or repeated through time.

Approach 4 also compared well with the simplified BEST 
method proposed by Bagarello et al. (2014), with Approach 4 
providing similar or smaller relative differences between predict-
ed and actual Kfs values compared with the Bagarello et al. model 
(Fig. 2; Supplemental Table S3). Even though the Bagarello et al. 
model (Eq. [16]) does not explicitly account for ring depth, its 
Kfs estimates tended to be better for the d = 5 cm simulations 
than the d = 1 cm ones. This result could reflect the uncertainty 
in the assumed values for various constants (e.g., the proportion-
ality constant g) used in that analysis.

Overall, Approach 3, which only requires an estimate of the 
capillary length, may be the best method for use in field situa-
tions, assuming that l is appropriately constrained. Approach 
2, which estimates l and Kfs from the infiltration data, was the 
most inaccurate and limiting (e.g., negative estimates for those 

Fig. 1. Estimated capillary length (l) for (a) Guelph loam; (b) Yolo light clay; (c) Grenoble sand; (d) Columbia silt; and (e) Silt loam G.E.3 soils.
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parameters in some cases). Approach 2 also requires an estimate 
for change in volumetric water content that occurs during the 
infiltration event, which may not always be available or accurate 
in field settings. Thus, based on these results we recommend the 
use of Approaches 3 or 4 over Approach 2.

Laboratory Tests
Fitting the Brooks and Corey model to the water retention 

data using a least-squares regression resulted in parameter values 
of hb = 13.7 cm and h = 3.42 (Fig. 3a). Putting those values into 
Eq. [11], we determined that lmax = 19.3 cm (a value close to 
the recommended universal value of 15 cm; Fig. 3b). However, 
it should be noted that with only three observed water retention 
points, the optimized values can have considerable uncertainty.

The water retention parameters h and hb, along with Kfs, 
were also estimated using a HYDRUS-3D inverse model based on 
two single ring infiltration tests done in the repacked Adkins san-
dy loam soil. The estimated water retention parameters through 
the HYDRUS optimization were h = 4.40 and hb  =  34.7 cm 
(Test 1) and h = 4.75 and hb = 34.4 cm (Test 2). Using Eq. [11], 
the parameter combinations correspond to lmax values of 44.7 
cm (Test 1) and 43.5 cm (Test 2). Thus, the HYDRUS model 
predicted l values that were approximately 2.5-fold greater than 
those estimated by the water retention measurements (Fig. 3b). 
Approach 2, in which l was estimated based on Eq. [6], provided 
estimates that varied by nearly an order of magnitude between 
Tests 1 and 2. This result reiterates the considerable uncertainty 
seen when using Approach 2 during the numerical simulations.

Fig. 2. Estimated field-saturated hydraulic conductivity (Kfs) in cm s–1 for a) Guelph loam; b) Yolo light clay; c) Grenoble sand; d) Columbia silt; 
and e) Silt loam G.E.3 soils.
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Next, Kfs was estimated using the four theoretical approach-
es, and those values were compared with “validation” data col-
lected via the HYDRUS-3D inverse model and via permeability 
measurements taken on saturated cores. Approach 1 (assuming 
l = 19.3 cm) gave optimized Kfs values of 1.91 × 10-3 cm s-1 
(Test 1) and 2.60 × 10-3 cm s-1 (Test 2), with corresponding 
RMSD values of 0.33 cm and 0.38 cm when fitting Eq. [1] to the 
observed infiltration data (Fig. 4a, solid lines). The optimized 
HYDRUS model estimated Kfs values of 7.91 × 10-4 cm s-1 
(Test 1) and 1.09 × 10-3 cm s-1 (Test 2). Compared with Eq. 
[1], the optimized HYDRUS models had relatively high RSMD 
values of 0.94 cm (Test 1) and 1.4 cm (Test 2), and did a rela-
tively poor job of predicting early-time cumulative infiltration 
(Fig. 4a, dashed lines).

The remaining three theoretical approaches (i.e., Approaches 
2 to 4) all predicted Kfs values that within a factor of 2 to 4 of 
Approach 1 (Fig. 4b; Supplemental Table S4). Three of the 

four approaches predicted that the Kfs value associated with Test 
2 was slightly larger than that of Test 1. Approach 2, conversely, 
estimated that the Kfs value associated with Test 1 was four times 
larger than that associated with Test 2, reflecting the uncertainty in 
capillary length values associated with that approach.

The constant head tests performed on the triplicate soil cores 
gave a mean Kfs value of 0.061 ± 0.018 cm s-1, which was 1 to 
2 orders of magnitude higher than the Kfs estimates determined 
from the infiltration data (Fig. 4b). Soil cores often can have higher 
hydraulic conductivities than larger-scale (e.g., undisturbed field) 
soils (Reynolds et al., 2000, Stewart et al., 2016), due to effects 
such as preferential pathways that can bisect relatively short cores 
(Bouma, 1980) and flow along the core walls (Reynolds et al., 
2000). At the same time, the permeability analyses performed on 
the soil cores likely reflected the saturated hydraulic conductivity 
(Ks) of the medium, while the infiltration tests (and inverse mod-
eling done on those data) likely represented the field-saturated 

Fig. 3. (a) Measured water retention from an Adkins fine sandy loam soil fit with the Brooks and Corey hydraulic model (n = 9; error bars indicate 
the standard deviation); and (b) capillary length (l) estimated from two laboratory infiltration tests using the inverse solution for HYDRUS-3D 
(“HYDRUS”), and the four analytical approaches (Approaches 1 to 4).

Fig. 4. (a) Observed (points) versus modeled (solid lines, Eq. [1]; dashed lines, inverse solution from HYDRUS-3D) cumulative infiltration for 
two single ring tests in the Adkins fine sandy loam; and (b) estimated field-saturated hydraulic conductivity (Kfs) from HYDRUS-3D and the four 
analytical Approaches 1 to 4. Kfs was also estimated from saturated constant head flow measurements performed on soil cores (Cores 1 to 3).
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hydraulic conductivity (Kfs). Previous work has suggested that Ks 
and Kfs can vary by factors of 2 to 5 or more (Constantz et al., 
1988, Reynolds et al., 2002b), so some of the discrepancy between 
the saturated cores and infiltration data may be attributable to fac-
tors such as entrapped air in the infiltration tests.

Sensitivity of Kfs Estimates to l
While Approach 3 yielded good estimates of Kfs when lmax 

was accurately quantified, uncertainty in l may translate to er-
ror in Kfs. For instance, in the HYDRUS simulations, the water 
retention parameters were explicitly known, which allowed for 
accurate calculation of the capillary length l (using Eq. [10] or 
[11]) and good estimates of Kfs (using Approach 3). However, 
in the laboratory study, the water retention function was param-
eterized using only three non-saturated points (Fig. 3). The lack 
of higher resolution data meant that multiple combinations of 
the parameters hb and h could yield reasonable fits to the data, 
such as the combinations of hb = 78 cm and h = 4.79; hb = 13.6 
cm and h = 3.42; and hb = 1.36 cm and h = 2.89. The calculated 
l values for those combinations ranged from 2.08 to 98.6 cm, or 
1.5 orders of magnitude (corresponding, it should be noted, to 
the approximately 1.5 orders of magnitude difference between 
hb = 1.36 cm and hb = 78 cm).

Based on the potential uncertainty in estimates of hb and l, 
we performed a sensitivity analysis to determine the effect of errors 
in constraining l on the subsequent estimation of Kfs. As seen in 
Fig. 5, errors in l correspond to errors in Kfs, though the relation-
ship is less than 1:1 (in other words, a twofold error in l results in 
a less than twofold error in Kfs). The error in Kfs becomes reduced 
as the ring radius and insertion depth increase, as both of those 
terms affect the extent of three-dimensional wetting from a single 
ring source. Likewise, raising the water ponding depth (hsource) 
also reduces error, as increasing the hydrostatic pressure elevates 

the relative contribution of gravity flow to capillary flow, thus im-
proving the sensitivity of the measurement to Kfs (Reynolds et al., 
2002a). Figure 5 also shows that Kfs estimates are more sensitive 
to underpredictions of l (i.e., lactual/lestimated > 1) compared 
with overpredictions (i.e., lactual/lestimated < 1). For example, 
with hsource = 25 cm, a 10-fold overestimation of lactual/lestimated 
would cause a ~1.5-fold error in Kfs, whereas a 10-fold underesti-
mation of lactual/lestimated could cause Kfs to be underestimated 
by more than 4-fold (Fig. 5b). Thus, it appears to be preferable to 
overestimate rather than underpredict the value of l. This effect 
may be a reason that Approach 4 had relatively better predictions 
of Kfs compared with the Bagarello et al. (2014) approach: in 
Approach 4, we assumed a capillary length value of l* = 15 cm, 
which is roughly twice as large as the equivalent a* parameter 
used by Bagarello et al. (2014) (assuming a* = 0.12 cm-1, which is 
equivalent to l = 8.3 cm).

This analysis also highlights the potential drawback of 
Approach 3 if the water retention parameters and capillary length 
are not appropriately constrained. Given that overpredicting l re-
sults in relatively less error in estimating Kfs than underpredicting 
l, one potential solution when dealing with uncertain values for h 
and hb is to use the greater of lmax (from Eq. [11]) or l* = 15 cm. 
This analysis also suggests that a larger value of l* may be advisable 
when dealing with fine-textured soils, particularly when they are 
lacking in structural features (e.g., repacked samples).

Early-Time versus Steady-State Data
The numerical simulations allowed for comparison for Kfs es-

timates generated using early-time versus steady-state data. On one 
hand, the steady-state data provided more non-physical (negative) 
Kfs estimates than the early-time data, though such results were 
limited to Approach 2. At the same time, steady-state conditions 
were not reached during the 500-min simulations for the Yolo 
light clay in initially dry conditions, thus precluding the use of 

Fig. 5. Sensitivity of Kfs estimates (Kactual/Kestimated) from Eq. [12] based on error in properly constraining the capillary length term (lactual/
lestimated). Combinations of three different disc radii (rd) and ring insertion depths (d) were compared; lestimated was set equal to 19.6 cm and 
hsource was set as (a) 0.5 cm and (b) 25 cm.
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steady-state data. Finally, using the early-time data also can increase 
the speed of each test, which can be important when performing 
multiple tests. On the other hand, when using Approaches 3 or 4 
(which we note are variations on the original Reynolds and Elrick 
(1990) analysis for steady-state flow), the steady-state infiltration 
data often provided more accurate estimates of Kfs than the early-
time (transient) data. Thus, if experimental conditions allow, it 
may be preferable to use the steady-state data, either on its own or 
in combination with the early-time results.

Summary and Conclusions
In this study, we explored four methods for estimating field-

saturated hydraulic conductivity (Kfs) from single-ring infiltration 
data using a generalized three-dimensional infiltration model. 
Using a comprehensive model means that hydraulic conductivity 
can be estimated from both early-time and steady-state infiltration 
data, thus increasing the range of conditions over which it can be 
applied. The most accurate results were obtained when the capil-
lary length l, which controls the sorptivity and three-dimensional 
wetting aspects of infiltration, was properly constrained. While l 
can be experimentally determined using multiple ring diameters 
or multiple ponding depths (Reynolds et al., 2002a), here we ex-
plored quantifying l using the water retention properties of the 
soil, such as the parameters hb and h for the Brooks and Corey 
hydraulic model. This particular method was accurate so long as 
the soil was well described by the hydraulic model, whereas un-
certainty in parameters such as hb and h could potentially cause 
estimation errors for l and Kfs. Still, a sensitivity analysis showed 
that Kfs was relatively insensitive to errors in l, particularly as wa-
ter supply pressure (hsource) increased. A uniform capillary length 
value of l* = 15 cm may therefore be applicable to many soils with 
acceptable accuracy, with less than twofold differences between es-
timated and actual Kfs found for the majority of soils and scenarios 
tested here. Using a uniform capillary length value means that no 
additional information is needed to estimate Kfs from single ring 
tests, which is particularly useful when conducting and interpret-
ing numerous infiltration measurements.
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