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Abstract We explore the use of importance sampling based on exponentially tilted
signed root log-likelihood ratios for Bayesian computation. Approximations based on
exponentially tilted signed root log-likelihood ratios are used in two distinct ways;
firstly, to define an importance function with antithetic variates and, secondly, to
define suitable control variates for variance reduction. These considerations give
rise to alternative simulation-consistent schemes to other importance sampling tech-
niques (for example, conventional and/or adaptive importance sampling) for Bayesian
computation in moderately parameterized regular problems. The schemes based on
control variates can also be viewed as usefully supplementing computations based
on asymptotic approximations by supplying external estimates of error. The methods
are illustrated by a censored regression model and a more challenging 12-parameter
nonlinear repeated measures model for bacterial clearance.

Keywords Bayesian computation · Control variates · Exponential tilting · Signed
root log-likelihood ratio · Importance sampling · Variance reduction

1 Introduction

Accurate asymptotic formulae for posterior expectations and predictive distributions
were obtained in Sweeting (1996) andSweeting andKharroubi (2003). These formulae
are correct to the same asymptotic order as the corresponding Tierney and Kadane
(1986) expressions but possess the advantage that the major computational effort
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only needs to be carried out once when many expectations are required, such as in
the computation of a predictive density, or of posterior expected losses in a decision
problem. In Kharroubi and Sweeting (2010) asymptotic formulae based on signed
roots formed the basis for an importance sampling scheme for Bayesian computation.

Experience with applying these formulae has demonstrated that they can provide
excellent approximations in practice. One difficulty that can arise, however, is the
need for repeated computation of conditional maxima of the likelihood function in
multiparameter cases. This can be particularly problematic when it is required to
invert the signed root log-likelihood ratio, since a maximization procedure has to be
included within a nonlinear inversion routine, as pointed out in Sweeting (1996) and
the ensuing discussion. Although not a major problem in low dimensions, this can
cause computational difficulties in higher dimensions, especially when many signed
root inversions are required, such as in importance sampling scheme of Kharroubi and
Sweeting (2010).

Recently, Kharroubi and Sweeting (2016) used exponential tilting to develop alter-
native asymptotic approximations for posterior expectations, predictive distributions
and marginal posterior distributions that do not require any conditional maximization.
The new tilted approximations are shown to be particularly relevant for the signed root
based importance sampler and control variates of Kharroubi and Sweeting (2010). A
number of researchers have obtained useful asymptotic approximations in statistics
based on exponential tilting. Schennach (2005) derives a Bayesian exponentially tilted
empirical likelihood and Schennach (2007) carries out further studies and compar-
isons involving the exponentially tilted estimator. Cerquetti (2007) develops Bayesian
nonparametric inference in which the prior is obtained from an exponentially tilted
Poisson-Kingman model, following Pitman (2003). Sweeting and Kharroubi (2005)
used exponential tilting to enable the application of a predictive distribution formula
in cases where the likelihood function does not possess a local maximum.

In the present paper we follow on from the work of Kharroubi and Sweeting (2016)
to explore the use of exponentially tilted signed root based importance sampler in
conjunction with antithetic variates for Bayesian computation in moderately param-
eterized models. It is further shown that by incorporating control variates we can
achieve a substantial reduction in sampling variability as compared to straight impor-
tance sampling. The potential of the methodology is explored throughout the paper
using a censored regression model and a more challenging 12-parameter nonlinear
repeated measures model for bacterial clearance. Although the methodology is not
universally applicable, in cases where it is applicable it has the obvious advantage
over other importance sampling methods (for example, conventional/adaptive impor-
tance sampling or population Monte Carlo) that samples are drawn independently.
Furthermore, relatively short runs of the schemes based on control variates could be
used to provide external simulation-based validation of the accuracy of asymptotic
approximation formulae.

The organization of the paper is as follows. In Sect. 2 we present the basics of
importance sampling and introduce the notion of exponential tilting. In Sect. 3 we
review briefly some of the exponentially tilted methods and results in Kharroubi and
Sweeting (2016). This is necessary for the development in the subsequent sections
and in order to facilitate comparisons with the modified results. We then develop a

123



Posterior simulation via the exponentially tilted signed… 215

modified signed-root based importance sampling schemes based on exponential tilting
and in conjunction with antithetic variates. We proceed in Sect. 4 to develop suitable
control variates based on exponential tilting. The theory of Sects. 3 and 4 is illustrated
by a censored regression model and a nonlinear repeated measures model for bacterial
clearance. Some concluding remarks are given in Sect. 5.

2 Background (with examples)

In this section we present briefly an overview of importance sampling and exponential
tilting, including some illustrative examples. This is necessary in to order to ease the
development in the subsequent sections. We first go over the basics of importance
sampling in Sect. 2.1 and then proceed with explaining exponential tilting in Sect. 2.2.

2.1 Basic importance sampling

Suppose that our problem is to find � = E f {h(X)} = ∫
�
h(x) f (x)dx where X is an

R-valued random variable with probability density function f on �. If g is a positive
probability density function on �, then

� =
∫

�

h(x) f (x)dx =
∫

�

h(x) f (x)

g(x)
g(x)dx = Eg

{
h(X) f (X)

g(X)

}

,

where Eg(.) denotes expectation for X ∼ g. The importance sampling of � =
E f {h(x)} is

�̂I S = 1

n

n∑

j=1

h(Xi ) f (Xi )

g(Xi )
, Xi ∼ g.

A variety of Monte Carlo importance sampling strategies have been proposed in the
literature. See, for example, Van Dijk et al. (1986), Evans and Swartz (1995, 2000),
Hesterberg (1995) and Owen and Zhou (2000). Recently, some important relevant
advances in importance sampling includes Vehtari et al. (2016), Elvira et al. (2016)
and Bugallo et al. (2017) .

2.2 Exponential tilting

Trying to find the best choice of g is essentially an infinite dimensional optimization
problem which is generally very difficult. In practice, it is often easy to try to turn the
problem into a finite dimensional one. This can be done by restricting the choice of g
to a parametric family of densities {g(x; θ)}θ∈�.

The most useful way to create such a family of densities is by so-called exponential
tilting (Efron 1981; Fuh et al. 2013). Recall that the moment generating function of a
random variable X ∼ f is given by
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M(θ) = E f exp{θX}.

The cumulant generating function of a random variable is given by

κ(θ) = logE f exp{θX} = logM(θ)

Using this, one can define a family of densities by

f (x; θ) = exp{θX − κ(θ)} f (x),

where θ ∈ � = {θ : M(θ) < ∞}.
Exponential tilting can be applied to every distribution for which a cumulant gen-

erating function is defined. Let us for example consider the normal distribution.

Example Tilting the normal density

Themoment generating function of a normal distribution with meanμ and variance
σ 2 is given by

M(θ) = exp

{

μθX + σ 2θ2

2

}

.

So,

κ(θ) = μθX + σ 2θ2

2
.

This means that the tilted normal distribution is of the form

f (x; θ) ∝ exp

{

− 1

2σ 2

(
x − (μ + σ 2θ2)

)}

,

which is the pdf of a normal distribution with mean μ + σ 2θ and variance σ 2. Thus,
exponentially tilting a normal distribution is equivalent to shifting its mean by σ 2θ .

Using an exponential tilt, one obtains the estimator

�̂θ = 1

n

n∑

j=1

f (Xi )

f (Xi ; θ)
h(Xi ) = 1

n

n∑

j=1

exp {κ(θ) − θXi } h(Xi ). (1)

The obvious question is how to choose θ . One common way to choose θ is so that the
mean of the tilted density is the point of interest (Fuh et al. 2013). For example, suppose
we wish to estimate � = P(X > γ ) where X ∼ N (μ, σ 2). We tilt the density so that
Eθ X = γ , this ensures we have samples in the region of interest. That is, we choose
μ+σ 2θ = γ , so θ = (γ −μ)/σ 2. Using this, we can then estimate P(X > γ ) via the
importance sampling estimator (1). For the purpose of illustration, Fig. 1 presents the
original and exponentially tilted densities in the case where X ∼ N (0, 1) and γ = 4.

123



Posterior simulation via the exponentially tilted signed… 217

−5 0 5

0.
0

0.
1

0.
2

0.
3

0.
4

N
or

m
al

 d
en

si
ty

Fig. 1 Tilting the normal density: N (0, 1) density (dashed line), N (γ, 1) tilted density (dotted line)

3 Importance sampling with antithetic variates based on exponentially
tilted signed roots

In this section we develop the exponentially tilted signed root based importance sam-
pling scheme with antithetic variates. We begin by reviewing the construction of
exponentially tilted signed root log-likelihood ratios in Sect. 3.1, which forms the basis
of the remainder of this section. The construction of the exponentially tilted impor-
tance sampler is described in Sect. 3.2 and antithetic variate technique for variance
reduction is discussed in Sect. 3.3. The computation of marginal posterior densities is
given in Sect. 3.4.

3.1 Exponentially tilted signed root log-likelihood ratios

We begin by reviewing the construction of signed root log-likelihood ratios using
exponential tilting. We suppose that the data x arise from a parametric model with
unknown parameter θ = (θ1, . . . , θd) ∈ � ⊂ IRd , where d ≥ 1, and that the
associated likelihood function L(θ) is available. We further suppose the availability of
a prior density λ(θ) of θ , assumed to be continuous and positive throughout �. Then
the posterior density of θ is

p(θ |x) = c−1L(θ)λ(θ), (2)

where c = ∫
L(θ)λ(θ) dθ . Under the assumption that the likelihood function pos-

sesses unique local conditional maxima, there will exist a one-to-one transformation
of θ to a set of signed root log-likelihood ratios, which forms the basis for excel-
lent asymptotic approximations; see, for example, Sweeting (1996). If, however, the
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218 S. A. Kharroubi

requirement of unique local conditional maxima is not satisfied then it may be pos-
sible to achieve this requirement by applying a suitable initial exponential tilt to the
likelihood function.

Let l(θ) = log L(θ) be the log-likelihood function. The score vector is l̇(θ) =
dl(θ)/dθ = (l1(θ), . . . , ld(θ))T , where l j (θ) ≡ ∂l(θ)/∂θ j , j = 1, . . . , d. Further
define l̈(θ) = d2l(θ)/dθ2, j (θ) = −l̈(θ), and J = j (θ̂), the Fisher information
matrix. As in Sweeting and Kharroubi (2003), for 1 ≤ i ≤ d we let θi = (θ1, . . . , θ i )

be the vector of the first i components of θ and θ(i) = (θ i , . . . , θd) the vector of the
last d − i + 1 components.

We suppose that, for each 1 < i ≤ d and fixed θi−1, there exists a local conditional
maximizer θ̂ (i)(θi−1) = (θ̂ i (θi−1) . . . , θ̂d(θi−1)) of L(θ). It follows from Kharroubi
and Sweeting (2016) that the first-order term in the Taylor expansion of the j th com-
ponent of the conditional maximizer of l(θ) given θi about θi = θ̂i is given by

θ̄ j (θi ) = θ̂ j +
i∑

k=1

θ̂
j
ik(θ

k − θ̂k) (3)

for 1 ≤ i < j ≤ d, where θ̂
j
ik = ∂θ̂ j (θi )/∂θk evaluated at θi = θ̂i . Further write

θ̄ ( j)(θi ) = (θ̄ j (θi ), . . . , θ̄
d(θi )) for 1 ≤ i < j ≤ d. The idea is to modify the

likelihood function so that the approximate conditional maximizer θ̄ (i+1)(θi ) of L(θ)

given θi is the exact conditional maximizer of the modified likelihood. To gain a
feeling for the construction of this modified likelihood, consider first the case d = 2
for which θ̄2(θ1) = θ̂2 − (J21/J 22)(θ1 − θ̂1). Define the exponentially tilted log-
likelihood function by

l̄(θ1, θ2) = l(θ1, θ2) − l2{θ1, θ̄2(θ1)}{θ2 − θ̄2(θ1)}.

On partial differentiation of l̄(θ) with respect to θ2 we see that the maximum of l̄(θ)

for fixed θ1 occurs at θ2 = θ̄2(θ1). Furthermore the maximum of l̄{θ1, θ̄2(θ1)} occurs
at θ̂1 since l̄{θ1, θ̄2(θ1)} = l{θ1, θ̄2(θ1)} and θ̄2(θ̂1) = θ̂2.

As in Kharroubi and Sweeting (2016), the following convention will prove useful:
for any function g(θ) and 1 ≤ i < d, g(θi ) will denote g(θi , θ̄ (i+1)(θi )), where g(θ0)
is understood to be g(θ̂). That is, we simply replace θ̂ (i+1)(θi ) by θ̄ (i+1)(θi ).

We now define the exponentially tilted log-likelihood function l̄(θ) to be

l̄(θ) = l(θ) −
d∑

j=1

h j (θ j−1){θ j − θ̄ j (θ j−1)}, (4)

where

hi (θ) =
d∑

j=1

c ji l j (θ) = cTi l̇(θ), 1 ≤ i ≤ d,
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ci = (c1i , . . . , c
d
i )T and c ji = 0 ( j < i), cii = 1, c ji = θ̂

j
i i ( j > i). It is shown in

Kharroubi and Sweeting (2016) that, for 1 < i ≤ d, θ̄ (i)(θi−1) is the unique local
conditional maximizer of l̄(θ) given θi−1.

Now define the functions Hi (θi ) = exp{hi (θi−1){θ i − θ̄ i (θi−1)} for 1 ≤ i ≤ d and
let H(θ) = ∏d

i=1 H
i (θi ). Then from (4) the exponentially tilted likelihood function

is given by L̄(θ) = L(θ)/H(θ). We therefore need to modify the prior by absorbing
the factor H(θ) into the prior λ(θ), which produces the exponentially tilted prior
density λ̄(θ) = λ(θ)H(θ). The posterior density (2) can then be written as p(θ |x) =
c−1 L̄(θ)π̄(θ). It is shown in Kharroubi and Sweeting (2016) that the factor H(θ) is
O(1) so that the asymptotic analysis of Sweeting (1996) and Sweeting and Kharroubi
(2003) continues to apply. That is, we can apply all the formulae given there with L
and λ replaced by L̄ and λ̄. Notice also that we do not actually require the existence
of the conditional maxima θ̂ (i)(θi−1), needed for the non-tilted formulae in Sweeting
(1996) and Sweeting and Kharroubi (2003), in order to implement these formulae.

Specifically, for 1 ≤ i ≤ d define the tilted log-likelihood ratios

w̄i (θi ) = 2{l̄(θi−1) − l̄(θi )} = 2{l(θi−1) − l(θi ) + hi (θi−1)(θ
i − θ̄ i (θi−1))}

and the tilted signed root log-likelihood ratios

r̄ i (θi ) = sign{θ i − θ̄ i (θi−1)}{w̄i (θi )}1/2

and write r̄(θ) = (r̄1(θ1), . . . , r̄ d(θd)).

3.2 Construction of exponentially tilted importance sampler

Consider the posterior expectation μ = E{v(θ)|x} of the smooth function v(θ). Let
g(θ) be any density function from which it is easy to sample and let Eg denote
expectation under the density g. Then, since

μ = c−1Eg

{

v(θ)
L(θ)λ(θ)

g(θ)

}

,

it follows that the constant of proportionality c in Eq. (2) and the posterior expectation
μ are consistently estimated by

ĉ = (km)−1
m∑

j=1

u j (5)

and

μ̂ =
m∑

j=1

v(θ[ j])w j (6)
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220 S. A. Kharroubi

respectively, where θ[1], . . . , θ[m] are m independent draws from g(θ), u j =
L(θ[ j])λ(θ[ j])/h(θ[ j]) are the importance weights, w j = u j/

∑m
i=1 ui the normal-

ized importance weights and g(θ) = kh(θ).
The usual strategy is to choose a suitable density g(θ) that is close to, but more

dispersed than, p(θ |x) in order that the importance sampling is stable. As discussed
in Kharroubi and Sweeting (2010), in general importance functions based on local
approximations to the posterior distribution can have poor tail behaviour, making
them unsuitable for importance sampling. However, the signed root log likelihood
ratio succeeds in capturing the entire shape of the likelihood function and would be
expected to lead to a very reliable form of importance sampling. A theoretical result
on the tail behaviour of g(θ) is given in Kharroubi and Sweeting (2010). All of this
also applies to the tilted signed root log likelihood ratio. We can therefore construct an
importance sampler exactly as in Kharroubi and Sweeting (2010) simply by replacing
r(θ) there by r̄(θ). Thus, for 1 ≤ i ≤ d, θ i ≡ θ i (R̄i ) are defined by inversion of
r̄ i (θi ) = R̄i for fixed θi−1, where the R̄i are independently sampled from the standard
normal distribution.

Since r̄ i (θi ) is a function of the first i components of θ , the Jacobian matrix dr̄/dθ

is lower triangular, so that

∣
∣
∣
∣
dr̄

dθ

∣
∣
∣
∣ =

d∏

i=1

∂ r̄ i (θ)

∂θ i
=

d∏

i=1

−l̄i (θi )

r̄ i (θi )
.

It now follows from the usual multivariate transformation formula for densities that
the density of θ is

g(θ) = (2π)−d/2 L̄(θ)

L̄(θ̂)

d∏

i=1

−l̄i (θi )

r̄ i (θi )
. (7)

We remark that no difficulty arises here when θ i = θ̂ i (θi−1), since L’Hôpital’s
rule gives r̄ i (θi )/l̄i (θi ) → {−k̄i (θi−1)}−1/2 as θ i → θ̂ i (θi−1), where k̄i (θ) =
−∂2l̄(θ)/(∂θ i )2. The exponentially tilted signed root importance sampler algorithm
is then as follows:

1. Generate R̄i ∼ N (0, 1), independently for i = 1, . . . , d.
2. Obtain θ i = θ i (R̄i ) sequentially for i = 1, . . . , d as the solutions of the equations

r̄ i (θi ) = R̄i .
3. Repeat steps 1 and 2 m times to obtain R̄[1], . . . , R̄[m] and the corresponding

sample θ[1], . . . , θ[m] from the importance density (7).

The simulation-consistent estimators of c and μ are then given by (5) and (6) respec-
tively with k = (2π)d/2 L̄(θ̂) and u j = u(θ[ j]), where

u(θ) = λ̄(θ)

d∏

i=1

{
r̄ i (θi )

−l̄i (θi )

}

.

These formulae require no conditional maximization procedures for their implemen-
tation.
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The precisions of (5) and (6) can be assessed via their Monte Carlo standard errors,
which are

s.e.(ĉ) = ĉ

⎧
⎨

⎩

m∑

j=1

(w j − m−1)2

⎫
⎬

⎭

1/2

(8)

and

s.e.(μ̂) =
⎧
⎨

⎩

m∑

j=1

w2
j (v(θ[ j]) − μ̂)2

⎫
⎬

⎭

1/2

. (9)

Formula (9) follows from the delta method. Rather than pre-specifying the number
of Monte Carlo samples m, (8) can be used to determine m automatically by instead
pre-specifying a value for the coefficient of variation s.e.(ĉ)/ĉ of ĉ.

3.3 Antithetic variates

It is natural to seek to reduce the Monte Carlo variability in (5) and (6) so that accurate
results can be obtainedwith a smaller computational effort. There are a number of vari-
ance reduction techniques that can be used in conjunction with importance sampling,
including antithetic variates and control variates; see, for example, Hammersley and
Handscomb (1964). We discuss the former here and the latter in Sect. 4. Discussion
of a wider class of techniques can be found in Ripley (1987). Antithetic variates are
a special case of the general technique of systematic sampling, as discussed in Evans
and Swartz (2000). The basic idea is to induce a symmetry in the integrand that is
possessed by the importance sampler. This technique is particularly useful when the
basic importance sampler provides a relatively poor approximation to the integrand.

Here there is a natural antithetic variate, namely ˜̄R = −R̄, which also has the

multivariate standard normal distribution. Since corr(R̄i , ˜̄Ri ) = −1 and θ i (r̄) is a

monotone function of r̄ i for fixed r̄i−1, we would expect θ(R̄i ) and θ( ˜̄Ri ) to be highly
negatively correlated, as required for the method of antithetic variates to be effective.

Suppose then that θ[ j] = θ(R̄[ j]) and θ̃[ j] = θ( ˜̄R[ j]) for j = 1, . . . ,m. Then, from
(5) and (6), the Monte Carlo estimators of the normalizing constant and posterior
expectation under antithetic importance sampling are

ĉ = (km)−1
m∑

j=1

1

2
(u j + ũ j ) (10)

and

μ̂ =
m∑

j=1

{
v(θ[ j])w j + v(θ̃[ j])w̃ j

}
(11)

respectively, where ũ j = L(θ̃[ j])λ(θ̃[ j])/h(θ̃[ j]) are the importance weights, w j =
u j/

∑m
i=1(ui + ũi ) and w̃ j = ũ j/

∑m
i=1(ui + ũi ) are the normalized importance

weights.

123



222 S. A. Kharroubi

Standardmanipulations give estimators of the standard errors of (10) and (11) under
antithetic importance sampling as

s.e.(ĉ) = ĉ{m ˆvar(w j + w̃ j )}1/2

and

s ≡ s.e.(μ̂) = {m ˆvar(v(θ[ j])w j + v(θ̃[ j])w̃ j )}1/2,

where ˆvar denotes estimated Monte Carlo variance.

3.4 Marginal densities

Here we further exploit the sample produced by the simulation algorithm to obtain
numerical estimates ofmarginal densities of one ormore parameters inmultiparameter
settings.

It follows as in Kharroubi and Sweeting (2010) that a simulation-consistent esti-
mator of the marginal posterior density p(θi |x) of the first i components of θ is given
by

p̄(θi |x) = (2π)(d−i)/2

ĉm

m∑

j=1

L̄(θ[ j]i )L̄(θi , θ̃
(i+1)
[ j] )λ̄(θi , θ̃

(i+1)
[ j] )

L̄(θ[ j])

d∏

k=i+1

−R̄k
[ j]

l̄k(θ[ j]k)
, (12)

where, for j = 1, . . . ,m,

θ̃
(i+1)
[ j] = θ

(i+1)
[ j] + θ̄ (i+1)(θi ) − θ̄ (i+1)(θ[ j]i ). (13)

Formula (12) produces a smooth functional form for the marginal posterior density of
θi and, again, requires no maximization procedure for its implementation. If a specific
parameter is of interest then this may be included as the first component of θ so that its
marginal posterior density can be computed from Eq. (12). Of course, a kernel density
estimator of the posterior density of any parametric function can be readily computed
from the importance sample.

Finally, it is clearly essential to employ an efficient and reliablemethod for inverting
the signed root log-likelihood ratio. Fortunately the inversion consists of a sequence
of one-dimensional inversions for θ1, θ2, . . . , θd . At each stage an initial value for
a standard Newton procedure may be obtained by fitting a cubic approximation to
r(θi ), as a function of θ i , that passes through the values zero and ±√

d, as described
in Appendix B of Kharroubi and Sweeting (2010).

Example 1 Normal regression model with censored data

We revisit the censored regression model for the failure data given by Crawford
(1970), as described in Schmee and Hahn (1979). This has been used as a running
example in Sweeting and Kharroubi (2003, 2005) and Kharroubi and Sweeting (2010)
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to illustrate various posterior quantities of interest, including posterior distribution
functions, posterior moments and marginal posterior densities, in addition to a data
augmentation scheme and importance sampling based on signed-root log-likelihood
ratios. The data arise from temperature accelerated life tests on electrical insulation
in 40 motorettes. Ten motorettes were tested at each of four temperatures in degrees
Centigrade (150◦, 170◦, 190◦ and 220◦), resulting in a total of l = 17 failed units and
n − l = 23 unfailed (i.e. censored) units.

The model for the data takes the form

Xi = β0 + β1vi + σεi , i = 1, . . . , 40,

where Xi is the log10(ith failure time), vi = 1000/(temperature + 273.2) and the
errors εi are independent standard normal. The time to failure is in hours.

Reordering the data so that the first l observations are uncensored and the remaining
n − l are censored, the loglikelihood function has the form

−l logσ − 1

2

l∑

i=1

(
Xi − β0 − β1vi

σ

)2

+
n∑

i=l+1

log

{

1 − �

(
Zi − β0 − β1vi

σ

)}

,

where Xi are the observed failure times, Zi are the censored event times and � is the
standard normal distribution function. For computational convenience we work with
the parameterisation θ = (β0, β1, φ), whereφ = log σ . FromSweeting andKharroubi
(2005), the MLE is found to be θ̂ = (β̂0, β̂1, φ̂) = (−6.0193, 4.3112,−1.3502) and

J =
⎛

⎝
427.66 931.31 −65.39
931.31 2033.55 −145.49
−65.39 −145.491 41.29

⎞

⎠ .

For the purpose of illustration, we examine the accuracy and computational efficiency
gain of formulae (6) and (11). The signed root based simulation algorithm using
exponential tilting was run with m = 1000. In the case of the noninformative prior
λ(θ) ∝ 1 the posterior expectation of v(θ) = β0 + β1 + exp(φ) obtained from (6)
was found to be −1.4980. The estimated standard error (9) is found to be 0.0175. The
corresponding expectation and standard error obtained from the signed root based
simulation algorithm in Kharroubi and Sweeting (2010) were −1.4995 and 0.0263.
The exact expectation and standard error obtained by running the importance sampler
incorporating antithetic sampling and control variates scheme in Sect. 4 with m =
10000were−1.4986 and0.0115 respectively.The exact expectation and standard error
here are in line with those obtained via the adjusted importance sampling technique. In
particular, weworkedwith the standard populationMonteCarlo (PMC)where the total
number of evaluations of the posterior density was fixed to 10000, as this is usually
the most costly step in MC algorithms (Bugallo et al. 2017). The exact expectation
and standard error were found to be −1.4986 and 0.0116 respectively

We now apply the method of antithetic variates to this example. The signed root
based simulation algorithm using exponential tilting was run with m = 500 and the
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Fig. 2 Marginal posterior
density of β1 for the censored
normal regression model:
importance sampling (dotted
line), exact (dashed line)
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posterior expectation of the function v(θ) = β0+β1+exp(φ) obtained from (11) was
found to be −1.4982. The estimated standard error of (11) was found to be 0.0166.
We observe that the posterior expectation estimate shows a slight improvement over
those obtained using formula (6) even with very few Monte Carlo draws. The method
of antithetic variates here provides a small but worthwhile reduction in variability. We
return to these results in Sect. 4 when we use a control variate.

Suppose next that we are primarily interested in the regression coefficient β1. It
is then preferable to work in a parameterization with β1 the first component of θ ,
such as θ = (β1, β0, φ). The marginal posterior density of β1 may then be readily
computed from formula (12). This density, represented by the dotted line in Fig. 2, is
plotted along with the true marginal posterior distribution (solid line) calculated via
the longer run described above. We see that the estimated distribution (12) is hardly
distinguishable from the exact.

Example 2 Nonlinear repeated measures model for bacterial clearance

As a second example, we revisit the nonlinear repeated measures model for bacterial
clearance data given by Smith et al. (2009). This has been used as a running exam-
ple in Kharroubi and Sweeting (2016) to illustrate, respectively, new tilted Laplace
approximations for posterior expectations, predictive distributions andmarginal poste-
rior distributions and importance sampling based on signed-root log-likelihood ratios.
The data are in the form of radioactivity measurements on patients from three groups:
healthy subjects (HC), subjects with Crohn’s disease (CD), and subjects with ulcera-
tive colitis (UC). The measurements were taken at time points 0, 4, 24, 48 and 72h
following inoculation with 32P-labelled E. coli. Data from 14 healthy subjects, 14
patients with CD and three with UCwere used. A nested replicated repeated measures
design was adopted.

Let Xgi jk denote the radioactivity measurement from the kth arm of the i th subject
in group g at time t j . Here g = 1, 2, 3, i = 1, . . . , ng, j = 1, . . . , 5, k = 1, . . . , ngi ,
where ng is the number of subjects in group g and ngi is the number of readings at
each time point of subject i in group g. The model may be written as
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log Xgi jk = αgi − βgi t j + f (t j ) + εgi jk,

where
(

αgi

βgi

)

∼ N2

((
αg

βg

)

, �

)

,

εgi jk ∼ N (0, σ 2),

(αgi , βgi )
T , εgi jk are all independent and

f (t) = log(1 + eζ−ηt ) .

Hereαg is the additive group effect,βg is the linear effect of time in group g,αgi , βgi are
the corresponding quantities for subject i in group g and � is the common covariance
matrix of the random effects αgi , βgi . The form of f (t) produces a biexponential
model for the clearance curves, which reflects the biphasic nonexponential kinetics.
The likelihood function for this 12 parameter model is the product of the independent
multivariate normal densities of the vectors of responses for each individual.

We use the parameterization θ = (α1, α2, α3, β1, β2, β3, ζ, η, log σα, log σβ, λ,

log σ),whereσα, σβ are the standard deviations ofα andβ andλ = 1
2 log{(1+ρ)/(1−

ρ)} is the Fisher transformation of their correlation ρ. The maximum likelihood esti-
mate is found to be θ̂ = (6.048, 6.752, 6.258, 0.01449, 0.00271, 0.02070, 0.6230,
0.5044,- 0.615,- 5.471, −0.112, −1.141). When there are many parameters in the
model, as here, it is useful to carry out an initial tilt of the likelihood equal to
exp{−l̇(θ̂)T θ} in order to produce a modified likelihood for which θ̂ is the exact
maximizer. This avoids any potential problems in calculating signed roots close to
zero. This initial tilt costs nothing and can be applied automatically. An initial tilt is
also useful when the exact local maximum is hard to locate, or even when it does not
exist; see Sweeting and Kharroubi (2005).

We now investigate exponentially tilted signed root based importance sampling
and antithetic variates technique for this more challenging 12-parameter model. The
simulation algorithm was run with m = 500. An initial run indicated the occasional
presence of a secondary mode in the conditional tilted likelihood for the parameter
log σβ . However, an initial tilt of exp(−2.3 log σβ), determined as outlined above,
successfully removed this mode and allowed the generation of the importance sample.
In the case of the noninformative prior λ(θ) ∝ 1, the posterior expectation (6) of
the difference δ ≡ β2 − β1 between the final bacterial clearance rates of CD and
HC patients is found to be −0.0116. The estimated standard error (9) is found to
be 0.00013. The corresponding expectation and standard error obtained using the
method of antithetic variates were found to be −0.0115 and 0.0001 respectively. The
exact value of−0.0114was obtained by running the importance sampler incorporating
antithetic sampling and control variates scheme in Sect. 4 until a coefficient of variation
of 0.005 for ĉwas achieved, resulting in a sample of sizem = 6328. The standard PMC
technique yields the posterior expectation and standard error of −0.0114 and 0.0001
respectively. Clearly, antithetic variate technique provides accurate approximation
here.
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Fig. 3 Marginal posterior density of a δ and b τ for the bacterial clearance model: importance sampling
(dotted line), exact (dashed line), control variates (dashed dot line)

The full marginal posterior distribution of δ can be obtained by making δ the first
component of θ . Based on the sample θ[ j] and weights u j , weighted kernel density
estimate of the marginal posterior density of δ is readily computed. This density is
shown as the dashed curve in Fig. 3a. The solid curve is the exact posterior density
obtained using the longer run described above, from which we see that formula (12)
slightly overstates the posterior precision of δ. It is perhaps worth mentioning that the
posterior density using the standard PMC technique is hardly distinguishable from
that obtained using the longer run described above.

Consider next the total clearance time τ to the point where 95% of inoculated
material would be cleared for CD patients, which is approximately {log 20− log(1+
eζ )}/(24β2). For the posterior distribution of τ it is necessary to include the (known)
constraint β2 > 0. This is most easily achieved by taking 1/τ to be the first component
of θ . The posterior density of 1/τ can then be obtained from (12) along with the
constraint and straightforwardly transformed to the density of τ , which is shown as the
dashed curve in Fig. 3b. This is very close to the exact posterior density, which is shown
as the solid curve. The posterior distribution of τ is highly skewed, producing verywide
credible intervals. For example, the approximate equitailed 95% posterior credible
interval for τ is (10.6, 224.5). The exact interval from the longer run described above
is (10.9, 204.3).Not surprisingly the extreme tail behaviour here is hard to approximate
accurately. As is the case with the results above, both the posterior distribution and
equitailed 95% posterior credible interval for τ using the standard PMC technique are
hardly distinguishable from those obtained using the longer run described above.

4 Control variates based on exponentially tilted signed roots

In this section we show how to construct control variates based on exponentially
tilted signed roots in order to achieve further variance reduction in an exponen-
tially tilted signed root based importance sampling scheme. We begin in Sect. 4.1 by
reviewing some asymptotic approximations based on exponentially tilted signed roots.
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These tilted approximations will form the basis of the control variates constructed in
Sects. 4.2–4.4.

4.1 Approximations based on exponentially tilted signed roots

We begin by reviewing some results in Kharroubi and Sweeting (2016) associated
with exponentially tilted signed root log-likelihood ratios. The reader is referred to
this paper for detailed derivations.

Considering θ as a random variable, define the random variable R̄ = r̄(θ). We
consider the likelihood L̄ = L̄n to be one in a sequence of likelihoods L̄1, L̄2, . . .

arising from a sequence of data distributions indexed by n. Typically n will be sample
size for independent data, but could refer to time in a time series, for example. In
regular cases, as shown in Kharroubi and Sweeting (2016), the posterior density f (r̄)
of R̄ satisfies

f (r̄) = k−1φ(r̄)
d∏

i=1

q̄i (r̄i ), (14)

where φ(·) is the d−dimensional standard normal density, k is a normalizing constant
and

q̄ i (r̄i ) =
{ −r̄ i

l̄i (θi )

}{
ν̄i (θi )

ν̄i−1(θi−1)

}

, (15)

where ν̄i (θ) = λ̄(θ)| j̄ (i+1)(θ)|−1/2 and j̄ (i)(θ) is the submatrix of j̄(θ) corresponding
to θ(i) (setting | j̄ (d+1)(θ)| = 1). It is also shown in Kharroubi and Sweeting (2016)
that, under suitable assumptions on the likelihood function, (15) has the asymptotic
form

q̄i (r̄i ) = 1 + āi (r̄i−1)r
i + b̄i (r̄i−1)(r̄

i )2 + c̄i (r̄i−1)(r̄
i )3 + O(n−2), (16)

where āi (r̄i−1) = O(n−1/2), b̄i (r̄i−1) = O(n−1) and c̄i (r̄i−1) = O(n−3/2). Here q̄i

is considered as a function of r̄ i for fixed r̄i−1.
Now let v(θ) be a smooth function of θ and denote by k∗ the new normalizing con-

stant associated with
{∏d

i=1 q̄
∗i (r̄i )

}
φ(r̄), where q̄∗i (r̄i ) = {v(θi )/v(θi−1)}q̄i (r̄i ).

Finally, for 1 ≤ i < d define the constants

ki =
∫ d∏

j=i+1

q̄ j (r̄ j )φ(r̄ (i+1))dr̄ (i+1) .

The following results give expressions for the constant of proportionality, posterior
expectation of v(θ) and marginal posterior density of the first i components of θ . The
proof is given in Appendix D of Kharroubi and Sweeting (2010).

c = (2π)d/2|J |−1/2L(θ̂)λ(θ̂)k (17)

μ = v(θ̂)k∗/k (18)

p(θi |y) = c−1(2π)(d−i)/2L(θi )νi (θi )ki (19)
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Formulae (17), (18) and (19) are all exact. In order to obtain approximations amenable
to the application of control variates in the next section we need to obtain asymptotic
approximations to the constants k, k∗ and ki appearing in these formulae. Suitable
approximations, t̄d , t̄∗d and t̄di respectively are presented in Kharroubi and Sweeting
(2016). These approximations are asymptotically accurate to O(n−2) and lead to the
approximations

c̄asy = (2π)d/2| J̄ |−1/2L(θ̂)λ(θ̂)t̄d (20)

μ̄asy = v(θ̂)t̄∗d /t̄d (21)

p̄asy(θi |y) = c̄−1
asy(2π)(d−i)/2 L̄(θi )ν̄i (θi )t̄di (22)

4.2 Control variates

In this sectionwe recast the control variates scheme described inKharroubi and Sweet-
ing (2010) in terms of the control variates based on the exponentially tilted likelihood
function in order to achieve further variance reduction.

The use of control variates requires there to be a closely related integral whose
value is known. In Evans and Swartz (1995, 2000) for example, a first-order normal
approximation to the posterior density multiplied by a Laplace approximation is used
as a control variate in an importance sampling scheme. Here we base our control
variates on formulas (20), (21) and (22) for the constant of proportionality, posterior
expectation of v(θ) and marginal posterior density of the first i components of θ

respectively, with the definitions of t̄d , t̄∗d and t̄di in Kharroubi and Sweeting (2016).
We begin with the constant of proportionality, c, given by formula (17). We split

the integral for the constant k in (14) into two terms as

k =
∫

u(r̄)φ(r̄) dr̄ + C̄, (23)

where

C̄ =
∫ {

d∏

i=1

q̄i (r̄i ) − u(r̄)

}

φ(r̄) dr̄ .

We then integrate the first termanalytically and estimate the second termby importance
sampling. Since q has the asymptotic form (16), we choose

u(r̄) = 1 +
d∑

i=1

āi r̄ i +
d∑

i=1

b̄i (r̄ i )2 +
d−1∑

i=1

d∑

k=i+1

āi āk r̄ i r̄ k (24)

for a suitable choice of coefficients āi and b̄i . A particular choice based on an asymp-
totic analysis is given in Appendix E of Kharroubi and Sweeting (2010). With this
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choice the first integral in (23) is simply t̄d , so that k = t̄d + C̄ . Therefore, from (17)
we see that

c = c̄asy(1 + t̄−1
d C̄) . (25)

Formula (25) exhibits the constant of proportionality, c, as approximation (20) multi-
plied by a correction term 1 + t̄−1

d C .
We next proceed to consider the posterior expectation μ = E{v(θ)|y}. Similarly,

we break the integral defining k∗ into two terms to give

k∗ =
∫

u∗(r̄)φ(r̄) dr̄ + C̄∗,

where now

C̄∗ =
∫ {

d∏

i=1

q∗i (r̄i ) − u∗(r̄)
}

φ(r̄) dr̄

and

u∗(r̄) = 1 +
d∑

i=1

ā∗i r̄ i +
d∑

i=1

b̄∗i (r̄ i )2 +
d−1∑

i=1

d∑

k=i+1

ā∗i ā∗kr̄ i r̄ k . (26)

Again, a particular choice of constants based on asymptotic considerations is given in
Kharroubi and Sweeting (2010). With this choice the first integral is t∗, giving

μ = μasy

{
1 + (t̄∗d )−1C̄∗

1 + t̄−1
d C̄

}

. (27)

Thus (1+ (t̄∗d )−1C̄∗)/(1+ t̄−1
d C̄) may be regarded as a multiplicative correction term

to the asymptotic approximation (21).
Next, we use exponentially tilted importance sampling to estimate C̄ and C̄∗. Using

them values θ[1], . . . , θ[m] from g(θ) produced by the simulation algorithm inSect. 3.2,
we find that C̄ and C̄∗ are consistently estimated by

ˆ̄C = 1

m

m∑

j=1

{−| J̄ |1/2λ̄(θ[ j])
λ̄(θ̂ )

d∏

i=1

R̄i
[ j]

l̄i (θ[ j]i )
− u(R̄[ j])

}

(28)

and

ˆ̄C∗ = 1

m

m∑

j=1

{−| J̄ |1/2v(θ[ j])λ̄(θ[ j])
v(θ̂)λ̄(θ̂ )

d∏

i=1

R̄i
[ j]

l̄i (θ[ j]i )
− u∗(R̄[ j])

}

(29)

respectively. Substituting (28) and (29) into (25) and (27) we finally obtain

ĉ = c̄asy(1 + t̄−1
d

ˆ̄C) (30)
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and

μ̂ = μ̄asy

{
1 + (t̄∗d )−1 ˆ̄C∗

1 + t̄−1
d Ĉ

}

(31)

as our tilted Monte Carlo estimators of the normalizing constant and posterior
expectation respectively, neither of which require any conditional maximization.
Straightforward manipulations give the approximation

s = μ̄asy[ ˆvar{(t̄∗d )−1 ˆ̄C∗ − t̄−1
d

ˆ̄C}]1/2, (32)

to the standard error of (31).

4.3 Antithetic variates

As is the case in Sect. 3.3, we can apply the method of antithetic variates. Suppose

that θ[1], . . . , θ[m] ∼ g(θ) based on R̄ and θ̃[1], . . . , θ̃[m] ∼ g(θ̃) based on ˜̄R = −R̄.
Then, from (30), (31) and (32), the estimators of the normalizing constant, posterior
expectation and standard error using antithetic and control variates are

ĉ = c̄asy(1 + (2t̄d)
−1( ˆ̄C + ˜̄C)} (33)

μ̂ = μ̄asy

{
1 + (2t̄∗d )−1( ˆ̄C∗ + ˜̄C∗)

1 + (2t̄d)−1( ˆ̄C + ˜̄C)

}

(34)

and
s = μ̄asy[ ˆvar{(2t̄∗d )−1( ˆ̄C∗ + ˜̄C∗) − (2t̄d)

−1( ˆ̄C + ˜̄C)}]1/2 (35)

respectively, where ˜̄C and ˜̄C∗ are (28) and (29) with θ and R̄ replaced by θ̃ and ˜̄R
respectively.

4.4 Marginal densities

Finally we derive an approximate expression for the marginal density p(θi ) of the first
i components of θ using control variates based on exponentially tilted formula (22).
Again, we break the integral ki in (19) into two terms,

ki =
∫

ui (r̄)φ(r (i+1)) dr̄ (i+1) + C̄i ,

where

C̄i =
∫ { d∏

k=i+1

q̄k(r̄k) − ui (r̄)

}

φ(r̄ (i+1)) dr̄ (i+1) (36)
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and

ui (r̄) = 1 +
d∑

k=i+1

āk r̄ k +
d∑

k=i+1

b̄k(r̄ k)2 +
d−1∑

k=i+1

d∑

s=k+1

āk ās r̄ k r̄ s

with āi and b̄i defined in Kharroubi and Sweeting (2010). Then the first integral is
equal to t̄d i defined in Kharroubi and Sweeting (2016). This implies that

p(θi |x) = c−1(2π)(d−i)/2L(θi )νi (θi )(t̄di + C̄i ) . (37)

To estimate the first integral in (36), we use the device of Sect. 3.4, which gives

ˆ̄Ci = 1

L̄(θi )ν̄i (θi )

1

m

m∑

j=1

L̄(θ[ j]i )L̄(θi , θ̃
(i+1)
[ j] )λ̄(θi , θ̃

(i+1)
[ j] )

L̄(θ[ j])

d∏

k=i+1

−R̄k
[ j]

l̄k(θ[ j]k)

− 1

m

m∑

j=1

ui (R[ j]) .

where θ̃
(i+1)
[ j] is given by (13). From (37) and (30) we finally obtain

p̂(θi |x) = p̄asy(θi |x){1 + (t̄d i )
−1 ˆ̄Ci }{1 + t̄−1

d
ˆ̄C}−1 (38)

as an exponentially tilted simulation-consistent estimator of p(θi |y). Again, formula
(38) exhibits the marginal posterior density of θi as the exponentially tilted asymptotic
approximation (22) multiplied by a correction term. As is the case with the marginal
density formula in Sect. 3.4, the implementation of formula (38) requires no condi-
tional maximization.

Example 1 Normal regression model with censored data (continued)

We start by examining the accuracy and computational efficiency gain of formula
(31). The signed root based simulation algorithm using exponential tilting obtained
in Sect. 3 with m = 1000 yields the posterior expectation estimate of v(θ) = β0 +
β1 + exp(φ) of −1.4984. The estimated standard error (32) is found to be 0.0145.
The approximate posterior expectation of v(θ) obtained from (21) is −1.5085. These
results, which should be compared to those in Sect. 3, show a marked reduction
in sampling variability, which can also be seen from the standard error estimates.
Antithetic variates may also be applied in an obvious way, which results in a slight
improvement in this example.

We finally examine the β1 marginal. Reparameterising with β1 as the first compo-
nent of θ the full marginal posterior distribution of β1 may be computed from formula
(38) with i = 1. This density is shown in Fig. 4. On comparing Fig. 4 with Fig. 2, this
method is seen to behave well and gives an excellent marginal approximation with
very few Monte Carlo draws. Antithetic variates may also be applied in an obvious
way, which results in a slight improvement in this example.
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Fig. 4 Marginal posterior
density of β1 for the censored
normal regression model via
control variates
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Example 2 Nonlinear repeated measures model for bacterial clearance (continued)

We investigate the method of control variates for this more challenging 12-
parameter model. The signed root based simulation algorithm using exponential tilting
obtained inSect. 3withm = 500produces the posterior expectation (31) of δ ≡ β2−β1
of −0.0114, which is identical to the exact obtained previously in Sect. 3 and may be
compared to the asymptotic value of−0.0118 obtained from (21). The estimated stan-
dard error (32) is found to be 0.0005. Clearly, the control variate technique provides
an extremely accurate approximations here.

On reparameterization, as in Sect. 3, and based on the sample θ[ j] and weights
u j , weighted kernel density estimates of the marginal posterior densities of δ and
1/τ are readily computed using formula (38) and the posterior density of τ obtained
by transformation. These densities are shown as the dashed-dotted curves in Fig. 3.
The exact posterior densities, shown as the solid curves in Fig. 3, were based on the
longer run incorporating antithetic sampling. The equitailed 95% posterior credible
interval for τ was (10.8, 209.8), which compares favourably with the exact interval
(10.9, 204.3). An additional accuracy and small decrease in sampling variability can
also be achieved by applying antithetic variates.

5 Discussion

In this paper we have explored the use of importance sampling based on exponentially
tilted signed root log-likelihood ratios for Bayesian computation and have provided
some numerical illustrations. The proposed exponentially tilted signed root based
importance sampling algorithm in conjunction with antithetic variates has been shown
to be useful for Bayesian computation in parameterized models of moderate dimen-
sion. The results of Sect. 4 can be regarded as providing external simulation-based
error estimates for asymptotic approximations, which have not been available before.
The results could therefore provide the basis for an extension to a computational
Bayesian package based on asymptotic formulae, including simulation-based checks
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on the accuracy of asymptotic approximations and/or simulation-based tuning of these
approximations.

The curse of dimensionality remains a stumbling block with the methods here.
The theory and examples indicate that there is good reason to believe that they will
often perform extremely well in moderately-dimensioned problems. More extensive
investigation is required, however, to study the full range of application and to make
proper comparisons between various competing methods.

The increase in precision reported for control variates is substantial in comparison
with the straight importance sampling methods. Although additional computer code
will be needed for the control variate methods, they will generally require less comput-
ing time than straight importance sampling since we anticipate smaller Monte Carlo
sample sizes.

Exponential tilting has been shown to be particularly relevant for signed root based
importance sampling and control variates and we have successfully implemented
this for models containing many parameters. The procedure works well since the
log-likelihood ratio decomposition means that we can construct a sequence of one-
dimensional importance functions, each based on an approximation that captures the
shape of the associated one-dimensional conditional posterior distribution.Many other
importance samplers have been suggested for Bayesian inference in the literature. As
mentioned earlier, in general importance functions based on local approximations to
the posterior distribution can have poor tail behaviour, and the choice of parameter-
ization will be crucial. Our procedure essentially only requires the availability of a
sufficiently well-behaved likelihood function and has the significant advantage of not
needing to be tailored to the specific model under study. For models containing latent
variables for which the likelihood cannot be written down in closed form, the signed
root based importance sampling scheme could be incorporated into a suitable form
of poor man’s data augmentation, as described in Sweeting and Kharroubi (2005).
Alternatively, signed root based importance sampling could be carried out within a
block Gibbs sampler that alternated between simulation from the conditional posterior
distribution of θ given the latent variable z and of z given θ .

Our overall conclusion is that signed root based importance sampling approxi-
mations for posterior inference incorporating exponential tilting are computationally
stable and both antithetic and control variates based on these approximations are effi-
cient and are viable alternatives to other importance sampling methods (for example,
conventional/adaptive importance sampling or population Monte Carlo) for suffi-
ciently regular models. A set of [R] programs to implement the approach in this
article is available on request. The main code is generic and the user only needs to
supply the necessary code specific to his/her model.
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