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Abstract—Device-to-device (D2D) communication is seen as a
major technology to overcome the imminent wireless capacity
crunch and to enable new application services. In this paper, a
novel social-aware approach for optimizing D2D communication
by exploiting two layers, namely the social network layer and the
physical wireless network layer, is proposed. In particular, the
physical layer D2D network is captured via the users’ encounter
histories. Subsequently, an approach, based on the so-called In-
dian Buffet Process, is proposed to model the distribution of con-
tents in the users’ online social networks. Given the social relations
collected by the base station, a new algorithm for optimizing the
traffic offloading process in D2D communications is developed.
In addition, the Chernoff bound and approximated cumulative
distribution function (cdf) of the offloaded traffic are derived and
the validity of the bound and cdf is proven. Simulation results
based on real traces demonstrate the effectiveness of our model
and show that the proposed approach can offload the network’s
traffic successfully.

Index Terms—Device-to-Device communication, social network,
Indian buffet process.

I. INTRODUCTION

THE recent proliferation of smartphones and tablets has led
to the introduction of truly pervasive, anytime, anywhere

wireless communications [1], [2]. The rise of online services,
such as Facebook and YouTube, has significantly increased the
frequency of the users’ online activities. Due to this contin-
uously increasing demand for wireless access, a tremendous
amount of data is circulating over today’s wireless networks.
This increase in demand is straining current cellular systems,
thus requiring novel approaches for network design [3].
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In order to cope with this wireless capacity crunch, device-to-
device (D2D) communication underlaid over cellular systems
has recently emerged as a promising technique that can signifi-
cantly boost the performance of wireless networks [4]. In D2D
communication, user equipments (UEs) transmit data signals
to each other over a direct link instead of through the wireless
infrastructure, i.e., the cellular network’s base stations (BSs).
The key idea is to allow direct D2D communication over the
licensed band and under the control of the cellular system’s
operator [5]. Furthermore, as D2D often occurs over shorter
distances, it is expected to yield higher data rates for the UEs
than infrastructure-based communications. D2D communica-
tion is thus regarded as a promising technology for improving
the spectral utilization of wireless systems and for introducing
new applications such as proximity services or public safety
applications.

Recent studies have shown that the majority of the traffic in
cellular pertains to the download of popular content such as
videos or mobile applications [6], [7]. Given the commonality
of such downloads, offloading it to the D2D tier can reduce
the load on the cellular network’s infrastructure. In practice,
popular contents, such as certain YouTube videos, are requested
much more frequently than others. As a result, the BSs often
end up serving different mobile users with the same contents
using multiple duplicate transmissions. In this case, following
the BS’s first transmission of the popular content, such content
is now locally accessible to others users in the same area,
if cellular UEs’ resource blocks (RBs) can be shared with
others. Newly arriving users that are within the transmission
distance can receive the “old” contents directly from those users
through D2D communication. Here, the BS needs to only serve
those users that request “new” content, which has never been
downloaded before or not currently available from other users.
Through this D2D communication, one can reduce considerable
redundant requests to the BS thus alleviating its traffic load.

The main contribution of this paper is to propose a novel ap-
proach to deploy reliable D2D communication mechanism that
allows to exploit the social network characteristics so as to im-
prove packet transmission and reduce the load on the network’s
infrastructure. To achieve this goal, first, the suitable UEs must
be chosen so as to setup the D2D communication links that
can sustain the data transmission. Since D2D communication
occurs between individual users, the connectivity among users
can be intermittent. As a result, the communication may drop
due to users’ mobility which can impact the users’ quality-
of-service while also reducing the efficiency of traffic offload.
In contrast, the social relations between individuals tend to be
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stable over time. Such social ties can be utilized to achieve a
stable transmission link via D2D communication. This social
relation assisted data transmission wireless network is referred
to as the offline social network (OffSN).

Then, we investigate the probability that a certain content is
requested, which can be used to assess the amount of traffic
that will eventually be offloaded via the D2D network. This
probability is affected by both external (external influence from
media or friends) and internal (user’s own interests) factors.
While the users’ interests are difficult to predict a priori, the
external influence which is based on users’ selections can be
easily estimated. To this end, for the users within a considered
OffSN, we define an online social network (OnSN) which
reflects the users’ online social ties and influence to one another.

To model the social influence in the OnSN, we introduce a
novel approach based on the so-called Indian Buffet learning
process. Subsequently, the learned influence is combined with
practical OffSN metrics within a well-defined utility function
that is then used to develop a novel D2D traffic offload algo-
rithm. In order to evaluate the traffic offloading performance
of our algorithm, we will derive the Chernoff bound on the
number of old contents user selects. To make the analysis more
accurate, we also derive the approximated cumulative density
function (cdf) of the offloaded traffic. Our simulation results
show that our model can fit the real scenarios effectively. Under
certain circumstances, our algorithm can increase a consider-
able amount of data rate in the network. Additional simulations
based on real traces further corroborate the performance gains
of our proposed approach.

The rest of this paper is organized as follows. Section II pro-
vides a detailed literature survey. The system model is provided
in Section III for OffSN and OnSN. The traffic offloading algo-
rithm is presented in Section IV, followed by the performance
evaluation in Section V. The simulation results are shown in
Section VI. Finally, conclusions are drawn in Section VII.

II. LITERATURE REVIEW

D2D communication has been recently considered as a
promising method for improving frequency resource usage
efficiency and for offloading cellular network traffic [1]. D2D
communication shares the same frequency band as cellular
communication, so proper resource allocation mechanisms are
necessary [4], [5], [8]. Several recent works studied the use
of D2D as a means to optimize resource usage and maintain
an efficient co-existence between the D2D services and the
main cellular network [4], [8]. For example, in [5], the authors
proposed an auction-based approach for resource management
in cellular networks with underlaid D2D communication.

Based on experimental results, the work in [7] shows that
more and more users access contents from their mobile devices
and increase the load on the current wireless infrastructure. In
[9], the authors show that D2D allows a significant reduction
of traffic on the main network if the UEs within a cluster can
share data and resources. The work in [10] proposes the use
of network-wide clustering for increasing the reuse of wireless
frequencies. This idea is similar to our work of formulating
OffSNs in each cellular network. However, in [10], the authors

assume that all clusters have the same (square) size and that
users are uniformly distributed in the cell. Moreover, none of
these existing works exploit the social dimension to optimize
the efficiency of D2D communication.

In recently years, OnSN has been playing a significant role in
propagation of information over the Internet [11]. In particular,
recent years have witnessed a dramatic rise in the number of
mobile users that are connected to social networks websites,
such as Facebook and Twitter [12]. The analysis of user be-
havior and network externality (external influence from media,
friends, etc.), constitute one of the major topics studied in
OnSNs [13], [14]. Many studies have proposed the use of prob-
abilistic modeling to analyze spread of information between
users, such as video re-sharing and commenting [15], [16].

The works in [13] and [14] model the network externality to
users based on the measurement of social behavior histories. In
[17], the authors exploit the fact that the interest in the content
that spreads over OnSNs is predictable to a certain extent.
Based on practical measurement, spreading impact modeling
and user profiling, it is not difficult to predict the popular trends
and access patterns [18], [19].

Despite the study of contents’ externality in OnSN, the
learning of social relationship hidden in the network is also
critical. People grouped in small networks, such as by regions
and interests, are more likely to share and transfer the same
information. As shown in [18], [20], both OnSN and OffSN
users show clustering properties. The online impact of OnSN
users highlights the homophyly and locality effect in the OffSN.
Users located at close proximity often share the same interests
and content access trends as shown in [19]. So the locality and
redundancy characteristics of user interests can be utilized to
facilitate the traffic load balancing or content delivery [21].

The content delivery in physical wireless network has been
extensively studied. In [22], the authors show that content dis-
semination with a small number of initial seeds can guarantee
the delay requirements of all users while reducing the cellular
traffic load. Other related ideas are discussed in [23, 24], but
most of them focus on user mobility while ignoring the friend-
ship relations among users. The idea of combining OnSN and
OffSN together to facilitate the information transmission has
been studied in [25]. However, their work does not consider the
variation of users’ encounter duration or the popularity trends of
online content over time. The work in [20] investigates how the
joint association of nodes with interest- and locality-induced
social groups can be exploited to enhance content dissemina-
tion. But [20] and [25] do not account for the variations of the
content distribution in OnSN over time.

In summary, on the one hand, while resource allocation in
D2D has been widely studied, most existing work does not
account for the role of social relationships. On the other hand,
while significant work studied user behavior and patterns in
social networks, little of these work exploits the content dissim-
ilation in physical layer wireless network, as done in this paper.

III. SYSTEM MODEL

Consider a cellular network with one BS and multiple users.
The UEs can receive signals from the BS via the cellular
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Fig. 1. Information dissemination in both OnSN and OffSN.

network, or from the other UEs via D2D pairs using licensed
spectrum resources. In this system, two network layers exist
over which information is disseminated. The first layer is the
OnSN. The OnSN is the platform over which users acquire
the links of contents from other users. Once a link is accessed,
the data packet of contents must be transmitted to the UEs
over the actual physical network. Taking advantage of the social
ties, the OffSN represents the physical layer network in which
the requested contents to transmit.

An illustration of this proposed model is shown in Fig. 1.
Each active user in the OnSN corresponds to a certain UE in the
OffSN. Users access content links in an increasing order of their
labels. In the OnSN, each content link is spread out according to
its popularity from frequent users to regular users. In particular,
a group of users, which we refer to as frequent users, have a
high online activity, and, thus, are the main source of influence
and information dissemination. In this respect, the choices of
the regular users, who access the OnSN less frequently, are
usually influenced by the frequent users. In the OffSN, the first
content request is served by the BS. Subsequent users can thus
be served by previous users who hold the content, if they are
within the D2D communication distance. In this section, we
will study the properties of OffSN and OnSN, and quantify the
relationship between these two networks, before developing the
proposed offloading algorithm in the next section.

A. Offline Social Network Model

In the area covered by a BS, the distribution of the users can
often be properly modeled. For instance, in public areas such
as office buildings and commercial sites, the density of users
is much higher than that in other locations such as sideways
and open fields. In addition, users are less likely to browse the
web when they are walking or driving. Indeed, the majority
of the data transmissions occurs in those fixed places such as
offices or homes. In such high density locations, forming D2D
networks as an OffSN becomes a natural process. Thus, we can
distinguish two types of areas: highly dense areas such as office
buildings, and “white” areas such as open fields. In the former,
we assume that D2D networks are formed based on the users’
social relations. While in the latter, due to the low density, the

Fig. 2. OffSN and “White” area.

users are served directly by the BS. One brief illustration is
shown in Fig. 2.

The proposed approach is motivated by many real-world
scenarios pertaining to wireless networks. First, in contrast to
WiFi, we must stress that D2D over cellular can guarantee
certain levels of quality-of-service (QoS), as it operates over
the licensed spectrum [1]. With this in mind, we note that, in a
practical wireless network, for highly dense areas, despite the
presence of WiFi connections, the unlicensed WiFi spectrum
can be highly congested, thus motivating users to seek alterna-
tive technologies, such as cellular, in order to maintain a certain
desirable QoS. In such scenarios, users can have an incentive
to switch to D2D over cellular, which can guarantee that they
achieve their desired QoS levels, as opposed to the best effort
nature of WiFi.

From the telecom operators’ perspective, there are many
useful cases and motivations to adopt the D2D technology as
evidenced by considerable recent standardization efforts in the
3rd Generation Partnership Project (3GPP) [7]–[10]. The use
of D2D for cellular operators has many advantages. From a
business-case point of view, it will provide novel proximity
services that are typically handled via short-range technologies
such as Bluetooth or Zigbee. Such proximity services will allow
operators to compete with WiFi in densely populated areas as
previously discussed. D2D provides the operators with a means
for offloading data traffic from their backhaul, which has be-
come a major bottleneck with the deployment of heterogeneous
networks. Moreover, another important business case is the
use of D2D in public safety communications and emergency
situations where infrastructure is damaged [30]. Clearly, D2D
communication over cellular has more advantages over WiFi in
specific locations and situations.

In practice, it is well known that cellular systems can provide
higher QoS guarantees during mobility, as opposed to WiFi
systems. In fact, the main motivation for using D2D over
licensed bands is to provide seamless coverage during high-
speed mobility. Indeed, mobility becomes a major hindrance for
WiFi connectivity in areas where no hotpots exist. In contrast,
cellular base stations provide a more seamless and ubiquitous
coverage. D2D communication over cellular uses the licensed
spectrum which is owned by the network operator. Thus, D2D
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Fig. 3. Encounter history between UE i and UE j.

over cellular offers better QoS guarantees and more bandwidth
than WiFi. However, we note that the model proposed by our
paper can apply to D2D communication over both cellular
and WiFi networks. In particular, our model is not technology
specific and thus, users can still decide to use D2D over WiFi
bands via protocols such as WiFi direct [51]. Our model also
applies to case in which WiFi does not available at all and only
cellular access is possible.

The OffSN can reflect local users’ social ties. Proper metrics
need to be adopted to depict the degree of the connections
among users in the OffSN. Due to mobility, grouping users by
using only their last known location, can be unsuitable and can
lead to intermittent or dropped connectivity. Indeed, in public
areas such as airports and train stations, most of the users have
high mobility patterns and it is difficult to predict their future
locations. In [26], the authors identify that human mobility
shows a very high degree of temporal and spatial regularity,
and that each individual returns to a few highly frequented
locations with a significant probability. Thus, if we define the
users’ connection degree in OffSN according to their encounter
history or daily routes, stable D2D connections can be formed.
Thus, such social ties lead to higher probabilities to successfully
transmit data among users. If any two UEs are within the D2D
communication distance, the BS can detect and mark them as
encountered.

The encounter duration between individuals follows a contin-
uous distribution with positive value for all real values greater
than zero. In the existing literatures, we see that call holding
time can also exhibit this same property. There are many works
that attempt to model the distribution of call holding time, in
which the gamma distribution Γ(k, θ) has been shown to be
an accurate model [27], [28]. k and θ are two parameters that
define the shape of the distribution, which are related to the
mean and variance of the variables. So we can adopt a Γ(k, θ)
distribution to model the encounter duration between two users
which is different from other existing literatures. To find the
value for the two parameter k and θ, we need to derive the mean
and variance of the contact duration first.

As shown in Fig. 3, given the contact duration Xn and the
number of encounters Ni,j between UE i and UE j in an
OffSN (which correspond to two users i and j in the OnSN),
an estimate of the expected contact duration length Mi,j can be
given by:

Mi,j =

∑
n Xn

Ni,j
. (1)

The variance represents the fluctuation in the contact period.
If two UEs have the same average contact period, the one with
larger fluctuations would be less preferable due to the additional

uncertainty in the contact length [29]. Thus, we measure the
variance Ii,j of the contact period distribution to reflect the
fluctuation:

Ii,j =

∑
n(Xn −Mi,j)

2

Ni,j
. (2)

Given the mean and variance of the encounter period, we
can derive the encounter duration distribution: X ∼ Γ(k, θ) =
Γ(M2

i,j/Ii,j , Ii,j/Mi,j). Thus, the probability density function
(PDF) of encounter duration can be given by:

f(x; k, θ) =
1

θk
1

Γ(k)
xk−1e−

x
θ (3)

where Γ(k) =
∫∞
0 tk−1e−tdt. If the contact duration is not suf-

ficient to complete a certain transmission, the communication
session cannot be carried out successfully. We adopt a close-
ness metric, wi,j to represent the probability of establishing a
successful communication period between UE i and UE j. The
probability of qualified contact duration is the complementary
of the probability of disqualified communication duration, so
wi,j can be given by:

wi,j = 1−
Xmin∫
0

f(u; k, θ)du = 1−
γ
(
k, Xmin

θ

)
Γ(k)

(4)

which ranges from 0 to 1, where Xmin is the minimal contact
duration required to successfully transmit one content data
packet, γ(k,Xmin/θ) is the lower incomplete Gamma function
which is given by

γ

(
k,

Xmin

θ

)
=

Xmin
θ∫

0

tk−1e−tdt. (5)

Xmin depends on many factors such as the channel conditions
between the two UEs (e.g., the higher the signal strength
between the UEs, the smaller Xmin), or the content size, among
others. A larger closeness wi,j indicates a higher future contact
opportunity between UE i and UE j.

B. Online Social Network Model

OnSN is the platform for content links to disseminate. The
distribution of contents’ popularity in OnSN follows a certain
PDF. Deriving this distribution allows to predict current users’
content selections. However, finding a closed-form expression
of this distribution can be challenging. In addition, the distribu-
tion is highly varying over time as users continue to access. So if
we simply assume that data are drawn from a given probability
distribution. It is not suitable our case. While the nonparametric
method gives us another way of estimating the distribution.
The use of such a model can automatically infer an adequate
distribution model from a limited data set with little complexity,
thus learning the network structure [32] instead of fitting any
parameterised distributions.

We define the number of users in the OnSN as N which, in
turn, corresponds to N UEs in the OffSN. The total number
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of available contents in the OnSN is denoted by K. Given the
large volume of content available online, we can assume that
K = Kh +K0, K → ∞. Kh represents the set of contents that
have viewing histories and K0 is the set of contents that do not
have any such a history.

We begin by analyzing the content selection problem for the
case in which only one type of content is selected by each
user. For content k, let πk be the probability that content k is
selected by a user. We place a Beta distribution β(α/K, 1) prior
on πk. Here, α/K and 1 are the parameters which determine
the probability of whether the user chooses to select a content
or not. Then, zn donates the selection result of user n, which
follows the conjugate probability of the Beta distribution, the
Bernoulli distribution [33], [34]. Thus, we have

πk ∼ β
( α

K
, 1
)
,

zn|πk ∼ Bernoulli(πk). (6)

Second, when the users are allowed to select multiple con-
tents, the distribution over the number of selected contents
follows zn|πk ∼ Binomial(πk). Taking the limit of K → ∞,
the distribution approaches Poisson(α). As the number of
users increases from 1 to N , we adopt the Indian Buffet Process
(IBP) [35] model which serves as a powerful analytical tool
for learning the content popularity distribution and predicting
users’ selections.

The IBP is a stochastic process which models a restaurant
problem in which each diner samples from some subset of
an infinite selection of dishes on offer at a buffet. The first
customer will select its preferred dishes according to a Poisson
distribution with parameter α. Since all dishes are new to this
customer, no reference or external information exists so as
to influence the selection. However, once the first customer
completes the selection, the following customers will have prior
information about those dishes based on the first customer’s
feedback. Therefore, the decisions of subsequent customers are
influenced by the previous customers’ feedbacks. Customers
learn from the previous selections to update their beliefs on the
dishes and the probabilities with which they will choose the
dishes.

The behavior of content selection in OnSN is analogous to
the dish selection in an IBP. If we view our OnSN as an Indian
buffet, the online content as the infinite number of dishes, and
the users as customers, we can interpret the contents spread-
ing process online by an IBP. Users enter OnSN sequentially
to request their desired content. When a user downloads its
content, the viewing times of contents are changed. This action
will affect the probability that this content to be requested by
others. Popular contents will be requested more frequently.
While those contents that are only favored by a few number
of people, or those new produced content will be requested less
frequently. So the probability distribution can be implemented
from the IBP directly.

In Fig. 4, we show one realization of an IBP. Customers are
labeled sequentially in an ascending order of their labels. The
shaded block represents the event that the nth user selected
dish k. In IBP, the first customer selects each dish with equal

Fig. 4. One realization of Indian Buffet Process.

probability of α/K, and ends up with the number of dishes fol-
lowing Poisson(α) distribution. For the subsequent customers
n = 2, . . . , N , the probability of also having dish k already
belonging to previous customers is mn−1

k /n, where mn−1
k is

the number of customers prior to n who select dish k [35].
Repeating the same argument as the first customer, customer
n will also have m0

n new dishes not tasted by the previous
customers following a Poisson(α/n) distribution, which is
proved in the Appendix A.

The probabilities of selecting certain dishes can be used as
the prior information πk(m

n−1
k ). For “old” dishes which have

been tasted before, mn−1
k �= 0. For “new” dishes which have

not been sampled before, mn−1
k = 0. After user n completes its

selection, πk will be updated to πk(m
n
k ). This learning process

is also illustrated in Fig. 4. Kn
0 is the number of dishes that

have not been sampled before user n’s selection session. We
can see the selection probability for dish k updated every time
after each customer’s selection.

Let Z be a random binary N ×K matrix indicating which
contents are selected by each user, with znk = 1 if user n has
content k, and 0 otherwise. The probability of any particular
random binary N ×K matrix Z occurs is [35]:

P (Z) =
αKh

N∏
n=1

Kn
1 !

· exp(−αHN ) ·
Kh∏
k=1

(N −mk)!(mk − 1)!

N !

(7)

where Kn
1 is the number of dishes being sampled by customer

n, HN is the harmonic number, HN =
∑N

j=1(1/j), and mk is
the number of times the kth dish has been selected.

IV. PROPOSED TRAFFIC OFFLOADING ALGORITHM

In the previous section, we have introduced the basic model
to formulate the social connection of UEs in D2D commu-
nication and predict users’ selection. In this section, we can
integrate the two layer networks together and propose a new
traffic offloading algorithm based on the OffSN and OnSN
models.

A. Data Rate in OffSN

First, we model the intra-OffSN interference due to resource
sharing between D2D and cellular communication. In OffSN,
the D2D transmissions and the BS transmissions will interfere.
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During the downlink period of D2D communication, UEs will
experience interference from other cellular and D2D communi-
cations as they share the same frequency band. In this respect,
the received power of the link between UE i and UE j can be
expressed as [5]:

Pi = Pr,ji = Pj · |hji|2 = Pj · d−η
ji · |h0|2 (8)

where Pj is the transmit power, η is path loss exponent which
ranges from 2 ≤ η ≤ 5, dji is the distance between UE j and
UE i, hji is the channel response of the link between UE j and
UE i, and h0 is the complex Gaussian channel coefficient that
follows the complex normal distribution CN(0, 1).

When a certain UE i is serviced via the cellular network, its
data rate can be given by:

Rc
i = W log2

(
1 +

PB |hBi|2∑
j′ βj′iPj′ |hj′i|2 +N0

)
. (9)

Alternatively, when a UE i is being served by UE j via D2D
communication with co-channel interference, the data rate will
then be given by:

Rd
i =W log2

(
1 +

Pj |hji|2
PB |hBi|2 +

∑
j′ �=j βj′iPj′ |hj′i|2 +N0

)
.

(10)

Here PB , Pj , and Pj′ are the transmit powers of the BS and
D2D transmitter j and j′, respectively, N0 is the additive white
Gaussian noise (AWGN) at the UE receivers, W is the channel
bandwidth. Hereinafter, without loss of generality, we assume
that W = 1. βj′i in (9) indicates the presence of interference
from D2D communication to cellular communication. If there
exist an interference, βj′i = 1; otherwise βj′i = 0. For βj′i

in (10), j ′ �= j and j′ �= i, so
∑

j′ βj′iPj′h
2
j′i represents the

interference from the other D2D pairs that share spectrum
resources with link UE j and UE i.

When a D2D communication is setup, due to the uncertainty
in the UEs’ movement, the transmission may fail. Thus, the
expected data rate at a UE i is given by:

V d
i = wi,jR

d
i + (1− wi,j)R

c
i . (11)

When the D2D communication fail before finishing transmis-
sion, the BS will revert back to continue the service.

The transmission rate of the UE i that are only served by the
BS without underlying D2D is given by:

V c
i = log2

(
1 +

PB |hBi|2
N0

)
. (12)

B. Content Selection in OnSN

In the studied model, we use IBP to model the contents
distribution of each OnSN. When the UE i, whose sequence
number is n in OnSN starts to surf online, this user will sample
the content based on the prior information πk(m

n−1
k ). To this

end, this user will access old content with probability mn−1
k /n,

and access new content with a Poisson(α/n) distribution.
After content selection, πk(m

n−1
k ) is updated to the posterior

probability πk(m
n
k ). The total amount of content each user

selected can be drawn from a Poisson distribution:

mn =
K∑

k=1

znk ∼ Poisson(α). (13)

C. System Utility

From the BS perspective, the goal is to maximize the system
data rate and maintaining a desirable QoS. Even though the BS
can offload traffic to the D2D links, controlling the switching
over cellular and D2D communication leads to additional over-
head. Thus, there exists a certain cost such as control signals
transmission and information feedback during the access pro-
cess [5]. Therefore, for the BS that is serving a certain UE i with
sequence number n, we propose the following utility function:

UB(i) =

[
Kh∑
k=1

mn−1
k

n

]
V d
i +m0

nR
c
i −mnCc (14)

where Cc is the overhead cost for controlling the resource
allocation process. In (14), we capture the expected data rate of
a BS having underlaid D2D communication links. The data rate
is the sum of both D2D and cellular communication. Since the
BS needs to send a control signal and receive feedback of the
status D2D communication, the effective data rate must account
for the rate that is incurred during the control phase. Thus, (14)
quantifies the expected data rate of D2D communications when
transmitting old contents, plus the cellular communication data
rate when transmitting new content, minus the data rate in-
curred for transmitting control signals. The total traffic that
the BS offloaded by D2D communication is mnV

c
i −mnCc −

m0
nR

c
i .

D. Proposed Algorithm

In order to offload as much traffic as we can, so that we
could increase the data rate of the system. Meanwhile, due
to the uncertainty of user movement, we should find ways to
back up the intermittent D2D communication, thus to guarantee
users satisfaction. We propose a novel and robust algorithm that
can offload the traffic of BS without any sacrifice on users’
satisfactions. To build up the system, we need to collect user
encounter history for OffSN and trace requested contents for
OnSN. The two network layers reflect the users’ activities and
relationships from different aspects. The algorithm consists of
multiple stages.

In the first stage, The users’ closeness to one another is
obtained by processing the collected encounter history, then
forming the OffSN. the BS focuses on high user density areas,
and collects the encounter history between users. For websites
that provide a portal to access content, such as Facebook and
YouTube, the BS will assign a special tag. Once a user visits
such tagged websites, the BS will inspect whether the user
is located in an OffSN or a “white” area. If the user is in a
“white” area, its requests. If the user is located in an OffSN,
the BS will wait until the user requests contents. By tracing
contents that are requested by users, the system will obtain the
information that constitutes the users’ activities in the OnSN
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which is captured by the IBP model. The system have the prior
information π(mn−1

k ) of the content distribution in the OnSN
based on previous users’ requests. As soon as an user requests
data, the BS detects if there are any resources in the OffSN,
and then can choose to set up D2D communication or not based
on the result. For old content, the BS will send control signal
to the UE j that has the highest closeness wi,j with user i.
Then, UE j and UE i establish a D2D communication link.
Even if the D2D communication is setup successfully, the BS
still waits until the data transmission process finishes. If the
D2D communication fails, the BS will revert back to serve
the user directly. For new contents, the BS serves the user
directly. After the selection is complete, the prior information
updates to the posterior probability π(mn

k ). The proposed D2D
communication algorithm is summarized in Algorithm 1.

Our OnSN reflects the users’ influence on one another based
on their likelihood to request a similar content, as captured by
the IBP, rather than based on friendships in social networking
sites such as Facebook. In our model, the OnSN is established
by the users’ own online activities. This implies that our ap-
proach does not require one to establish a new platform or to
get data from social networking sites such as Facebook.

E. Privacy Issues

For any social-aware mechanism, issues related to privacy
will arise. First, we note that, in wireless cellular D2D, the
base station controls the activation and deactivation of D2D

links and the data over cellular bands is encrypted using secure
cryptographic algorithms that are much more secure than those
used in other technologies such as WiFi. In practice, however,
encryption does not prevent the receiving node from knowing
the source node since they are forming a D2D link between
one another. In this case, the receiving node will know that the
source node has downloaded this content before which can raise
privacy concerns.

This can be dealt with by providing incentives for users
to accept to share and by providing mechanisms that enable
the users to selectively control what content they are willing
to share data. This can be combined with state-of-the-art en-
cryption mechanisms to avoid any malicious attacks (man-in-
the-middle attacks). In addition, in our work, we assume that
the operator has global information about encounter patterns
and content download activities. This information can be easily
protected by the operators, the same way the operator respects
the privacy of data and voice logs and communications over
its network nodes. The issues of privacy are important for
any D2D mechanism, however, such analysis is beyond the
scope of this current paper whose focus is to quantify the gains
from knowing the social ties, assuming that such knowledge is
handled properly via privacy-ensuring mechanisms.

V. PERFORMANCE EVALUATION

To evaluate the traffic offloading performance of our algo-
rithm, we derive a bound on the amount of traffic that can be of-
floaded by using Chernoff bound. In addition, we will try to find
the approximated cdf of the expected traffic offloading amount
by using the Skellam distribution. The definitions of Chernoff
bound and Skellam distribution are listed in Appendix B. We
will use the two theorems directly in the following sections.

A. Chernoff Bound

Finding the amount of traffic offloaded is equivalent to
finding the amount of contents that have been downloaded, and,
thus, are locally accessible. Those locally accessible contents is
related to both the number of total contents and new contents
selected by the users. Before finding a closed-form expression
on the distribution of the number of old content, we first derive
a useful bound. Here, we adopt the Chernoff bound for analysis.
For simplicity, we will only solve the finite-content case in
which K < ∞.

In our model, the expectation of total number of contents
that a given user selects is mn ∼ Poisson(α). Therefore, the
Chernoff bound of mn is:

P{mn < M} <

⎡
⎣e(

M
α −1)(

M
α

)M
α

⎤
⎦
α

,mn ∈ [0, α], (15)

P{mn > M} <

⎡
⎣e(

M
α −1)(

M
α

)M
α

⎤
⎦
α

,mn ∈ [α,∞). (16)

As already mentioned, the number of new contents m0
n ∼

Poisson(α/n). Thus, the Chernoff bound on the number of
new contents can be derived in the same way. Then, the number
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of old contents mh
n =

∑K
k=1 znk

Δ
= mn −m0

n. Hence, define
the expected number of old contents μ

Δ
= E{mh

n} = E{mn} −
E{m0

n} = ((n− 1)/n)α, ∀δ > 0, with a Chernoff bound of

P

{
mh

n < (1− δ)
n− 1

n
α

}
<

[
e−δ

(1− δ)(1−δ)

]n−1
n α

, (17)

when mn ∈ [0, μ], and

P

{
mh

n > (1 + δ)
n− 1

n
α

}
<

[
eδ

(1 + δ)(1+δ)

]n−1
n α

, (18)

when mn ∈ [μ,∞).
As we can see, the number of old contents is the difference

of two Possion distribution. The difference of two Possion
distribution follows the Skellam distribution.

B. Skellam Distribution

By applying the pmf and cdf of the Skellam distribution into
our case, we can write the pmf of the number of old contents
with viewing history mh

n = mn −m0
n in our model as:

f
(
mh

n;α,
α

n

)
= e−

α(n+1)
n n

mh
n
2 I|mh

n|

(
2α√
n

)
. (19)

The cdf of the number of old content is,

F (M) =P
{
mh

n � M
}
= F

(
M ;α,

α

n

)

=

M∑
mh

n=0

e−
α(n+1)

n n
mh

n
2 I|mh

n|

(
2α√
n

)
. (20)

As we can see, it is impossible to find the explicit form and
compute the result of (19) and (20). But we can approximate
(19) and (20) using the Saddlepoint approximation. Then, we
have the approximated pmf and cdf for the Skellam distribution
as follows:

f̂(k) =
1√

2π(C +D)
e−(μ1+μ2)+C+D

(
D

μ2

)k

, (21)

F̂ (M) =P
{
mh

n�M
}

=

M∑
k=0

[
1√

2π(C+D)
e−(μ1+μ2)+C+D

(
D

μ2

)k
]
, (22)

where C
Δ
= (k +

√
k2 + 4μ1μ2)/2 and D

Δ
= 2μ1μ2/(k +√

k2 + 4μ1μ2).
The specific procedure to get this approximation can be

found in Appendix C. With the cdf function we can get the
approximate number of old contents that each user select. Thus,
we can estimate the traffic that can be offloaded.

VI. SIMULATION RESULTS AND ANALYSIS

A. Validation of Beta Distribution

In Section III-A, we use the Gamma distribution to model
the user’s encounter duration. To validate the effectiveness of
the Gamma distribution, we exploit a data set of sensor mote
encounter records that occurred between a group of participants
at the University of St. Andrews as reported by the CRAWDAD

Fig. 5. Characterizing encounter duration by Gamma distribution.

team [41]. We calculate the mean and variance of the users’
encounter durations. Then we use the Gamma distribution X ∼
Γ(k, θ) = Γ(M2

i,j/Ii,j , Ii,j/Mi,j) to model the real data. In
Fig. 5, we plot the PDF obtained by Gamma distribution and
the real data of encounter duration together. The two curves are
consistent with each other, which demonstrates the correctness
and effectiveness of our method.

B. Validation of IBP

To validate our IBP model, we adopted a data set from [48]
which aims at characterizing the popularity growth patterns of
online videos on YouTube. In the data set, there are three data
sets that describe the popularity growth of top videos, random
selected videos, and copyrighted videos. By comparing with
this real data, we could validate if IBP could model user’s
online behavior in Fig. 6. In the simulation, we first simulate
the IBP for 10000 rounds results with 100 dishes with selection
history. Then, we randomly select 100 videos that have no more
than 10000 views from the data set. We sort the videos by their
views in a descending order. Thus, videos with more views will
have higher rank, vice versa. In Fig. 6(a) we plot the popularity
pattern of videos by loglog function and in Fig. 6(b) we plot the
videos selection probability.

Fig. 6(a) and (b) clearly show that videos from different
data sets have different popularity patterns. From subfigure (a)
which is a loglog plot, we can see that the simulation data fits
quite well with videos having a large viewing history videos.
The section of the curve that exhibit some discrepancy pertains
to videos which have a small number of views ranging from
1 to 10. Since it is a loglog figure, the differences of the
four traces are accentuated. In subfigure (b), the IBP simulated
trace accurately fits the real data. We note that, videos whose
viewing history is small, will not have a major impact in the
traffic offloading performance, as opposed to videos with a
large viewing history. In general, the four different lines in both
figures follows the same pattern. Under the same rank, a video
simulated by IBP has close views and selecting probability as
the three real data sets. Thus, we can conclude that by using
IBP to model user’s selection probability on contents is correct
and effective.
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Fig. 6. Characterizing online selection by IBP. (a) Video rank and views.
(b) Video rank and selection probability.

C. Validation of the Proposed Traffic Offloading Algorithm

To evaluate the performance of our algorithm, we need the
online social ties and offline encounter history of a group of
users. Here the data set by the CRAWDAD team still satisfies
our needs.

In the first data set, they deployed 27 T-mote invent devices
over a period of 79 days among 22 undergraduate students,
3 postgraduate students, and 2 members of staff in the De-
partment of Computer Science building. This data set helps
us to establish our physical layer OffSN. In the second data
set, they collected the participants’ Facebook friend lists to
generate a social network topology. With those information
we can generate the corresponding OnSN. Then, we adopt the
IBP to generate users’ selections online under the assumption
that the size of content library is unbounded. We assume that
the content selection process has already been performed for a
number of times. Thus, the BS can obtain the prior information
of the content distribution.

The physical wireless network parameters are set as follows.
The radius of an cellular network is set up as 500 m. The noise
spectral density is −174 dBm/Hz, which is the environmental
noise power spectral density for LTE simulation when the

temperature T = 290 ◦K [4], [44]. Noise figure at each device
is 9 dB. The antenna gains and transmit power of BS is 14 dBi
and 46 dBm. For each device, the antenna gain and transmit
power are set to 0 dBi and 23 dBm, respectively.

For simplicity, we fixed the content size for all UEs. The
content size is captured by the length of time it needs to be
transmitted. In this respect, for the encounter duration, the
main parameter of interest is Xmin, the length of encounter
duration required to setup a D2D communication. In practice,
the content transmission time can vary from a few seconds
to a few minutes. If we set a large threshold for Xmin, D2D
communication will be successful with a high probability. Such
a strong connection implies that only a few users would be
qualified to act as content providers. Thus, the probability to
find a content provider UE and setup a D2D communication
will be small. In this case, the base station will have to serve
users directly which will reduce the effectiveness of traffic
offload. In contrast, if we choose a small value for Xmin, more
users will be eligible to act as content providers, however, the
transmission process becomes more susceptible to the users’
mobility. Thus, it is quite important to find the tradeoff the
between number of users serving as content providers and the
probability of successful D2D communication.

Based on the experimental studies on device encounter du-
ration in [25], we observe that when one user is fixed while
another is passing by, the connection time of a Bluetooth trans-
mission is 14 seconds. For modern-day devices, the encounter
duration in such a scenario will naturally be longer due to the
improved performance of contemporary smartphones. When
content size is fixed, within a given D2D communication dis-
tance, a longer connection time will imply a higher successful
transmission probability. Thus, in order to guarantee a high
probability of successful D2D communication, we propose to
setup D2D communication only between two relatively static
users (both static or both moving in parallel) or two users
such that one is fixed while the other is moving. We will not
account the case in which two users are moving in different
directions since such a case is not suitable for sustaining D2D
transmission (due to the very short encounter duration). Thus,
we choose Xmin = 20 seconds. However, we note that the
proposed model and algorithm can accommodate any other
values for Xmin.

We present four algorithms to set up the D2D commu-
nication, called Maximal Closeness (proposed in Algorithm
1), Minimal Distance, Maximal RSSI, and Random. Minimal
Distance, Maximal RSSI, and Random are extensions of Algo-
rithm 1 with some minor changes. For the Maximal Closeness,
when the BS starts to set up the D2D communication, it will
choose the UE j that is within the communication range of
content requester i that has the maximal closeness wi,j . In
Minimal Distance, the BS will choose the UE j that is the
nearest (geographically) to the content requester. In the Max-
imal RSSI algorithm, the BS will choose UE j which has the
maximal received signal strength indicator (RSSI) value than
other neighboring UEs, regardless of its closeness wi,j . This
algorithm is in line with significant research works that use the
RSSI as a parameter in their localization algorithms [45], [46].
This allows us to investigate how the performance relates to
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Fig. 7. The impact of the parameter α on data rate of the network.

Fig. 8. The relationship between data rate of the network and maximum D2D
communication distance.

RSSI or the UE’s location. Lastly, in the Random Algorithm,
BS will just randomly choose an UE that has the content and
within D2D communication distance.

In Fig. 7, we investigate whether the user’s online activity
degree will affect the data rate of the network. As we can see
from Fig. 7, with the increase of parameter α, the data rate of
the network increases. Indeed, when the users tend to make
more selections, more data must be transmitted. Moreover,
when α increases, users are more tempt to select new contents
each round. Thus will cause more traffic to the BS. The traffic
includes not only the useful data, but also the control signals
the BS needs to send for the D2D communication arrangement.
Fig. 7 shows that the proposed approach yields a significant
improvement in terms of the sum-rate. For all α, compared
to the no D2D underlaid cellular network, the D2D underlaid
network could double the system’s data rate.

Fig. 8 shows the variations of the data rate as the max-
imum D2D communication distance varies. Clearly, as the
D2D communication distance increases, system will have more
possibilities to detect available content providers in the larger
area. As a result, more traffic of the cellular network can be
offloaded, as more D2D transmissions can be set up. However,
under this assumption, the data rate by D2D communication
will decrease due to the increase of distance. While the data
rate when serving by BS will keep the same as the network

Fig. 9. Average data rate of the network, as the cost for control signaling
varies.

size is fixed. This assumption is proved in Fig. 8. In addition,
we could also see that, when the maximal D2D transmission
distance increases, the performance of Minimal Distance could
outperform the Maximal Closeness scheme. This is due to the
fact that, if the maximal wi,j UE j is located far away, Rd

i will
decrease to a small value. Compare to the closest UE with large
Rd

i , the expected data rate V d
i in Maximal Closeness will be

smaller than that in Minimal Distance.
Fig. 8, within a certain distance, D2D underlaid algorithms

have higher data rate than the traditional cellular network.
However, if we keep increasing the maximal distance for D2D
communication, it will results in worse performance than the
cellular network. This results from that UE cannot have the
same transmission power and antenna gain as a BS. We should
also notice that, with the increasing of the D2D transmission
distance, the associated UE costs (e.g., power consumption)
will also increase. Thus, the increase of D2D communication
distance will provide additional benefits to the system by of-
floading more traffic, but not for users.

In Fig. 9, we show the variation of the data rate of the network
control signaling overhead cost varies. This cost captures the
signaling and overhead needed for a BS to switch between
different modes and to control the D2D links. Naturally, this
cost impacts the overall traffic offloading performance of the
system. In our simulation, we define the cost as the deduction
to the gain in data rate from 5% to 50%. As we can see that, if
we continue to increase the cost on managing D2D communi-
cation, the D2D communication will lose its competition with
traditional cellular network. Thus, it is very important to control
the management cost on D2D communication before it can be
widely adopted.

Fig. 10 shows the variation of the data rate of the network
when the network’s size varies, while the transmit powers and
maximal D2D distances remain fixed. As we can see from
Fig. 10, a larger network size leads to a lower data rate.
In particular, Fig. 10 shows that, the proposed algorithm is
outperformed by the other schemes. However, as the network
size increases, the Maximal Closeness gradually outperforms
all the other approaches. This result is due to the fact that, for
small networks, the proximity of the users to the BS implies
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Fig. 10. Average data rate of the network, as the size of cellular network size
varies.

Fig. 11. The Chernoff bound, approximated cdf and empirical cdf.

that exploiting D2D communication may not bring in any
significant benefits. Indeed, as seen from (11), the expected data
rate will be dominated by Rc

i when the network size is small.
Rd

i will decrease due to the increasing interference from BS.
Thus, the maximal closeness wi,j will lead to lower expected
data rate. But as the size of cellular network increases, the
transmission rate when serving by BS decreases due to the
increasing distance. Thus, the Rd

i will dominate the expected
data rate and the Maximal Closeness becomes better than the
other three algorithms.

In most cases, the Maximal Closeness outperforms the other
three algorithms. The Minimal Distance comes by the second,
followed by the Maximal RSSI and Random. But their perfor-
mance also depends on many other factor, such as physical layer
conditions. Like the size of cellular network, the transmission
power of BS and UEs, and etc.

Fig. 11 shows the Chernoff bound and Saddlepoint approx-
imation of the cdf of the number of old content user selected
in the previous section. Here, we set α = 20, then plot the
Chernoff bound and Saddlepoint approximation of the cdf of
the 4th user’s number of old contents. Fig. 11 clearly shows that
the approximated cdf lies between the Chernoff bound. By what
we have mentioned in the previous section, the mean value of
the number of old contents is E{mh

n} = ((n− 1)/n)α = 15.
Thus, there is a gap between the upper bound and lower bound

at the number of 15. Then we simulate the user’s selection and
plot the empirical cdf. The simulated empirical cdf also lies
between the upper and lower Chernoff bound as we expected.
In addition, The approximated cdf line is quite close to the
simulated empirical cdf line, which proves our analysis in the
previous section.

The Chernoff bound is a widely adopted method to find upper
and lower bounds of sums of independent random variables. In
particular, it provides us with exact minimum and maximum
values for the amount of traffic that will be offloaded. The
Saddlepoint approximation has higher accuracy than Chernoff
bound. However, the Saddlepoint approximation does not pro-
vide an error estimation as in the case of the Chernoff bound. In
practice, we not only want to have a closed-form expression of
the amount of traffic that can be offloaded, but we would also
want to know the specific range of our value. In this respect,
the Chernoff bound and the Saddlepoint approximation nice
complement one another for the studied problem.

VII. CONCLUSION

In this paper, we have proposed a novel approach for improv-
ing the performance of D2D communication underlaid over
a cellular system, by exploiting the social ties and influence
among individuals. We have established the OnSN to analyse
the OffSN users’ online activities. By modeling the influence
among users on contents selection online using the Indian
Buffet Process, we have obtained the distribution of contents
requests, and thus can get the probabilities of each contents to
be requested. We have shown that, using the proposed algo-
rithm, the data rate of the system has been increased. Simulation
results based on real traces have proved the effectiveness of our
model and have shown that the overall performance depends on
a variety of network and user parameters.

APPENDIX A

In Section III, we have mentioned that the nth customer
will have m0

n new dishes not tasted by the previous customers
follows a Poisson(α/n) distribution. To prove the statement,
we state a theorem that will be used later.

Theorem 1: If n · p = α is fixed as n approaches infinity,
then Binomial(k;n, p) is approximated by Poisson(k;α).

With Theorem 3, we can prove the following statement in
Section III.

Proof: In the finite case of IBP where K < ∞, we assume
the previous n− 1 customers have tasted m dishes, and the
probability P for the nth customer having m0

n new dishes is:

P =

(
K −m

m0
n

)
pm

0
n(1− p)K−m−m0

n

∼Binomial
(
m0

n;K −m, p
)
, (23)

where p is the probability that each dish is firstly selected by
nth customer. Therefore,

p =

1∫
0

(πk)
1(1− πk)

n−1P (πk)dπk (24)
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where P (πk) = (α/K)π
(α/K)−1
k is the prior distribution con-

forms to Beta(α/K, 1). Then, we have

p =

1∫
0

(1− πk)
n−1 α

K
(πk)

α
K dπk. (25)

For the infinity case when K → ∞, K −m can be regarded
as K. Thus,

Binomial
(
m0

k;K −m, p
)
≈ Binomial

(
m0

k;K, p
)
. (26)

Then the expected value of the selected number of new dished
will be

μ = p ·K =

1∫
0

(1− πk)
n−1α(πk)

α
K dπk

≈
1∫

0

α(1− πk)
n−1dπk =

α

n
. (27)

Since K → ∞, p ·K is fixed to α/n, by Theorem 3 we have
recalled previously,

Binomial
(
m0

k;K, p
)
≈ Poisson

(
m0

k;
α

n

)
. (28)

Hence, the statement has been proved. �

APPENDIX B

Theorem 2: Let X1, . . . , Xn be a sequence of independent
trials with P (Xi) = pi, X =

∑n
i=1 Xi, and μ = E[X]. Then:

For any δ > 0, there is a bound when X ∈ [0, μ]

P {X < (1− δ)μ} <

[
e−δ

(1− δ)(1−δ)

]μ
, (29)

and a bound when X ∈ [μ,∞)

P {X > (1 + δ)μ} <

[
eδ

(1 + δ)(1+δ)

]μ
. (30)

Substituting δ = 1− (k/μ) into (15) and δ = (k/μ)− 1 into
(16) we get

P{X < k} <

⎡
⎢⎣e(

k
μ−1)(
k
μ

) k
μ

⎤
⎥⎦
μ

, X ∈ [0, μ], (31)

P{X > k} <

⎡
⎢⎣e(

k
μ−1)(
k
μ

) k
μ

⎤
⎥⎦
μ

, X ∈ [μ,∞). (32)

Theorem 3: The difference n1 − n2 of two statistically in-
dependent random variables N1 and N2 each having Poisson
distributions with different expected values μ1 and μ2 has
a discrete probability distribution which follows the Skellam
distribution which the pmf is written as:

f(k;μ1, μ2) = e−(μ1+μ2)

(
μ1

μ2

) k
2

I|k|(2
√
μ1μ2), (33)

where k = n1 − n2, μ1 and μ2 are the mean value for the two
Poisson distributions. I|k|(·) is the modified Bessel function of
the first kind. The cumulative distribution function (cdf) of the
Skellam distribution is,

F (K) =P{k � K} = F (K;μ1, μ2)

=

K∑
k=0

e−(μ1+μ2)

(
μ1

μ2

) k
2

I|k|(2
√
μ1μ2). (34)

APPENDIX C

To approximate (19) and (20) using the Saddlepoint approx-
imation [43], there are two functions that we need to use as
follows:

Definition 1: Moment Generating Function (MGF): M(s) =
E(esx) =

∫∞
−∞ esxf(x)dx, for some s that makes the integral

converge.
Definition 2: Cumulant Generating Function (CGF):

K(s) = lnM(s).
For discrete integer-valued random variable X , the Saddle-

point approximation of its pmf f(k), based on its CGF, K(s)
can be written as:

f̂(k) =
1√

2πK ′′(ŝ)
exp {K(ŝ)− ŝk} , (35)

where K ′(ŝ) = k.
For the Skellam distribution, M(s)=e−(μ1+μ2)+μ1e

s+μ2e
−s

and K(s) = −(μ1 + μ2) + μ1e
s + μ2e

−s. Hence, K ′(s) =
μ1e

s − μ2e
−s and K ′′(s) = μ1e

s + μ2e
−s. Apply K ′(ŝ) = k

we have,

μ1e
ŝ − μ2e

−ŝ = k, (36)

eŝ =
k +

√
k2 + 4μ1μ2

2μ1
. (37)

Substituting es into K ′(s) and K ′′(s), we have

K ′(ŝ) =
k +

√
k2 + 4μ1μ2

2
− 2μ1μ2

k +
√

k2 + 4μ1μ2

,

Δ
=C −D, (38)

K ′′(ŝ) =
k +

√
k2 + 4μ1μ2

2
+

2μ1μ2

k +
√

k2 + 4μ1μ2

,

Δ
=C +D, (39)

where C
Δ
= (k +

√
k2 + 4μ1μ2)/2 and D

Δ
= 2μ1μ2/(k +√

k2 + 4μ1μ2). Therefore, we have the approximated pmf and
cdf for the Skellam distribution as follows:

f̂(k) =
1√

2π(C +D)
e−(μ1+μ2)+C+D

(
D

μ2

)k

, (40)

F̂ (a) =P{X � a}

=
a∑

k=0

[
1√

2π(C +D)
e−(μ1+μ2)+C+D

(
D

μ2

)k
]
. (41)
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