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Pricing, assortment, and inventory decisions under nested logit demand
and equal profit margins

Hussein Tarhini, Bacel Maddah, and Ahmad Shmayssani

Industrial Engineering and Management, AUB, Beirut, Lebanon

ABSTRACT
We consider the interdependent decisions on assortment, inventory and pricing of substitutable
products that are differentiated by some primary and secondary attributes captured by a nested
logit consumer choice. We examine a newsvendor-type setting with several products competing
for demand over a single selling season. We assume that all products have equal profit margins.
The demand has a multiplicative-additive structure where both variance and coefficient of vari-
ation depend on the common profit margin, which adds to the model applicability at the expense
of tractability. Under a Taylor series-type approximation, we show that the expected profit is uni-
modal in the common margin of products in a given assortment. Then, we compare the optimal
profit margin to the case under ample inventory, which allows understanding the effect of inven-
tory on pricing. We also study the optimal assortment problem under exogenous pricing. We
show that the classic result on the optimality of popular sets holds under tight approximations of
the profit function. We finally propose a heuristic for jointly deciding on assortment, pricing, and
inventory decisions, which assumes equal profit margins of products, and exploit popular sets
only. Our detailed numerical study shows that this equal-margin heuristic produces high qual-
ity solutions.
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1. Introduction

Modern times have seen the rise of the service industry,
adopting highly-analytical management approaches, in what
is referred to as the post-industrial age, e.g., Wei (2005).
Among services, retail, a large part of the US economy and
a major employer, has experienced an influx of statistical
and mathematical-based methods. This is referred to some-
times as “rocket science retailing” (Fisher, 2009). The emer-
gence of data science is further contributing to the advances
in this field, where for example, the funding for retail AI
startups is estimated to be more than $2 billion in 2021
(CBInsights, 2021). Beyond reliance on scientific methods
and being a useful vehicle for data-driven decision making,
the new trend of retail management emphasizes integration
of decisions across different divisions of a firm, especially
marketing and operations, which has been a key characteris-
tic in the recent literature, as reviewed, for example, in K€ok
et al. (2008), Maddah et al. (2011), and Mou et al. (2018),
as well as being embraced by practitioners (Frantz, 2004;
Rao and Saroj, 2021). Another key feature of the emerging
retail management paradigm is being “consumer-centric”
where understanding the consumer behavior in making pur-
chasing decision is critical (Keltz and Sterneckert, 2009).
This is typically captured with demand models that are
based on consumer choice and utility theory, which are

widely accepted in marketing and economics (Anderson and
de Palma, 1992).

The current article contributes to this recent retailing
research by developing mathematical models for integrated
decision making on the key retail decisions of assortment,
pricing, and inventory for a product line of substitutable
retail products. The products we consider face uncertain
demand and are sold over a single selling season with no
opportunity for replenishment during the season. This
applies to fashion goods, e.g., clothing and apparel products.
The demand function we consider is based on the nested
logit consumer choice and allows for capturing the effect of
pricing and assortment decisions on demand, as well as a
higher degree of heterogeneity among products than what
has been reported in most recent works that typically utilize
classic logit choice. Our model also allows for capturing
more variety on the supply side where we consider products
having different unit costs. This is a departure from a com-
mon assumption of homogeneous costs which can be justi-
fied in many settings. However, there are important cases of
selling horizontally differentiated substitutable products with
significantly different unit costs. For example, the difference
between the costs of national brands and store brands is sig-
nificant, yet these brands compete side by side for customer
demand. The same observation applies to local and
imported goods.
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To better understand the rational behind integrated
assortment, pricing, and inventory, decision making, con-
sider a customer who enters a store, and chooses among a
set of horizontally differentiated products (similar products
that serve a common purpose, e.g., wearing a knited
sweater) available in the store’s assortment. A major deter-
minant that will affect her choice is the retailer’s price. Price
may not only affect her choice of purchasing her most
favorable product, it may also shift her interest into a new
product. Pricing a product does not only affect its own
demand but also has an impact on the overall demand, and
the allocation of demand among different products.

A common approach used in the literature is to assume a
multinomial logit consumer choice model (Van Ryzin and
Mahajan, 1999; Maddah and Bish, 2007; Aydin and Porteus,
2008; Maddah et al., 2014). However, one downside of using
logit choice is the Independence-from-Irrelevant-Alternatives
(IIA) pitfall where the ratio of the probabilities of choosing
any two alternatives is independent of the availability of a
third alternative (McFadden et al., 1977). To avoid IIA, we
adopt the more general Nested MultiNomial Logit (NMNL)
choice where a customer’s purchasing behavior is modeled
through a two-step decision process. A costumer first
decides on a “nest” of products then they choose a product
within this nest (Anderson and de Palma, 1992). For
instance, a customer entering a store wanting to buy a knit-
ted sweater first decides on whether to buy a cardigan, a V-
neck sweater or a round neck sweater. Each of the three
options can be seen as a distinct nest. Once she chooses to
buy a cardigan; i.e. she chooses her nest, the costumer then
decides on the color of cardigan she wants to purchase.
Utilizing classic logit choice in this situation implies that
adding a cardigan of a new color to this product line would
decrease the purchase probability for a cardigan of a differ-
ent color by the same percentage that it would decrease that
of any other V-neck. This is not the case in practice, where
introducing a new cardigan has the most pronounced canni-
balization effect on other products (cardigans) in the same
sub-set (nest). Nested logit choice closely captures
this situation.

In order to simplify the pricing decision, we assume that
all the products have the same profit margin. We verify that
this assumption yields near-optimal results. Moreover, this
pricing rule is asymptotically optimal when the demand vol-
ume is large enough, which is equivalent to assuming ample
inventory levels. To clarify, we utilize a version of the nested
logit model where all the nests have the same price-sensitivity
parameters and dissimilarity indices. This version of the
nested logit model was first introduced by Anderson and de
Palma (1992) and Anderson et al. (1992), and continues to be
used to date (K€ok and Xu, 2011; Alptekino�glu and Grasas,
2014). For this version of the nested logit model, and in the
benchmark case of ample inventory (equivalently make-to-
order), which is widely studied, it can be shown that the opti-
mal profit margins are equal (Li and Huh, 2011).

The current article builds on the work done by Maddah
et al. (2014) where the authors analyze assortment, pricing,
and inventory decisions for a category of substitutable

products under a “multiplicative-additive” demand model
assuming: (i) logit choice; (ii) all products in the category
have equal unit cost, and are accordingly priced at the same
level; and (iii) a newsvendor-type inventory setting. This
article relaxes Assumptions (i) and (ii) of Maddah et al.
(2014) by adopting a nested logit instead of the classic logit
choice and by considering products with heterogeneous
costs, which applies in certain important settings, as afore-
mentioned. To keep the pricing decision tractable, we
assume that all products have the same profit margin (retail
price minus the unit cost). It is worth noting that the struc-
ture of the expected profit as a function of the assortment
and pricing is significantly more complex under heteroge-
neous cost than in the typical case of equal unit costs, even
under the assumption of equal profit margins.

The main contributions of this article with respect to
Maddah et al. (2014) are: (i) showing that many structural
results continue to hold in our general nested logit/equal
profit margins setting; and (ii) investigating how other
results are altered in our more general framework.
Specifically, for a given assortment, we show that the unim-
odularity of the profit function still holds in our case, and
we derive bounds on the optimal profit margin similar to
Maddah et al. (2014). We also analytically compare the risky
and riskless prices and generalize the conditions in Maddah
et al. (2014). On the assortment planning with exogenous
pricing front, we observe that a Cartesian product of popu-
lar sets across nests constitutes an optimal assortment under
tight lower and upper bound approximations of the
expected profit. A corollary of this result, is that, in the spe-
cial case of homogeneous unit cost in each nest, popular
sets per nest are indeed optimal. This could contradict the
optimality of “global popular sets” that cut across all nests
(as we observe via counter examples), and deviates from
recent results established under classic logit choice (Van
Ryzin and Mahajan, 1999; Maddah et al., 2014).

This article also contributes an extension to the work of
Maddah and Bish (2007), whereby an Equal Margins
Heuristic (EMH) proposed in that work under logit choice
is shown to continue to perform well under nested logit
choice. Our generalized EMH exploits popular sets within
each nest, and assumes an equal profit margin across all
nests. In a detailed numerical study, we observe a gap below
0.73% compared with the optimal solution spanning all
assortments across all nests and imposing no restriction on
the pricing structure.

The remainder of this article is organized as follows. In
Section 2, we provide a literature review of recent
approaches to study the retailing decisions on pricing,
assortment and inventory. In Section 3, we introduce our
model and assumptions. In Section 4, we establish structural
properties of the expected profit function for a given assort-
ment, and we compare riskless and “risky” profit margins.
In Section 5, we examine the structure of the optimal assort-
ment under exogenous pricing. In Section 6, we present the
details of the EMH approach. In Section 7, we provide
numerical results that illustrate the findings of Sections 4
and 5 and establish the near-optimality of EMH. Finally, in
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Section 8, we present our conclusions and highlight future
research directions.

2. Literature review

As it affects the effectiveness of companies’ decisions on
product planning, pricing and control, product substitution
has recently received substantial attention in the operations
management literature (Shin et al., 2015). In this context,
Shin et al. (2015) explain three substitution mechanisms: (i)
assortment–based substitution, where the customer substi-
tutes the initially preferred product by another one that is
newly introduced to the retailer’s assortment; (ii) inventory–
based substitution, where the customer substitutes in the case
of the stock out of initially preferred product; and (iii) price–
based substitution, where the customer substitutes her initially
preferred product due to change in relative prices of substitut-
able products. In this article we consider both (i) and (iii), i.e.,
assortment and price–based substitution, and we embed these
in the demand function (via nested logit choice) and in inte-
grated assortment, pricing, and inventory decision models.
Considering these substitution mechanisms, the literature has
focused on four main areas of decisions that can affect cus-
tomers’ substitution behavior: assortment planning, inventory
decision, pricing decision, and capacity planning. In this art-
icle, we examine the first three decisions starting with a two-
facet approach and then pushing the analysis further to con-
sider the three decisions jointly. First, for a given assortment,
optimal prices and inventory levels are analyzed. Next, prices
are assumed to be exogenous, and the structure of optimal
assortment and inventory levels are then investigated. Finally,
we numerically study the joint pricing, assortment, and inven-
tory problem based on a well-crafted heuristic. Examples of
works that consider joint inventory and pricing decisions for a
given assortment include Aydin and Porteus (2008), Karakul
and Chan (2010), Kocabıyıkoglu and Popescu (2011), Li and
Huh (2011), Akan et al. (2013), Roels (2013) and Maddah
et al. (2014). Works on joint assortment and inventory deci-
sions under exogenous pricing include Van Ryzin and
Mahajan (1999), Smith and Agrawal (2000), K€ok and Fisher
(2007), Honhon et al. (2010) and Maddah et al. (2014).
Finally, the literature on jointly optimizing assortment, pric-
ing, and inventory decisions includes Maddah and Bish
(2007), Tang and Yin (2010) and Ghoniem and
Maddah (2015).

Recent works on retailing decisions can be further classi-
fied based on their solution methodology. Some utilize
Mathematical Programming (MP), and others utilize stylized
models. In the MP approach, the authors seek an exact solu-
tion (typically on two of the key pricing, assortment and
inventory decisions) for a large number of products under
steady (deterministic) demand over possibly a long selling
season with multiple replenishment opportunities, which
applies to fast-moving consumer goods. Example of works
that utilize the MP approach include Dobson and Kalish
(1993), Subramanian and Sherali (2010) and Gohoniem and
Maddah (2015). Authors utilizing stylized models are more
concerned with obtaining insight on the structure of the

optimal pricing and assortment decisions and the effect of
environmental parameters on these decisions over a short
selling season with a highly variable (stochastic) demand,
and no opportunity for replenishing inventory, in a news-
vendor-type setting. The stylized approach applies mainly to
fashion goods. Examples of works that utilize stylized mod-
els include Besanko et al. (1998), Van Ryzin and Mahajan
(1999), Aydin and Ryan (2000), Hopp and Xu (2005), Aydin
and Porteus (2008), Kok and Xu (2011) and Li and Huh
(2011). Having fashion goods in mind, our work utilizes the
stylized approach and contributes to the literature by
expanding the results of Maddah and Bish (2007) and
Maddah et al. (2014), as explained in Section 1.

Most of the works above utilize the classic logit choice
for modeling customer purchase behavior over an assort-
ment of substitutable products with few exceptions. Some
authors assume exogenous demand models, where demand
is predetermined for each product (Smith and Agrawal,
2000; K€ok and Fisher, 2007), whereas other authors adopt
locational demand models that link the attractiveness of a
product to its “distance” from an ideal product location
(Gaur and Honhon, 2006).

A recent stream of the literature considers pricing, assort-
ment, and inventory decisions under nested logit choice,
similar to what we do in this article. However, the focus in
most of these works is on proposing efficient computa-
tional approaches.

Kalakesh (2006) analyzes the retailer’s assortment, price
and inventory decisions jointly under a NMNL demand
model through a numerical study. He finds that popular sets
and equal profit margins provide near-optimal solutions in
most cases. Lee and Eun (2016) propose an approach for
demand estimation under NMNL using the expectation-
maximization algorithm. Farahat and Lee (2018) propose an
efficient numerical search for determining the optimal
inventory levels of a multi-product newsvendor under
“dynamic” stock-out-based substitution, and present a
detailed application under NMNL choice. Wan et al. (2018)
numerically study another stock-out-based substitution
where a customer would first select a store and then select a
product within the chosen store.

The assortment problem under NMNL with exogenous
pricing and ample inventory is studied in Davis et al. (2014)
who propose efficient methods to exploit a limited number
of assortments within each nest. Gallego and Topaloglu
(2014) and Feldman and Topaloglu (2015) extend this work
by incorporating a capacity constraint, among other require-
ments. The joint assortment and pricing problem under
NMNL and ample inventory is studied by K€ok and Xu
(2011) who focus on numerically finding the optimal solu-
tion for heterogeneous products under centralized and
decentralized management. Li et al. (2015) develop efficient
algorithms for the assortment-only and the pricing-only
problems (with ample inventory) under a generalization of
NMML whereby the products are classified on d � 2 levels.

Few recent works also study retailing decisions under
NMNL analytically. Alptekino�glu and Grasas (2014) study
the optimal assortment under consumer returns where

604 H. TARHINI ET AL.



customers make purchases following the NMNL choice. The
optimal assortment was found by using a greedy algorithm
under two different scenarios of make to stock and make to
order. Li and Huh (2011) study the pricing problem under
NMNL for a given assortment with ample inventory, and
show that the expected revenue and profit are concave in
the market share vector. Li and Huh (2011) show that the
optimal profit margins are equal across all products under a
version of the NMNL choice similar in structure to the one
we consider in this article. This provides a motivation for
our equal-margin assumption. Jiang et al. (2017) consider a
similar problem to that in Li and Huh (2011), but with the
multilevel NMNL, and also prove that the profit function is
concave in the market share vector.

It is clear from this brief review that no work in the
recent literature on NMNL establishes structural properties
for the two problems of joint pricing and inventory deci-
sions for an assortment and joint assortment and inventory
decisions under exogenous pricing as do we in this article.
In addition, no work considers the joint pricing, assortment
and inventory decisions problem for which we propose an
efficient solution via the EMH. Table 1 positions our work
with respect to the recent literature in a concise manner.

3. Model and assumptions

We define X as the set of products, differing in secondary
characteristics, from which the retailer can form her assort-
ment S. The set X is partitioned into n nests, X ¼ [n

i¼1Ni,
and the assortment S to be chosen would also be partitioned
among nests, S ¼ [n

i¼1Si, where Si � Ni: NMNL choice is
characterized by two constants; l1 measures the degree of

dissimilarity between nests, and l2 that measures the dis-
similarity among products in the same nest. Products across
different nests exhibit more differences than products
included in the same nest, which leads to l1 � l2: Purchase
behavior is modeled through a two-step decision process;
consumers first decide on the nest of preference then they
choose to purchase a product within this nest (Anderson
and de Palma, 1992). The no-purchase option appears in the
first stage, whereby a customer chooses between different
nests and not buying. This is in-line with the random utility
maximization theory, where a customer chooses the higher-
utility option after observing the realized utility of all avail-
able options.

Figure 1 is an illustration of the decision process, where
qi is the probability of selecting nest i, and qli is the prob-
ability of selecting product l from nest i, and ki ¼ jSij.

Each product l 2 S belongs to a nest Ni and will be
denoted as product li. Variants in S are assumed to have
equal profit margin, denoted by m, defined as the difference
between the retail price, pli, and the unit cost, cli of a
product li 2 Si: Specifically, we assume
that pli � cli ¼ pjk � cjk ¼ m,8i ¼ 1, :::, n, j ¼ 1, :::, n, l 2
Si, k 2 Sj:

A consumer has a mean reservation price for product li
defined as ali. The consumer’s utility for product li is given
by Uli � ali � pli þ �li, where the �li are independent and
identically distributed (i.i.d.) Gumbel random variables with
mean zero and shape factor l2. The probability of purchas-
ing a product li given that its nest i has been selected is

qljiðSiÞ � PfUli ¼ maxj2SiðUjiÞg ¼ eðali�cli�mÞ=l2P
j2Si e

ðaji�cji�mÞ=l2

¼ eðali�cliÞ=l2P
j2Si e

ðaji�cjiÞ=l2 : (1)

It is interesting to note that the purchase probability
qljiðSiÞ is independent of the common profit margin, m. One
interpretation for this is that having all the products in a
nest priced at the same level (margin) eliminates the effect
of pricing on selecting a product from the nest. The utility
of each nest is based on the attractiveness of nests, defined
as Ai � l2 ln

P
j2Si e

ðalj�clj�mÞ=l2
� �

for nest Si. Specifically,
the utility of nest Si and the no purchase option are given
by Ui � Ai þ �i and U0 ¼ u0 þ �0, respectively, where u0 is
the average utility of the no-purchase options and the �i, i ¼
0, 1, :::, n, are also i.i.d. Gumbel random variables with mean
zero and shape factor l1. Hence, the probability of choosing
nest i is given by

Table 1. Summary of works on NMNL choice in the recent literature.

Decision Approach
Paper Inventory Assortment Pricing Analytical Numerical

This paper � � � � �
Alptekino�glu and

Grasas (2014)
� � � � �

Davis et al. (2014) � � � � �
Farahat and Lee (2018) � � � � �
Feldman and

Topaloglu (2015)
� � � � �

Gallego and
Topaloglu (2014)

� � � � �

Jiang et al. (2017) � � � � �
Kalakesh (2006) � � � � �
K€ok and Xu (2011) � � � � �
Li and Huh (2011) � � � � �
Li et al. (2015) � � � � �
Wan et al. (2018) � � � � �

Figure 1. Two-level decision process under NMNL.
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qiðS,mÞ � PfUi ¼ maxk¼0, 1, :::, nðUkÞg ¼ eAi=l1

v0 þ
Pn

k¼1e
Ak=l1

,

(2)

¼
P

j2Si e
ðaji�cjiÞ=l2

� �l2=l1
v0em=l1 þPn

k¼1

P
j2Sk e

ðajk�cjkÞ=l2
� �l2=l1 , (3)

where v0 � eu0=l1 : Finally, the probability of purchasing a
product li is

qliðS,mÞ � qljiðSiÞ � qiðS,mÞ, (4)

where qljiðSiÞ and qiðS,mÞ are given by (1) and (3),
respectively.

We assume that a consumer makes her purchase deci-
sion based only on price, variety and quality (i.e., we con-
sider assortment and price-based substitution). Assuming
that the arrivals to the store follows a Poisson process with
rate k, it follows from the Poisson decomposition property
that the demand for products l in nest i, Xli, are i.i.d.
Poisson random variables with mean kqliðS,mÞ: We
approximate this demand with a normal random variable
with mean kqliðS,mÞ and standard deviation

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kqliðS,mÞp

i.e., Xli � kqliðS,mÞ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kqliðS,mÞp

Zli, where Zli are i.i.d.
standard normal random variables. This represents a nor-
mal approximation to demand generated from customers
arriving according to a Poisson process with rate k per
selling period. Such a normal approximation approach is
common in the literature (Van Ryzin and Mahajan, 1999;
Maddah and Bish, 2007; Maddah et al., 2014). This
demand function is classified as “multiplicative-additive,” in
the sense that both the demand standard deviation and
coefficient of variation are dependent on the pricing
reflected by the profit margin m. This demand function
captures consumer behavior accurately, however it is typic-
ally hard to analyze (Petruzzi and Dada, 1999; Maddah
et al., 2014).

Following established results on the newsvendor model
under a normal demand distribution (Silver et al., 1998), the
optimal inventory level, y�liðS,mÞ for each product l in nest i
and the corresponding expected profit PðS,mÞ at these opti-
mal inventory levels can be written as

y�liðS,mÞ ¼ kqliðS,mÞ þ U�1 1� cli
mþ cli

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kqliðS,mÞ

p
, (5)

PðS,mÞ ¼
Xn
i¼1

X
l2Si

mkqliðS,mÞ

� ðmþ cliÞu U�1 1� cli
mþ cli

� �� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kqliðS,mÞ

p
,

(6)

where qliðS,mÞ is given in (4), and uð:Þ and Uð:Þ respect-
ively denote the probability density function and the cumu-
lative distribution function of the standard normal
distribution. In (6), the first term is the gross profit with no
inventory considerations, whereas the second term accounts
for inventory cost. The aim of this article is to optimize

PðS,mÞ by finding the optimal assortment S 2 X and the
profit margin m. The obtained optimal assortment and
profit margin can then be replaced in (5) to determine the
optimal inventory levels. Rearranging (6), the expected profit
can be written as

PðS,mÞ ¼ mkpðS,mÞqðSÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kpðS,mÞ

p Xn
i¼1

X
l2Si

ðmþ cliÞu U�1 1� cli
mþ cli

� �� �
fli,

(7)

where

pðS,mÞ � e�m=l1

v0 þ e�m=l1qðSÞ , (8)

qðSÞ �
Xn
i¼1

X
l2Si

e
ali�cli
l2

 !l2
l1

, (9)

fli �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e
ali�cli
l2

X
k2Si

e
aki�cki

l2

 !l2
l1
�1

vuut : (10)

To simplify the analysis of (7), we adopt a Taylor-series type
approximation developed by Maddah et al. (2014), which is
given by

uðU�1ð1� xÞÞ � �axðx� 1Þ, 0 	 x 	 1, (11)

where a recommended calibration value is a¼ 1.66. Maddah
et al. (2014) show that Approximation (11) is highly accur-
ate with a Mean Absolute Percentage Error (MAPE) of
8.6%. Moreover, in an extensive numerical study on opti-
mizing pricing and inventory for an assortment, the regret
from utilizing Approximation (11) is observed to be below
3%, see Maddah et al. (2014) for more details. (In terms of
deriving the approximation, Philip (1960) develops a Taylor
approximation for a Bð:Þ function. Maddah et al. (2014)
adopt this approximation and improve it by fitting a quad-
ratic function which is error-free at the end points, x¼ 0
and x¼ 1.)

We believe that, with the similarity in the expected profit
structure under the logit and nested logit demand functions,
the approximation will continue to be accurate.

Using Approximation (11), the profit function in (7) is
reduced to

P̂ðS,mÞ � mkqðSÞpðS,mÞ � am
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kpðS,mÞ

p
hðS,mÞ, (12)

where hðS,mÞ �Pn
i¼1

P
l2Si

cli
cliþm fli:

4. Optimal profit margin for a given assortment

In this section, we analyze the properties of the optimal
profit margin that maximizes the profit function in (12) for
a given assortment S, m�

S � argmaxm>0P̂ðS,mÞ: In Section
4.1, we analyze the structure of the expect profit function as
a function of the common profit margin, and establish its
unimodularity. Then, in Section 4.2, we analyze the effect of
inventory considerations on pricing, by comparing the

606 H. TARHINI ET AL.



optimal margin m�
S to the “riskless” margin which maxi-

mizes the expected profit under ample inventory. Proofs of
key analytical results are included in appendices which are
available as part of the online supplement to this article.

4.1. Structure of the expected profit in function of the
common margin

To ensure that the retailer is not better off by not selling
anything, we make the following assumption.

Assumption 1. The expected profit P̂ðS,mÞ is increasing in

m at m ¼ 0; that is @P̂ðS,mÞ
@m m¼0 > 0j , or equivalently,

k >
a2 v0 þ qðSÞð Þ

qðSÞ2
Xn
i¼1

X
l2Si

fli

 !2

: (13)

Assumption 1 ensures that there is an interval where the
profit is positive, which, together with the fact that
limm!1 P̂ðS,mÞ ! 0�, implies that m�

S is an internal point
solution satisfying the first and second-order optimality con-
ditions. The following lemma establishes this result in pre-
cise terms along with an upper bound on m�

S:

Lemma 1. The expected profit P̂ðS,mÞ > 0 if and only if
m 2 ð0, �mSÞ where �mS is the unique solution to the equation

kqðSÞ2pðS, �mSÞ � a2h2ðS, �mSÞ ¼ 0: (14)

Furthermore m�
S < �mS:

Proof. See Appendix A.1. w

Lemma 1 shows that the expected profit is only positive
on the interval ½0, �mS
: This interval defines the feasible set
of the profit margin. Furthermore, we can see numerically
that �mS is decreasing in the assortment size. Hence, a
retailer offering a wide variety of products cannot assign
high profit margins. This finding conforms to the typical
behavior of a logit choice model, where thinning of demand
occurs with big assortments.

The next theorem describes the behavior of P̂ðS,mÞ over
the feasible range defined in Lemma 1.

Theorem 1. The expected profit P̂ðS,mÞ is unimodal in m
on ð0, �mSÞ:

Proof. See Appendix A.2. w

Theorem 1 generalizes a result in Maddah et al. (2014),
where the authors prove that the expected profit is uni-
modal over a bounded interval in the price for products
having homogeneous unit cost and price under the classic
logit choice. Theorem 1 shows that there exists a single
optimal solution on ½0, �mS
 that maximizes the profit. This,
along with Lemma 1 allows the determination of the opti-
mal profit margin via any line search technique. The
insight from Theorem 1 is tied to the classic trade-off
between unit margin and demand volume. Setting the
profit margin, m, too low leads to a high demand volume
and a low profitability per unit, whereas setting m too
high leads to the opposite effects. The optimal profit

margin is a “middle” value that balances these effects. It is
to be noted that this trade-off is mostly inherited from the
“riskless,” case, which ignores inventory costs. In Section
4.2, we investigate how balancing the additional effect of
the inventory cost influences the optimal profit margin.

4.2. Effect of inventory considerations on pricing

In this section, we study the properties of the optimal profit
margin m�

S by comparing it to the optimal riskless profit
margin m0

S � argmaxmP
0ðS,mÞ that maximizes the profit

when no inventory cost exists, i.e., for a make-to-order
retailer case or when there is ample inventory. When no
inventory costs are considered, the second part of (7) is
dropped and the riskless expected profit is written as

P0ðS,mÞ ¼ mkpðS,mÞqðSÞ: (15)

For the nested logit demand we adopt in this article,
where the price-sensitivity parameters and dissimilarity indi-
ces across nests are all equal (to 1 and 1/l2, respectively), Li
and Huh (2011) show that having equal profit margins
across all products is optimal. This provides justification for
an all equal-margin pricing scheme, as it can be easily seen
that the expected “risky” profit in (12) converges to the
“riskless” one in (15) for a large demand volume, i.e.,
limk!1 P̂ðS,mÞ ¼ P0ðS,mÞ, and accordingly, if p�li denotes
the optimal price of Product li, then limk!1 p�li � cli ¼
m0

S, i ¼ 1, :::n, l 2 Si: (This formalizes our statement from
Section 1 on the asymptotic optimality of equal profit mar-
gins.) In the following lemma, we develop a closed-form
expression for m0

S in terms of the Lambert function Wð:Þ:
The Lambert function is the inverse of the function wew
(Corless et al., 1996). Lemma 2 gives this closed-form
expression of m0

S:

Lemma 2. P0ðS,mÞ is unimodal in m and the optimal mar-
gin m0

S maximizing it has a closed-form expression given by

m0
S ¼ l1 1þW

qðSÞ
v0

e�1

� �� �
: (16)

Proof. See Appendix A.3. w

Li and Huh (2011) present a similar result to Lemma 2
for the special case of the standard logit choice. Next, we
compare m�

S and m0
S: In the literature, the optimal price p�

and the riskless price p0 compare as follows. When the
demand is additive p� 	 p0, and in the case of multiplicative
demand p� > p0 (Petruzzi and Dada, 1999). In additive-
multiplicative demand p� may fall above or below p0

(Maddah et al., 2014). In the following, we present a result
similar to that in Maddah et al. (2014). Studying the inven-
tory cost function enables us to compare m�

S and m0
S: From

(12), the inventory cost is given by

ĈðS,mÞ � am
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kpðS,mÞ

p
hðS,mÞ: (17)

The following lemma presents important properties of
the inventory cost.

Lemma 3. The inventory cost ĈðS,mÞ is unimodal in m.
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Proof. See Appendix A.4. w

By establishing the unimodularity of the inventory cost
function, Lemma 3 implies that the inventory cost would be
minimized for extreme values of m to the right of 0 and,
and as m gets larger. Therefore, the optimal “risky” profit
margin which attempts to hit a high value for the gross
profit in (15) while minimizing the inventory cost in (17)
would involve pushing the riskless profit margin in (16) up
or down. This result is established formally in Theorem 2.
Lemma 3 can be also used to compare m�

S and m0
S, which

we do in Theorem 2.

Theorem 2. IfXn
i¼1

X
l2Si

clifli
ðcli þm0

SÞ2
ðcli �m0

SÞ � 0

then m�
S 	 m0

S otherwise m�
S � m0

S:

Proof. See Appendix A.5. w

The inequality in Theorem 2 can be related to the gross
profit margins of products in the assortment, as the inequal-
ity m0

S > cli is equivalent to having a gross profit margin
above 50%. As such, Theorem 2 implies that for assortments
with high gross profit (exceeding 50%, on average), inven-
tory costs will tend to push the pricing up, and vice versa
when the gross profit margin is, on average, not too high. It
is worth noting, that by examining the financial statements
of several fashion retailers, Maddah et al. (2014) indicate
that gross profit margins exceeding 50% are not uncommon.
Theorem 2 can be also used to bound m�

S: This is formalized
in the following corollary.

Corollary 1. If

Xn
i¼1

X
l2Si

clifli
ðcli þm0

SÞ2
ðcli �m0

SÞ � 0,

then m�
S 2 ð0,m0

SÞ: Otherwise, m�
S 2 ðm0

S, �mSÞ:

Proof. Follows directly from Theorem 2 and Lemma 1. w

Corollary 1 simplifies the search for the optimal margin
m�

S , especially in that the riskless margin, m0
S, has the closed-

form expression in Lemma 2. One issue that may be worthy of
further investigation, in the aim of sharpening Corollary 1, is
comparing m0

S to �mS: We observe numerically that the
inequality m0

S < �mS holds consistently, which suggests that
not much improvement is possible over Corollary 1.

The condition in Theorem 2 can be simplified in cer-
tain special cases that we explore next. If we define cS ¼
minSi2S, l2Si cli and �cS ¼ maxSi2S, l2Si cli, i.e., cS and �cS are
the cheapest and most expensive costs in the assortment,
then the following corollary follows directly from
Theorem 2.

Corollary 2. If m0
S 	 cS then m�

S 	 m0
S. In addition, if m0

S �
�cS then m�

S � m0
S:

Proof. Follows directly from Theorem 2. w

In addition, in the widely-studied special case where all
products in the assortment have equal unit cost the follow-
ing corollary holds.

Corollary 3. In the special case where cli ¼ c, l 2 Ni, i ¼ 1,
:::, n, if m0

S < c then m�
S 	 m0

S. In addition if m0
S > c

then m�
S � m0

S:

Proof. Follows directly from Theorem 2. w

Corollary 3 extends Lemma 4 in Maddah et al. (2014).
Furthermore, in the case of a single nest, Corollary 3 is
equivalent to Lemma 4 in Maddah et al. (2014).

5. Structure of the optimal assortment

In this section, we study the problem of determining the
products that constitute an optimal assortment assuming
that the prices are exogenously determined, albeit having the
same margin m. It is well known that the assortment prob-
lem exploits the following trade-offs under the classic MNL
choice: Adding more products to the assortment results in
higher demand for the assortment as a whole (which leads
to a higher gross profit), but lowers the demand for individ-
ual products due to cannibalization (which incurs higher
inventory costs). Therefore, the optimal assortment under
MNL choice has been observed to be of a “moderate” size
and typically composed of a set from popular products (Van
Ryzin and Mahaan, 1999; Maddah et al., 2014). In the fol-
lowing, we observe that similar trade-offs and results con-
tinue to hold under NMNL choice.

Before proceeding, we formally define the objective of the
analysis in the section, which is to study the structure of the
optimal assortment (under the assumptions in Section 3)
that maximizes the expected profit in (12) for given a profit
margin m, S� ¼ argmaxS2XP̂ðS,mÞ:

We begin by establishing critical monotinicity and con-
vexity properties of P̂ðS,mÞ:
Lemma 4. The expected profit P̂ðS,mÞ is decreasing in cli
and pseudoconvex in ali.

Proof. See Appendix B.1. w

The montonicity in the unit cost in Lemma 4 is intuitive.
The interesting part of the lemma is related to the pseudo-
convexity in the mean reservation price ali, as it paves the
way to a popular set structure of the optimal assortment
once the effect of the unit costs is factored out. We point
out first that pseudoconvexity implies that the profit func-
tion, P̂ðS,mÞ, admits a unique local minimum as a function
ali without necessarily being convex. Specifically, the profit
function starts flat for ali ¼ �1 at a value equivalent to the
profit from an assortment excluding product li (i.e.,
P̂ðS� flig,mÞ), and then decreases slowly reaching a local
minimum and then increasing at a fast rate approaching the
profit of the assortment having product li only, i.e., {li}, as
ali increases. To illustrate how this helps with structuring
the optimal assortment, consider the common case of
homogeneous unit costs across all products, and imagine
one is building the optimal assortment sequentially, starting
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with the product having the highest ali. When it comes to
adding the second product, Lemma 4 implies that it is opti-
mal to add the product with the largest a (in nest i) or to
add nothing (equivalent to a ¼ �1), as pseudoconvexity
implies that the maximum values occur at the extreme
points. The same thing would repeat when adding the third
and fourth product leading to a popular set structure
per nest.

To study the structure of the optimal assortment, we
introduce two functions that serve as upper and lower
bounds on the expected profit function. To define these
bounds, denote �ci and c i as the highest and lowest cost in
nest Ni, respectively, i.e., �c i ¼ maxil2Nicil and c i ¼ minil2Nicil:
Then, it can be easily seen that the two functions in (18)
and (19) respectively define upper and lower bounds on
P̂ðS,mÞ in (12):

�PðS,mÞ � mkqðSÞpðS,mÞ � am
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kpðS,mÞ

p
�hðS,mÞ, (18)

PðS,mÞ � mkqðSÞpðS,mÞ � am
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kpðS,mÞ

p
hðS,mÞ, (19)

where

�hðS,mÞ �
Xn
i¼1

X
l2Si

c i
c i þm

fli

and

hðS,mÞ �
Xn
i¼1

X
l2Si

�ci
�ci þm

fli:

We observe numerically in Section 7 that �PðS,mÞ and
PðS,mÞ provide tight bounds on P̂ðS,mÞ:

We show next that when utilizing �PðS,mÞ or PðS,mÞ as
an approximate profit function instead of P̂ðS,mÞ, an opti-
mal assortment has a popular set structure containing prod-
ucts with the highest average margin ali � cli in each nest.
We start by introducing a useful notion of prod-
uct dominance.

Definition 1. Consider two products l1i and l2i in nest Ni. If
al1i � cl1i � al2i � cl2i, then product l1i dominates product l2i:

Lemma 5 avails of this dominance concept and builds on
Lemma 4.

Lemma 5. Consider two products l1i and l2i in nest Ni where
l1i dominates l2i. If l2i is in an optimal assortment that maxi-
mizes the profit bound �PðS,mÞ, then l1i belongs to that opti-
mal assortment as well. This property also holds for an
optimal assortment that maximizes the profit bound PðS,mÞ:

Proof. See Appendix B.3. w

Lemma 5 can be used to deduce the structure of the opti-
mal assortment as highlighted in Theorem 3.

Theorem 3. The optimal assortment that maximizes the
profit bound �PðS,mÞ or PðS,mÞ contains the ji products
having the highest average margin ali � cli in nest Ni for
some integer ji 	 jNij:

Proof. Follows from Lemma 5. w

Theorem 3 indicates a “popular set” structure in each
nest of an optimal assortment that maximizes the bounds
on the expected profit in (18) and (19), in each nest.
Theorem 3, along with the testing of the quality of the
bounds (18) and (19) in Section 7, imply that assortments
consisting of popular sets in each nest are expected to pro-
duce “good solution” and can be used to sharpen good heu-
ristics as we do in Section 6, which are particularly useful
with products having heterogeneous unit cost.

When all the products have the same unit cost, the popu-
lar set structure of the optimal assortment in Theorem 3
also holds when maximizing the actual expected profit
P̂ðS,mÞ, as indicated in Corollary 4.

Corollary 4. If cl1i ¼ cl2i8l1, l2 2 Ni, i ¼ 1, :::, n then the opti-
mal assortment that maximizes P̂ðS,mÞ contains the ji prod-
ucts having the highest ali in in nest Ni for some
integer ji 	 jNij:

Proof. Follows from Corollary 3 by noting that
�PðS,mÞ ¼ PðS,mÞ ¼ P̂ðS,mÞ, when cl1i ¼ cl2i8l1, l2: w

The structure of the optimal assortment in Corollary 4 is
such that it contains a Cartesian product of popular sets
(having the largest values of the average margin, a� c) from
different nests. This is not the same result in the previous
literature (Van Ryzin et al., 1999; Maddah et al., 2014),
where an optimal assortment is a “globally popular” set con-
taining the products with the highest average margin across
the entire product line. In fact, we observe counter exam-
ples, where globally popular sets are not optimal in our
nested logit framework (See Appendix C).

Computationally, Corollary 4 simplifies the search for the
optimal assortment with homogeneous unit cost in each
nest, as the number of combinations considered is
jN1jjN2j:::jNnj instead of 2jN1jjN2j:::jNnj: When the unit cost in
the nest is heterogeneous, Theorem 3 indicates that a “good”
assortment can typically be found with a similar efficiency,
as we observe in Section 7. In fact, in a detailed numerical
study, we do not encounter any case where an optimal
assortment is not a popular set.

6. Joint pricing, assortment, and inventory
decisions via EMH

Based on the results in Sections 4 and 5, we propose, in this
section, an equal margin heuristic that jointly optimizes
pricing, assortment and inventory decisions under the equal
profit margin requirement on the prices. The objective is to
determine a profit margin mH and assortment SH that pro-
duce high (near-optimal) values of the the profit function in
(12). The optimal inventory levels are found from (5).

� Step 1:
Sort products in all nests Ni � X, i ¼ 1, . . . , n, in non-
increasing order of ali � cli: Break ties at random.
Generate the jN1j � jN2j � � � � jNnj popular sets. Denote
these assortments P1, P2, . . . Pz where z ¼ jN1j � jN2j �
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� � � jNnj: Let P ¼ fP1, P2, . . . , Pzg be the set containing all
these assortments.

� Step 2:
Define the contribution of product li in a given assort-
ment S by

P̂liðS,mÞ � mkqliðS,mÞ � am
cli

mþ cli

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kqliðS,mÞ

p
(20)

For all the popular sets assortment generated in Step 1,
identify any assortment with “loss” products, PL, where
there exists li 2 PL,

@P̂ liðPL,mÞ
@m m¼0 	 0,j or equivalently

qliðPL, 0Þ 	 a2

k
: (21)

Specifically, let L ¼ fPL 2 Pj9 l 2 PL such that
Inequality ð21Þ holdsg, be the set of assortments with
loss products.

� Step 3:
For each set Pj 2 PnL,

� Step 3.1:
Find �mj �mj, the upper bound on the optimal profit mar-
gin of Pj, by solving (14),

� Step 3.2:
Find m0

j , the riskless profit margin of Pj, from (16),
� Step 3.3:

Calculate drj ¼
Pn

i¼1

P
l2Pji

clifli
ðcliþm0

SÞ2
ðcli �m0

SÞ,
where Pji ¼ Pj \ Ni:

� Step 3.4:
If drj � 0, search for mH

j the profit margin that maxi-
mizes PðPj,mÞ over ð0, �mjÞ: Otherwise, search for mH

j
over ðm0

j , �mjÞ:
� Step 4:

Find Pkh ¼ argmaxPj2PnLP̂ðPj,mH
j Þ: Choose the assort-

ment SH ¼ Pkh with the corresponding profit margin
mH ¼ mH

kh : Estimate inventory levels of products in SH

via y�lkhðSH ,mHÞ, lkh 2 SH from (5).

Step 1 of EMH identifies popular sets across all nests, as
this heuristic exploits such assortments only. This is moti-
vated by the results in Section 5, on the near-optimality of
popular sets, mainly Theorem 3. Step 2 eliminates from con-
sideration any popular sets containing products that will
most likely be sold at a loss. An easy way to implement Step
2 is to go over each nest and form popular sets by adding
products incrementally, starting with the most popular prod-
uct. Once a product satisfies Inequality (21), the resulting
assortment is in L: Step 3 in EMH searches for the optimal
profit margin of non-trivial popular sets. The optimization
in this step is guaranteed to produce an internal point solu-
tion, which is globally optimal (under the requirement of
equal profit margins) due to results in Section 4, specifically
Theorem 1 and Corollary 1.

The advantage of EMH is that it requires little computa-
tional effort relative to the effort required to find the opti-
mal solution. The EMH generates at most
jN1j � jN2j � � � � jNnj assortments, each requiring a single

variable search to find the corresponding optimal equal
profit margin.

The computational complexity of EMH is driven mainly
by the number of popular set assortments to enumerate, as
defined in Steps 1 and 2. In the worst case, assuming that
the set L defined in Step 2 is empty, this involves enumerat-
ing Pn

i¼1jNij assortments. Assuming further that the prod-
ucts are split uniformly across nests, the computational
complexity of the enumeration is ðjXj=nÞn: In each enumer-
ation step, the two numerically demanding tasks are Step 3.1
requiring solving the nonlinear equation in (14), which is
guaranteed to converge by Lemma 1, and the line search in
Step 3.4, which is also guaranteed to converge by Theorem
1. In conclusion, with highly efficient algorithms existing for
the numerical search in Steps 3.1 and 3.4, the computational
complexity of EMH is, practically, in the order of ðjXj=nÞn:
Although this is not polynomial, the limitation of the num-
ber of nests, n, in most applications leads to a highly effi-
cient performance of EMH. In our Python implementation,
all the EMH instances of our numerical study in Section 7
converged within few seconds, except for large instances
having 96 products split over eight nests analyzed in
Appendix D of the online supplement.

7. Numerical study

The objective of the numerical study is two fold. First, we
show that �PðS,mÞ and PðS,mÞ in (18) and (19), provide
tight bounds on P̂ðS,mÞ in (12), which provides justifica-
tion for adopting popular sets assortment based on Theorem
3. Second, we evaluate the performance of the EMH pre-
sented in Section 6, and demonstrate excellent results. The
high-quality performance of EMH provides validation on
the near-optimality of both popular sets assortments and
equal profit margin pricing. This also advocates the usage of
EMH as a practical assortment and pricing optimization
tool for retailers who have the ability to integrate pricing,
assortment and inventory decisions.

7.1. Base case

Consider a store where customers arrive according to a
Poisson process with a rate k¼ 100, and choose to buy at
most one product from a product line organized into three
nests, each having four products. The degree of dissimilarity
among the nests is l1 ¼ 2 and within a nest l2 ¼ 1:2: The
utility of leaving empty handed is zero, i.e., v0 ¼ 1: Other
relevant demand and cost data is given in Figure 2. The
fourth nest will be used in the sensitivity analysis later.

Consider a full-product offering assortment, i.e., Si ¼
f1i, 2i, 3i, 4ig, i ¼ 1, 2, 3 and S ¼ [3

i¼1Si, and an equal profit
margin pricing. The approximate expected profit for this
assortment P̂ðS,mÞ given in (12) is plotted in Figure 3 as a
function of the profit margin m, along with the “exact”
expected profit PðS,mÞ given in (7). It is obvious that
P̂ðS,mÞ provides an excellent approximation of PðS,mÞ,
which is due to the accuracy of the Taylor-type approxima-
tion in (11) adapted from Maddah et al. (2014).
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From Figure 3, it is obvious that P̂ðS,mÞ is unimodal
over the interval where P̂ðS,mÞ � 0, as shown in Lemma 1
and Theorem 1. This interval is ð0, �mSÞ, where �mS ¼ 15:86,
from Lemma 1. To proceed with the search for the optimal
profit margin, m�

S , we determine the optimal riskless profit
from Lemma 2, which we find to be m0

S ¼ 7:10: Referring to
the unit cost values in Figure 2, notice that cli 	 m0

S, 8li,
which implies by Theorem 2 that m�

S 	 m0
S: Then, by

Corollary 1, we carry-out the search for m�
S on ð0,m0

SÞ: This
gives m�

S ¼ 7:05, which can be observed in Figure 3.

7.2. Evaluating the bounds �PðS,mÞ and PðS,mÞ
To evaluate the upper and lower bounds �PðS,mÞ and
PðS,mÞ of P̂ðS,mÞ, we consider again the example in
Section 7.1 with the full offering assortment. We perform a
one-way sensitivity analysis by varying the profit margin m,
the demand volume k, the utility of the no purchase v0, the
reservation price of the first product in nest 2, a12, and the
unit cost of this product, c12, one at a time, while keeping
the other parameters at their base values given Section 7.1.
The base value we use for m is the optimal value we found
in Section 7.1, m�

S ¼ 7:05: We pick product 12 for illustra-
tion purpose. Our experience with varying parameters of
other products are similar.

It is obvious from Figure 4 that the bounds �PðS,mÞ and
PðS,mÞ are tight enough. Figure 4 also indicates that the
slope and convexity of the bounds �PðS,mÞ and PðS,mÞ
(i.e., first and second derivatives) are also close to those of
P̂ðS,mÞ: Furthermore, Tables 2 and 3 show the absolute dif-
ference between �PðS,mÞ and PðS,mÞ on one hand, and
P̂ðS,mÞ on the other hand. Tables 2 and 3 indicate a max-
imum absolute difference of around 14 (dollars) and an
average difference of around 11. These are reasonable num-
bers given an optimal profit of around 390 in the base case.
This provides a numerical justification for utilizing the
popular set structure of the optimal assortment established
under these bounds in Section 5 in heuristic solutions
sought to maximize the actual profit P̂ðS,mÞ:

7.3. Evaluating the equal profit margin heuristic

To evaluate the performance of the EMH presented in
Section 6 in producing joint pricing, assortment and inven-
tory decisions, we compare the expected profit produced
from EMH with the optimal expected profit based on the
input data defined in the base case of Section 7.1. To obtain
the optimal expected profit, we enumerate all possible
assortments and optimize over the expected profit at optimal
inventory levels from each assortment with no restriction on
prices. To clarify, based on similar arguments to those in
Section 3, the expected profit from an assortment S with
unrestricted prices p ¼ ðp11, p12, :::Þ is given by

P̂ðS, pÞ �
Xn
i¼1

X
l2Si

ðpli � cliÞ kqliðS, pÞ � a
cli
pli

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kqliðS, pÞ

p� �
,

where

qliðS, pÞ ¼ eðali�pliÞ=l2P
j2Si e

ðaji�pjiÞ=l2

" # P
j2Si e

ðaji�pjiÞ=l2
� �l2=l1

v0 þ
Pn

k¼1

P
j2Sk e

ðajk�pjkÞ=l2
� �l2=l1

2
664

3
775:

The expected optimal profit is then given by P̂
� ¼

P̂ðS�, p�Þ ¼ maxS2XmaxpP̂ðS, pÞ, where S� and p� are the
optimal assortment and prices.

In our numerical trials, we utilize several starting solutions
in an attempt to find the globally optimal prices. Since the
profit function is not concave, or even pseudoconcave, in the

Figure 2. Base case.

Figure 3. P̂ðS,mÞ and PðS,mÞ versus m for the full-offering assortment.
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prices (see Appendix C of the online supplement), there is no
guarantee that we can reach global optimality regardless of the
number of the initial solutions used. However, the solutions
we report appear to be globally optimal, as we failed to find
better solutions despite extensive trials on select cases. This is a
common issue in all non-convex optimization problems.
Letting P̂

H ¼ P̂ðSH ,mHÞ be the expected profit produced by
EMH with an assortment SH and profit margin mH , the opti-
mality gap (in percentile points) is found as

P̂
� � P̂

H

P̂
� � 100: (22)

We illustrate the estimation of the optimality gap of
EMH on the base case in 7.1. Enumerating over all possible

assortments and running unrestricted pricing optimization
gives an optimal assortment S� partitioned as follows across
the three nests S�1 ¼ f11, 31g, S�2 ¼ f12g, and S�3 ¼ f43g,
with corresponding prices p�11 ¼ 11:11, p�31 ¼ 12:89, p�12 ¼
14:91 and p�43 ¼ 21:83, and an optimal profit P̂

� ¼ 390:2:
Applying EMH to the base example gives an assortment
which is exactly the same as the optimal assortment priced
at a profit margin mH ¼ 6:90, and a corresponding profit
PH ¼ 389:9: This implies that EMH provides a high-quality
solution with an optimality gap of 0.077%. This low gap can
be understood by noting that the optimal assortment is
composed of popular sets across the three nests with the
two products with the two highest values of the average
margin, a� c, from nest 1, the product with the highest
average margin from nest 2, and similarly with nest 3.
Moreover, the optimal profit margins of the four products
in the optimal assortment, m�

11 ¼ 7:11, m�
31 ¼ 6:89, m�

12 ¼
6:91, and m�

43 ¼ 6:83 are almost equal in value and are very
close to the EMH margin mH ¼ 6:90:

In Figure 5, we report on the EMH optimality gap by
conducting a one-way sensitivity analysis on the parameters
of the base case in Section 7.1, by changing the demand vol-
ume k, the utility of the no purchase v0, the reservation
price, a12, the unit cost, c12, the a1i � c1i of all the products
on nest 1, adding a new nest to the assortment and the
inter- and intra-nest similarity parameters, l1 and l2,
respectively, one at a time, while keeping the other parame-
ters at their base values similar to what is done in Section
7.2. Figure 5 reveals an excellent performance of EMH with
an optimality gap that is below 0.4% in all the considered
cases. We again attribute this EMH performance to its
exploitation of the structure of the optimal solution. In fact,

Figure 4. PðS,mÞ, �PðS,mÞ and P̂ðS,mÞ versus m, k, v0, a12, and c12.

Table 2. Absolute difference between the expected profit and the upper
bound, �PðS,mÞ � P̂ðS,mÞ

Difference from upper bound

Varying Min Mean Median Max

m 0.25 9.26 9.14 12.31
k 7.36 8.59 8.62 9.74
v0 6.80 7.38 7.35 8.03
a12 0.44 8.30 10.76 13.06
c12 5.09 10.63 11.64 12.23

Table 3 Absolute difference between the expected profit and the lower
bound, P̂ðS,mÞ �PðS,mÞ.

Difference from Lower Bound

Varying Min Mean Median Max

m 0.27 9.34 10.42 13.98
k 8.33 9.72 9.76 11.02
v0 7.70 8.35 8.32 9.08
a12 9.50 11.41 10.96 13.68
c12 6.08 8.05 9.22 11.41
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in all the tested cases the optimal assortments, S�, were
composed of popular sets from the three nests, similar to
the base case. Moreover, the optimal profit margins, p�li �
cli, were found to be close in almost all the test cases.

Further testing of EMH over five “extreme” scenarios is
presented in Appendix D of the online supplement. In all
these extreme cases, the EMH continues to exhibit an excel-
lent performance with an optimality gap below 0:73%:

8. Conclusion

This article investigates pricing, assortment, and inventory
decisions of horizontally differentiated fashion products fac-
ing a nested logit demand and sold over a single period.
The pricing strategy suggested in this article is to have an
equal profit margin on all the products in the offered assort-
ment. For a given assortment, the expected profit at optimal
inventory levels is found to be unimodal in the profit mar-
gin. This implies the existence of a single internal-point
solution that can be easily found by a simple line search.
We also compare the optimal profit margin with its
“riskless” counter-part obtained under the assumption of
ample inventory, which allows us to understand the effect of
inventory considerations on pricing. A useful by-product of
the comparison to the riskless case, are some easily obtained
bounds that expedite the numerical search for the optimal
profit margin. The structure of the optimal assortment
under exogenous pricing and limited inventory is investi-
gated utilizing tight bounds on the expected profit as proxy
objectives. Under these approximate objective functions, the
optimal assortment consists of the most popular products

within each nest having the highest average margin (utility
minus the cost). This suggests that popular sets lead to
highly-profitable assortments in practice. In fact, for the
common case of horizontally differentiate products with
homogeneous unit cost in each nest, we find that an assort-
ment consisting of popular sets within each nests is optimal
under the actual objective function.

Motivated by the results on the structure of the optimal
pricing and assortment, we propose an EMH that exploits
popular sets to develop jointly optimal pricing, assortment,
and inventory decisions. A detailed numerical study reveals
an excellent performance of EMH with an optimality gap
below 0.73% over all the tested cases. This suggests that
EMH is a useful practical tool for integrated assortment,
pricing, and inventory decision under nested logit with “no
tears” due to its high numerical efficiency and simplicity.

Future work could attempt to analyze the structure of the
optimal pricing and assortment without the equal profit
margin requirement across all nests and products. Although
we numerically demonstrate that the equal profit margin
structure of pricing provides good solutions, we observe that
the expected profit under general unrestricted prices is not
well-behaved, in the sense of not being pseudoconcave. This
complicates the unrestricted pricing problem, and suggests
that efficient algorithms could be explored in the future. It
is also worth noting that the recent literature (Li and Huh
(2011); Li et al. (2015)) considers a generalized version of
the nested logit choice with heterogeneous price elasticity
and nest dissimilarity parameters. This literature establishes
that the optimal pricing, in the riskless case with ample
inventory, is characterized by distinct profit margins across

Figure 5. Performance of EMH.
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nests while products in the same nest continue to have equal
margins. It might be also useful in future research to investi-
gate adapting our EMH heuristic to this more general nested
logit choice.

Finally, it might be worth investigating a decentralized
scenario where the products in different groups (nests) are
managed by different retailers. In future work, one can ana-
lyze the equilibrium pricing and assortment strategy if the
different retailers compete, as well as appropriate revenue
sharing schemes when collaboration among these retailers
is plausible.
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