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ABSTRACT

We propose a new methodology for filtering and forecasting the latent variance in a two-factor diffusion process with
jumps from a continuous-time perspective. For this purpose we use a continuous-time Markov chain approximation
with a finite state space. Essentially, we extend Markov chain filters to processes of higher dimensions. We assess
forecastability of the models under consideration by measuring forecast error of model expected realized variance,
trading in variance swap contracts, producing value-at-risk estimates as well as examining sign forecastability. We
provide empirical evidence using two sources, the S&P 500 index values and its corresponding cumulative risk-neutral
expected variance (namely the VIX index). Joint estimation reveals the market prices of equity and variance risk
implicit by the two probability measures. A further simulation study shows that the proposed methodology can filter
the variance of virtually any type of diffusion process (coupled with a jump process) with a non-analytical density
function. Copyright © 2015 John Wiley & Sons, Ltd.
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INTRODUCTION

In this paper we propose a new methodology for estimating the latent variance process in a two-factor diffusion pro-
cess with jumps. A by-product of our approach is the transition probability matrix of the return variance process which
we use to forecast volatility from the discretely observed data generated by the continuous-time stochastic volatility
jump diffusion models. The demand for volatility derivative contracts has grown substantially over the past years and
admits the importance of modelling, and thus successfully forecasting, volatility, which constitutes an important fac-
tor when pricing derivative contracts and hedging volatility risk. Furthermore, the importance of appropriate volatility
(variance) forecasting is further depicted in the forecastability of asset returns. Financial econometric theory suggests
that, while asset returns are not easily forecast, asset return volatility exhibits dependence and is thus forecastable.
That is, given the evidence of volatility dependence one should expect sign (market direction) dependence and hence
forecastability, a property of many profitable trading strategies (Christoffersen and Diebold, 2006).

The variance is not directly observable and thus direct inference is not possible. As a result a filtering algorithm
must be used to model the unobserved (latent) variance process. Optimal filters have recently become popular for
estimating the parameters of latent processes. Filtering distributions provide estimates of latent variables that are use-
ful for forecasting volatility or price distributions. They also allow researchers to identify or disentangle transient
from persistent shocks (Ait-Sahalia, 2004). The studies of Johannes (2004), Johannes et al. (2009) and Christof-
fersen et al. (2010) provide a seminal application of optimal filters for volatility forecasting, in which popular time
discretization schemes (e.g. the Euler scheme) are combined with particle simulations methods such as those of Pitt
and Shephard (1999) and Arulampalam et al. (2002). Their approach is quite generic, as it applies Monte Carlo
simulations to the underlying multivariate jump diffusion models; thus this approach even allows for models whose
probability density functions are not known in closed form that commonly arise in derivatives pricing applications.
The fundamental characteristic of their approach is time discretization of the underlying problem. The accuracy
of parameter estimates, one may argue, depends greatly on the number of simulations (particles) at each discrete
time step. That is, the robustness of particle filters may come at a cost of computational time. In this respect, we
introduce a filtering approach from a continuous-time perspective making use of the continuous-time Markov chain

* Correspondence to: Chia Chun Lo and Konstantinos Skindilias, Mathematical Sciences Department, University of Greenwich, London SE10
9LS, UK. E-mail: k.skindilias@gre.ac.uk

! The autocorrelation function of the volatility exhibits long-range dependence and is well described by a power law decay (Bollerslev and
Mikkelsen, 1996; Andersen et al., 2001a,2001b).
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approximation (MCA) of Kushner and DiMasi (1978), Kushner (1990) and Kushner and Dupuis (2001). Contrary to
most time discretization schemes, continuous-time Markov chains enjoy probabilistic convergence proofs (see Kush-
ner and DiMasi, 1978), which means that the proposed method in this paper does not require any time discretization
between market observations.

Recent studies in the literature provide empirical evidence on the good approximating features of the MCA to
continuous-time processes (Chourdakis, 2004; Skindilias and Lo, 2013; Lo and Skindilias, 2014b). Although for
single-factor processes Markov chain filters have been already designed (see Chourdakis and Dotsis, 2011; Lo and
Skindilias, 2014a), two-factor (or multi-factor) processes with correlated Brownian motions approximations do not
exist in the literature. One viable reason is that no sound (asymptotic) convergence and empirical proofs exist for
continuous-time multidimensional Markov chains as there are for the one-dimensional Markov chains (which rely on
the local consistency condition of Kushner, 1990). This indicates that when we approximate models with correlated
Brownian motions using an MCA the rate generator matrix of the Markov chain may not be well defined, leading to
a negative transition probability issue. We will review the conditions of a well-defined rate generator matrix below
(“The approximating chain to a variance process’).

In this paper, for the proposed filtering algorithm we have taken advantage of the existing probabilistic convergence
proofs that underlie the one-factor MCA, and exploit these by heuristically accommodating the two-factor problem
in one dimension. As such we successfully design a continuous-time, discrete state space filtering algorithm for
estimating the unobserved volatility process using a continuous-time Markov chain, which we thus call the Markov
chain approximation filter (MCAF). The method is fast and accurate, as we discuss and show further in the text. Thus,
in contrast to particle filters referenced above, the proposed MCAF does not require us to simulate an approximation
of the distribution of the latent variables. Instead, we use continuous-time Markov chains to model the transition
probabilities of the latent process. Additionally, we build the Markov chain in continuous time; this means there is
no need for time discretization between two market observations. The approach primarily involves matrix operations
and therefore naturally offers acceleration over simulation techniques. This is an important implication for real-time
forecasting applications.

In order to illustrate the proposed MCAF we choose to work with the well-known affine (univariate) continuous-
time stochastic volatility model of Heston (1993), a model that has enjoyed arguably significant popularity in the
financial literature.? The fact that investors price equity and volatility risk has been thoroughly illustrated in the
literature (see Pan, 2002; Carr and Wu, 2009; Duan and Yeh, 2010; Ait-Sahalia et al., 2015; and references therein
for further studies) and as such the risk premia required by investors are depicted in continuous-time models through
the market prices of equity and volatility risk, respectively. Furthermore, the jump component is crucial for capturing
the leptokurtic feature of the return distribution.® But from a time series analysis perspective estimation of the jump
amplitude parameters is ill posed,* thus making the choice of appropriate parameters hard enough. Additionally,
to address the leverage effect (between equity returns and volatility), often unrealistically high negative correlation
between the stock index and volatility is required. Numerous authors have argued that it is very hard to obtain a
concise value for this correlation coefficient (see Johannes et al., 2009). Tankov and Cont (2003) have shown that
one may set this correlation equal to zero.> A volatility model must be able to forecast volatility; this is the central
requirement in almost all financial applications. To this end, we examine model specification under three cases: (i) one
in which we estimate the variance process including jumps in the return process while also estimating the correlation
coefficient of the leverage effect; (ii) another, in which we fix the correlation to zero; and (iii) one in which we
examine the case where no jump component is incorporated in the return process. We assess performance by a simple
trading strategy in variance swaps. A variance swap is, in principle, a simple contract: it is consisted of a fixed leg
agreed at contract inception which determines the fixed amount to be paid at maturity, the so-called variance swap
rate, and a floating leg for which the counterpart receives in exchange a floating amount based on the sum of squared
daily log-returns, i.e. the realized variance, over the lifespan of the variance swap contract. Volatility forecastability
in this simple trading strategy is crucial as the fixed leg represents the expected integrated variance under the risk-
neutral probability measure, and the floating leg represents the expected integrated variance under the objective (or
statistical) probability measure over the contracted horizon. We find that the model-based signal from our variance
forecasts provides significant returns when compared to a benchmark strategy. We note that the jump component
is an important addition and, while the model with leverage effect parameter outperforms all other cases, one may
avoid estimating the correlation coefficient as both cases give similar signals. We produce value-at-risk forecasts
and note similar results for each model under consideration. A different conclusion is drawn when we examine sign

2 The importance of introducing a continuous-time model relies on the fact that only a few discrete-time models with time-varying volatility enjoy
a closed-form solution of the density function for increasing time horizons.

3 Andersen et al. (2002) conclude that allowing jump improves the performance of the model in terms of time series fitting, whereas Bakshi et al.
(1997) and Pan (2002), among others, offer different conclusions in terms of option pricing.

4 There exist a substantial number of solutions that provide a good fit to the market observed data.

5 In which case one may still be able to capture the short-term skew implied in options.
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forecastability. Our findings are in agreement with the observations of Christoffersen and Diebold (2006) but are not
along the same lines as the above tests in terms of which model performs better.°

Furthermore, our simulation study shows that the proposed MCAF may accommodate virtually any type of dif-
fusion process, particularly those with unknown density functions for which numerical approximations need to be
employed. The implications of the simulation study are thus twofold. First, we show that the proposed methodology
can accommodate more complicated functional forms. This mitigates the issue of parameter restrictions required in
the Heston (1993) SV model that restricts the volatility of volatility to be small relative to the unconditional variance,
which in turn restricts the amount of sign predictability (sign predictability is higher when the volatility of volatil-
ity is higher (Christoffersen and Diebold, 2006). Secondly, we show that MCAF parameter estimates are free from
spurious nonlinearity, making the proposed filtering algorithm a promising candidate for estimating such processes.

The study is performed on the S&P 500 index and volatility index (VIX) of the Chicago Board Options Exchange
(CBOE). Joint estimation of the S&P 500 index and VIX volatilities allows one to obtain estimates on the market
prices of risk and hence the market risk premia. This is because the S&P 500 admits the objective probability measure
and VIX pricing admits the risk-neutral probability measure. The resulting latent variance (under the two different
probability measures) naturally allows for computation of the expected integrated variances for the variance swap
counterparts. Furthermore, the VIX index is the reference for the fixed leg of the variance swap contract with length
30 days, as the model-free construction of the VIX index provides a measure of the market’s expectation of 30-day
implied volatility. Henceforth, joint estimation under the two probability measures allows one to extract information
based on the dynamics of the historical time series but also the market views of future expected variance thus naturally
assisting in forecasting.

The rest of this paper expands in the following manner. In the next section we discuss the model specification of the
Heston SV model with jumps and the counterparts of the joint estimation process. The MCA to a stochastic volatility
process and the filtering algorithm (MCAF) for the latent variance are described. In the third section we provide results
of our empirical analysis in which we test each model specification’s capability in forecasting accurately the variance
level and provide proofs of the strength of predictability. The fourth section consists of our simulation analysis and
the fifth section concludes.

MODELLING AND FILTERING VARIANCE

Model specification

We examine a parametric model specification for which we choose the stochastic differential equation (SDE) to take
a well-known structure that addresses stylized facts of observed asset return and its variance. Under the statistical
probability measure PP the stochastic volatility model with affine drift (Heston, 1993) and jumps (Bates, 1996) in the
return process is given by

dInS; = p,dr + /V,dW; + JdN,

(1
dV, = k(6 — V;)dt + v+/V,dB,

where (1, is the expected return on the asset. The arrival of jumps is governed by a Poisson counting process N; with
jump intensity rate given by A (¢, S;) = A. Thus the probability of a jump in d¢ is given by Pr(dN; = 1) = Adt.
Following Merton (1976), we assume that the jump size J is normally distributed, J ~ N (us,0%). W; and B,
are two Brownian motions with a correlation parameter p, which addresses the so-called leverage effect; the Poisson
process and Brownian motions are assumed to be independent. In the variance process k is the coefficient of mean
reversion speed over the long-term value of 6, and v represents the volatility of volatility parameter.

In order to compute variance swap rates, we use the standard approach of the risk-neutral probability measure
Q, which implies that the discounted asset price process is a martingale with respect to an equivalent probability
measure. Therefore, the compensator parameter in the return equation must be defined by

2
m::E(eJ—l)zexp(/LJ—i-%')—l

to ensure that under the risk-neutral probability measure the expected return in the asset is equal to the risk-free rate.
When a jump occurs the asset price changes in value by (S; — S;—)/S;— = (eJ —1).7 Thus m represents the average
jump size. The corresponding return process under the risk-neutral probability measure Q is thus given as

V
dln S; = (r—q—é—)&m) dr + \/V,dW,* + JdN;

©This is an interesting observation, which is out of the scope of this paper.
7 Note that log(S;/S;—) = J.
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where dW* = dW; + (‘j/%) dr and ¢ is the dividend yield. Suppose the volatility risk premium 7 (S, V'; ¢) is equal

to ny V4, so that the risk-neutral process for the variance is obtained by

dVy = k(6 — Vo)dt = (S, V1)) di +vy/V;dB;

2
— (k (0= V) =y Vo) di + vy/VidB}
where dB; = dB; + ("f}s—ﬁ) df. W and B/ are the two Brownian motions under the risk-neutral measure

maintaining the correlation p of the statistical measure and r is the risk-free rate. We assume that the jump dynamics
remain the same under the change of probability measure. In order to interpret the equity risk premia, we rewrite the
return parameter i, in equation (1) by u; = (r —g — V;/2 + nsV;). This setting is also similar to the Garch-in-mean
model in the discrete-time framework.

Our methodology consists of joint estimation of the return series of the the S&P 500 index and the observed
variance swap rate (the fixed leg of the contract) for which we choose to use the VIX? index, the S&P500 time series
corresponding (annualized) volatility index. The VIX index measures the market’s expectation of the 30-day forward
S&P 500 index volatility implicit in the index option prices, and is thus the reference variance swap rate for a 30-
day variance swap contact. Since VIX represents the volatility implicit in the index option prices, it constitutes the
market’s risk-neutral expectation of the 30-day forward volatility, thereby requiring the use of the parametric SDE
under the risk-neutral probability measure that we defined earlier. The market prices of risk, s and ny, relate the
two probability measures while allowing inference on the market risk premia. Given the stochastic volatility model
above, the 30-day variance swap rate (VIX?) can be easily computed following the known result of Carr and Wu
(2009), which relates variance swap rate computed from option prices to the time ¢ risk-neutral expectation of the
asset’s integrated variance over a period [¢, T'] denoted by IV, 7:

2 [® 0K, T 1 T

— /O P:((T)szK +¢ =EC[IV, 7] = ﬁEQ Ut Vsds:| +2¢ (3)
where P;(T) is the value of a bond at time ¢ that pays one dollar at time 7" and K is the strike price. O; (K, T') denotes
the time-¢ value of an out-of-the-money option with strike price K > 0 and maturity 7 > ¢ (a call option when
K > F; and a put when K < F;), where F; is the time-f forward price. The term €; and ¢ determine the compensator
of the discontinuous component, namely the jump process.

The right-hand side of equation (3) provides an alternative vehicle for making inference on the variance dynamics
that contains rich information with respect to the stochastic processes followed by the unobserved latent variance and
with respect to the variance risk premium. For the stochastic process in equation (2) the variance swap rate can be
computed in closed form® and is given by

1 T
VIX? = — /t EZ(Vy)ds + 2¢ 4)

. 2 2 . . . .
with ¢ = A(e"*7197/2 — 1 — 1 ;) and where the risk-neutral expected cumulative variance is computed by

T —* ok
0 1— Kk*t 1— Kk*t
f EQ(V)ds = ”—*(r— . )+ Vi 5)
t K

K* K*

where k* = k + ny and t = T — ¢. In the following subsections we discuss the mechanics for approximating
the variance process using a MCA, filtering the latent variance in the two-factor stochastic process, and the joint
estimation setup of (S&P 500, VIX).

The approximating chain to a variance process
We let the variance process in equation (2) be approximated by an n-state Markov chain {Vﬁ’ > 0} taking positive
values from a finite-element grid:
!/
v = {vi’,vé’, e vh}

n

where & denotes the grid spacing or the distance between any two adjacent grid elements in set v. We note that it
is not necessary to assume the grid elements are equidistant (see Lo and Skindilias, 2014b). Define an n x n rate

8 Where analytical solutions do not exist we show in the following sections how one can estimate this using the MCA
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generator matrix by Q = (¢;,; : i # j), with the rate elements g;,; subject to the conditions: ¢;; < 0, ¢;,;; > 0 and

> ; 9ij = 0. The transition probability of variance moves state vf’ to vé’ in time ¢ is obtained by °

P() = (pij(0) = ' = Z (t?) Z (IQ_) ©)

Jj=0 j=1

where I is the unit matrix. In this paper, we use the model proposed by Lo and Skindilias (2014b) to construct Q. To
save space, we present their formula in equation (28) in the Appendix. When pricing variance derivatives, we will
need to approximate the risk-neutral variance process in equation (2) by constructing a risk-neutral rate generator
matrix Q*, and the risk-neutral transition probability P* () can also be obtained by equation (6).

MCATF and variance forecasting
We present our MCAF for calibrating the return variance system in equations (1) and (2). In contrast to the filter
algorithm proposed by Chourdakis and Dotsis (2011), their methodology only applies to the univariate system. Our
model is able to accommodate a multivariate system. Before we introduce our methodology, we define a(V;) and
b(V}), the drift and diffusion functions of the variance process, in equation (2). In our return variance system, we have
a(V;) = k(@ —Vy) and b (V;) = v+/V;. From equation (2) we can express
dVy —a (Vy)de
dB) = ———— 7
YA @
Given that the correlation between B; and W; is p, we introduce another Brownian motion, Z;, which is
independent of B; and W;; then we can write

W, = (pdB; + /1= p22;) ®)
Taking equations (7) and (8) in equation (1), we obtain

1 AV, —a (V) dt
dlnStz(;Lt—EVt)dt+\/7, (%)Jr\/ﬁ\/l— 2dZ + dJ,
+ VVe (1 = p?)dZ; + dJ;

1 a(Vy)
= —=Vi—pvV; dt + pv'V,
(Nt 2/t PV Ve b (V) PV Vi

Because financial data are observed in discrete time, in order to develop the econometrics inference for estimation
we consider the discrete version of equation (9) and apply the Poisson approximation ' to evaluate the conditional
density function of log-return y; = A In S;. We obtain

€))

b(Vz

Ae M

= 10)

Dy, (1:1©) = Z(]ﬁ Vi My + kg, o5 +ko3)
Kk

where O is the unknown parameters set, ¢ (; a, b) is the normal density function with mean @ and variance b and

1 a(Vy) Vi—Via1
Y T AN 4T A 1
Ly (uq SVi—p tb(Vt)mL\/_zb(Vt (11)
and
02 =V, (1- %) Ay (12)

where @ is the unknown parameters set, and ¢ (.|a, b) is the normal density function with mean a and variance b.

When y; becomes available, we note that V; in equation (11) has only # different values from an n-state Markov

chain v = {v{‘, vé’, e vf(,}/. This is the advantage of MCAF over the particle filter, which requires simulations of

at least 500-1000 different particles (variances) at each time step. The proposed model keeps the states of variances
unchanged, while adjusting or updating the transition probability through time when observations become available.

Because the variance process is hidden, V;_; in equation(11) is still unknown. To overcome this issue, we propose
to use the filtered variance V;_; to replace V;_; in equation (11), and we found that the performance of this approx-
imation works very well in our simulation exercises. We will discuss how to obtain the filtered variance V; series by
using our MCAF shortly, and the results from our simulation exercises will also be presented.

9 For a rigorous discussion of Markov chain theory, we refer readers to Rogers and Williams (2000) and Elliott (1995).
10When jump frequency A and time interval Az are small, we found that using a Bernoulli approximation can also generate very precise results.
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As discussed in the previous subsection, the variance process in equation (2) is approximated by a local consistency
Markov chain with a transition matrix in equation (6), and conditional density of log-return y; is also available by
using equation (10). We now turn our attention to the model calibration by means of MCAF.

We define e(?) as a stochastic process and we assume e() = e; when the value of variance at ¢ is the value of the
ith element on the Markov chain, i.e. Vf’ = vlh. The vector e; is an N x 1 vector whose value is 1 on the ith entry
and 0 elsewhere, and €'(¢) represents the transposition of e(¢). We can then apply the one-dimensional MCAF of Lo
and Skindilias (2014a) and similar methodology of Chourdakis and Dotsis (2011) to calibrate our two-dimensional
system. We define an N x 1 filtered probability & (V;’ |.7-',) vector, where F; collects all available information up to .
Given the transition probability matrix P in equation (6), we compute the forecasting probability

£ (Vi adlF) =P (a0 g (VA7) (13)

where P’ denotes the transpose of matrix P. When new observations become available, we update the filtered
(posterior) probability by

é (V?+At|]:t+A) = (E (V?+At|ft) ’Ft+1)
- (5/ (V?-FAtl]:t) Ft+1)

where e and +, respectively, denote the element-by-element product and division, and F; is an n x 1 probability
density vector obtained from equation (10). For instance, the ith entry in F;4; is obtained from equation (10) with
Vi41 = v;. That is

(14)

Fi = [bet e|®,v1), -+, @y, t1©,vi) -+, @y, (11©, Un)]/ (15)
Suppose the initial variance is Vy = v;; the initial filtered probability is thus given by & = (0, ...0, Eé“h
=1,0...,0)". We run equations (13) and (14) recursively from ¢t = 1...T, where T is the total number of time
series observations in our dataset. Applying the Markov switching technique of Hamilton (1989), we obtain two
important by-products from the MCAF system: (i) the filtered variance; and (ii) the quasi-log-likelihood function,
which can be used to estimate model parameters. The filtered variance V from the system is computed by

Visr =& (Vi adFia) v 16)
and the quasi-log-likelihood function is defined by
(@) = Y tog (¢ (Via, |]-",_A> P(At)F,) 17)
t

To forecast future variance is very easy with MCAF. Suppose filtered variance at time ¢ is V, = v;; the variance
forecast VTf at a future time 7 is

Vi =eP(T —t)v (18)

Filtering for a higher-dimensional system

The system we proposed in the previous subsection can easily accommodate a system with higher dimensions.
Suppose Oy is the k x 1 vector collecting market prices of k different variance-sensitive derivatives; for example,
O, = [Call,, VIX?]'. The objective now is to calibrate the hidden variance process by using these market observations.
We define the measurement equation

0r=G(V:.0)+m 19)

where G (V;, ®) is the k x 1 model price vector obtained by analytical solutions or numerical approximations, and
n; is the multivariate normal distribution with zero mean and a diagonal covariance matrix . The density value for
each variance v; on the Markov chain is then computed by

¢'(0:,G(v;,0). %) (20)

To include the market observations of variance-sensitive derivatives in our MCAF model, users only need to change
the probability density vector F;4; in equation (15). Owing to the diagonal covariance matrix X, the ith entry in F; 4
in equation (15) is replaced by

k
Fio =@y, (0:]0.0:) Y ¢ (i)

o=1

where ¢! (v;) is the oh entry in equation (20).
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Table I. Time series summary statistics over the period
January 2000 to June 2007 (in-sample) and over the period
July 2007 to July 2014

In-sample Out-of-sample

SP500 VIX SP500 VIX
Mean 0.0044  19.664 0.0374 26.303
SD 0.1757 7.046 0.2333 11.284
Skewness 0.0751 0.783 —0.2975 1.834
Kurtosis 5.7798 3.088 11.6360 6.810
Max. 0.0557 80.860 0.1096 80.860
Min. —0.0600  9.890 —0.0947 11.980

EMPIRICAL ANALYSIS

Our evaluation of variance forecasting involves three particular applications (forecasting tests) that we describe below.
For each of the tests we conduct, the forecastability of variance is profoundly assessed in three subclasses of the two-
factor model specification. The first class, hereafter SVJ, leaves the specification untouched as given in equation (1).
Thus, allow for jumps in returns and allow for estimation of the correlation coefficient which represents the leverage
effect. Next, model SVJO sets the correlation coefficient to zero and essentially does not include it in the estimation
process. Lastly, model SVH is actually the Heston (1993) stochastic volatility model with a non-zero correlation and
no jumps in the return process. Our in-sample estimation period stops just before the financial crisis of 2007, thus
allowing us to examine thoroughly the contribution of the jump component and/or the leverage effect parameter in
the forecastability of the variance over the turmoil period after June 2007. For all three models, we perform joint
estimations of their objective (actual) and risk-neutral dynamics using the time series {S;, VIX;} of the S&P 500
index and its corresponding volatility index (VIX).!'!

The VIX index measures the market’s expectation of the 30-day forward S&P 500 index volatility implicit in the
index option prices. VIX? stands as a reference for the fixed-leg counterpart of a 30-day variance swap (VS) con-
tract. On daily frequencies, our data sample starts in January 2000 and ends in July 2014, though we run a subsample
analysis that covers the period January 2000 up to June 2007 and use part of the remaining period for our out-of-
sample analysis. Table I provides some basic statistics of two series of log-return of the S&P 500 index and VIX.
We emphasize two important observations for each of the time series over the in-sample and out-of-sample periods:
the return process after the financial crisis exhibits even more leptokurtic features, while the VIX index, although
maintaining the natural positive skewness, is profoundly characterized by an increased standard deviation and
excess kurtosis.

Estimation results

Our in-sample parameter estimates are reported in Tablell for three model classes over the period 3 January 2000
to 29 June 2007. The spot variance for the two similar class models with jumps (SVJ and SVJO) are relatively fast
mean reverting, implying that the time necessary to halve a unit shock!? in numbers of days is 45 and 50 days,
respectively, as opposed to the slow mean reversion of 180 days postulated by the model with no jumps (SVH). This
is most likely due to the fact that the model with no jumps requires keeping volatility elevated to capture adverse price
movements. The correlation for the two models with a non-zero correlation can confirm the leverage effect for which
their values are not necessarily consistent due to the inclusion of a jump. The long-run average volatilities, V6, are
consistent with the summary statistics of Table I. For all three model the parameter 1y for the prices of volatility risk
is negative, implying negative instantaneous variance risk premia. The jump parameters, for SVJ and SVJO, exhibit a
slightly negative mean jump'? and remain very close for both cases, although for one we do omit the leverage effect
parameter estimation.

Figure 1 plots the estimated latent variance for all three models. Notably, the SVH model has elevated variance
levels due to the omission of jumpslevels due to the omission of jumps. For the two cases with jumps, over most of
the period their levels are similar, except for where the SVJ model exhibits sharp changes in the volatility level, which
may mostly be due to inclusion of the leverage effect. That is, a sharp decline/increase in the underlying returns drives
a sharp increases/decrease in the level of volatility for the SVJ model.

"' The CBOE launched the VIX index in 1993 and switched to the new VIX index in September 2003. The VIX index values used in this study
are the new VIX index series obtained by the CBOE.

12 The half-life is given by —log(0.5)/k x 252

13 We have decided, for ease in estimation, to keep the jump parameters equal under both probability measures.
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Table II. Calibrated parameters over the subsample period January 2000 to June 2007 using the MCAF, which reveals
parameter estimates under both probability measures along with model likelihood estimate £

K 0 v ns nv A ey o P L

3.84490  0.06765 0.70674 0.00009 —1.87530 80.28000 —0.00306 0.00195 —0.85047 13578
340590  0.05000 0.54000 0.00010 —1.90000 76.90000 —0.00310 0.00190 0 12826
0.94780  0.03500  0.26000 0.07620 —0.3721 — — — —0.54050 7548

Note: In agreement with studies in the literature, the market price of volatility risk parameters 1y, are negative for all models,
indicating a negative variance risk premium. All parameter estimates are significant at the 5% level of significance.
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Figure 1. The filtered variance process (in-sample) for each of the three model representations for the daily S&P 500 return series

To further examine the difference of each model, in Figure 2 we display predictive volatility distributions,
p(Viie|ye, Vi), and predictive return distributions, p(y:+¢|y:, V;). Because variance is unobservable, we use fil-
tered variance V; in equation 16 to produce the predictive distributions of future volatilities and returns. We locate
over our in-sample data series the largest negative daily return, move our estimation 1 week earlier to this event, and
produce predictive densities for the week ‘ahead’ (v = 7 days). This large movement corresponds to about a —6%
change in return. Prior to this move the predictive return densities were already different. We note that the density
of the SVH, relative to SVJ and SVJO, is shifted to the right, indicating that relatively large moves prior to this date
were in part explained by the jump components. The return densities for the jump models are almost identical and
substantially different for the SVH model. The return density of two models with jump components are significantly
more negatively skewed than the SVH model, also exhibiting fatter tails. We further show the densities for the period
just after the market move and we further provide an out-of-sample prediction for the largest negative return in the
out-of-sample period. Although predictive volatility and return estimates across models are different, there is no for-
mal indication as to which estimates are more accurate. Qualitatively, we may note that while return distributions can
be significantly different (at least in the jump and zero-jump cases) the forecastability of the volatility distribution
looks more concise.'* We thus address the robustness of our parameter estimates by forecasting total variance over
daily and weekly horizons in the out-of-sample part of the data. For each model, expected future variance is given by

14 This may be in agreement with the study of Christoffersen and Diebold (2006), who note that whereas volatility is forecastable returns are not.
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Figure 2. The predictive return p(y;4.|y;) (left plots) and volatility p(y/V;+1|y;) (right plots) distribution around a date with
the largest market move in the in-sample period (top and middle plots) and the out-of-sample predictive densities 1 week before
the largest negative realized return in the out-of-sample period

Table III. Forecasting results over three time horizons for
each model. Each value represents the RMSE of the forecast
(expected) realized variance over the realized variance

SVI SVIo SVH
Daily 0.0364 0.0386 0.0399
Weekly 0.0668 0.0721 0.0760
Monthly 0.1602 0.1687 0.1588

E ,P ( fttﬂ Vsds), which is known analytically, and the realized n-day variance is given by summing squared returns:

Z?:l (log(St[ /St,‘_l ))2

Table III reports the root mean square error (RMSE) of the variance forecast of each of the model specifications.
It is clear that the SVJ model outperforms all other cases, and in some instances marginally the SVJO counterpart.
Surprisingly, we note that the SVH model in the monthly forecast horizon outperforms (although marginally) all
other models.

Variance swaps trading
Our first assessment of successful forecastability of the variance, given our observations in the preceding section,
focuses in variance swap trading. This has a direct implication for the ability of the model to forecast variance
effectively as the variance swap contract payoff is a function of the variance itself.

For variance swap contracts, as for any swap contract, no exchange of the principal amount takes place; the fixed
leg of the VS agrees to pay at maturity the agreed amount fixed at time #: the VS rate (SW; 7). At maturity T, the
long position in the variance swap receives the difference between the realized variance RV, 7 and the VS rate:!°

(RV,.17 — SW;.7) x ($ notional amount)

The studies of Carr and Wu (2009) and Ait-Sahalia et al. (2015) clearly indicate that the difference VP, 7 =
E tP [RV; 7] — SW¢, 1, which defines the variance risk premia, is negative most of the time, thus implying that taking
short positions in variance swap contracts will, on average, be more profitable. Our negative estimate of the market

15 The value of the contract at initiation is zero.
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Table IV. Shorting variance swaps (short-and-hold): in-
sample and out-of-sample trading

SVJ SVIo SVH

In-sample
Mean payoff 0.009213  0.008297 0.006192
Sharpe ratio 0.121802 0.111622  0.092302

Out-of-sample
Mean payoff 0.007731 0.007721  0.006726
Sharpe ratio 0.053468 0.051485  0.048327

Note: We present mean payoff as well as Sharpe ratios. Sharpe
ratios are computed as the average return throughout the sam-
ple divided by its standard deviation. The signal for the strategy
is defined as a positive expected payoff from shorting the VS
contract, i.e. VS;.7 — EF [RV; 7). The signal for each model
is determined by the estimate of the cumulative expected real-
ized variance E[RV, 7]. We repeat the strategy for each ¢
in our sample and hold the position until maturity.

price of variance risk 1y also proves this. Therefore the timing of whether a trader takes a short position in a variance
swap contract comes as a signal of whether we expect the payoff of shorting the contract to be positive. That is,
our forecast RV; 7 can be used to construct this signal. Recent results from the theory of quadratic variation show
that when the sampling frequency is high the realized (integrated) variance IV, 7 converges to the unobserved true
integrated variance:

252 & S \? 1 (T 1
RVtT:T. (log ti ) %IVIT:ﬁ i VSdS+——t Z J2 (21)

which is the sum of two terms in our SDE: the continuous and discontinuous parts. In other words, to forecast the
RV and assess our trading signal we need to compute the expectation of integrated variance under the objective
probability measure P over the period of interest. This quantity is known in closed form, comes as a result by taking
expectations in the continuous-time process under the objective probability measure.

T
EF[IV, 7] = T;tE,P { / Vsds:| +2¢ (22)
- t

The different parameter estimates of the three cases we examine (SVJ, SVJO, SVH) are expected to give different
signals. The strategy is to short variance swaps when the signal indicates a positive return, EtlD IV, 1] — SW; 1 > 0.
This is rather a simple trading strategy but profoundly assesses our variance forecastability among the three competing
model representations. When the contract is shorted we hold the position until maturity, essentially undertaking a
short-and-hold strategy. We repeat the strategy for each ¢ in our in-sample period and also assess each forecast for
each ¢ of our out-of-sample period. That is, each day 7, based on the trading signal we decide whether or not to
short-and-hold.

Table IV provides a plot of each model performance over the in-sample and out-of-sample periods. We compare
models by measuring the return in shorting VS contracts and their corresponding Sharpe ratios. Sharpe ratios are
computed as the average return throughout our sample divided by its standard deviation. We note that SVJ and SVJO,
as opposed to SVH, give similar signals as depicted in their average returns and Sharpe ratios. In the preceding section
we noted that the SVH model produces the least error amongst the other models for monthly forecasting. Essentially,
as VIX represents the 30-day expected variance we are actually forecasting 30-day variance. Nonetheless, we note that
here the SVH model is the worst performer. There are two underlying reasons for this. First, as we saw in the latent
variance plots, the SVH model was the one with the most elevated variance level. It is then possible to expect the SVH
model to give signals more frequently. Most importantly, the VS payoff is a function of the average variance over the
life of the contract. Therefore, given the good performance of the other two models in the forecasting experiment in
the preceding section, we should expect SVJ and SVJO to give better signals.'6

16 We have also benchmarked the strategy to an S&P 500 buy-and-hold strategy that initiates whenever the VS signal kicks in. Results are given
upon request. Ait-Sahalia et al. (2015), too, shows that on average shorting variance swaps outperforms the underlying index buy-and-hold
strategies.
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Table V. Evaluation of 1-day VaR forecast: in- and out-of-sample
empirical shortfall probability & and mean absolute percentage error
(MAPE) based on 1-day VaR forecast are reported

o 1% 5% 10% MAPE T
In-sample 1882
SvIJ 0.012* 0.053* 0.116 0.17

SVJo 0.015 0.06* 0.123 0.342

SVH 0.006%* 0.034 0.086 0.273

Out-of sample 1779
SvI 0.014* 0.057* 0.098* 0.211

SVJo 0.023 0.065 0.102* 0.562

SVH 0.015 0.053* 0.085 0.247

Note: In-sample period covers January 2000 to June 2007 and out-of-sample
period covers July 2007 to July 2014. Values with an asterisk indicate
the null hypothesis Ho: @ = & is not rejected at the 5% level from the
likelihood ratio test. The critical value at the 5% level from x2 (1) is 3.84.

Value-at risk (VaR) forecast
The 1-day VaR forecast of S&P 500 daily log-returns R;, given an associated probability threshold o, implied by a
model M is defined by

Pri (R, < —VaRY) = « (23)
Following convention, we define VaR as a positive number. If the model is appropriately specified, we expect only

100 x a% of the observed returns to exceed the the negative VaR forecast. We can access the performance of model
M by examining the percentage shortfall frequencies:

X o
F"‘=100x7=100xo¢ (24)
where T is the number of observed returns and x is number of days that return is lower than negative VaR (shortfall
frequency). Therefore, @ is the empirical shortfall probability. If the model can adequately assess (or quantify) the

risk, the empirical probability of shortfall & should not be statistically different from its theoretical counterpart . To
formally test the null hypothesis, Hy: @ = &, we use the standard likelihood ratio test:

X B T—x
LRT = —2 (log (%) + log (1 — g) ) ~ ¥2 (1) (25)

In our analysis,we focus on @ = 0.01,0.05 and 0.1. For the performance summary, we also evaluate the mean
absolute percentage error (MAPE) for each model, given by

3
1 —
MAPE = — _—
D

(26)

i=1

where {a1, a2, a3} = {0.01,0.05,0.1}. The VaR} forecast associated with the proposed system is simply the o-
percentile of the log-return model given by equation 1, where the variance V; is replaced by the variance forecast V,f
from equation (18).

We report the empirical shortfall probability @ and MAPE of the 1-day VaR forecast of each model in Table V. The
values with an asterisk indicate that the null hypothesis Hy: @ = & is not rejected at the 5% level from the likelihood
ratio test, given that the critical value at the 5% level from y2(1) is 3.84. As expected, the SVJ model performs
best with the minimal MAPE, 0.17 and 0.211 respectively, in both in-sample and out-of-sample analyses. All VaR
estimates based on SVJ models pass the likelihood ratio test, except for the in-sample @« = 10% case. We observe that
both SVJO and SVH perform poorly in the likelihood ratio test and SVJO performs worst in terms of MAPE values.

Sign forecast

To further illustrate the power of forecastability over the three model structures, we incorporate a logic that relies on
variance dependence and determine which of the three provides the optimal sign prediction and for which horizon. The
idea is introduced in Christoffersen and Diebold (2006),'” who show that the ability of market direction forecastability

17 For an excellent treatment of the idea we refer the reader to the original manuscript from the authors.
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Figure 3. Out-of sample forecast correlation corr (PH— nies Ie+ h). We examine the correlation between sign forecasts and realiza-
tions as a function of horizon. For each of the models under consideration we compute the conditional probability of a positive
return as well as the return sign realization ranging from 1 to 500 days ahead. Some sign forecastability remains for the very long
horizon but drops significantly for all models after 250 days

(return sign) is a case of the dependence and forecastability of asset return variance. In particular, the authors show
that one should expect sign dependence, given the strong literature evidence of variance dependence. Further, building
on an important principle of forecasting, it is shown that it is statistically possible for one to have sign and hence
variance dependence when mean independence may exist. This phenomenon can be interpreted by the following
return decomposition:

R; = sign (R;) X | R;| @7

It is well known in the empirical literature that both of the right-hand side components of the return decomposition
equation are persistent and hence forecastable; however, returns themselves are unforecastable. Following Christof-
fersen and Diebold (2006), let R;4 1,45 be the h-day return, and define a positive return indicator variable /15, = 1
if Ryy1:04n > 0, and Iy, = 0 otherwise. Our objective here is to forecast sign /4 using the variance V;. Because
variance is unobservable, we use filtered variance V;4; in equation (16) to forecast the sign of returns. As suggested
by Christoffersen and Diebold (2006), we use in-sample data to estimate the following logistic regression:

Ly =@ (Ve,0) + et
where @ is the parameter set, ® (-) is the logistic function

__exp(x)
R )

and e is white noise. In our analysis, we focus on & = {20, 40, 60, 120, 250, 300, 500}. The out-of-sample correlation
between sign forecasts Psypn (Riy1:444 > 0) obtained by logistic regression and realization I; is presented in
Figure 3. The results indicate that: (i) a hump shape is apparent, which means it is actually hard to forecast over high
frequencies as well as low frequencies; and (ii) our findings are similar to those of the authors. The peak of correlation
is on a 250-trading day horizon. Surprisingly, signs have higher forecastability for the SVH model. We were expecting
the the volatility of volatility restriction in the Heston model to limit the amount of sign predictability. This is not
what we have observed. One explanation could be that the leverage effect parameter (p), which is non-zero, allows
for sign forecastability even when expected returns are zero, as the authors have shown, thereby possibly increasing
the forecastability in the Heston model.'® Further, we were hoping to see qualitatively similar results for SVJ and
SVIJO0, as the authors further showed that results are qualitatively similar if no leverage is incorporated. The underlying
reason for examining this is beyond the scope of our paper but we will address this subject in further studies.

SIMULATION ANALYSIS
The performance of model calibration for a jump diffusion approximated by a continuous-time Markov chain has

been documented in past literature from Lo and Skindilias (2014a,2014b) for a one-dimensional filtering problem. A
Markov chain filter can accurately track the hidden state sequence.

18 The jump component may have some effect here too.
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Table VI. Simulation results under the two settings

True Mean SD 5% 95%

Affine CEV

ap 0.0179 0.0218 0.0039 0.0141 0.0297
ap —1.524 —1.7685 0.2445 —2.2599 —1.2697
by 4.7207 4.2123 0.5308 3.1629 5.2687
by 1.2563 1.1951 0.0611 1.0667 1.3192
% 0.25 0.2503 0.0004 0.2496 0.2511
Non-affine CEV

ap —0.0232 —0.0188 0.0089 —0.0378 —0.0011
ai 3.4218 3.8601 0.6433 2.4448 5.2136
a, —57.8252 —59.7725 1.9407 —63.7081 —55.7092
as 0.0001 0.0001 0 0.0001 0.0001
b1 13.7907 14.8 1.5588 11.6509 17.9645
b> 1.5237 1.4688 0.118 1.2178 1.7242
n 0.15 0.1529 0.0291 0.0885 0.2133

Note: An SV model with linear drift in the variance process (this is equivalent to the
process used in the text for a9 = 60 and a; = —k, and an SV model with nonlinear
drift component and CEV-diffusion type for which the density function is not known in
closed form.

In this section we perform a simulation study for calibrating model parameters in a two-dimensional system where
the underlying process density is unknown. Our sole purpose is to show that the proposed filtering methodology may
accommodate virtually any type of process.

We work with a two-factor stochastic volatility model. As before, we add jumps in the return process and,
additionally, let the diffusion of the variance take a less restrictive form than that of the square root type. Further-
more, the drift of the variance process takes a nonlinear specification. As a result, the resulting process density
function does not exist in closed form. In mathematical finance this process is known as the non-affine stochastic
volatility model.

The return process specification is given by the SDE:

dInS = (u — V;/2)dt + /V,dW, + dJ

with variance specification under the two different settings given by

Affine CEV: dV; = (ap + a,V;)dt + b, VP2dB,
Non-affine CEV:  dV; = (ag + a1V, + ax V> + as/V;)dt + b, V?2dB,

We have considered an extra case in which, while the drift of the variance is linear, the diffusion is of constant
elasticity of variance type (CEV).!” This process is denoted by ‘Affine CEV’, while the process with nonlinear drift
and CEV-type diffusion is denoted by ‘Non-affine CEV’ in the table above. There is no consensus in the empirical
literature as to which process better explains the dynamics of the latent variance. Certainly the Bates (2000) model
used in our empirical section has enjoyed popularity owing to its analytical tractability and closed-form solutions for
option prices. The affine process with CEV diffusion has no closed-form formula for computing option prices. This
also applies to the variance process with nonlinear drift.

We simulate 5000 time steps of size At = 1/252 and run the MCAF 500 times to produce average sample
parameter estimates. Estimation results are given in Table VI. Results clearly indicate that the MCAF is able to capture
the ‘true’ parameters of the underlying pilot process.

Table VI displays the calibrated parameter estimates. The proposed MCAF can successfully track the latent vari-
ance process in either of the forms presented. These results allow us to extend our study and investigate the variance
structure in a non-affine stochastic volatility framework for which no concise conclusions yet exist in the literature.
Primarily, this is because of the limiting (or time-consuming) approaches that exist in the literature for estimating
non-affine processes.

19 We include this specification, as in the main empirical analysis we used the square root type diffusion for which the density was known.
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SUMMARY AND CONCLUSIONS

We have successfully designed and implemented a filtering algorithm to the latent variance process in a two-factor
stochastic volatility model with jumps in the return process. The filter is built in continuous time and enjoys prob-
abilistic convergence proofs whose roots rely on the well-established idea of local consistency in a Markov chain
approximation setting as given by Kushner and Dupuis (2001). It shares similar features to the popular particle fil-
ters of Johannes et al. (2009) and Christoffersen et al. (2010), such as the ability to calibrate virtually any type of
process whether the density is known or not. A major implication of the proposed filter is that this filter is build in
continuous time.

We illustrate this through a study of the well-known Heston (1993) SV model, whose variance process has a linear
drift function and square-root diffusion, and whose return process encompasses a jump component (Bates, 2000).
This model enjoys the features of an analytical density function but also a closed-form formula for option prices.
Empirical results are open to a number of interpretations. A major consideration of this type of model structure is
the ill-posedness of jump parameter estimation and the hard-to-estimate leverage effect parameters. To this end, we
have illustrated through the proposed filtering algorithm the implications of omitting from the estimation process the
jump components and/or leverage effect parameter. We essentially dealt with three popular cases: (i) the SVJ model,
which leaves intact the structure of the SV model with jumps in the return process; (ii) the SVJO model, which sets
the leverage effect equal to zero but allows returns in the jump process; and (iii) the SVH model, which is a zero-
jump model with non-zero leverage effect parameters. We assess each of the model through a series of forecasting
experiments that rely primarily on accurate variance forecasting. We confine ourselves solely to forecasting variance
as we note that financial econometric theory suggests that, while asset returns are not easily forecast, asset return
volatility exhibits dependence and is thus forecastable. We find that the model that attempts to address all stylized
facts of the return/variance relationship, namely the SVJ model, can outperform all other components in most of our
experiments. Nonetheless, if one finds it hard to obtain a concise estimate of the correlation coefficient of the so-
called leverage effect, results are not expected to differ substantially. Agreeing with most studies in the literature we
note that, while the leverage effect parameter may (under some conditions) be omitted from the model, the addition
of a jump component is necessary. Throughout the manuscript we have used a model that is analytically tractable.
We choose to do so, first because the SV structure we work with is a model that has enjoyed great popularity, but
also to ensure that our numerical approximation is consistent with the approximation of the closed-form solution,
thereby relating all closed-form equations used in this paper with their semi-closed-form analogues of our proposed
approach. Nonetheless, the methodology is not confined to processes with analytically tractable density functions. In a
simulation study we show that the proposed methodology has applicability to a wider class of model with complicated
structures for which the probability density function is not known analytically. We show that the MCAF parameter
estimates are very close to the true parameters that have generated the ‘data’ process.

Our study allows us to extend our research and address a long-standing question in the literature regarding the use
of nonlinear specifications in the drift of the variance process, for which closed-form solutions do not exist. For this
class of model empirical results are not yet sufficient to yield a concise conclusion of whether inference using these
non-affine models can better explain the dynamics of the latent unobserved variance process.

APPENDIX

Lo and Skindilias (2014b) propose a Markov chain approximation scheme for general jump diffusion. In this paper,
we only consider the diffusion process for the variance process without any jump component. Therefore we use the
continuous part of their formula to approximate the variance process dv; = a (v;) dt 4+ b (v;) dW. Lo and Skindilias
(2014b) show that the proposed generalized formula for the Q rate matrix of an n-state non-equidistant Markov chain
with grid spacing h = {h1, ..., h,—1} satisfies the local consistency condition of Kushner and DiMasi (1978):

b)) = (himy x a=(0)) + hi x a* (v]))

1 _
diji—1 = 7—4a (Uih) +

hi—1 hi—1(hi—1 + hi)
qii = —qii—1 — qii+1
h h h (28)
ey 4 PO e x amh) 4 xat )
T =0 ' hi(hi—1 + h;)

gij =0 Vi i—1,i+1
where ¢ = max (a,0) and ¢~ = max (—a, 0).
Copyright © 2015 John Wiley & Sons, Ltd J. Forecast. 35, 54-69 (2015)
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