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CrossMark
Abstract
We dimensionally reduce the bosonic sector of 10D Euclidean type IIA
supergravity over a Calabi-Yau three-fold. The resulting theory describes the
bosonic sector of 4D, A/ = 2 Euclidean supergravity coupled to vector- and
hyper-multiplets. We show that the scalar target manifold of the vector-mul-
tiplets is projective special para-Kéhler, and is therefore of split signature,
whereas the target manifold of the hyper-multiplets is (positive-definite)
quaternionic Kéhler.

Keywords: string compactifications, supergravity, special geometry, euclidean
spacetime signature

(Some figures may appear in colour only in the online journal)

1. Introduction

Supersymmetric Euclidean theories coupled to vector-multiplets have recently been a subject
of interest [1-3]. It has been known for some time that the complex scalar fields of vector-
multiplets in 4D, A/ = 2 Lorentzian supersymmetric theories exhibit so-called special Kihler
geometry [4]. This geometry has provided a useful tool in the understanding of field theory
non perturbative structure, supergravity, string compactifications (see, e.g., [5]), as well as in
the study and analysis of black-hole physics [6].

Both rigid and local Euclidean versions of special geometry were constructed and ana-
lyzed in terms of para-complex geometry in [1-3]. Roughly speaking, the Euclidean versions
of special geometry can be obtained from the standard version appearing in Lorentzian

3 Author to whom any correspondence should be addressed.
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theories by replacing i with the para-complex unit e, which satisfies the properties e> = 1 and
¢ = —e. In the supergravity literature such a replacement first appeared in the study of
D-instantons in type IIB supergravity [7] *. Para-complex manifolds are necessarily of even
dimension and split signature. For further details on para-complex geometry and Euclidean
supersymmetric theories we refer the reader to [1]. It is important to emphasize that it is only
the target geometry of the scalar fields that becomes para-complex in Euclidean theories. This
is not true of the superalgebra representation itself or the geometry of superspace, which are
both complex in the case of Euclidean spacetime signature.

Throughout this paper we will use the convention that the degree of supersymmetry N of
a Euclidean superalgebra is matched to the number of real supercharges in the Lorentzian
case. For example, 4D, N = 2 Euclidean supersymmetry has eight real supercharges, despite
the fact that the smallest supersymmetry representation in 4D Euclidean space has eight real
degrees of freedom [8], and thus there is no 4D, A/'=1 Euclidean theory in our conventions.

The rigid 4D, A = 2 Euclidean vector-multiplet action was constructed in [1] by
reducing 5D, N = 2 vector-multiplets over a time-like circle. The Euclidean action and
supersymmetry transformation rules were expressed in terms of para-holomorphic coordi-
nates. As in in the local case, the bosonic sector of 4D, N = 2 Euclidean supergravity
coupled to vector-multiplets was constructed in [3] by reducing 5D, N = 2 supergravity
coupled to vector-multiplets [9] over a time-like circle, and the scalar target manifold was
shown to be projective special para-Kéhler [3]. The Killing spinor equations as well as the
classification of supersymmetric gravitational instanton solutions of these theories were later
analyzed in [10, 11].

Theories of A/ = 2 hyper-multiplets are also of interest. The scalar target manifold in 3,
4, and 5 dimensions is hyper-Kéhler in the rigid case [12] and quaternionic Kéhler in the local
case [13]. Since the hyper-multiplet target manifold is invariant under dimensional reduction,
the target manifold of 4D local Euclidean hyper-multiplets is also quaternionic Kihler. On the
other hand, 4D vector-multiplets (both rigid and local) can be mapped to 3D hyper-multiplets
by dimensional reduction followed by Hodge dualization, which is known as the supergravity
c-map. Reducing over a space-like circle results in a theory of 3D hyper-multiplets with
Lorentzian spacetime signature and quaternionic Kihler target manifold [14]. However,
reducing over a time-like circle results in a theory of 3D hyper-multiplets with Euclidean
spacetime signature and para-quaternionic Kéhler target manifold [15, 16]. This suggests that,
at least in certain circumstances, the target geometry of Euclidean hyper-multiplets is not
completely fixed by the signature of spacetime. Thus, we must be careful to identify the
correct target geometry for the theory in question.

The goal of this paper is to establish the higher-dimensional origins of 4D, N = 2
Euclidean supergravity, and, in particular, how the scalar target geometry emerges through
the process of dimensional reduction. Our starting point is standard 11D supergravity with
Lorentzian spacetime signature. We first reduce this theory over a time-like circle in order to
obtain 10D Euclidean type ITA supergravity [17], and then reduce this 10D theory further
over a Calabi-Yau three-fold. While the dimensional reduction of 11D supergravity over tori
with one time-like circle has been considered in [18, 19], which, in our context, would
correspond to taking the Calabi-Yau manifold to be 7°, the reduction over a time-like circle
followed by an arbitrary Calabi-Yau three-fold is currently missing from the literature. The
resulting effective theory describes the bosonic sector of 4D, A/ = 2 Euclidean supergravity
coupled to Ay ; vector-multiplets and (h,; + 1) hyper-multiplets. Our construction is sum-
marized in figure 1.

4 In this reference the para-complex unit e is referred to as the hyperbolic complex unit.
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Figure 1. Dimensional reduction of supergravity from 11D to 4D over a space-like or
time-like circle and Calabi-Yau three-fold. In this paper we complete the second step
on the right-hand side of this diagram.

We will follow closely the original work of [20] in which the reduction of 11D super-
gravity over a space-like circle followed by a Calabi-Yau three-fold was first constructed.
Indeed, we find that the resulting action of the 4D Euclidean theory differs from the Lor-
entzian case only by certain sign flips. We will keep track of these signs using the parameter
€, which is determined by the reduction of 11D supergravity over either a space-like or time-
like S" according to the rule

o {— 1, S'spacelike

o (1)
+ 1, S' timelike.

Thus, after reducing further over a Calabi-Yau three-fold we end up with 4D, N =2
supergravity if ¢ = —1 and 4D, A = 2 Euclidean supergravity if ¢ = +1. We will show that
the target space geometry of the 4D scalar fields is given by the product Myecior X Mhyper,
where M,.c.or 15 a 2k 1-dimensional projective special e-Kahler manifold and M., is a
(4hy,1 + 4)-dimensional quaternionic Kéhler manifold.

The (pseudo-)Riemannian structure of spacetime in our construction is given as follows.
The spacetime manifolds in various dimensions are related topologically by

My = S' x My, My = x X My, ()

where x is a Calabi-Yau three-fold. The spacetime metrics are related by
41 - 2 Ly —
& = —ce3? (dxo + V) + e f’¢glo, 8o =8 Tt v 184’ 3

where ¢ and V are the 11D Kaluza-Klein scalar and vector, respectively, £° is the coordinate
of the S* dimension, V is the volume of the Calabi-Yau three-fold, and g, is the Ricci-flat
Calabi-Yau metric. The signatures of the various spacetime metrics are

sig(g) = (—¢, €, +5eees 1), sig(go) = (e, +,..., +),
Sig(g4) = (E’ +’+9+)'
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The internal compact (pseudo-)Riemannian manifold S!' x y has the metric
4 /

8sixy = —ee’? (dx%)? + e o0 8,» which depends on the base point in My. It has the signature

(=&, +oees ).

2. 10D Euclidean supergravity

Our starting point is the bosonic part of the 11D supergravity action [21]

S”:f l*RHflE‘/\*E‘—QE;/\E/\&,
My | 2 2 6

which has the spacetime signature (—¢, €, +,..., +) in coordinates (£, ..., #19). We will
reduce this theory over the #° dimension, which we assume is either a space-like or time-like
circle according to the rule (1). The 11D spacetime manifold and metric decompose into their
10D counterparts according to (2) and (3). The three-form is decomposed according to

A3y = A] + di° A Bs, Fy = F;, — dx° A H3,

where A and B, are degenerate and invariant along the £ direction and F, = dAj, H; = dB,.
This resulting 10D action is given by

1 1 1 / 1 "
S0 =27p [—*Rm — 2d¢ A *dd + ~e YAV A AV + —e ¢ VHy A *H,
Mo | 2 4 4 2
| WY 1
— =& (Fy+ VANH) AS(Fj+ VA H) — —=(F{ A F{ A By |,

2 72
which has the spacetime signature (¢, +,..., +). Here p is the radius of the #° dimension,
which we now set to p = % It is convenient to make the field redefinitions

Al =A3+VAB,,  F,=F+dVAB, —VAH,, qb’:%log(b,

in which case the action becomes

1 9 |
10 * _ * *
S —me[z Rio 16d10g¢/\ dlog¢+—4e¢4dV/\ av

+ %5 ¢ 2Hy N *Hy — %gb%(E; +dV A By) A *(E + dV A By)

2 2
—£(F4+dV/\Bz)/\E;/\Bz—%dV/\Bz/\dV/\Bz/\Bz].

3 “

Note that the topological terms in the last line pick up a factor of ¢ when written in
components, (see equation (32) in appendix A).

For ¢ = —1 the action (4) agrees with the bosonic sector of 10D type IIA supergravity
[20]. (Note that the final term is not present in [20]. However, it is present in the earlier work
[22].) For ¢ = +1 it agrees with the bosonic sector of 10D type ITA Euclidean supergravity
[17]. The complete Euclidean supergravity action, including fermionic terms and super-
symmetry transformation rules, can be found in [23]. We can understand the action (4) as the
field theory limit of type IIA string theory with Lorentzian or Euclidean spacetime sig-
nature [17].

We would like to dimensionally reduce this theory over a compact 6D internal manifold
while preserving supersymmetry. Regardless of the choice of ¢, this can be achieved if and

4
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only if there exists a spinor 7 on the internal manifold such that the corresponding infinite-
simal supersymmetry transformation of the gravitino vanishes 0 = 6¥ = Hn, ie., the
internal manifold admits a covariantly constant spinor. This motivates us to consider
reduction over Calabi-Yau manifolds even in the case of Euclidean spacetime signatures.

3. Calabi-Yau reduction

In this section we present some background material, which can be found in [20, 24, 25].
We assume that the 10D spacetime manifold decomposes into My = x X My, where x

is a Calabi-Yau three-fold and M, is a 4D (pseudo-)Riemannian manifold with the metric
signature (g, +,+,+). On M;o we may the introduce local coordinates

wh, n=1, .., 10,
which decompose into coordinates

xH, nw=1, .., 4,

ye, a=1, ...,6,

on M, and Yy, respectively. It is useful to introduce complex coordinates on y as follows:

&= %(yl + iyz)’ &= %()’3 + iy4)’ &= %(k + iy())'

In these conventions the volume form satisfies d® = id3¢d3¢ =: id®¢ and the Hodge duals of
(3, 0)-forms and (2, 1)-forms satisfy

*Pa.0y = —1Pa0)p *oa.1) = o, (5)

The inner product of two (p,g)-forms is defined by

_ *
(g Big) = fx Qe N “Bip.g):-

3.1. Harmonic forms and integrals over a CY3

On a Calabi-Yau three-fold there are nontrivial harmonic forms in the (1, 1), (2, 1), (3, 0),
and (3, 3) cohomology sectors (and their Hodge duals). We use the following basis:

(1, 1) VA=VAEAdE  A=1, .. b,

Q1) &= %%kfdgi Adei A dEF, o =1, ..., hay
(3,00 Q= %Qijkdgi A dgi A degk,

3, 3) v:%J/\J/\J,

where V* are real. The Kihler form is given by J = ig;de' A dE 7 = MAVA, where MA (x) are
real scalar fields, and the volume by

v:LV:L@d6 :j;i\/gdﬁf.
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Let us first consider certain integrals relevant for the H> cohomology sector. Following
[20] we define

iczf TATAJ, chng VAN VB A,
X X

ICA:f VANT A, iCABC:f VA A VB A VE,
X X

which satisfy K = KypeMA*MBMC and V = éIC. A useful formula for any real (1, 1)-form is
given by [25]

*YB — _J A V‘H—%JAJ(fVB/\J/\J),
X

from which it follows that

Gup (M) = Lf VA A KYB — _3(@ B EICA’CB)'
2V Jx K 2 K?
In components we have the formulae
G = [ g viveT]. ©
X
Kaw = [ doyyg[ Vi VAT — Vi VigTgh ] )
X

Let us now turn to the H> cohomology sector. We will follow the conventions for special
Kihler geometry given in appendix A. Since the H> sector contains contributions from hy

harmonic (2, 1)-forms and one harmonic (3, 0)-form indices run from I, J =0, ..., hy .
Consider a real cohomology basis oy, 3! of H> that satisfies
[ o np =6 ®)
X

In the above basis the holomorphic three-form {2 can be written as

Q=Xo — B, ©)
where F; = F(X) and X’ depends only on the 4D spacetime coordinates x*. Integrating gives

(2.0)= f i A Q= —i( X' - FX') = [12)PV.

X

where ||Q|? = %Q,;,-injk. The function ||2||* is in fact completely independent of the
coordinates y“ and depends only on the spacetime coordinates x* [26, theorem 4.3.2]. The
derivative €} = %Q takes the form [25]

=9 + K Q,

where we have introduced an additional harmonic (2, 1)-form ®;, which is a linear
combination of ®,, defined by the above equation. This implies that

fQ/\Q,zO,
X

and therefore F; = %F , where F' = F (X) is a homogeneous function of degree two. Using

the homogeneity of F we have
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(Q. Q) = —NyX'x/,

and therefore Ny X'X” is strictly negative due to the positivity of the inner product (-,-). The
formula for K; is given by

(N, _ 0

XNX ox!

where K :== —log(—XNX) = —log(2, ), and we are using the notation XNX = Ny XX’
and (NX); = Ny X’. From the fact that ; = o — F;; 3/ we obtain the following expressions
for oy, 3 and ®;:

K =

ap = Q + iFyNK(Qx — Q) (10)
61 — iNIJ(QJ _ Q]) (11
® = (6 - KiX') (v — Fc %), (12)

which allows us to calculate

- . - 1 -
(@, <I>,—)=f—lq>, A@,—:f d@ﬁ[?@,ﬁk—q)] Jk]
X

X

NX) (NX
= [NIJ - (-)1#] = —My.

X

=

All other integrals vanish (®;, Q) = (&, Q) = (&, &) = (2, Q) = 0.
We will also consider the (0, 2)-forms b,, defined by
]

1 _. _.
by = —byijdE' A dE = —
p o e 1 2||Q||2

Q @le] d&' A dE,
Integrating gives

s b3) = f d@f[ buijb * ] = W(% ®5) = VGup. (13)
where we have used €, 0" = ¢, X" ||QI = 26[F 8} [|QIP and the fact that ||Q2]] is
independent of the coordinates y“. The matrix G,; defines a hermitian metric for the ha
complex variables z* = X*/X°. Due to homogeneity we have G,3(X°, X!, ..., X'21) =
Ga3(1, z%, ..., Z'21). This metric is projective special Kihler with Kihler potential K defined
préviously. The holomorphic prepotential on the corresponding conic affine special Kéhler

manifold is given by F (X). For further details on special Kéhler geometry we refer the reader
to [3].

3.2. Zero modes
We begin by considering the zero modes of the 10D metric, which we decompose according to
(1)) = (&) @ (@) =0, (W) = (8 ). ).

Note that the components (g, ), must vanish since they correspond to a Killing vector on the
Calabi-Yau three-fold, and such continuous isometries are incompatible with SU(3)
holonomy. See, for example, [27]. We denote the 4D metric with a prime in anticipation
of a Weyl transformation that will be made later in (20). Zero modes of the wave operator

7
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correspond to deformations of the Ricci-flat Calabi-Yau metric that preserve the SU(3)
structure. These are given by

h hy

iog; = ééMAViJA, og; = 2]52‘_’5@,7,

«
with M* and z defined in the previous section. Since the Calabi-Yau metric is Ricci flat we
have
Rij = Rj = Rij = 0,

RIO(W) = Ré{(x) + gz{ m/(Ri/l,il/(x’ )’) + RT;U‘V (x’ y))

The Ricci scalar is explicitly calculated to be

1 1 1 3 —F 3 -
ERIO — ER‘( _ Eaﬂzaauz—/ibm,_fbéj 4 QLMAauMB(EVU{AVBU _ V,fV,kBg”g”‘). (14)

We refer the reader to [20] for details concerning this calculation.

Let us now consider the zero modes of the other bosonic fields. Recall that there are no
harmonic one-forms on a Calabi-Yau manifold. The dilaton and Kaluza-Klein vector zero
modes are given simply by

W) = ¢, V= V,(x)dx"
The zero modes of the two-form B, and three-form A5 are given by
By(w) = By(x) + at(x)VA(y), a* € C®(M,), B, € Q*(My),
Az (w) = A3 (x) + AYx) A VAQY) + Ax, y), AY € QY(My), Ay € (M), (15)

where

A(x,y) =20 Way(x, y) + 224 B (. y), (LG € CO(My). (16)

Recall that harmonic forms on manifold with positive definite metric are always closed, and,
hence, exterior derivatives are given by dB, = dB; + da® A V4, etc. )
It will be useful later to write the exterior derivative of A in the basis ®;, ®;, 2, Q. This
can be achieved by first taking the exterior derivative
dA = 23d¢ A ap + 2:dC, A B,

and then expanding oy, 3/ in terms of ®;, Q and their complex conjugates’. Using
expressions (10), (11) and the fact that Nj; = i (Fj; — Fj;) we find, after some simplifications,
that

dA = i2:(dC, + FxdCF)N'T A & — iziﬁxl(dz, + Fyd¢) AQ + he.

Next, observe that
FixN'1® = NjgN/1 @y, X'F; = XNy,

where in the first equation we used X/®; = 0, which can easily be seen from (12). We may
now write the derivative as

5Ina previous version of this paper an alternative calculation of dA was presented, which is included in appendix B.
We thank one of our referees for suggesting the more concise calculation presented here.

8
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Figure 2. Composition of gravity-, vector, and hyper-multiplets.

dA =PI AN® +0NAQ+ he, (17)

where P/, O € Q'(My) ® C are given by

Pl = i24(dC, + NyxdCK)N'!, 0= —i2i X! (dC, + Nyydd).

1
(XNX)
Having written down all zero modes our task is to construct the corresponding 4D
effective action. For reduction over a Calabi-Yau three-fold it is known that this can be
obtained by substituting the above expressions into the 10D action and integrating over the
Calabi-Yau three-fold. We will show that, as one would expect, we obtain a theory of A = 2
Euclidean supergravity coupled to h;; vector-multiplets and (4, + 1) hyper-multiplets.
From the 4D perspective we expect to see the following field content:

HO%sector: ¢, V, B, H?%-sector: a4, A4 H3-sector: (!, (.

The one-forms will only appear in the action through their field strengths F° = 4V and
FA = dA*, which form the gauge-fields of the gravity-multiplet and vector-multiplets,
respectively. The two-form also only appears through the field strength H; = dB,, which is
then dualized to a scalar field ¢. This contributes to the hyper-multiplet sector along with ¢
and ¢/, Z,. The composition of gravity-, vector-, and hyper-multiplets is displayed
schematically in figure 2.

We end this section by considering the contribution of the H° sector of A5 to the 4D
action. After performing the Weyl rescaling (20) this term is given by

1 3
S;‘]“(A3) = fM4 [—5¢4V3(f4 +dV A Bz) A >I<(‘7:4 +dV A Bz):l (18)

By adding an appropriate Lagrange multiplier the four-form ; may be dualized to a constant
eo, which appears as a prefactor in front of a scalar potential of the form (¢%V3)*1 in the
resulting action. In order to avoid such a potential we will set ¢y = 0, after which (18)
vanishes completely and plays no further role in the discussion. We remark that in the case of
Lorentz spacetime signature this term corresponds to an RR-flux, and induces a gauging of
the axionic scalar field ¢ dual to B, (which will be introduced later in section 5.2) with charge
eo and gauge field V [28] °.

% We would like to thank one of our referees for pointing this out.

9
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4. 4D gravity- and vector-multiplets

In this section we will consider the contributions from the gravity and H* cohomology sector
to the reduction of the 10D action (4) over a Calabi-Yau three-fold. The resulting 4D effective
action with spacetime signature (¢, +,+,+) is given by

1
Sevav-t vector = fM [5*R4 — 8 (dx? A *dxB — edy? A *dyP)
4

1 1,2 2
+ S(E(nyy)(g + g(gxx))fo NIFD = () (gnFt A TF
1
+ @8 A *fB)
+ é(3(cx)AB.7:A A FB — 3(cxx)s FA N FO + (cxxx)FO A ]—"0)], (19)

where we are using the shorthand notation (cyyy) = cagcyAyEyC, (cyy)a = capcy®yC, etc.
When written in components the terms in the last line pick up an overall factor of € (see
appendix A).

The above action describes a theory of 4D, A = 2 supergravity coupled to vector-
multiplets with Lorentzian spacetime signature if ¢ = —1 and Euclidean spacetime signature
if € = 41 [3]. The scalar fields form a nonlinear sigma model into a 2A ;-dimensional
projective special e-Kéhler manifold Mo The 4D spacetime metric is related to the ten-
and even-dimensional spacetime metrics according to (3).

In the rest of this section we explain how (19) is constructed term-by-term.

4.1. Einstein-Hilbert term

Consider the Einstein-Hilbert term and the Kinetic term for dilaton in the 10D action (4):

1 9
SN = L [—*Rm — od log 6 A\ *d log qs].
10

2
Substituting the expression for the 10D Ricci scalar (14) into this action we find
1 P
Siores = f [—*&( 24 log ¢ A *d log ¢ — dz® A by A *(dz” A by)
My | 2 16 ‘

+ %dMA A VAN (*(dMB A VE) + %dMB AVEA J)]

where we have made use of the component expressions (6), (7), and (13). We now integrate
over the Calabi-Yau manifold to obtain the 4D action

1 9 . .

Stnso= | V| =*Ri — —d log ¢ A *d log ¢ — G,pdz® A *dz?

EH+ ¢ fM4 [2 47 76 g o g ¢ apdl <
Kas

+ l(GAB + —)dMA A *dMEB |.
2 %

In order to write the action in the Einstein frame we perform the Weyl rescaling

(81),, =V '@ (20)
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Notice that in four dimensions

Jei = VU g8 =V g8l 8l 8lrel” = g8l gl

After this transformation the 10D and 4D metrics are related via (3). The action is now written
in the Einstein frame

SEHW—f [ *R4——dlogV/\*dlogV—%dlogqb/\*dlogqﬁ

— G.pdz® A *dzP + > (GAB + %)dw A *dMB].

Using the fact that V = %IC and dV = %ICAdMA this can be written as
SiHss = f I:l*Rzl - %d log ¢ A *d log ¢ — Gopdz® A *dzP
M,y

2

9 ICAB

1
il e Z
(AB 4 K2

-3 )dMA *dMB].

Let us now make the field redefinition

MA = J2473/%A, 21)
Since K is homogeneous of degree three in M* we have

KM) = 22K @74, KaM) = 2Ka(v)¢3/2,  ete.

The action then takes the form

Sy = f [ SR, — —GAB(v)dv A *dvB — idgp A *dp — Gaz(z, 2)dz® A *dzﬁ],
(22)
where we have defined
p = log (2V(m)¢73). (23)

Since there are no factors of ¢ in the action (22) it is the same in both Lorentzian and
Euclidean spacetime signatures.

The first term in (22) is simply the 4D Einstein-Hilbert term that appears in (19). The
second term contributes to the scalar sigma model appearing in (19), which we will discuss
next. The last two terms contribute to the action of the hyper-multiplets and will be dealt with
in section 5.

4.2. Sigma model
We now consider the contribution from the H> cohomology sector of the B, field in the 10D

action (4)

I s
St (m) = f[? @7 A *H3|H2]’
We anticipate that the overall factor of € will remain in place after dimensional reduction over
the Calabi-Yau manifold.
Substituting Hs|;,2 = da® A VA into the above action and integrating over the Calabi-
Yau three-fold results in the 4D effective action

11
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532(32) = fM4 [5 ¢ VG (M)da* N *daB].

Performing the Weyl rescaling (20) and making the field redefinition (21) we obtain
1
0 - z A A *7,B
51112(32) = fzm [s 2GAB(v)da A *da ] (24)

As expected, the overall factor of ¢ has survived the 4D action.
We may combine (24) with the H? contribution from (22) (which is given by the second
term) to obtain the enlarged sigma model

1
S,‘_}z(EH+¢5) + 532(32) = ~[1.\/l4 [ _EGAB(V)(dVA A *dvB — e da’ A *daB)].

In order to compare this expression with the existing literature it is convenient to make
the field redefinition
N 1

\% = _l—yA’ a — —

1
X Kapc = casc- (25)
26 26

1
Due to the homogeneity properties of G4p the factors of 26 are irrelevant to the above action,
but they will be useful later when considering terms involving the gauge fields. After the field
redefinitions (25) the action is given by

Siteor + Sy = [ [ 8O (det A vax® — < ayt £ vay?) 26)

where we have defined

g (y) = —¢ %GAB@) —¢ @7

3 ( (eyas 3 (cy)A(cy)B).
20 (eyyy) 2 (cyyy)?

This agrees with the expression for the vector-multiplet sigma model for Lorentzian or
Euclidean spacetime signatures given in [3], which corresponds to the second term in the
action (19).

We remark that the target manifold M., described by the sigma model (26) is a
2h; 1-dimensional projective special e-Kihler manifold. In order to expose this property we
may define the e-complex coordinates’ w4 = x4 + i.y4, where i. is the e-complex unit. In
these coordinates the e-Kéhler potential is given by

1
K = —log V(y), V(@) = ECABCyAyByC’

where it is understood that y4 = Im(w?). The e-holomorphic prepotential on the
corresponding conic-affine special e-Kd hler manifold is given by F = —écABCZAZBZC
/Z°, where (Z°, ..., ZM1) are homogeneous special e-holomorphic coordinates satisfying
wA = Z4/Z°. Since the coefficients cspc are real there is a 1-1 correspondence between
holomorphic prepotentials F._ _; and para-holomorphic prepotentials F. — |, at least in the the
context of dimensional reduction over a Calabi-Yau three-fold considered in this paper. This
is not true for holomorphic and para-holomorphic functions in general.

7 In [10] different conventions are used for the e-complex coordinates. They can be matched with the conventions
used here by setting y4 — —y4, capc — —casc, and €upe — — Eppo-

12
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4.3. Gauge fields

We now turn our attention to the terms involving gauge fields in (19). The starting point is the
contribution from the H* cohomology sector of the A5 fields to the nontopological part of the
10D action:

1 s
S = || =50 B+ av A Ba) AF(E+ av A Bl |
H2(4) Mm[ 2¢4( 7+ 2) ( 4+ 2)|H2:|
The individual terms decompose according to
Blp=F AVA By, =atvA, (28)

where we have defined F4 = d A4. Plugging this into the action we get

B
Siha) = fM4 _—Em(ﬁ* + atav) A [ (FP + aBdV)]]j; VA A *VB,

Integrating over the Calabi-Yau three-fold and making the field redefinition (21) gives us

4
Sin(a)

- [ | B Ga F aa) (s ata)] e
My | 3!

Notice that this action is invariant under Weyl transformations.
Consider now the contribution from the 11D Kaluza-Klein vector kinetic term

1
S0 = f [ —& $laV A *dV],
My |4
which upon integrating over the Calabi-Yau manifold and making the field redefinition (21) gives

4_ V21 0 A %0
SVfM4|:E T3 KWF A<

where we have defined F° = dV. Combining this with (29) we get
1 1
S;‘IZ(AS) + Sy = fM4 [\/5(5 E(’CVVV) — g(levv)GABaAaB)]:o vat
A2 V2
3 6
where (Kvw) := KupcvvBvC = K(v). We now make the field redefinitions (25) and (27)
along with

(Kvw)GugaBFA N *¥FO — (Kvw)Gup FA A *.7-'3:|,

FA = Ll]-' 1A, (30)
26
to get (dropping the primes)

S§2(A3) + Sé
1 12 2
= f € —(cyyy)(— + —(gXX))FO NFF = = (eyyy) (o FA N *F°
w2 6 3 3
1
+ 3Tt A *fB],

which corresponds to the second line of (19).

13
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Finally, we consider the contributions of the H*-sector to the topological term in the 10D
action:

V2 V2
St opy = . [7(174 +dV ABy) NFy AB;y — ~ 4V A By A dV A By A Byl |
Substituting in (28) we find
S op) = f fﬂ(]ﬂ‘ + Fa*) A FPaC — Q}'Oa/* A ]-'OaBaC]f VAN VEAVE
M 2 6 '
4L X
which upon integration gives us

S;}z(wp) = j;m —g( (Ka)apFA N FB + (Kaa)y FA N FO + %(Kaaa)]—'o A ]-'0)].

After making the field redefinitions (25) and (30) we get

Siopy = fm é(i&(cx)AB]-"A A FB = 3(cxx)y FAN FO + (cxxx) FON 70)],

which produces the last line of (19).

5. 4D hyper-multiplets

In this section we will consider the hyper-multiplet part of the reduction of the 10D action (4)
over a Calabi-Yau three-fold. We will show that the contribution from the H> -sector, the
dilaton, and H’-sector of the B, field results in the 4D effective action with spacetime
signature (g, +,+,4+):

4

g4 f
h )
yper "y

4

(i e ) o4+ 108 - 30)

[—G}gdz“' A *dzP — %dgp A *dp

- )\%e—W(IHdC’ A *d¢ + TV(dC, + RugdCK) A *(dC, + R,KdgK))], 31)

where A = —1 and the coupling matrices Gag, 71y, Ryy depend on z® Note that in our
conventions Zj; is negative definite.

For the case ¢ = —1 the above action, when combined with the vector-multiplet action
(19), describes the bosonic part of A/ = 2 hyper-multiplets coupled to supergravity with the
Lorentzian spacetime signature [14]. For the case ¢ = +1 it is expected to describe the
bosonic part of N'= 2 hyper-multiplets coupled to supergravity with Euclidean spacetime
signature. Indeed, it is clear that this action can be obtained by the reduction of 5D, N/ = 2
local hyper-multiplets over a time-like circle, since the bosonic part of the hyper-multiplet
action does not change upon dimensional reduction.

The action (31) describes a non-linear sigma model into a positive-definite
(4hy 1 + 4)-dimensional quaternionic Kéhler target manifold Myyp., [14]. Notice that the
parameter € does not appear in front of any terms in the action, nor does it appear in the
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definitions of the scalar fields or coupling matrices. Thus, the coupling matrices, and, hence,
the scalar target geometry (quaternionic Kéhler) is the same regardless of whether the
reduction from 11D to 10D was performed over a space-like or time-like circle.

We remark that the bosonic sector of 3D, A = 2 local Euclidean hyper-multiplets
obtained by the dimensional reduction (followed by dualization) of 4D, A = 2 vector-
multiplets over time takes the same form as the above action with A = +1. In this case the
target manifold has split signature and the metric is para-quaternionic Kahler [15, 16]. We
also anticipate that the above action with A\ = +1 can be obtained by the reduction of 10D
type IIA* supergravity with Lorentzian spacetime signature, as described in [29], over a
Calabi-Yau three-fold. This is because the sign flip in front of the G term in the IIA* action,
given by expression (4.8) of [29], corresponds to setting A = +1 in (31). On the other hand,
the sign flips in front of the H* and the topological terms of the IIA* action will be com-
pensated by a sign flip in the Hodge dualization procedure when ¢ = —1.

The first line in (31) is taken from the H° and the dilaton terms in the gravity sector (22).
In the remainder of this section we will explain the origins of the second and third lines. We
will use the conventions for special Kédhler geometry given in appendix A.

5.1.¢, ¢, terms

Let us consider the nontopological part of the H*-sector of the 10D action

1 s
S}IOS(HZOP) = me [ _Ed)d'El A *El| H{l'

Substituting in the expression (17) for F|;3 = dA into the action gives
SIR oy = f [ ot A *P’]f O A FP + f [ 410 A *Q]f Q A Q.
My X My X
Integrating over the Calabi-Yau three-fold we obtain the 4D action
S uiop) = fM [ 6 (MyP! AP — (RNX)0 1 *0) |
4

2

My

2

STV (dG; + Nigd¢K) A *(dS, + MdeL)],

where in the last line we used the expression for Z~! given in (33). We now make the Weyl
transformation (20) to get

Sfl3(nt¢>p) = \[1;/14 I:%e_pz-u(d@ + MKdCK) N *(daj + -/vJLdCL):l

where ¢ was defined in (23). Substituting Ny = R;; + iZ;; followed by a straightforward
rewriting gives the third line of (31).

5.2 ¢ term

We now consider the topological part of the H>-sector of the 10D action

10 _ V2
SHi (top) = me [ —TEl A Fy A By H3:|.
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Substituting in (17) we find
i op) :fM4[—\/§BQ/\P1/\PJ]fX @ Aci>,+fM4[J§BzAQAQ]fX QA Q.
Making use of (5) we integrate over the Calabi-Yau three-fold to obtain
St op) = fm [iﬁBz A (MygP! A P~ (XNX)O A Q)]
-/, [il’)’z ATV (dC, + NigdCK) A (dC; + N,LdgL)]
- f [ —2B, A dd! A ),
My

where in the last line we used N;; = R;; + iZ;;. Note that this term is invariant under Weyl
rescalings. Integrating by parts and adding the contribution from the H%-sector of the B, field
gives

St om + Sho(sy = fm [2Hs A (G, + ce 5 A *1s .

We now dualize the three-form H; by adding the Lagrange multiplier

Sin= [ [2% A d(& - %c’é,)].

Solving the Euler-Lagrangian equations of S2 + S

4 .
B (10p) + S/, for H gives

(B2)
~ 1 ~ ~
“H, = —ee”(do: + (g, - c,dc’))'
Substituting back into the action we get
Sﬁﬂ(mp) + S;‘IO(Bz) + SL4m

2 [ _62@(“'(25 ’ %(Cldzf - z1”’4’)) A *(d&ﬁ + %(ddé} - Z,dg“’))],

where we have used the fact that **a = —ea for any one-form or three-form on My. This
produces the second line of (31).
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Appendix A. Conventions and identities

Consider an m-dimensional pseudo-Riemannian manifold with signature (k, £), where k
represents the number of time-like dimensions. We take the epsilon symbol and tensor,
respectively, to be
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€12.m =1, e2..m = +Jlgl e m

Note that the epsilon tensor ¢, ., ~Wwill always be written with indices to avoid confusion
with the parameter € = +1 introduced in (1). We may use the metric to raise the indices of
the epsilon tensor

—1
el by 2= g/‘lVl_“g/"m”mgylml/m = (71)k /lgl €yt

It follows that

dxti A LN dxts = (= DR |gl et tndx A LA dx™ = (= 1D | g| et Had ™,

and
7 ]
Eptott gy € 0 P = (= Dep(m — p)!&};;...éj;].
Differential p-forms are expanded according to
1 ’
ap = —(ap),..p dxt A oA dxt.
p! '
The Hodge star is defined by
* _ 1 Hy-e- By dxVe+1 A A dxb
@, = ﬁ(o‘ﬁ)mm/gﬁ Vpg1one U GX X,y
pl(m —p)!

and therefore
1 (Lyoon 4
a, N*B, = E(ap)w--#p(ﬁﬂ)“ " Jlgldmx.

Notice that

ap A Ym-p) = ) (ap)uy--#,,(’y(m—p))’/,n1»--’4;15#"”#”””"””'"(_l)k\/|g|dmx’

_
p!(m — p!)

so, for example, the last line of (4) is written in components as

N N2
10,,, | gl _ _(AAAA AAAA)AAAAAA
j:u v |g10| . 10|: © 482 Fﬂlﬂzﬂzm + 6VﬂlﬂzBﬂaﬂ4 Fﬂsﬂsﬂol‘vBUe/ho
10

SN2
192

‘//21/]23/13;14 ‘//)’5/263/27[1’83[1’9/7‘10]. (32)
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We use the following conventions for special Kihler geometry:

1 _
Ny =2Im(Fy) = l—.(Fu — Fy)

_ NX); (NX
J\/U:Fqui( ) (NX),;
XNX
| 1 (NX) (NX 1 (NX) (NX)
LJ:Im(MJ):__MJ+_( NX); LT
2 2 XNX 2 XNX
1 = i (NX)(NX),; i (NX)(NX),;
Ry =Re(Ny) = —(Fy + Fy) + - - =
i (M) 2( i + F) 2 XNX 2 XNX
P ] (NX),
K = -2 log(XNX) = —
T axt g(XNX) XNX
1vJ vlvJ
T — — N 4 XX XX AN (=% + KX + KiX')
XNX = TXNX
Mo N (NX)I(NX)J
1J — 1J XNX
Fiy = Fy, (33)

where (NX); = Ny X’ and XNX = N;X'X’, etc. The matrix Nj; has complex Lorentz
signature and Zj; is negative definite. We will often omit writing indices explicitly when the
meaning is clear from the order. Some useful identities are
O o e ol
—dX = i(dF)N"'K — K(KdX) (34)
0X

—1 _ -1 T\ -1 _ —1 @ %
dI'=2iN"'(dF)N~'(d — KX) + 2N (ax dX)X
+2(N"'K)dX (1d — KX) + h.c. (35)

T\ AN = %[ —(dXX + XdX) + (KdX)(XX + Xx)] +4N"Y(dF)N"L (36

Appendix B. Alternative calculation of dA

In a previous version of this paper a different calculation for the exterior derivation of A was
presented, which closely followed the original calculation of [20]. The calculation that now appears
in the main text is far more concise and does not involve evaluating differentials. We include here
our original calculation for the purpose of continuity with previous versions of this paper, and
because it provides a complementary approach to this calculation using complex forms.

We start by writing A as

A =U(aa + bp) + ¥(aa + b3) = i In(¥)2ac + i Im(¥)(b — b)B + Re (b + b)B.

Here W;(x) are complex fields and (a/ (x)), (bJI (x)) are complex matrices, where we have chosen
a to be purely imaginary. Substituting in the expression for oz, 3! given in (10), (11) we get

A =i¥((aF + b)N7'Q — (@F + HN"'Q) + h.c.
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We now make the ansatz
(@F + b)N~1® = 0, (aF + b)N"'KQ «x KQ,
which can satisfied by setting
(aF + b)N~!' = dKX = b = dKXN — aF.
Substituting this into the expression for A we get
A = i¥((—ia + dKX)(® + KQ) — dRQ) + h.c.
It is convenient to choose d = 23N’1, in which case
A = 24UN-!(® — KQ) + hc.
Comparing with (16) gives
¢ =(Im®Z)",
g, = (Im(\I/)N*I[ (Id — 2KX)F + (1d — 2KX)F | + Re(\If)),. (37)
The complex fields ¥; are related to the real fields ¢/, ¢, by
U = ¢+ Nyd. (38)
Taking derivatives we find
(d\p + (e - \Il)I“dN), = dC, + Nydd'. (39)

We now take derivative of A using the expressions (16) and (37). After some simplifi-
cations using identities (34) and (35) along with (9) and (12) we get

dA =24(dON — (W~ NI (KaX) + i(dF)N')) ',

- 2ii(d\1/N112 + (\If — \P)Nl(a—KdX))Q + h.c.
X

Simplifying further using (36) we can write this more concisely as

dA = [iziN"(d\If + (v - \D)I—'d/\/),] A B

1 i - ~
+ | —i2i—X(dV + (¥ — U)T'dN); [ AQ + he.  (40)
[ ( X NX) ( 2 ( ) )1 (
Substituting (39) we find precisely the same expressions as (17) in the main text.
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