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Abstract

Suppose 0 < @ < n, H : R" — [0, 1] is a Lebesgue measurable function, and A, (H)
is the infimum of all numbers C for which the inequality |’ g H(x)dx < CR* holds for
all balls B C R” of radius R > 1. After Guth introduced polynomial partitioning to
Fourier restriction theory, weighted restriction estimates of the form | Ef || . (B, Hax) S
REAG(EDYP| fllLa (o) have been studied and proved in several papers, leading to new
results about the decay properties of spherical means of Fourier transforms of measures
and, in some cases, to progress on Falconer’s distance set conjecture in geometric
measure theory. This paper improves on the known estimates when E is the extension
operator associated with the unit paraboloid 7 C R?, reaching the full possible range
of p, g exponents (up to the sharp line) for p > 3+ (¢ —2)/(¢+ 1) and 2 < @ < 3.

Keywords Fourier restriction - Weighted restriction estimates - Polynomial
partitioning - Extension operator

Mathematics Subject Classification 42B10 - 42B20 - 28A75

1 Introduction

This paper is concerned with the extension operator E for the unit paraboloid
P ={(@.|of’) : lo] < 1} R,

endowed with the measure o defined as the pushforward of Lebesgue measure under
the map w — (w, |a)|2) from the unit ball in R2 to P. The operator E assigns to each
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function f € L'(0) a function Ef : R® — C given by

Ef(x)= / eTIEf(€)do () = / eI £ (0, 0 do.

lw]<1

One of the central problems in harmonic analysis, asks for the best possible range of
exponents p and g for which the estimate

IEfllr@sy S fllLao) (1)

holds. This problem is the three-dimensional version of the restriction conjecture,
which (in R?) asserts that (1) is true whenever p > 3 and 4/p +2/q < 2.
We currently know that (1) is true whenever

1 4 2
p>3+- and —+—-<2. 2)
4 P q

The p > 34 1/4 and g = oo range was established by Guth in [9] using his break-
through polynomial partitioning method. The 4/p +2/q < 2 range was then reached
in [13], and the 4/p + 2/q = 2 range in [12].

When g = oo, the range of p in (1) has been recently improved to p > 3 +3/13
in [17].

In this paper, we use polynomial partitioning to prove weighted variants of (1): we
replace the LP(R?) = LP(dx) norm on the left-hand side of (1) by the L?(Hdx)
norm for an appropriate non-negative Lebesgue measurable function H on R>, and
we obtain in return an improvement on the range of exponents in (2). For example, if
0 < a < 1 and H, is the characteristic function of the set

Um€Z<[—10, 10] x R2 + ((sgnm)|m|"/4, 0, o)),

where sgnm = m/|m|if m # 0, and sgn 0 = 1, then we prove that

NEfLr(Hudxy SN fllLeco) 3)
for all f € L9(0) whenever
3 2
p>3+ and +a+—<2. @)
34a )4 q

A simple Knapp example argument shows that the range (3+a)/p+2/q < 21in (4)is
sharp up to the critical line (3+a)/p+2/q = 2,inthe sense that (3+a)/p+2/q < 2is
anecessary condition for (3) to hold. We will show the details of this argument during
the proof of Theorem 2.2 in Sect. 3. (We prove (3) in the second paragraph following
Remark 2.1 in Sect.2.)
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We note that when a = 1, (4) becomes (2) (minus the sharp line 4/p + 2/q = 2).
We also note that when g = oo, the range p > 3 + a/(3 4+ a) in (4) improves on the
range p > 3+ 3/13 of [17] for 0 < a < 0.9.

The best previously known range of exponents for which (3) holds is considerably
smaller than (4), and is the case » = 1 (and hence o = 2 + a) of [13, Corollary
2.1]. (See also Theorem 2 and the paragraph following the statement of Theorem 2.2
below.)

The weighted restriction estimates that we are interested in have been recently
studied in [7, 13], and [14]. This paper uses the polynomial partitioning method from
[9] as adapted to the weighted setting in [13] and [7] and obtains new and sharp (up
to the critical line) restriction estimates (such as (3)).

In addition to Guth’s polynomial partitioning, [7] employs the refined Strichartz
estimates that were proved in [6] using the Bourgain—Demeter /> decoupling theorem
[3]. In proving our main theorem, we also follow [7] in using the refined Strichartz
estimates and combine this with some of the ideas of [13].

We would like to conclude this section by explaining one particular idea from [13]
that we will use in this paper—continuing to use the weight function H, from (3) as
an example—hoping to provide the reader with a global view of the argument.

The function H, satisfies the following dimensionality property:

/ Hy(x)dx < A(Hy)R® )
B(x0,R)

forall xo € R3 and R > 1, where « = 2 + a, A(H,) is a constant that only depends
on «, and B(xg, R) is the ball of center xg and radius R.

To prove (3) following the strategy of [13], we first decompose the paraboloid P into
caps {t} each of radius K ~! for some large constant K , write E f = > Efrwith f; =
Xz f»and use Guth’s polynomial partitioning method to bound the L? (B (0, R), H,dx)
norm of the broad part of Ef (see Sect. 4.2) associated with the decomposition {t}
of P. In this bound, the constant A(H,) will appear raised to the power 3/(c + 1) =
3/(a+3) < 1 (see (18)in Sect. 5.2).

Next, we bound the L? (B (0, R), H,dx) norm of each E f; by performing parabolic
scaling at scale » = K ! and using induction on the radius R. ~

The parabolic scaling results in replacing the weight function H, by a weight H,
that obeys the dimensionality property

| Hawds < adiore
B(xo,R)
with the new constant A(H,) satisfying

A(H,) < (192)r* " A(H,)

(for a proof of this, we refer the reader to [13, Equation (34)] or [7, Lemma 2.1]).
Since the bound on the broad part has A(H,) raised to the power 3/(c + 1) < 1, the
power of r will consequently be reduced from 3 — « to 3(3 — o) /(o + 1).
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During the induction on the radius argument, however, one realizes that to reach
the best possible range of p, g exponents for which (3) holds, one needs to preserve
the ‘original’ 3 — o power of r.

It was realized in [13] that it is possible preserve the 3 — o power of r, if we
take advantage of the fact that the exponent of R in (5) (which, starting from the next
section, we will think of as the dimension of the weight) is invariant under localization.
More precisely, if we tile R? with cubes {Q;} each of side-length K /3, and define the
function H, g by

Hy x (x) = A(Ha)_lK_“/ H,(y)dy for x € 0y,
(]
then
/ H, g (x)dx < K37*R“
B(x0.R)

forall xo € R and R > 1.

So, to get the full range of exponents in (4), we go back and adjust the above
argument by first localizing the weight H, at scale K, as described in the previous
paragraph. Then we use the locally constant property of the Fourier transform and the
fact that f; is supported on a cap of radius » = K~ to see that

B(0,R)

|Efr (x)|P Hy, x (x)dx.
B(0,R)

Performing parabolic scaling to the integral on the right-hand side will now result in
replacing the weight H, g by a weight H, x that obeys the dimensionality property

/ Hy x (x)dx < (192)r3 K37 RY = (192)R®
B(x0,R)

for all xo € R3 and R > 1, which will allow for no losses in the power of 7. (For the
full argument, we refer the reader to [13, Section 12].)

One consequence of the above discussion is that to prove a favorable restriction
estimate for a particular weight (such as H,) that satisfies a certain dimensionality
property (such as (5)), one needs to establish the estimate for all (properly normalized)
weight functions that obey the same dimensionality property. This brings us to the
definition with which we start the next section.
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2 Results

Suppose 0 < @ < n and H is non-negative Lebesgue measurable function on R” with
|H || poo®ny < 1. Following [13] and [14], we define

Ay (H) =inf{C :/

H(x)dx < CR® forall xo € R" and R > 1}.
B(x0,R)

We say H is a weight of fractal dimension o if Ay(H) < oo. (For the motivation
behind referring to « as a fractal dimension, see [14, Sections 4 and §].)

Also, following [7], we denote by F, , the set of all non-negative Lebesgue mea-
surable functions H on R” that satisfy

f H(x)dx < R*
B(x0,R)

forall xo € R" and R > 1.
We note that if H is a weight of fractal dimension «, then A, (H Y 'H € Fan-
Conversely, if H € F4, and N € N, then

1
Ad(N" x=mH) < N

Thus, if G : R* — C is a Lebesgue measurable function, then the inequality
/ |G(x)|H(x)dx < B forall H € Fo.n (6)
is equivalent to the inequality
/ |G(x)|H(x)dx < Ay(H)B for all weights H of fractal dimensiona. (7)

But, even with this equivalence, it is still more convenient to work with weights H of
fractal dimension « to prove the estimates that we are interested in. In fact, for such
weights, the assumption || H || ,eorny < 1 allows us to use Holder’s inequality to get

1/p'

[ 1GeH@x < Gl ([ Heax)
B(0,R) B(O.R)

1/p
< IGleraen( | H@dx)
B(O,R)
< Aa(H)'"P' RV Gl Lo )
forall 1 < p < oo. For H € F, ,, however, the absence of a bound on ||H|| 00 g

prevents us from carrying out such calculations so easily (except if G has compact
Fourier support; see [7, Remark 1.3]).
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In proving the main result of this paper (Theorem 2.1 below), the losses incurred
as a result of applying Holder’s inequality as above will be compensated for by the
localization argument that was discussed in Sect. I (see also Sect. 5.3).

The equivalence between (6) and (7) will allow us to unify the notation of [7,
13], and [14] and present their weighted restriction estimates (in R3) in the following
three theorems; the first of which describes the current state of affairs in low fractal
dimensions.

Theorem 2-A [14, Theorem 2.1] (i) Suppose 0 < a < 1 and p > 2. Then
NEf Lo crae) < AaCED'P1 £l 2o

forall f € L*(0) and weights H of fractal dimension a.
(i1) Suppose 1 < o <3/2 and p > 2«. Then

NEf Lo crae) < AaCED'P1 £l 2o

forall f € L*(0) and weights H of fractal dimension a.

In intermediate fractal dimensions in R, the estimates we know are local in the
sense that the L” (Hdx) norm of Ef is taken over a ball of radius R rather than over
the entire R3. For some weights (such as H, in (3)) the local estimates can be turned
into global ones by using Tao’s e-removal lemma from [15]. For the details of this
argument, we refer the reader to [13, Proof of Corollary 2.1].

Theorem 2-B [7, Theorem 1.4] Suppose 3/2 < o < 2. Then to every € > 0 there is a
constant C¢ such that

IEfI L3801y Hax) < CeRE AN fll 20

forall f € L*(0), weights H of fractal dimension o, and R > 1.

In high fractal dimensions, i.e. 2 < a < 3, the best previously known results are
stated in the following theorem.

Theorem 2-C [13, Theorem 5.1] (i) Suppose 2 < a < 5/2 and

200 — 3 2p
20043 3

p=3+
Then to every € > 0 there is a constant C such that

IEfILr B0, R), Hax) < CeREAa(H)YP| fllLa(o)
forall f € L9(o0), weights H of fractal dimension «, and R > 1.
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(1) Suppose 5/2 <o <3, p=13/4, and g > (11 —2a)/13. Then to every € > 0
there is a constant C such that

IEfIILr(B.R). Hdx) < Ce R Aq (HDYP| £l L4 (o)

forall f € L9(0), weights H of fractal dimension o, and R > 1.

We alert the reader that in [13, Theorem 5.1], the restriction estimates are written
in dual form: from L”,(B (0, R), Hdx) to Lq/(o) (see also Sect. 3 below). Also, part
(i) of Theorem 2 was in fact proved in [13] for 3/2 < o < 5/2, but for « = 3/2 its
result has been surpassed by [14, Theorem 2.1] and for 3/2 < o < 2 by [7, Theorem
1.4] as presented in Theorems 2 and 2 above.

The aim of this paper is to prove the following theorem.
Theorem 2.1 Suppose2 <a <3, p=@la+1)/(a¢+1),and2 <y <2p—a—1.
Then to every € > 0 there is a constant C, such that

€ 4 p—v
[B«),R) |[Ef (x)|PH(x)dx < CcR Aa (D1 200 £ 170

forall f € L*(0), weights H of dimension o, and R > 1.

Theorem 2.1 will allow us to extend the range of exponents for which our weighted
estimates hold in high fractal dimensions until (but still not including) the sharp line
(¢ +1)/p +2/g = 2, and hence replace Theorem 2 by the following result.

Theorem 2.2 Suppose 2 < a < 3. Then:
(1) Suppose

o+1 p
Then to every € > 0 there is a constant C such that
IES I LrB.R), Hx) < CeR A ()P || fllLa(o)

forall f € L9(o0), weights H of fractal dimension o, and R > 1.
(i1) Suppose 1 < p, q < oo are a pair of exponents for which the estimate in part

(i) holds. Then

o+ 1
p

p>a and

2
+ - <2
q

Remark 2.1 The lower bound p > « in part (ii) of Theorem 2.2 was proved by the
author in [14, Theorem 2.3]. We are restating it here for obvious reasons.
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We will prove Theorem 2.2 (using Theorem 2.1) in the next section. The proof of
Theorem 2.1 will occupy all the sections of the paper following the next one.

Going back to (3), we know from (5) that H, is a weight of fractal dimension
o = 2+ a with Ay (H) =1, so applying part (i) of Theorem 2.2 and using Tao’s
e-removal lemma (as discussed in the paragraph preceding the statement of Theorem
2 above), we see that (3) holds for all pairs p, g of exponents that satisfy (4).

We would like to point out to the reader that [7, Theorem 1.4] also gives an estimate
in the regime 2 < o < 3:

IES 113 B0,R) Hax) < CeRERCTP| fll 120
forall f € Lz(o), ‘H € Fu.3,and R > 1, which the authors of [7] then use to obtain
decay estimates on the L? spherical means of the Fourier transforms of measures (see
[7, Theorem 1.6]) that were new at the time of writing of their paper. Theorem 2.2

improves on the decay estimates of [7] in the regime 2 < o < 1 + (2/+/3). But all
these decay estimates are now inferior to those of [8], so we omit the details.

3 Proof of Theorem 2.2

(i) We will establish the estimate in dual form. For g € Co(B(0, R)),weletRg = Eﬁ
and our goal is to show that

IReN L oy < R Aa D P18l 1o 14 ®)
To do this, we will use Theorem 2.1 in the following way:
| [Rewrr@ao@)| = | [ Erwsconcoa

< ”Ef”L/’(B(O,R),de) ”g”Lp’(de)

SR A NI NI 18N L

for all f € L'(o). The key idea now (which the author has previously used in [13,
Theorem 5.1]) is that the above estimate allows us to estimate the o -measure of the
superlevel sets {§ € P : [Rg(§)| > A} for 0 < A < [IgllL1(pax) as follows.

Letting

Sii =1 € P: 271 < [Rg(®)] = 23}
and inserting Rg xs, , for f in the above estimate, we see that

2 € 1/p v/p Ly\(p=y)/p
/ - Rg®)Fdo €) < R AalH) IR ar) @) gl o’ rrainy>
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so that
Q'0)%0 (8. S R AGH)P ') 20 (S, )PP QPP L
so that

[1\2p 2p—y 2pe 2 2p
@' (8,077 < R A (DG

Letting ¢’ = 2p/(2p — v), this becomes

o (S.) SRI AT Pg)?, @)Y
Thus
o
o € P IRg®| > 1) = Yo ($u) SR AalH) Pig) ¥, 27

=1

Of course, we also have the trivial bound o ({§ € P : |[Rg(&)| > A}) < o (P), so

o((§ € P [Rg(®)] > ) = min [o(P), RTAu ()T /P g]7,, 5] 9)

Having obtained a good bound on the size of the superlevel sets of Rg, we can now
estimate its L4 (o) norm:

’ Al ,
IRgI?, =q' | o(&eP:|RgE) >r)rlldx,
L9 (o) 0

where A1 = gl 1 (ax)- We also let

o = R AN Pllgll Lo )
If X9 > A1, then the trivial part of (9) tells us that

’

/
IRgl?, < q

) , ,
/ o(P)21dr <o,
0
so that

IREN L ) < R A«ED P8l L1 1)

If Ao < A1, then, in view of the inequality before the last, we only have to estimate

Al ,
/ o({g e P:|Rg(E) > AHAd ~ldx,
A

0
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which, by the non-trivial part of (9), is
Al , , ’ ’ ’ 4

< [ R AL NN 0 0 = (to8 )R AL g

~ Lo LV (Hdx) A0 LP (Hdx)

By Holder’s inequality (applied with the measure Hdx on the ball B(0, R)),

1/p
ms ([ m00) el g < At PRy
B(0,R)

SO
)»1 Aa(H)l/PR"‘/p||g||Lp’(de)
log — <log I < logR.
2o R€AL(H) /”||g||L1>’(de)
and so
||Rg||Lf/(o) = RGAO,(H)I/[7 ||g||Lp/(de)'

Recalling that ¢’ = 2p/(2p —y) and 2 < y < 2p — a — 1, we see that (8) is
true whenever 1/p < 1/g < 1 — (¢ 4+ 1)/(2p), and hence (by Holder) whenever
1/g <1 —(x+1)/(2p), as promised.

(i1) As Remark 2.1 tells us, the lower bound p > « on the exponent p comes from
[14, Theorem 2.3], so we only need to show that (e« 4+ 1)/p + 2/g < 2. For this we
use a standard Knapp-example argument.

Toevery R > 1 thereisafunction fg onP suchthat|fgr| = 1 onthe cap {(w, lw|?) :
lw| < R™'?}and |Efg| = R~ onthebox [-R'/?, R'/?|x[-R/?, R'?]x[—R, R].

If the estimate in part (i) of the theorem holds for all weights H of fractal dimension
o, then, in particular, it will hold for the weight H, from Sect. 1 witha = «—2 € (0, 1].
Since |m|1/“ < RY/2 for ~ R9/2 integers m, we have

/ |Efgr(x)|” Hy(x)dx > R™PR/?R3? = R=PR@FV/2,
B(0,10R)

Also, || frllLe@) ~ R™Y4, so R=PR@*TD/2 < RER=P/4 for all sufficiently large R,
andso (o + 1)/p+2/q <2.

4 Overview of Guth’s Polynomial Partitioning Method

If B is a ball in R?, then the cap corresponding to B is defined to be the set ® C R3
given by © = {(w, |a)|2) : w € B}.If B has center wg and radius p, then ® has center
& = (w0, |wo|?) and radius p. Moreover, if C is a constant, then CO is the cap of the
same center as ® and C times its radius.

Let m and r be positive numbers and {®} be caps corresponding to a collection of
balls that cover the unit ball B> C RZ. If the centers of the balls are in B? and are
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r-separated, and the radius of each ball lies in the interval [r, r/m], we say that {©}
is a decomposition of the unit paraboloid P into caps of radius ~ r and multiplicity
at most m. (It is easy to see that if a point belongs to M of the caps ®, then M < cm
for some absolute constant c.)

One reason polynomial partitioning works well for the restriction problem is the
wave packet decomposition of Ef and the way the wave packets interact with zero
sets of polynomials.

4.1 The Wave Packet Decomposition

The wave packet decomposition was first used to prove restriction estimates in Bour-
gain’s paper [2], and has since become a standard tool in Fourier restriction theory.
The version that we are going to use in this paper comes from [9, Section 2] (see also
[10, Section 3] and [13, Section 7]).

Proposition 4-A Suppose § > 0, R > 1, N is a positive integer, 0 is a cap in P of
center &y and radius r = R™'2, and v(0) is the unit normal vector of P at &.

Then there is a countable collection T(0) = {T} of finitely overlapping tubes in
R3 of radius R/ which are parallel to v(0), such that the following holds. To
every function f € L*(o) with supp f C 0 there is a sequence {fr} in L%(o) with
the following properties.

(1) Each fr is supported in 30, f = ZTeﬁf(e) frin LY(0), and

3 / rldo 1 f 1,

TT(0)

(i1) We have

Yo EfGIS RN Sl

TeT®): x¢T

forall x € R3 with |x| < R, where the implicit constant depends only on N.
(iii) If Ty, To € T(0) are disjoint, then

| [ 517 do <R MUs1

where the implicit constant depends only on N.

(iv) Let T(0) = {T € T(0) : T N B(0, R) # @}. Then

Ef@ = Y Efr@| <R VIS

TeT(®)

forall x € B(0, R).
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We note that part (iv) of Proposition 4.1 is an immediate consequence of parts (i)
and (ii).

We fix a decomposition {0} of the paraboloid P into caps of radius ~ R~/ and
multiplicity at most 1, as defined at the start of Sect.4.

Any function f on P can now be written as a sum f = ), fp with fy supported
in 6 and such that the supports of fy and fy are disjoint whenever 6 # 6’. Also, if
f € L?(0), then so are the functions fy. Applying Proposition 4.1 to each fy, we get
that

f=>> (or

0 TT©O)

with the sum converging in L'(o). (Since the decomposition {#} of P will be fixed
for the rest of the paper, we will write fr for (fg)7 to simplify the notation.)
Letting T = UpT(0), we then see that

Ef =) Efr (10)

TeT

with the sum converging uniformly.
Letting T ={T € T : T N B(0, R) # #} = UyT(0), part (iv) of Proposition 4.1
tells us that, on B(0, R), we can replace the infinite sum in (10) by a finite sum:

Ef() =Y Efr@)+O0RMflye) (11)

TeT

for all x € B(0, R). This representation of Ef is often referred to as the wave packet
decomposition of E f on the ball B(0, R). Part (ii) of Proposition 4.1 tells us that each
wave packet E fr (which is equal to E (fp)7 for some cap 6 that comes from our fixed
decomposition of the unit paraboloid) is essentially supported in B(0, R) N T, which
is a tube in R? of radius R‘'/2*+% and length ~ R and points in the direction v(6)
(since T € T(9)).

Suppose {61, ...,0.} is a subset of our set {6} of caps, and, for each [, 7; is a
subset of the set T(6;) of tubes corresponding to the cap 6;. For 1 <[ < L, part (i) of
Proposition 4.1 tells us that

> [isrkas = 3

TeT] TeT @)

/ \frPdo < /9 /2o

(recall that for T' € 'T(@l), fr = (fo)1). Also, writing

2
Sfrl = > fafn+ Y. fnfn

TeT; T1NT,=0 TINT, #Y
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where (77, T2) runs over 7; x 7;, and using part (iii) of Proposition 4.1 to get

Y | [ aiTistols [ 112

T'NT,=

and the fact that
_ 1 5 1 5
| | fr frdo| < > | fry|°do + 3 | fr,|°do

to get

> | [ snFndo|= ¥ [15nkao

T\NTL#) TeT;

we see that

[ X lfarz [ 17200

TeT)

Since for each 6, the set Jy = {1 <1 < L : (30) N (36;) # ¥} has cardinality=< 1, it
follows that

[Ji IAE Zf) > srf o< Z[Q |/ 1Pdo

I=1TeT; ley TeT; ledy 7Y

(recall from part (i) of Proposition 4.1 thatif 7 € T(6;) C T(@l), then fr is supported
in 36;). Butl € Jy implies 6; C 106, so

L 2
[IX X sifaos [ iide (12)

I=1TeT;

4.2 The Broad Part of Ef

The main idea introduced by Bourgain and Guth in [2] concerning the restriction
problem in R? was to break down Ef into a broad part and a narrow part, estimate the
broad by combining the Bennett—Carbery—Tao multilinear restriction theorem from
[1] with Wolff’s Kakeya result from [18] and the two-dimensional bilinear restriction
theorem (see [16]), and estimate the narrow part by parabolic rescaling and induction.
In [9], Guth replaced the multilinear theorem by polynomial partitioning and Wolff’s
Kakeya result by a bound on the number of the caps {0} such that T(9) has at least
one tube that intersects the zero set of the polynomial tangentially (see part (iii) of
Proposition 4.3 below) that he proved by adapting Wolff’s hairbrush argument from
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[18] to the polynomial partitioning setting. In this subsection, we introduce the broad
part of Ef as defined in [9] and show how it connects to bilinear expressions.

Let K be a large constant and {r} a decomposition of the unit paraboloid P into
caps of radius ~ K ~! and multiplicity at most m. Any function f : P — C can
then be written as f = ) __ f; with supp f; C t (but we do not insist this time that
(supp f7) N (supp fr) = @ if T # t’ as we did with the decomposition f =), fy
of the previous subsection).

Nowlet0 < 8 < land f € L' (o). Given a point x € R3, we say that x is -broad
for Ef if no single E f; dominates the value of Ef at x. More precisely, x is B-broad
for Ef if

max |Efr (x)] < BIES (x)].
The broad part of Ef is the function Brg Ef defined as

_ JIEf(x)| ifxisB-broadforEf,
Brg Ef(x) = {0 otherwise.

We note that

|Ef(x)|P < BrﬁEf(X)”Jrﬂ*”ZlEfr(X)lp
T
for all x € R3, so that

/ |Ef(x)|”H(x)dx
B(0,R)

< f BrgEf (0)P H(x)dx + 77 ) f |Ef: (0)? H(x)dx.
B(0,R) — JBO.R)

In broad terms, Guth’s strategy consists of using

e polynomial partitioning to upgrade the two-dimensional bilinear restriction theo-
rem into an estimate on fB(o g BIgEf (X)P H (x)dx

e parabolic rescaling and induction on the radius R to estimate f B(O.R) |Ef7(x)|?
H(x)dx.

It will be convenient at this time to introduce the following notation. For
(R,K,m) €[1,00) x[1,00) x[1,00),welet A(R, K, m) be the set of all functions
f € L' (o) such that f = >, fr for some decomposition {t} of P of multiplicity m
with supp fr C 7 and

1

| f2(&)*do(£) < (13)

=]

/;(SO,R'/Z)WP

@ Springer



Improved Weighted Restriction Estimates in R3 Page 150f25 294

for all &y € P. Since P can be covered by ~ R of the balls B (&, R~Y/2) that appear
in (13), it follows that

f | fr(&)do(£) <1

for each cap 7.

(A first glance at Theorem 2.1 suggests that the natural way to normalize its estimate
is to assume that || f|| () < 1. This condition is replaced by (13) because we are
unable to control the L norms of the functions f; 7 that arise in the wave packet
decomposition of E fr 1.)

4.3 Polynomial Partitioning

We denote by Poly,(R") the space of polynomials in n real variables of degree at
most D. If P € Poly,(R"), then we denote by Z(P) the zero set of P. We say that P
is non-singular if VP (x) # O for all x € Z(P).

Our starting point is the following result of Guth.

Theorem 4-A [9, Corollary 1.7] To every non-negative function F € L'(R"), with
I FllL1 ey > 0, and integer D € N there is a polynomial P € Poly p,(R")\{0}, which
is a product of non-singular polynomials, and a positive constant C,, which only
depends on the dimension n, such that:

(1) R™ \ Z(P) is a disjoint union of open sets O;.

(i1) For each i, we have

C7 D Fl iy < / F()dx < CoD™ | Fll 11 ).
O;

The open sets O; in Theorem 4.3 are called cells. Since they are disjoint and their
union is R"\Z(P), it follows that each cell is a union of connected components of
R"™ \ Z(P). Moreover, since Z(P) has Lebesgue measure zero, it follows from the
inequalities in part (ii) of the theorem that

c'D" <#{0;} < C,D".

Ifi #i’,x € O0;,and y € Oy, then x and y can not belong to the same connected
component of R"\ Z(P), and hence the line segment {(1 —#)x 4y : 0 < ¢ < 1} must
intersect the zero set Z(P). From this it follows that

e any line in R” can intersect at most D + 1 of the cells O;.
Let2 < o <3, H be a weight in F, and f a function in A(R, K, m).
We apply Theorem 4.3 in R? with the function F defined by

_ [BrgEf(x)PH(x) if x| < R,
F(x)_{o if x| > R,
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and a degree D that will be determined later in the argument.

In order for the resulting polynomial partitioning of R> to help us upgrade the two-
dimensional bilinear restriction theorem into an estimate on f F(x)dx, we need the
above property about intersections of lines and cells to also hold for the tubes 7' € T
that are involved in the wave packet decomposition of E f; as given by (11) (with f
replaced by f7). But this is not true; in fact, it is possible for a tube 7 to intersect all
of the ~ D3 cells 0;.

Guth mended the situation by replacing the zero set Z(P) by the cell-wall W that
he defined as the R(!/?*3_neighborhood of Z(P), and the cells O; by the modified
cells O] = O; \ W. If one of our tubes T intersects more than D + 1 of the modified
cells Oi/ , then its core line intersects more than D + 1 of the cells O;, which implies
that the core line lies in Z(P). Since the radius of 7' is R1/D+8 it follows that T lies
in W, which is a contradiction. Therefore,

e any tube T € T can intersect at most D + 1 of the modified cells O].

We write

/F(x)dx = f F(x)dx —I—/ F(x)dx.
w U; 0‘{

If [ F(x)dx < fuio.’ F(x)dx, we say we are in the cellular case. Otherwise, we are
in the algebraic case.

In the cellular case, the above property about the intersection of tubes with modified
cells will allow us to estimate our integral by inductionon ) __ || f¢ ||i2 () The algebraic
case is much more complicated.

In the algebraic case, the wave packets Ef; r that contribute to our integral are
those with ‘supporting’ tubes 7 that intersect the cell-wall W in the ball B(0, R). Guth
separated such tubes into two groups depending on whether they lie in B(0, R) N W
for a significant portion of their length, or they cut B(0, R) N W transversely. Here is
the precise set-up.

We first recall that W is the R(// 2H“S-neighborhood of the zero set Z(P) and we
cover B(0, R) N W by a finitely overlapping family { B} of balls each of radius RS,
Next, we let Zo(P) be the set of all non-singular points of Z(P), and, for z € Zy(P),
we denote by 7, Z(P) the tangent space to Z(P) at the point z. Also, for each tube
T € T, we denote by v(T) the unit vector in the direction of 7.

Givenatube T € T, we say T cuts W tangentially in B, and write T € T tang, if

TAWNB; #0
Angle(v(T), T,Z(P)) < R=W/P*2 v 7z € Z,(P)N2B; N 10T.

Also, we say T cuts W transversely in Bj, and write T € T (rans, if

TNWNB; #¢
3z € Zo(P) N 2B, N 10T such that Angle(v(T), T:Z(P)) > R~1/2+23,
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We also let

ft,j,tang = Z fr,T and fj,tang = Z fr,j,tangs
T

TETj,lang
and

ft,j,trans = Z S, and fj,trans = Z ft,j,trans-
T

T€T; trans

Recall that P is covered by ~ K2 caps 7 of diameter ~ 1/K. If I is any subset of
these caps, we write

fI,j,trans = Z fr,j,trans-

tel

We say that two caps 11 and 1> are non-adjacent if the distance between them is
> 1/K, and define

BilP,(SEfj,tang = Z |Efn,j,tang|1/2|Efr2,j,tang|1/2'

71,72 non—adjacent

We call the function Bilp 5 Ef; tang the tangential part of Ef with respect to the poly-
nomial P and the parameter §.

The main properties of T tang, T trans, and Bilp s Ef; tang are presented in the
following proposition.

Proposition 4-B [9] (i) For each j, T tang N T; trans = 9.
(ii) A tube T € T can belong to at most D°V different sets T trans-

(iil) For each j, the number of different 0 such that T yang N T(0) # @ is at most
D2R1/2+0().

(iv) Suppose 0 < e <2, K > V10, K€ <B <1, Bm <107, and R > CKE.
If x € B; N W and C is sufficiently large, then

5 .
BryEf(x) < 7 > BragEfi jians(x) + K'% Bilp s Ef} tang (x)
1

+O(R™ Y el
T

where the summation is taken over all subsets I of the caps t.

For a proof of part (i) of Proposition 4.3, we refer the reader to the paragraph
immediately following [9, Definitions 3.3 and 3.4].
Part (ii) of Proposition 4.3 is [9, Lemma 3.5].
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Part (iii) of Proposition 4.3 is [9, Lemma 3.6]. (For the very interesting connection
between this result and the Kakeya problem, we also refer the reader to [ 10, Conjecture
B.1]and [11].)

Part (iv) is [9, Lemma 3.8]. (For a proof of this part in the precise way it is stated
in Proposition 4.3, we refer to [13, Lemma 9-B]).)

Part (iv) allows us to bound f B(O.R) F (x)dx in the algebraic case by induction over

the radius R (recall that each B; has radius R'~%) provided we have a bound on
/ Bilp,aEfj,mng(x)pH(x)dx.
B;nwW

The above discussion was formulated in [13]) in the following theorem (which is
in turn a reformulation of [9, Theorem 3.1] in the weighted setting). We remind the
reader that the space A (R, K, m) of functions was defined in the paragraph before the
last of Sect. 4.2.

Theorem 4-B [13, Theorem 9.1] Let 3 < p < 4, ¢ > 0,0 < g < 1 < 2q,
0 < g» < qo, and H be a weight of fractal dimension a. Also, let § = €2, Odeg = et
and Syans = €°.

Suppose that

/ Bilp 5 qang(0) H (x)dx
B;NW

)(3/2)+e

< Ce gk ROO R AL (H)! (Z 1fellZacs) (14)
T

whenever R > C, K > 100, m > 1, f € A(R,K,m), and P € PolyD(R3) with
D = R%es and P a product of non-singular polynomials.

Then there is a constant co, which is independent of qo, q1, and p, such that if
€ < min[cg, (p — 3)/2], then there is a K = K (¢€) such that

/ BrgEf(x)" H(x)dx
B(O,R)

)(3/ 2P pbivans log(Kpm) (15)

< CR™ A ()" (D1 fellFas,
T

forallp> K ¢ m=>1,R>1,and f € A(R, K, m). Moreover, lim¢_,o K (¢) = o0.

In [13, Theorem 9.1]), there is an additional parameter b. Theorem 4.3 is the special
case b = 1.

5 Proof of Theorem 2.1

There are two known estimates that are key to proving Theorem 2.1. The first, which
is part (i) of the next lemma, was proved in [9] by adapting Cordoba’s L* argument
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from [5] to neighborhoods of algebraic surfaces in R3. The second, which is part (ii) of
the next lemma, was proved in [7] by adapting the refined bilinear Strichartz estimates
from [6] to the weighted restriction setting.

Lemma 5-A Suppose B; is one of the R'~%-balls that cover B(0, R) W, and t| and
1y are non-adjacent K ~'-caps. Then:
(i) We have

/ E S tang 1 E e jangdx
B;nwW
SROORT2I o jang 70y | fro.j tang 172, + negligible

forall f € A(R, K, m).
(ii) We have

32 32

/ |Efor.j tang |2 1E foy, jangl > Hdx < RO Ag (YR fo 17501 fa I3,

BJ
forall f € AR, K, m).

Part (i) of Lemma 5 is the estimate immediately preceding [9, Equation (43)].
Part (ii) of Lemma 5 is [7, Equation (4.19)]. We alert the reader, however, that [7,
Equation (4.19)] is stated as

0 3/2 3/2
/ NEfoytang 1 E e g aangl P x S ROV R £ 18 el

Bj

with 3)/30 =a —2and H € F, 3, butits proof gives the better exponent (o« — 2)/4
of R that appears in the above lemma (see the last line of [7, Section 4]). Also, the
equivalence between (6) and (7) allows us to replace the H € F, 3 by a weight H of
fractal dimension «.

To prove our theorem, we use Lemma 5 to establish the estimate (14) on the tan-
gential part of Ef, which we then turn into an estimate on the broad part of Ef via
Theorem 4.3. We then localize the weight function as described in Sect. 1 and use
parabolic scaling and induction on the radius to turn the estimate on the broad part of
Ef into the desired estimate of Theorem 2.1.

5.1 Estimate on the Tangential Part

The function we are interested in estimating is

BﬂP,éEfj,tang = Z |Efr1,j,tang|1/2|Efr2,j,tang|]/2~

71,72 non—adjacent

To simplify the notation a little, we write
F = BﬂP,B Efj,tang and G = |Eft|,j,tang| |Efr2,j,tar1g|-
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Since the constant C¢ x in (14) in Theorem 4.3 is allowed to depend on K, and there
are ~ K4 pairs 71, 72, we have

/ FPHdx < > / GP’Hdx.
BjﬁW BjﬁW

71,72 non—adjacent

Our plan is to apply Holder’s inequality to f B;jAW GP/? Hdx and then use both parts
of Lemma 5. In order to do this, we need to find positive numbers a and b such that
a+b=p/2,aqg =2,and bq' = 3/2 for some 1 < g < 0o. This means a and b must
satisfy

I
s —

2
1t 3
a+b

which gives a = 2(p — 3) and b = (3/2)(4 — p), and hence

/ GP2Hdy — f G203 GG gy
BjﬂW BjﬁW

Applying Holder’s inequality withg = 2/a = 1/(p — 3), we get

p—3 4—p
/ FPHdx < 3 ( / Gszx) ( / G3/2de> :
B_,’ﬂW BjﬁW BjﬂW

71,72 non—adjacent
Writing
Go=| fn ,j,tang||L2(a) I ftz,j,tang”LZ(g),

Lemma 5 tells us that

/ G*Hdx < RP®R™'2G3
B_,‘ﬂW ~
(because || H || g3y < 1) and
/ G¥?Hdx < RO® A, (H)R@V/*G)>.
B./’ﬂW

Therefore,

/ FPHdx < RO(!S)Aa (H)4—PR—(P—3)/2R(0t—2)(4—17)/4 Z G(I)’/z. (16)
BjﬂW

71,72

Following [9], we now use the fact that only few of the caps 6 contribute to Gy.
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Suppose 7 is one of our K ~!-caps, and let

{61,...,60} =10 :0 N1 # B and T; yang N T(O) # 0}

and 7; = T; tang N T(6)). Then

L
fr,j,tang = Z Z ft,T

I=1TeT;

and it follows by (12) that

2 2
/ e gl do,f/ \f2Pdo
30 106;

forall 1 <[ < L. By part (i) of Proposition 4.1, we know that f7 j tang is supported
in UL 30, so

L
2 2
f|ff,,-,tang| do < Zf | fePdo.
=1 106;

On the one hand, this gives

/ | fr.j tangl?do < / | f2*do. (17)

On the other hand, from the definition of A(R, K, m) (see (13)) we know that

/ \felPdo <+
T ~ )
100, R

SO

L
L
o anglPdo < / \fePdo < E.
/ 7,j,tang ; 106 T R

Part (iii) of Proposition 4.3 also tells us that L < RO® R/ 5o

/ |ft,j,tang|2d(7 = ROOR™2,

Therefore,

< RO® p-1/2.

~

Go=| ft] ,j,tang”Lz((r) I frz‘j,tang”L2(a)
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Going back to (16), we now have

Gg/2 _ G(()p7372€)/2Gé3/2)+e < RO(S)R—(p—3—2e)/4G63/2)+E’

and (16) becomes

B;NW 1,72
By easy considerations,
2 (3/2)+¢
3/2)+ 3/2)+
> G = (M el 2oy ) S (X Mgl )
71,72 T T
and so, by (17),

3 (3/2)+e
S G (Y s,)
T

1,72
Also,

_4a+1

R3(p=3)/4 pla=2)(4-p)/4 _ | if .
a+1

Therefore, with this value of p, we have
B (3/2)+¢€
/ FPHdx < ROD R A, (H)* P(Z IIfTIIQZ(J))
B;NW 7
5.2 Estimate on the Broad Part
In the previous subsection, we established (14) with p = (4o +1)/(a+1),q1 = 4—p,
and g = 1/2. Inserting these values into Theorem 4.3 and choosing g9 = 1, we

conclude that there is a constant ¢ such that to every € < min[cg, (@ —2)/(2a + 2)]
there are constants K = K (¢) and C, such that lim._.o K (¢) = o0 and

/ BrgEf(x)” H(x)dx
B(O.R)

)(3/ 21 pbuans log(K*pm)

< Ce R ADY D (31112,
T

forall B> K ¢, m>1,R>1,and f € A(R, K, m).
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Suppose f € L*>(o) is a non-zero function, and define the function g : P — C
by g = 72| fll &5 £ s0 that

1
/ gl2do <
B(&.R=1/2)NP R

for all 50 € P. Writing g = ) . g, with supp g; C t and (supp g,) N (suppgy) =9
ift # v/, weseethat g € A(R, K, m)and ) __ ||gT||L2(U) ||g||L2(U) Applying the

above estimate on the broad part with § = K€ and m = 1, we obtain

Brg—< Eg(x)P H(x)dx < Ce REAq(H)> @D g|312 .
B(O,R) L)

. 342,
Since [|gll2(s) < 1, we have IIgIIL—;(:) =

¢ = min[cy, (a_— 2)/2a + 2)], we see that to every € < c there are constants
K = K (¢) and C, such that lim._.9 K (¢) = oo and

||g||L2( ) So, replacing g by f, and letting

/B o BTE ES QP H () < Ce REAGCHY 0 713, 1100, (18)

for all functions f € L (o), weights H of fractal dimension «, and radii R > 1.

5.3 Estimate on Ef

Moving from the estimate on the L”-norm of Brg -« E f (x) against the weight H into
an estimate on the L”-norm of Ef itself involves localizing the weight H at scale
r = K~!, followed by parabolic scaling, followed by an induction on the radius
argument. These three arguments were carried out in detail by the author in [13] and
resulted in the following theorem that we now borrow from that paper.

Theorem 5-A [13, Theorem 12.1]Let0 <@ <3,3<p<42<y <3 0=<gq; <1,
and ¢ > 0.

Suppose that we have the following estimate on the broad part of Ef: to every
€ € (0, ¢) there are constants K (¢) and C¢ such that lim¢_,o K (€) = o0 and

/(0 )B"K—eEf(X)”H(X)dX < CeR* A (H)™ IIfIIZQ(U)IIfIILm(J) 19)
B(O,R

for all radii R > 1, weights H of dimension «, and functions f € L* (o).
If2p —a — 1 —y > 0, then there is a constant ¢’, which only depends on a, p,
and y, such that for 0 < € < ¢’ we have

f |Ef@)IPH(x)dx < CeR* (max [Aa(H), AaCH™ )72 17177,
B(0,R)
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with
Ce =2(Ce + 10%0(5)%),
for all radii R > 1, weights H of dimension «, and functions f € L*° (o).

Since

3
1132y = 10 2o 103ty S I 2 112

the estimate (18) implies (19) with p = (4 + 1)/(a + 1) and g1 = 4 — p, and hence
Theorem 5.3 tells us that the estimate

/ |Ef (x)|PH(x)dx < CGRE(maX [Aq(H), Aa(H)‘f‘])IIfIILz(J)IIfIILOO((,)
B(0,R)

holds whenever 2p — o — 1 — y > 0. So, to finish the proof of Theorem 2.1, we just
have to show that this estimate remains true if one replaces max[Ay(H), Ay (H)7']
by Ay (H):

/B(O " |Ef(x)|PH(x)dx < CfReAa(H)”fHZz(G)||f||Loc((,)

In fact, since the unit paraboloid P is compact, we can find a Cg° function ¢ on R3
that satisfies |¢| > 1 on P and ¢ is supported in the unit ball. So, if we define the
function g on P by ¢ = f/¢ and observe that |g| < |f|, Ef = (Eg) % (;5, and
|Ef|P <|Eg|? % |¢|, we see that

/ EfOIPHxdx < / Eg()1? / Bx — ) H(x)dxdy

<t [ 1B E )y
< Aa(H)R max[Aa(H), Aa(F)®11g11} 2, 18117,
< Aa(H) R max[Aa (), Aa (™1 f 1] 11750

where
H) = AaH) 711 oy / |6(x — y)|H (x)dx
is clearly a weight of fractal dimension o with Aq(H) =< 1. Therefore,
P €
/B o [EF @I H@dx < CR AatD) I o LA 11T
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whenever p = (4o + 1)/(¢ + 1) and 2p —a — 1 — y > 0, as desired.

Data availability Not applicable.

References

1. Bennett, J., Carbery, A., Tao, T.: On the multilinear restriction and Kakeya conjectures. Acta Math.
196, 261-302 (2006)
2. Bourgain, J.: Besicovitch type maximal operators and applications to Fourier analysis. Geom. Funct.
Anal. 1, 147-187 (1991)
3. Bourgain, J., Demeter, C.: The proof of the / 2 decoupling conjecture. Ann. Math. 182, 351-389 (2015)
4. Bourgain, J., Guth, L.: Bounds on oscillatory integral operators based on multilinear estimates. Geom.
Funct. Anal. 21, 1239-1295 (2011)
5. C’ordoba, A.: Geometric Fourier analysis (English, with French summary). Ann. Inst. Fourier (Greno-
ble) 32(3), vii, 215-226 (1982)
6. Du, X., Guth, L., Li, X.: A sharp Schrodinger maximal estimate in R2. Ann. Math. (2) 186, 607-640
(2017)
7. Du,X.,Guth,L.,Ou,Y., Wang, H., Wilson, B., Zhang, R.: Weighted restriction estimates and application
to Falconer distance set problem. Am. J. Math. 143, 175-211 (2021)
8. Du, X., Zhang, R.: Sharp L2 estimate of Schrodinger maximal function in higher dimensions. Ann.
Math. 189, 837-861 (2019)
9. Guth, L.: A restriction estimate using polynomial partitioning. J. Am. Math. Soc. 29, 371-413 (2016)
10. Guth, L.: Restriction estimates using polynomial partitioning II. Acta Math. 221, 81-142 (2018)
11. Katz, N., Rogers, K.: On the polynomial Wolff axioms. Geom. Funct. Anal. 28, 1706-1716 (2018)
12. Kim, J.: Some remarks on Fourier restriction estimates, Preprint, arXiv:1702.01231
13. Shayya, B.: Weighted restriction estimates using polynomial partitioning. Proc. Lond. Math. Soc. (3)
115, 545-598 (2017)
14. Shayya, B.: Fourier restriction in low fractal dimensions. Proc. Edinb. Math. Soc. 64, 373—407 (2021)
15. Tao, T.: The Bochner-Riesz conjecture implies the restriction conjecture. Duke Math. J. 96, 363-375
(1999)
16. Tao, T., Vargas, A., Vega, L.: A bilinear approach to the restriction and Kakeya conjectures. J. Am.
Math. Soc. 11, 967-1000 (1998)
17. Wang, H.: A restriction estimate in R3 using brooms. Duke Math. J. (to appear). arXiv:1802.04312v2
18. Wolff, T.: An improved bound for Kakeya type maximal functions. Rev. Mat. Iberoamericana 11,
651-674 (1995)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer


http://arxiv.org/abs/1702.01231
http://arxiv.org/abs/1802.04312v2

	Improved Weighted Restriction Estimates in mathbbR3
	Abstract
	1 Introduction
	2 Results
	3 Proof of Theorem 2.2
	4 Overview of Guth's Polynomial Partitioning Method
	4.1 The Wave Packet Decomposition
	4.2 The Broad Part of Ef
	4.3 Polynomial Partitioning

	5 Proof of Theorem 2.1
	5.1 Estimate on the Tangential Part
	5.2 Estimate on the Broad Part
	5.3 Estimate on Ef

	References




