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We prove scattering of solutions of the loglog energy-supercritical Schrédinger equation
u+Au = |u|ﬁug(|u|) with g(|u]) := log” (log (10 + [u|?)),0 < y < Yno 1 € {3, 4,5}, and
with radial data u(0) := u, € H* := H*(R") N H'(R"), where 2 >k>1(resp.5>k>1)if
n € {3, 4} (resp. n = 5). The proof uses concentration techniques (see e.g., [2, 12]) to prove
a long-time Strichartz-type estimate on an arbitrarily long time interval J depending on
an a priori bound of some norms of the solution, combined with an induction on time
of the Strichartz estimates in order to bound these norms a posteriori (see e.g., [8, 10]).
We also revisit the scattering theory of solutions with radial data in H* k > %, and
n € {3, 4}; more precisely, we prove scattering for a larger range of y s than in [10]. In
order to control the barely supercritical nonlinearity for nonsmooth solutions, that is,

solutions with data in A, k < 2, we prove some Jensen-type inequalities.

1 Introduction

We shall study the solutions of the following Schrodinger equation in dimension n,
n € {3, 4, b}:

i9,u + Au = [ul "2 ug(|ul) (1)
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2502 T. Roy

with g(Ju|) := log” (log (10 + [u|?)), y > 0. This equation has many connections with the

following power-type Schrodinger equation, p > 1
10,V + Av = |v|P~lv (2)

(2) has a natural scaling: if v is a solution of (2) with data v(0) := vy and if A ¢ Ris a

parameter then v, (t,x) := 141 14 (ALZ ;—‘) is also a solution of (2) but with data v, (0, x) :=
AP-

—v (). If s, =3 — l% then the H®» norm of the initial data is invariant under the

AP—1

n
2
scaling; this is why (2) is said to be H%-critical. If p = 1+ -%; then (2) is H'- (or energy-)

critical. The energy-critical Schrédinger equation
. 4
i0,u+ Au=|ul"2u (3)

has received a great deal of attention. Cazenave and Weissler [3] proved the local well-

posedness of (3): given any u(0) such that [[u(0)|;n < oo there exists, for some positive
2n+2) 2(n+2)

to close to zero, a unique u € C([0, ty], H') NL, " Ly" % ([0, t,]) satisfying (3) in the sense

of distributions, hence
u) =eu() - ifgel [lu@)TTu)) dt. )

The long-time behavior of radial solutions of (3) has been studied by several authors.

Bourgain [2] proved global well-posedness (i.e., global existence) and scattering (i.e.,
2(n+2) 2(n+2)

linear asymptotic behavior) of the solutions in the class C (R,H') NL,"* L,"? (R) in

dimension n € {3, 4}. He also proved this fact for smoother solutions. Another proof was

given by Grillakis [6] in dimension n = 3. The result in the class mentioned above was

extended to higher dimensions (i.e., n > 5) by Tao [12].

Ifp>1+ % then s, > 1 and we are in l;he energy supercritical rigime. Since for

all € > 0 there exists ¢, > 0 such that ||u|"2ug(jul)| < ¢, max (1, |u|=2"") then the

nonlinearity of (1) is said to be barely supercritical. Barely supercritical equations have

been studied extensively in the literature, see for example [8-13].

The global well-posedness and scattering of radial solutions of (1) lying in H* for n € {3,

4} and k > 7 was proved in [10] for a range of positive y s.

In this paper we are primarily interested in establishing global well-posedness and

scattering results of nonsmooth solutions of (1) for n € {3, 4, 5}. By nonsmooth solutions
n

of (1) we mean solutions of (1) lying in H* with k < 7 (the Sobolev embedding says that

a function f is continuous if it lies in H* k> %, but not necessarily if k < %, hence the
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Barely Supercritical Schrédinger Equations 2503

terminology “nonsmooth”). The local well-posedness theory for nonsmooth solutions of

(1) can be formulated as follows:

Proposition 1. Letn €{3,4,5}. Let 2 > k > 1 (resp. % >k > 1)if n € {3, 4} (resp. n = 5).
Let M be such that ||uy|lzx < M. Then there exists § := §(M) > 0 that has the following
property: if T; > 0 is a number such that T; > 0 and

itA

le*®ug| 2miz 2miz <34 (5)

Lt n—2 LXn—2 ([O,Tl])

then there exists a unique

2(n+2) 2(n+2) ) 2(n+2) 2(n+2)

ueC ([o,Tl],fIk) NnB (Lt "2 L2 ([0, Ty; 28 )NL, * DLy ™ ([0, Ty))

2(n+2) 2(n+2)
NL, * D7 %L, ™ ([0, T})

such that

u(t) = eitbug — i [Leit—1n ((u(t’) T uit)g (\u(t’)()) dr' (6)

is satisfied in the sense of diz(strziblé!;iozr)ls. Here D*L" := H%" is endowed with the norm
n+2) n+.

If lp-arr := ID*fll- and B{L,"* Ly"~* ([0, Tl]);F) denotes the closed ball centered at the

2042) 2(n+2)
origin with radius 7in L, " L,"* ([0, T})).

Remark 1. Tjis called a time of local existence.

Remark 2. Notice that the same proposition as Proposition 1 was proved in [10] except
n

that the range of n and that of k are replaced with n € {3, 4} and k > 7.

Remark 3. In the sequel we call an H*-solution a solution of (1) that is constructed by

Proposition 1.

The proof of Proposition 1 is given in the appendix. This allows (by a standard

procedure) to define the notion of maximal time interval of existence I, ,,, that is the

union of all the open intervals I containing 0 such that (6) holds in the class C(I, H*) N
2(n+2) 2(n+2) 2(n+2) 2(n+2)

L,* D 'Ly™ ()NL, " DXLy ™ (I). The following property holds:
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2504 T. Roy

Proposition 2. If|I,,, . | < oo then

lull 2042 2m+2) = 00. (7)
L2 L (max)

Proposition 2 is proved in Section 4. With this in mind, global well-posedness

follows from an a priori bound of the form

lull 2042 2042) <f (T, llugllgx) (8)
L% L, % (-1.7)
for arbitrarily large time T > 0. In fact we shall prove that the bound does not depend
on time T; this is the preliminary step to prove scattering.
In this paper we also revisit the asymptotic behavior of radial H*-solutions of (1) for n €
{3, 4} with k > 7. In particular, we prove global well-posedness and scattering of radial
H*-solutions of (1) for a larger range of y s than in [10].

The main result of this paper is:

Theorem 3. Letn € {3, 4, 5}. Let I, defined as follows: if n € {3, 4} then I,, := (1, c0) and
if n =5 thenI, := (1, §). Let y, be defined as follows: y3 = 53, ¥4 = 1855, and ¥5 = 3347-
The H¥-solution of (1) with radial data u0) :=ug € H* ke I,,and 0 < y <y, exists for
all time T. Moreover, there exists a scattering state Ug, 4 € H¥ such that

itA

tim () — e , |5 =0 ©

and there exists C depending only on ||uy|z such that

lull 2042 2042y < Cllugll ge)- (10)
Lt n—2 anfz (R)
Remark 4. By symmetry (i.e., if ¢ — wu(t,x) is a solution of (1) then t — u(—t,x) is a

solution of (1)) there exists u, € H* such that Jim |u) — e ug | g =0.
! ——00 !

Remark 5. If n € {3, 4} then this theorem and the Sobolev embeddings of HP into C™
(space of functions such that the derivatives of order smaller or equal to m exist and
are continuous) for p and m integers properly chosen imply global results regarding the
regularity of the solutions. For example, the following result holds: if the data is smooth
and radial with enough decay at infinity to be in A* for a k > 7 then for all time we have
a finite bound of the L* norm of the solution of (1). The following result also holds: if

the data is Schwartz and radial then for all time the solution is infinitely differentiable.
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Barely Supercritical Schrédinger Equations 2505

Remark 6. If n € (3,4} and k > 7 global well-posedness and scattering for radial H*-

1
5772 8024
if n = 4. Hence, we extend our previous result by covering the range 1 < k < % for

solutions of (1) were already proved in [10] for 0 < y < =% if n =3 and for 0 < y <

n € {3, 4} and the range 1 < k < % for n = 5. We also prove global well-posedness and
scattering with radial data in H*, k > %, for a larger range of y s.
We set up some notation and recall some estimates.

Unless otherwise specified, we let p’ be the conjugate of a positive number p, that is,
Il) + 1% = 1. We write a < b (resp. a <, b) if there exists a positive constant ¢ < 1
(resp. ¢ := c(a) <« 1) such that a < ¢b, a > b (resp. a >, b) if there exists a positive
constant C > 1 (resp. C := C(x) > 1) such that a > Cb, and a ~ b (resp. a ~, b) if there
exists a positive constant C (resp. C := C(«)) such that %b <a < Cb.If ¢ := c(a) (resp.
C := C(w)) but o is not an important variable (in the sense that it does not play
an important role in the main argument) then for the sake of clarity we forget the
dependence on « and we write a < b (resp. a > b) instead of a <, b (resp. a >, b)
(e.g., the reader can check that C; in Proposition 7 depends on the energy E (see page 9).
Since this dependence is not important, we do not take it into account). The notation

above naturally extends to a <,  , b by letting the constants depending on «,, ...,

..... @
o, Ifx e Rthenx+:=x+efor0<e<1and (x):= (x2+1)2.

Let f be a function depending on space. Let u be a function depending on space and time.
Unless otherwise specified, for sake of simplicity, we do not mention in the sequel the
spaces to which f and u belong in the estimates; this exercise is left to the reader. Let fj,
denote the function defined by x — f},(x) := f(x — h). The pointwise dispersive estimate

is 1€2f |l < 2|l fllz1. Interpolating with [|€®2f|;2 = | fll,2 we have the well-known

~ n
[t]2

generalized pointwise dispersive estimate

e flie S — 5 Il (11)
(2 7)

with 2 < p < o0.

Let r > 1 and let m be a positive number such that m < 2. We denote by m; the number
that satisfies mi,; = % — % Let k be a constant such that 1 < k < min (% k). We recall the
Sobolev inequalities:

£l & < 1Nz, and

1l gme S ID™fllgr-

(12)
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2506 T. Roy

We also have

k> 2 (1 flze S 1Sl (13)

Let (Q, R) be the following:

(4+,00—) ifn=3
(Q,R) :={(@2+,00-) ifn=4
(2+,10-) ifn=5.

Let (é,ﬁ) be the following:
) (1,2) if n € {3,4}

(3,33) ifn=5.

(é,i%

Let J be an interval. Let X(J, u) and Y (J, u) denote the following

X, w) = [l ey + 10Ul g+ [ D5l g and

2715 2,15
+Lx™ (J) LiLy" (J)

Y(J,w) = ull gy + IDUll 2012 2042+ HDku” 2n+2) 2(1+2)
t L™ Ly " ) L, " Ly " )
We recall the two propositions:
Proposition 4. [10] Let 0 < @ < 1, k¥’ and B be integers such that k¥’ > 2and 8 > k' — 1,

(r,ry) € (1,00)2, (ry,ry) € (1, 00)? be such that % = r’% + % + % Let F: RT — R bea
C¥ function and let G := R? — R2 be a C¥ -function such that

Fil =0 (I2), rel0,11: |F(lex+ (1 = 0y)| S [Fax| + [FayD)|, (14)
and
6x, %) = 0 (1x1P+17) (15)
for 0 <i <k'. Then

[D¥ =15 (6. HFAFZ) | | S 1F1 10K 4 F s IF(F s (16)

20z el £z uo Jasn jnuieg Jo Aisioaiun uesuswy Ad 0./¥66+/1052/8/0202/31014e/ulwl/wod dno-olwspese)/:sdjjy Wwoij papeojumoq



Barely Supercritical Schrédinger Equations 2507

Here F! and G denote the i**-derivatives of F and G, respectively.

Proposition 5. [10] Let (A;, 1,) € N? be such that A; + i, = Q—f% Let J be an interval. Let

k > %. Then there exists C > 0 such that

_4 _
ID¥w @ 2g(lul)| 2ms2 2002 S MUl s 2men (YT, w)C. (17)
Lt n+4 Ly n+4 %)) Lt n—2 Ly n—2 )

We say that (g, r) is admissible if g > 2+ and é + 2= = 7. Let (g, 7)) and (q,,75)
be two bipoints that are admissible. Let ¢, € J. If u is a solution of id,u + Au = Gon J

then the Strichartz estimates (see e.g., [7]) yield

”u”L‘tllL;l %)) 5 ”u(tO)“L2 + ”G“L?/ZL;/Z(J) (18)

We write

u(t) = ullto (t) + unl,to (t), (19)
with u;, denoting the linear part starting from ¢, that is,
Uy 4 (1) = elt=tby 1), (20)

and u denoting the nonlinear part starting from ¢, that is,

nl,to
Uppgy () = =1 [ €0792G(s) ds. (21)
If u is a solution of (1) on J such that u(t) € H¥, t € J, then it has a finite energy
Eu(®)) :=§ Jgn IVUt, 22+ [gn F(u, 0)(t, %) dx, (22)
with
F(z,2) = [P thig(t) dt- (23)
Indeed
’ /R R, i3 dx| S Iw@l + luol

< (lu) g
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2508 T. Roy

this follows from a simple integration by parts

F(z,2) ~ |z|*2g(|2]), (24)

combined with g(|f]) < 1 + |f|’_‘§_13 and (12). A simple computation shows that
the energy is conserved, or, in other words, that E(u(t)) = E(u(0)) = E (more
precisely, if n € {3,4} (resp. n = 5) then the identity (resp. a similar identity)
holds for smooth solutions (i.e solutions lying in Sobolev spaces with large expo-
nents) of (1) (resp. (1) “smoothed” by smoothing the nonlinearity at the origin). Then
E(u(t)) = E(u(0)) holds for an H¥-solution by a standard approximation argument
with smooth solutions). Let x be a smooth, radial function supported on |x| < 2
such that x(x) = 1if |x] < 1.If x, € R?, R > 0 and u is an HX-solution of (1) then

we define the mass within the ball B(x,, R)

N
N
o

Mass ((t), B, R)) = ( [y m 2 CEOIuE 0 dx) .

Recall (see e.g., [12]) that
Mass (u(t), B(xg, R)) < RIVu(@®)ll2 (26)

and that its derivative satisfies (it is also well known that if u is a linear H*-solution,
that is, a solution of the linear Schrdodinger equation with data in HX, then (27) also
holds)

|8, Mass (u(t), B(x, R)| < iz (27)

We recall the following proposition:

Proposition 6. [10] Let u be a solution of (1) with data u, € H*, k > 7. Assume that u

exists globally in time and that ||u| 2m:2
n—2

2(n+2) < 00. Then Y(R, u) < oc.
L L, 2
t X

)
We now explain the main ideas of this paper.
In Section 5 we prove the main result of this paper, that is, Theorem 3. The proof relies

upon the following bound of ||u| Lk Onan arbitrarily long-time interval.
t Lx

20z el £z uo Jasn jnuieg Jo Aisioaiun uesuswy Ad 0./¥66+/1052/8/0202/31014e/ulwl/wod dno-olwspese)/:sdjjy Wwoij papeojumoq



Barely Supercritical Schrédinger Equations 2509

Proposition 7. Let u be a radial HX-solution of (1) on an interval J := [a, b]. There exists
a constant C; > 1 such that if X(J, u) < M for some M > 1, then

a C1gbnt (M)
||”||L9L§<J) <C (28)
with b,, such that
2744, n =3
b, := 11600, n =4 (29)
3380, n =5.

The proof of this proposition is given in Section 6. We aim at establishing
bounds of norms of the solution that do not depend on time at a higher regularity
(i.e., H*) than the energy (i.e., H') on an arbitrarily long-time interval. To this end we
proceed in two steps (see e.g., [8, 10]). First we establish a Strichartz-type estimate on
an arbitrarily long-time interval that depends on an a priori bound of these norms, see
Section 6. Then we find an a posteriori bound by combining this estimate with a local
induction on time of the Strichartz estimates, see Section 5. In the first step, we use
the techniques of concentration to establish the Strichartz-type estimate by modifying
closely an argument in [12]. Roughly speaking, we divide the long-time interval into
subintervals where the Strichartz-type norm is small but not so small. Our goal then
boils down to find an explicit bound of the number of subintervals by using local
estimates on these subintervals and a Morawetz-type inequality. A key element in the
process of establishing this bound is to use the slow increase of the function g by
making the estimates involving the expressions where g appears depend on g evaluated
at the a priori bound, and not only on the a priori bound. The function g appears
whenever one has to control the nonlinearity on these subintervals. The nonlinearity
is controlled by using a fractional Leibniz rule and the smallness of the Strichartz-
type norm on these subintervals. In [10], we used extensively the boundedness of the
solutions (in other words the Sobolev embedding || fll;~ < || fllz+), using to our advantage
k > % for n € {3, 4}, in order to derive estimates that depend on g evaluated at the a
priori bound. In this paper, in order to deal with nonsmooth solutions, we prove some
inequalities (the so-called Jensen-type inequalities) that are substitutes for the Sobolev
embedding and we implement them in order to prove estimates that satisfy the same

property as that stated above.
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2510 T. Roy

We also use this opportunity to revisit the asymptotic behavior of radial H*-solutions
of (1) for k > % and n € {3, 4}. We prove global well-posedness and scattering of radial
H*-solutions of (1) for a larger range of y s than in [10] by optimizing the algorithm and

the value of the parameters (such as the value of Q and R) in Proposition 7 and its proof.

2 Jensen-type Inequalities
We prove the following Jensen-type inequalities:

Proposition 8. LetJ be an interval. Let 8 > 0. Denote by P the following set

n—2

l p—
Pi=1xy: * 4 .
n rx>2, n=4:x>2,n=3: x>4

Let (q,r) € P. Let % = "‘2’;). Let (¢’, ) be such that

r(n—2

ifgzooi (7.7)= (2 - F 1+ %) (30
ifg=o00: (%,%) = (O,%).

Assume that there exist 0 < P < 1 and Q such that ||u||L‘§L; < Pand ||D’_‘u||

Then

- S O
) LIy )

|9 Aubul o ) < P(9P(Q) +PO) - (31)

Proof. Let1l > ¢ > 0 be a fixed constant. Elementary considerations show that there
exists A ~ 1 such that if |x| > A then gf™ is concave with m € {g,r} and gf"(]x|) >
10977 (1xD.

e Casel:g=oo(hence, r=15= %).

Let l_cz —r > € > 0 be a fixed constant. One has to estimate for all t € J

X1 = fuan<a 97 (ut, 0D, x)|" dx, and
Xy = fute) -a 9" (Ut 0DIut, 0" dx.

Clearly |X;| < P". Observe also from (12) that

1@ e S Tu®I 3 Tw® g

< ar-umlf,,
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Barely Supercritical Schrédinger Equations 2511

. [Erim=3 k—@r+eo)r
with 6 = — 12=(2 _*)
precisely divide into two regions R; := {x : |u(t,x)|° < A} and R, =

. We get from the Jensen inequality (more

{x : |u(t,x)|° > A}, on R, apply elementary estimates and on R, use
1g, x) g (lut, )¢ < gﬁr(]le(X)|u(t,X)|f) and apply the Jensen inequality
for t such that [|u(?)||7, # 0 with u measure defined by du := |u(t)|"dx)

1X,1 < [P (lu(t, %)) lu(t, x)|” dx

t, rte dx
< [lut, " dx g#r (%)

< e or deg (25255 ).

—0
lu)) "

Elementary estimates show that

1%,| S @l (9@ + ¢ (1bi ) ) S P (977(@ +PO).

Hence (31) holds.
Case 2: g < o0.

Let k — 1 > ¢ > 0 be a fixed constant. One has to estimate

q
Xy = / (/ P (u, ) u, x| dX) dt, and
J \Jlu(t,x)|<A

q
X, = / ( / g (u(t, 0D lu(t, x)" dx) d.
J lu(t,x)|>A

Clearly |X;| < P4. From (12) we get

1-6 0
lull grseo S lul llull
Lt r L)r:re(J)

L)L 1Ly
< 1-0 k[’
ull:q. D*u
< ”L?LQ(J) H 41y
0,,11-6
S Q7ull

LiLw'
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2512 T. Roy

e _ _ e(n-2)
11 7 20+e)k-1)

. Applying twice the Jensen inequality

q
X5 | §/J(/gﬂr(lu(t,X)le)lu(t,X)lr dX) dt
q
r g e (D01 dx))
s/J(/|u<t,x>| dx g ( Tutorax))

1 P [ lut, x| dx 7
r q R e N —
< [ (fren dX) g (( f|u(t,x>|rdx) )dt

q(r+e)
”u“ q(rr+e) .
r r+e
Sluld,  gft| — gD
~ LIt q
t ”u”Lqu(J)
tbix
0q(r+e)
< q Bq ’
S ”LqL;(J)g q(lgl—e)(rm)
r
1l0pr s,

Elementary estimates show that

1%, 5 (gf’qm) + g% (ﬁ)) < P2 (gP(Q) + PO).

LiLLW) fA33M8)
Hence (31) holds.

3 Consequences

In this section we implement the Jensen-type inequalities to prove some results.

3.1 Fractional Leibniz rule

We prove the following fractional Leibnitz rule:

Proposition 9. LetJ be an interval. Let 0 <a <1, (q,7) € P, and (g, q, 7, 7) be such that

(%, %) =4 (é, %) + (%1, %) Let G := R? — R? be a C?-function such that

Gl(x, %) =0 (|x|ﬁ+1—i) (32)
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Barely Supercritical Schrédinger Equations 2513

for 0 <i < 2. Here G denotes the ith-derivative of G. Let (¢, ) be a bipoint that satisfies
(30). Assume that there exist P < 1 and Q such that ||u||L?L§(J) < P and HDku
Then

! —
LILY )

< PRz g(Q)|D |

[DY*(G(u, wg(ul) |, iy

Lk (33)

Proof. The proof combines Jensen-type inequalities with similar arguments that are
in the proof of the fractional Leibnitz rule established in [10]. Recall the usual product

rule for fractional derivatives
1D (fg)lla < ID* fllar l1gllzaz + I1f llzas 1ID* gllzaa (34)
and the usual Leibnitz rule for fractional derivatives

ID=H )l S |HP ,, 107 e (35)

if H is ¢! and it satisfies |[H (tx+ (1 — t)y)‘ < H(x) + H(y) for 7 € [O 1], O < a; < 00,
0 < ay <1, (q,9,,92.93.92) € (1,00)°, é = qu + qu' and é = 4 t g (see eg,
Christ-Weinstein [4], Taylor [14], and the references in [9]) (abuse of notatlon. H(X), H(x),
and H (x) mean H(x, %), H(x,%), and H (x, %), respectively). Let g(v) := log” log(10+ v) for

v € RT. We have

[p G mgaul)

LILw

LILE W)

< [pe@,60, wVugu)

+ HD"‘(BZG(u, WVug(|ul®)

L4k Lk

+ o (& quP @vu) 6, )

EI7A0))

SA +A;+A;. (36)

We estimate A,. A, is estimated in a similar fashion. Let (ql, rl) = (1-6) ( )+ 0 (q r)

with 6 = % Let (g;,1;) be such that (v, ?) = ( + q—2 H + ri) We can estimate 4,
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2514 T. Roy

using (34) and (35). More precisely,

A S |P*0,6@ wg(u)

(37)

R ||D1+au”L?L§(J)'

Next we implement the Jensen-type inequalities, see Section 2. Let (g3, r3) be such that

6—n 6—n 1 1 _ 1
(—mfz)q'_(nfz)r) + (q_s'ﬁ) (qurl) From

6-—n
—~ ~ =2 n-2 6-n_
3,G(z, 2) P <H 7 (|ul? < Prt-g(Q d
|(2.66.2905%) @, iy, S [aF <P e an

4

4
"t < PrzTg(Q),

~n=2 2
2, n2, S Hug = (Jul®)

LYW Lirray ~
we get
en_ - 1+ .
Ay S P2 g(@UD ullpgsyrs ) IDUll g2 72 gy + P29 @D u g - (38)
Notice that ql—3 = % + % and % = g + %. By complex interpolation, we have
1+
”D u||Lq3Lr3(J) “u”Lqu(J) ||D au”Lqu(J) (39)
and
14a
IDUlla2 72 5, S ||u||LqL,(J) |p uHLqL;u) (40)
Plugging (39) and (40) into (38) we get (33).
We estimate A,.
- |p* (5wt acw, ) s Pz
Az
~ ~ D1+a q H n— n r
e | TP a9 (ur? 56w, ) P e

Hence from elementary pointwise estimates of g (and its derivatives) we see that Aj,
(resp. A3 ,) can be estimated similarly to the first term (resp. the second term) of the
right-hand side of (37). n

20z el £z uo Jasn jnuieg Jo Aisioaiun uesuswy Ad 0./¥66+/1052/8/0202/31014e/ulwl/wod dno-olwspese)/:sdjjy Wwoij papeojumoq



Barely Supercritical Schrédinger Equations 2515
3.2 Corollary

We prove the following corollary:

Corollary 1. Letg,7,q,r, q, 7, 2 besuchthat (q,7q,r g7 2):= (é,fi, Q,R, 00—, 2+, X)
or (47,747, 2) = (A2, 1), 221, 1), 2821, 1), Y).

Let J be an interval such that ||u||L;zL;(J) <P <1.Letje({l, k}. Assume that 1 < k < 2.
Then

4 .
SP2g(2(J,w) 1D ull

o (w2 ugqub) | 4, , = 2)

LIk

Proof. Let 6 € [0,1] be a constant that is allowed to change from one line to the other
one and such that all the estimate below are true.

We apply Proposition 9.

Let (q”, ') be defined as follows:

. 2,15 if 2 =X
(¢'7) =
21,1y if 2 = v.
Observe that

% % 0 A 1-60
HD u ;o S D u oy HD u ’
LTIy LIy ) LPI2(J)
. 0
HDku oo Skl o 1pwl? L and
L} Ly ) Ly Ly (J) JAR )
- 0
k k 1-6
D*u < |[D*u Du . (43)
H L2 ~ LPL2(J) I ||L§°L§(J)
t t
This yields (42). (]

4 Proof of Proposition 2

In this section we prove Proposition 2.

Assume that ||u| 2m+2 2042 < 00.
L, L% (Inax)
Let J := [0, a] be an interval such that 0 € J and ||u| 2m+2 2042 < 1. By (18) and
Lt n—2 LXn—Z (J)

Corollary 1 we have

Y, S gl + [P (ulmzugqup)|

4
242 2042+ HDk <|u|ﬂug(|u|))‘

Lt n+4 Ly n+4 %))

2(n+2) 2(n+2)
Lt n+4 LXn+4 )

_ _ _4
<Clluglige +2CYUJ, WUl "5z 2002 9, W), (44)
Lt n—2 LX n—2 (J)
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2516 T. Roy

where C is a fixed, large, and positive constant.

Let 0 < € < 1. We may assume without loss of generality that C > max (||u0||;19c0, W)
0 ik

We divide I,,,,, N[0, 0) into subintervals I)1<j<s such that 0 € I},

€

lull 2042 2m42 = iz
L2 L a9 (@0 uol )

if 1 <j < Jand

lull 2m+2 2m+2) < = € .
L2 @y g% (@0 uol)

Notice that such a partition always exists since, for J large enough,

J—1 2(n+2)
€ n-2

D
L

1
~ 1og((2CV |uq |l zx)

ni2 4

j=19 2 *((2C)Y lugll )

Vv
M

<
—

1
< jlog (20) + log(llugll gx)

.
)

2(n+2)

> flull 3 2(n+2) 2(n+2)
L% L™ (nax)

A continuity argument applied to (44) shows that Y(I;,u) < 2Cl|lugll k- By iteration
YIju =< (2CY |lugllzx- Therefore there exists Y,,,, such that Y(,,., 0) < Y.
proceeding similarly on I,,,,, N (—o0, Ol.

). Choose t < by,

lull 2042 2042 <« 8, with é defined in Proposition 1. Then there exists a large
L, L™ % (Ebmax)
constant C such that

We write I,,, = (amaX, max ax Close enough to b, so that

2(n+2) 2(n+2)
Lt n-2 an72 ([tybmax))

IA

_4_
lull 2msn 2 + | (a7 ug(u)
L% 1" ((Ebmax)

2(n+2) 2(n+2)
L, nt+4 Ly ntd ([t.bmax])

IA

4
0(8) + (0(8) 2" g(Y o) IDUll 2042) 2m42)
Ly ™ Ly " ([tbmax))
35

1

A
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Barely Supercritical Schrédinger Equations 2517

Also, observe that Hei(t*zmu(f) I 2042 20042 < Jlu@® ||Hl < 00. Hence, by the mono-
L2 L2 ([f,00))

tone convergence theorem, there exists € > 0 such that || elt=da

u(i)“ 2n12) 2m42) <é.
Lt n—2 Ly n-z ([t:bmax+€])

Hence, contradiction with Proposition 1.

5 Proof of Theorem 3

Let 6 € (0,1) be a constant that is allowed to change from one line to the other one and
such that all the estimates below are true.
The proof is made of three steps:

e finite bound of ||u|| 2mt2 2m+zy forl <k < % ifne{3,4land 1 < k < % if

Lt n—2 an—Z (]R)
n = 5. By the monotone convergence theorem, (12), and the interpolation

13 ATR ia s . .
between L°L,? and L?LE, it is enough to find for all time T > 0 a finite bound

of X([-T, T], u). In fact we shall prove that this bound does not depend on
time T. By time reversal symmetry (i.e., if ¢t — u(¢, x) is a solution of (1) then
t - u(—t,x) is also a solution of (1)) we may WLOG restrict ourselves to
[0, T]. We define

F:={T €10,00) : sup;cpo 11 X([0, t], u) < My}. (45)

We claim that 7 = [0,00) for M,, a large constant (to be chosen later)

depending only on |[ugllzx. Indeed

- 0eF,

— Fis closed by continuity,

— Fis open. Indeed let T € F. Then, by continuity there exists § > 0 such
that for T € [0, T+ 8] we have X([0, T']) < 2M,. In view of (28), this implies,

in particular, that

A bn+
a < Cclg (2Mo)
”u”L$L§([o,T’]) =C . (46)
Let J := [0,al C I,,, be an interval such that ||u||L?L§(J) < 1. By

(18) and Corollary 1 we get (observe that ||Dju||LLoosz+(J) < XWJ,uw

~
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2518 T. Roy

for j € {1,k}: this follows by interpolation between |D/u| 2L Z(J) an

”D u”L?OL)Z((J))

XU w S gl + | D (™ ugduD)

+ | (1w ug(un)

LIE W) LLR W)

< Cllugligr +2CX(J, w)|lull ;L_ g X, u),
t

where C is a fixed, large, and positive constant.

Let 0 < € « 1. From the estimate above we see that if J satisfies

€

llwell =y
g % " (2CHuoll k)

then a simple continuity argument shows

L2180
that

X(J,u) < 2Cllugllgx-

We divide [0,T] into subintervals (J;),.;.; such that lullarm s
=is t Lx Ji
€ 1 <i<I and |ul,a,z < < - Notice
— . ’ = ! ark - T C
"7 (20 luolze) BbEUD T " (20 o)

that such a partition exists by (46) and the following inequality

I-1

C1g°n+ (2My)

Cl Z z fl(n—2)+ - .
i—1g * (20 ugllzx)

-1

1

~

1

I \%

i1 log™ 7+ (log (10 + (20)%ug|1%,))

-1 1 (47)
R 2
= 10g™™ “+ (2ilog (2C) + 21og (llugll 1))
I-1
S N
~ 1
i=1 12
21

Moreover, by iterating over i we get
X0, T, w = O™ lugl -
Therefore, by (47) there exists a positive constant C

logI <log(C) + €, log® ™7 (log (10 + 4M?)) log (Cy)
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Barely Supercritical Schrédinger Equations 2519

and for M, large enough

log uﬁ
log(C/) + Cl log(bn“‘)y (log (10 + 4Mg)) log (Cl) < log M

. 1
since (recall that y < 5-)

log (C') + C,1og® ™7 (log (10 + 4M2)) log (C;)

Mg
log ( Tuol gk )

log (2C)

0.

Mop— o0

log

Hence, X(R,u) < oo. Observe that this implies a finite bound of

||Dju|| 242 212, J €{1, k}, since there exists 6 € [0, 1] such that
L " Ly " (B

/ 110 i1-0
IDVull 2042 2002 SDIul’, o, 1Dl s - a8
L " Ly T ® 1202 (R) LPIZ(R) (48)

e Finite bound of Y (R, u) for all k € I,; this follows from Proposition 6.
e Scattering: it is enough to prove that e *“u(t) has a limit as t — oo in
H*. If t, is large enough and t, < t, then by Corollary 1, Proposition 4,
Proposition 5, and by dualizing (18) with G = 0 (more precisely, the estimate

IDu < luoll if j €{1, kY), we get

YAy
L? I (It1,t2])

—it1 A —itg A
eeuy o],

< [o* (1w ugquD)

_4__

+ |p (1w ug(u)

LI ([t 1)) LILE (It to])

)
N ||u||n2(n+2> 2(n+2)
L2 1,2 (Itta))

and we conclude from the previous step that given ¢ > 0 there exists A(e)

large enough such that if t, > t; > A(e) then e 12 u(t)) — e 22 u(t,)l| i < e.

The Cauchy criterion is satisfied. Hence, scattering.

6 Proof of Proposition 7

In this section we prove Proposition 7.
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Let («, B, 8) be defined as follows:

o (1-,-(+), 2+) ifn=5.

The proof relies upon a Morawetz-type estimate:
Lemma 10. Let u be an H¥-solutions of (1) on a compact interval I. Let A > 1. Then

fzf | Fuitx) gy q¢ < EAIII% (49)
Ix|<Al1|2

]
with
F(u,)(t,x) := O‘u‘(t'x) shs (%g(s) +sg/(s)) ds. (50)

Remark 7. If k > % then the proof of (49) is in [10]. If not, it is mostly contained in
[10]. Indeed, the proof relies on integration by parts of the local momentum identity
multiplied by an appropriate weight. In the case where n € {3, 4}, the integration by parts
holds for smooth solutions of (1) (i.e., solutions in HP with exponents p large enough).
Then (49) holds for H*-solutions for k € I, by a standard approximation argument with
smooth solutions. If n = 5 then the nonlinearity is not that smooth; the derivatives
of (z,z) — |z|ﬁz are not even twice differentiable. So one should first smooth the
nonlinearity, obtain an identity similar to the local momentum identity for smooth
solutions (i.e., solutions lying in Sobolev spaces with large exponents) of the “smoothed”
equation, and then take limit in H* for k € I, by again a standard approximation

argument with smooth solutions.

We prove now Proposition 7. The proof follows closely an argument in [12]

(this argument was also used in [10]) and it is based upon methods of concentration

(see e.g., [2]).
Step 1 We divide the interval J := [t;,t,] into subintervals (J;:= [, 1), .,
such that
a
@ = 1
[ ||L?L§(Jl) M (51)

and
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Barely Supercritical Schrédinger Equations 2521

u)@ =M. (52)

LOLR(J )

with0 < ¢; < 1 and ; := ——2—— It is enough to find an upper bound of L.
g &

In view of (28), we may replace WLOG the “<” sign with the “=" sign in (52).

Notice that the value of this parameter, along with the values of the other
parameters 1y, 73, and 5, are chosen so that all the constraints appearing in
the process to find an upper bound of L are satisfied and so that Ly, is as
small as possible.

Step 2 We first prove that some norms on these intervals J; are bounded.

Result 1. We have

1Dl g2t gy S 1. (53)

Proof. From (18), the conservation of the energy, Corollary 1, and Proposition 4

combined with (13), we get

- 4
1Dl g+ S IDU@E g2 + | D (172 ug(|u|))

L2LE
4

< 1+ ||Du||L°° L2+(Jl)||u” g( ).

LQLR D)

Therefore, by a continuity argument (observe that the above estimate also holds if .J; is

replaced with K; where K; C Jj), we conclude that ”Du”L§°*L§+(J,) <1 |

Result 2. LetJ :=[f;,%,] C J; be such that

L <|u IILQLR(J) . (54)
Then
@ > (55)
H U L8IRG) ™ n

forj €{1, 2}.
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Proof. From Result 1 we get

4
U - < =
Hu U LeLRG) ~ HD (|u|n ug(|u|)) L2LE ()
4
< - n-2_"
= ||Du||L;ch)z{+(J)||u||L?L§<j)9(M)
4
< n-z_
N ||u||L9L§(j)g(M)
%
< ng. (56)
Therefore, (55) holds. [ |
Step 3 Let
1_1 1 .n
(”"(z ))(*) ,nzsia(m(;,%)) (57)
Ny = CaMy R g 2 RJJ(M)

with 0 < ¢, <« c;. An interval J,, = [t,, ¢, ,,] of the partition (J), . is

exceptional if

a a
(127 +lluge, 175 5 > ;. 58
W TLAR gy ) L2 VAR gy, 2 (58)

Notice that, in view of (18) and (12), it is easy to find an upper bound of the

cardinal of the exceptional intervals:
card{J; : J,exceptional} < n,". (59)

Step 4 Now we prove that on each unexceptional subintervals J; there is a ball for

which we have a mass concentration.

Result 3. There exists an x; € R", two positive constants ¢; < 1, and C3 > 1 such that

for each unexceptional interval J; and for ¢t € J;

Mass (u(t),B (Xl, C 9" (M)|Jl|%)) > cyg 73 (M)|Jy)2 (60)
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Barely Supercritical Schrédinger Equations 2523

with

| +E)+.

Proof. By time translation invariance (i.e., if u is a solution of (1) and t; € R then
(t,x) — u(t — ty, x) is also a solution of (1)) we may assume that {; = 0. By using the
pigeonhole principle and the reflection symmetry (if necessary) (i.e., if u is a solution of

(1) then (t,x) — u(—t,x) is also a solution of (1)) we may assume that

0] m
Iwll™s &0 > 7 61
I G 61

By the pigeonhole principle there exists t, such that [(¢t, — n3)|Jjl, ¢, |}l C [0,%]
(with 0 < n3 < 1) with

a

Ly |1l i a
/(t A (/R Ju(t, ) dX)R dt Smyng, and 62)
*—n3)|Jp n
_ ]
/ g, (8, = mg)ll, 201" dx )" < 22 (63)
R" i

Applying Result 2 to (61) we have

Q

1] i(t—t, R dx) &
o (f]R" |eit=tl DBy |, x)| B dX)R dt > - (64)

By Duhamel formula we have

, t—na)lil .
(e, 1) = eI bu ) i VI (ju(s) 2 u(s)g(us)D) ds
t1

telJil ,
—i / b s (@12 ueg(us)) ds (65)
(

t—13)1J]]

20z el £z uo Jasn jnuieg Jo Aisioaiun uesuswy Ad 0./¥66+/1052/8/0202/31014e/ulwl/wod dno-olwspese)/:sdjjy Wwoij papeojumoq



2524 T. Roy

W=t DA

and, composing this equality with e we get

(tx—n3) 1

e IDAy (it | =y, (8) — / &9 (Ju(s)| T2 uls)g(lus))) ds

t

t*lljl‘ . 4
—i / e (ju()| T2 u)g(uE))) ds (66)
(

te—n3) 11

=Upy, (0) + vy (1) + V(D).

We get from a variant of the Strichartz estimates (18)

voll o -
I 2”L?L§([t*IJl|,|Jl\])ﬂL?°D’1L;2(([t*IJllllJlll)

4
< | (w2 ugqun) | ,
LELE ([t —n3) 11l t1T31D)
4
< n-2_"
~ ”Du||L?O_L§+([(t*—’73)|Jl|:t*|Jl|]) ”u||L§7L§([(t*—n3>\Jl\,t*\Jlu)g(M)

_4
S (nyn3) 2-2 g(M)
1
<. (67)

a

Notice also that n, < 1, and that J; is nonexceptional. Therefore |lu; ,, ”L@Lf‘([t D
t Lx Wk [J]],|J]

<m

and combining this inequality with (67) and (64) we conclude that the L?Lf norm of

v, on [t, |, |J;]] is bounded from below:

a
v > 68
I 1”L9L§<[t*|Jz\,|Jz|1> ~ M. (68)

By (66) and (67) we also have an upper bound of the L?L§ norm of v, on [t,|J], |J;]]

a
vl s <1. 69
| 1”L?L?([t*|Jz|,\Jnl)nL;”D-lL%(lt*|Jz|,uzu>N (69)

Now we use a lemma that is proved in Subsection 6.1. This lemma provides some

information regarding the regularity of v,. |

Lemma 11. We have

3
1900 = V1 lgerf ey S 1RI°191°6° RA). (70)

20z el £z uo Jasn jnuieg Jo Aisioaiun uesuswy Ad 0./¥66+/1052/8/0202/31014e/ulwl/wod dno-olwspese)/:sdjjy Wwoij papeojumoq



Barely Supercritical Schrédinger Equations 2525

Denote by V‘lz‘;L (x) := [ x(y)v;(x+|hly) dy with x a bump function with total mass
equal to one and such that supp(x) € B(0,1). Then

|

1
av = av
Vin— V1 Sle jviy — v

LOLR ([t 7)1 1D LRLE (It 171D

1
< by o gd . (71)

1 1)1
. L)
Therefore, if h satisfies |h| := c3n |Jj| ( a/%g 3(M) with 0 < ¢3 « 1 then

v

Now, notice that by the Duhamel formula v (¢) = u; .5 (1) — Uy, (t) and therefore

av
1,h

- > .. (72)
L2LE ([t 177 1D)

R
v x < 1. From that we get ‘V“V’ 51 < 17122 and, b
WVl oo g ~ 8 Lhil 22 ~ Wi Y
: LR L2100
interpolation,
-1 !
av av R av || R
v - < ‘ v ‘ v - .
| LRI LOLR 1e#131, 10D Lhllgeergeqesimr 17101 @13 (73)

1
LB L2 e\ |l

Hence, in view of (72)

av
1,h

> Lk R . (74)
LELE ([tel il b D ™

v

Writing Mass(v,(t),B(x,r)) = rs (f\ylsl v, (t, x+ )| dy)2 we deduce from Cauchy
Schwartz and (74) that there exists f; € [t,|J)|, |J;|] and x; € R® such that

Mass (v, (), B(x;, |h]) 2 | 2t |h|?. (75)
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1

L i
a -2 "
Therefore, by (27) we see that if R = C3|Jj] ’hl B |n|~2 with C3 > 1 then
7| &
1
1 1%
nQ 1-2 n
Mass (v, ((t, — n3)lJ;)), B(x;, R)) 2 [ ¢ R p|z. (76)

17| @

Notice that u ((t, — n3)IJjl) = uy,, ((t, — n3)lJjl) — ivy ((¢, — n3)|J}]). By Holder inequality,
(57), and (63)

1

n(l,;) o\ a

Mass (uy, ((t, — n3)lJ)), B(x,, ) SR \* R (|Jz|)o.
1
1 15
a 1--2
R

<« nll |h|% (77)
|J;l @

Therefore, Mass (u((t, — n3)|J))),B(x;,R)) =~ Mass (v;((t, —n3)J;]), B(x;,R)). Applying
again (27) we get

1 1
3
1 12

Mass (u(t), B(x;,R)) = L‘: B |p|Z (78)
i1 @

for t € J;. Putting everything together we get (60).
Next we use the radial symmetry to prove that, in fact, there is a mass
concentration around the origin.
Step 5

Result 4. There exists a positive constant ¢, < 1 and a constant C, >> 1 such that on

each unexceptional interval J; we have
a 1 b 1
Mass (w(t), BO, Cag" MDIJ)1D)) = cag 7 ADI}12, (79)

with (yf,yf) = (y3(2 x 15+ 1), y3).

Proof. Let A := C,g"?*12*D(M) for C, > C; large enough so that all the statements

below are true. There are a priori two options:
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Barely Supercritical Schrédinger Equations 2527

rotations of the ball

o x| > %|Jl|%. Then there are at least ngm
B(x;, C3g"(M)|J;|2) that are disjoint. Now, since the solution is radial, the
mass on each of these balls B; is equal to that of the ball B (Xl, C3g” (M)|Jl|%).

But then by Holder inequality we have
Ol g, < ol (camanipt)” (80)
L2y = 2y \ 7 :

. . . 1%
and summing over j we see from the estimate ||u(?)| %, <1 that
L2

A

1\ l2* N 1E
Toog.gran (8 M) T (Cogmanint) * 81)
3

must be true. But with the value of A chosen above we see that this inequality
cannot be satisfied. Therefore, this scenario is impossible.

o x| < ‘7‘|Jl|%. Then by (60) and the triangle inequality, we see that (79) holds.

Step 6 Combining the inequality (79) with the Morawetz-type inequality in
Lemma 10 we can prove that at least one of the intervals J; is large. More
precisely,

Result 5. There exists a positive constant ¢; <« 1 and [ € [1, .., L] such that

15 = csg~ "> (M), (82)

n—2

with yg := 2 (yf Sn-2 4 yfl’z‘).

Proof. There are two options:

e J is unexceptional. Let R := C4g1’iZ (M)|Jl|%. By Holder inequality (w.r.t. space)

and by integration in time we have

15 x —3n
I Joo.m 222 dx de > || inf,.;, Mass'2 (u(t), B(O,R)) R "% . (83)
After summation over [ we see, by (79) and (49) that
L b 1\ 13 o ~-- )
S (g an?) " (cag” ani?) T S 112, (84)
=1
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2528 T. Roy

and after rearranging, we see that
L
_(yb1*4,a3n=2
> kg PR )y < . (85)
I=1
e J;is exceptional. In this case by (59) and

L

1 —1 1
z 1112 Sny supy <y, 112
I=1

5,72*1|J|%. (86)
oy L 1 IJ| . ey
Therefore, writing > |J;|z2 > —, we conclude that there exists a positive
~ =1 sup; <, 1112
constant ¢y < 1 and ! € [1, .., L] such that (82) holds. |

Step 7 We use a crucial algorithm due to Bourgain [2] to prove that there are many

of those intervals that concentrate.

Result 6. Let n := c5g "5(M). There exist a time t, K > 0, and intervals Ty e g
such that
| = 200yl > 28700, 1 > 28700, (87)
dist (z, Jlk) <71, (88)
and
log (L
— 1 (89)
2log (3)

A proof of this result in such a state can be found in [10] (see also [12] from which

the proof is inspired).
Step 8 We prove that L < oo, by using Step 7. More precisely,

Result 7. There exists a constant C; > 1 such that
L< C$79y7+(M), (90)

with y; = (2y3 + y5)15.
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Barely Supercritical Schrédinger Equations 2529

Proof. LetR,; :=Cg’*’s (M)|Jlk|% with C > 1 a constant large enough such that all the

statements below are true. By Result 3 we have
1
Mass (u(t),B (Xlk,le)) > c3g (M), |2 (91)

for all t € J;, . By (27) and (88) we see that (91) holds for t = ¢ with c; replaced with 3.
On the other hand, we see by (26) that (notation: Zlé:kﬂv ay =0,if k+N > K).

K
> u@ 02 dx S (Fr + g + i ) B
k/:k-‘rN B(Xl ,,Rl/) 2 2 + 2K k (92)

1 2
5 oN-1 le

, , R}
Now we let N = C log (g(M)) with C > 1 large enough so that lefl < C%g_z”3 (M) Jy, |. By

(91) we have

K
uz_t,x 2dX<l UE,X 2dX.
k/:Zk:+NfB(Xl ,,Rl,) [u(t,x)|"dx < 3 fB(sz,le) lu(, x| (93)

Therefore,

_ 1 _
u, )Izdxz—/ u(E, x| dx
/B(Xlk,le)/UK, B(Xlk/ 'le/) ult, x 2 ) (sz,le) u(t x

k =k+N

2 —2]/3
_ g

L (94)

and by Hélder inequality, there exists a positive constant <« 1 (that we still denote
by c3) such that

fB(Xlk’le)/ UE B(x R, ) lu(t, x)|'2 dx > cgg—(ZVs-H/s)l; M) (@5)
k =k+N K

and after summation over k, we have

Keyg~ @l S 1, (96)
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. K 13 .
since D ;_; XB(sz,Rzk)/UIk{, B0y Ry < N and ||u(t)||L1,é < 1. Rearranging, we see from
= k

(89) that there exists a constant C; > 1 such that
L<cs9"™, (97)

We see that (90) holds.

Step 9 This is the final step. Recall that there are L intervals J; and that on each of
Q

7270
such that (28) holds. m

these intervals we have ||u|| = n,. Therefore, there is a constant C; > 1
6.1 Proof of Lemma 11

In this subsection we prove Lemma 11.
We write down some estimates.

We have

||V1,h - V1||

H Ut —na) il ~ Yt h — Wi ce—na)ia) — Yt

1% = 1%
LL2 ([t Ty 1D LL2 ([t Ty 11D

<1. (98)

By the fundamental theorem of calculus (and the inequality ||Du||L§QL)2(([t*|Jl|’|JlH) <1)

we have

lup = wlizeer2 e, mm < 1A (99)

Moreover, by (12) we have

lup, — ull Sh (100)

1*
L L2 ([t 171 171D
'n—-2

Letee(o 4 )

There are two cases:
o n €{3,4}

Interpolating between (99) and (100) we get

lup(® = w2, S 1BIT
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The fundamental theorem of calculus, elementary estimates of g and its
derivatives, (22), (24), Proposition 4 combined with (13), and Proposition 8

(observe from (43) that Proposition 8 is applicable) yield

| @7 uE)guE)) - [y T uy©glup©D| |

S lug(®) = w2 (9g(uEDI 3

0
S lup(®) = u®ll 2, |w®’g" (us)

*
n-2 !

2
Lo

4 17
us)n27"g  2(ludD| 1
L

4
n-2"?

4
1— 1% n—2 -6

ST |us)g 2 (us))

n—

2 n—2
<grm TMhl T,

by letting 6 = %— at the last line. Hence by the dispersive inequality (11)

we get

2-n

o 2n nzy n-2
Ivin = villereannn Sns” Mz g = T@ADk[Z .

Interpolating this inequality with (98) we get (70).
n=>5
From (99) we get

@ uEgu®)) - [y up©g(up©)D|

10
L9

< [un® = u® 1 @ gueD|

& 45 1-5
S lug(s) —u®)lzz |us)’g2 qus)h| 5 |us3’g 12(Iu(S)I)H 1
Le T
L3
9
1;% 3
< Jug 377 (lub
L'z

S gstaninl,
by letting 6 = %— at the last line. Hence we get

—1,7-1,.2+
Ilvllh_V1||L?°L)1(0([t*|Jl|"Jl‘])5n3 |71~ g5 (M) |h|:
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Interpolating this inequality with (98) we get (70).

7 Appendix

In this appendix we prove Proposition 1 by using a fixed point argument.

First we prove an estimate in homogeneous Besov spaces (see e.g., [1]) that will
be used when we deal with the case n = 5. Then we collect some estimates. Finally we
write down the proof of Proposition 1.

Ifl <k<2leta € (0,1) besuchthatk =1+«.Let6 € [0, 1] and C be two positive
constants that are allowed to change from one line to the other one and such that all the
estimates below are true. In addition C is also allowed to change within the same line.
The reader is urged to plot all the points (é, %) whether L?L; appears on the coordinate

plane Oxy with Ox (resp. Oy) representing the x—axis (resp. the y—axis).

7.1 An estimate in homogeneous Besov spaces

We prove the following lemma:
Lemma 12. Assume that0 <« < 1. Let r and 8 be such thate < 8 <1 and rg > 1. Let
H : R? — R? be a Holder continuous function with exponent 8, which is C! (except at

the origin) and which satisfies |H(f,f)| ~ |f|f and |H (f,f)| ~ |f|’~!. Let 1 — 8 > € > 0.
Then

|2 PrgafD

+
SIAs AT (101)
Bprpr Bigror.pror

RO
Brr

Proof. Letl > u > 0.RecallthatifO0 <s <1 andp > 1 then

I fx+R)—FOIIP,
1f15s =~ Jen — s dh.

Elementary considerations (such as the estimate g(|f|) < 1 + |f|°) show that

o if |f|(x) > |fl(x+ h) then
HE HUfDex+h — HE Pl )| < [HEHIUD| S 1P G +1£17+ 0

If&x+h) —f@OI* 2 [IfI"E+h) — 1" @] 2 11",
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o if |fl(x+ h) > |fl(x) then the same estimates as above hold, except that x
(resp. x + h ) is replaced with x + h (resp. x),
e if |f|(x) = |f|(x + h) then there are two cases. If | f|(x) > 1 then

HF P9I+ B — HF, P9 FH0)|
S (£ 00 + A7) If e+ By — £l

|f(x+h) —fx)|*
2 M +h) = IfI*C| 2 11 @) | fx +h) — fx)].

If | f1(x) <1 then

(£ P96+ h) = HEPgUFHeo| S 1F e+ h) = FGol P,

Hence, dividing the region of integration of |H(f,f)g(|f])| s into the regions above, we
see from the above estimates that (101) holds. |

Remark 8. A straightforward modification of the proof of Lemma 12 shows that (101)
also holds if g(|f]) is replaced with [f|g'(|f]) or |fI?9" (If]).

7.2 Some estimates

We write down some basic estimates. They will be used in Subsection 7.3. Let (g, 7) be a

bipoint. We have

1-6

1<m<k: [D™u| arr :
LIz (10,7

6
LIL%([0,1y)) N ”Dku”L?L;([o,Tl]) 1Du]

Let (g, 7) be a bipoint such that g > 27+2 and % + 2L = 2. Then

HD’_‘u

L[0Ty

< HDku||92(n+2> 2(n+2) IDu
L, " (0,11

'X

LILL(0,1y))

We have
ID*ull 2042 2042 f,”DH_au” on(nt2) 200+2) » and
1,2 1," 2 (0,1} L, "7 LM qom)
) 0 1-6
me{l,1+a}: DUl ypnip 20m:2) SID™Ul® yni2) 2me2) 1D ull

LeLE(0,1y])"

L, an2+4 ([o,11h L, " Ly ™ (0T
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8(k—1) " / 1 _1_k

Let € = 202D and 0 < € < €. Let r be such that "T"'Z(ﬁ—i-e/) = + — - Observe that
("T“LZ (% + e’) ,r) is admissible. We have
lull niz( a0 ni2(_a_,. S ”u”02(n+2) 2(n+2) ||u|| n+2 4 L\ nd2( 4 .o ,and

L* (w2 )Lr2 (= )([0,Tz]) AR ML ((F /) I A ("*2+€)LXT(H+€)([0,T,])

k

lull ni2(_a_ o) ne2( s, S HD UH ni2( 4_, .

Lt2 (n—2 )LX2 (n—Z )([O,Tl]) Lt2 (n—Z )LQ([O,Tl])

= 2(k—1)(6—n) _t _ 1 _ 1 E
Lete := FERT Y=Y and 0 < € < €. Let r be such that —2(n+2)(ﬂ+g,) =  — 5. Observe

6—n n-2
that (zgthZ) ( +é ) ) is admissible. We have
lull 2m+2 6-n .7\ 2+2) (6-n_ " 5”u”92(n+2) 2(n+2)
L 6—n (n—z € )LXG—n (n—z € )([O,Tl]) L, n—2 LXn—Z (10,13
||u|| 2(n+2) 6-n .\ 2(n+2)(6=n - , and
L, 6-n ( —2 +¢€ )Lxe’" ( 2*5)([0,7,1])
lluell 2nt) (6= ;) 2D (6-p.) < HDkuH 2n12) (5-n ') .
Lt 6—n \n—-2 LXG—n n—2 ([O,Tl]) Lt 6—n \n-2 L;}([O,Tl])
We assume that n = 3 until the end of this subsection. Let & := 43("—;;2 and 0 <& <¢.Let
1 _1_k ni2 (20-n) . .
r be such that L+z(2<4—n)+g/) = ;- — 5. Observe that ( ( —i—e) r) is admissible.
4—n n—2

We have

0
Slull 2n+2) 2(n+2)

||u|| nt2 (2(4—n) 7 2(4-n)
nre (2A271) L2
Lt“‘"( ) G o I ()
||u|| n+2(2(4 n . ) L—*—Z(Z(‘l—") g/) , and
i\ ez L\ 2 (0,17
k7] M(M+g/) n+2(2(47n) g/) g ”Dku‘ LH(Z(‘l—n) E/) .
pin\ 2 a2 ) g A e 2 ( (B 1)
7.3 The proof
We define
2n+2) 2n+2) 2(n+2) 2(n+2) 2nts) 2042)

X :=c([0, T}), H* )NL, * D'Ly™ (0,T;hnL, * D~ 1. (0, T;hNL, "% Ly"* ([0, Ty)).
(102)
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Barely Supercritical Schrédinger Equations 2535

We also define for €’ > 1 large enough (here and in the sequel B(Z; r) denotes the closed

ball centered at the origin with radius r in the normed space Z.)

2(n+2) 2(n+2) 2 n+2) 2(n+2)

X, .=B(C([0 T),HnL, * D'Ly* (0,THNL, * D *L,

([0, T}D); C/M) (103)

and, for 0 < § :=38(M) < 1 small enough

2n+2) 2(n+2)
X, =B (Lt "2 Ly ([0, Tl]);28) . (104)
X, NX, is a closed space of the Banach space X; therefore it is also a Banach space. Let

vi=XNX, - X NX,

. t . 4 4 ’ / /
U eithug — i /0 e =02 (jul (¢)u)g(ul®) dt. (105)

e Y maps X; NX, to X; NX,.
By the Strichartz estimates (18) and Corollary 1 we have

k
Il oo g0,y + 1PUll 2mv2) 2mv2) + DU 2o 2msa
b ([0,17]) L, " L " (0,73 L, ™ Ly * (0,13
4
S M+ 8n2” Mg(M). (106
Moreover,
lull 2042 2m+2) - ||€”Auo|| i) 20n42)

Lt n-2 Ly n-2 (0,71 tn -2 Ly n-2 (0, 73]

< | (w77 ug(un)

2(n+2) 2(n+2)
Lt n+4 LXn+4 ([OyTl])

< 5%7\/[9(1\/[) (107)

~

so that

4
lull 2m+2 20m+2) — 3§ < 8nz” Mg(M). (108)
Lt n—2 LX n—2 ([OITZ])

Therefore, ¥ (X; N X,) C X; NX,.
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e W is a contraction.
Given 7 € [0,1], let w, = u + t(v — u). Let h(z,2) := |z|ﬁzg(|z|).
By the fundamental theorem of calculus, the product rule (see proof of

Proposition 9), and the Sobolev embedding (12) we get

¥ (w) =¥y

< Z HD/3 (h(u, ) — h(v, V))” 242 2(42)

+2 +2
/Se{l k} t " LXn ([O,TZ])
lu=vl 2;m+2) 20m+2) > IDPzR(wWe W)l ng2 ni2
L, "2 1, "2 (o, BE(L K} 1,3 1,3 (o)

< sup zefz,z}
~ PRI 4 S DR - 2t 2m02) lozhwe WOl ny2 ng2

Be{1,k} Ly T Ly ') L, 2 Ly 2 o1y

ze{z,z}

From the estimates in Subsection 7.2 and elementary estimates of g (such as

the estimate of g that we use in the proof of Lemma 12) we get

a"h :_ ntz ntl
|| zZ (W‘L’ WT) ||Lt ;2 LX Erz ([O,Tl])

= + "
SMYw " 2n+2) 2(n+2) + [lw, ||"n+2 N ni2( 4 on
n-2 gy n-2 (n—2+ ) 2 (nfz‘*'f)
Ly Ly (0,13 Lt Ly (10,T))
< (m)©s¢
We have
”Daéh(W.[,Wr)“ n+2 nt2 ~ ||V82h(wt,wT>H n+2 n+2
L,° Ly® (0,71 L3 Ly (0,71
SIvVw, || 20142 20042 x Exp -
t LX n ([0 Tl])
6 n 2+g//
n— n
Here, Exp := ||W I 2(n+2) 2(n+2) + ||W [ 2("+2>(M+g//) 2("+2)(L+€ /) .
Lte n Ly 6= ([0, T7]) L, 6- -2 LXG—n n-2 ({0,
We have
1+
[ ashwr o L S 2 XgtXa,

LS @01 T whefws,wr)
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with X, = = ||D“V(|WT|$%g(|WT|))|| nt2 ng2 and X, =
’ Wt Lt3 LXS ([OyTl]) 4

4

|D*v (jw, |72 22w, |g/(|wr|)) | niz ni2 . We only estimate X, & : X, & is
wr Lt 3 LX3 ([O,Tl]) T T

estimated similarly. Expanding the gradient we see that we have to estimate

terms of the form

I

Y := |D* (Vw,G(w,, w)g(lw,))| % nt ,
Ly° ([0,T7])

w‘

Z:= |D° (Yw, G(w,, WG (W, DIW. )| nz n2
L3 L3 ([0, Tl])
Z:= |0 (Vw,Gw,, #0g" (w, Dlw,| ) P and
2Ll o)

terms that are similar to Y, Z, and Z (hence they are estimated similarly to
Y, Z, and Z). Here G denotes a function of which the regularity properties
depend on the dimension. We only estimate Y: Z and Z are estimated

similarly.

Assume that n = 3.

Hence, G is a C! function such that G(x) := G(x)g(|x|) satisfies |G (x)| ~
|X|ﬁ_2 and |C~;/ tx+ 1 -0y | < |é/(X)| + |f}/(y)| for all = € [0, 1] (abuse of
notation: G(x), G(x), and G (x) mean G(x, ), G(x, %), and G (x,Xx), respectively).

From the fractional Leibnitz rule (see proof of Proposition 9) we see that

Y SID%w, | 2052 242 VW, | 2m+2) 2m42)
L, "% L," % (o)) L, " Ly ™ ([0,
2(4 n)
w.ll 3 2(n+2) 2(n+2)
L, L, ([0,13))
w1 e
n+2 (24— Vl)+ 7 2(4—n) et
PR G ) ) o
14+a
+ | D" W, || 2042 2042) x Exp
L, " Ly * (0,13

<(M)¢sC.

~

Assume that n = 4.

Observe that for this value of n we have

2nt?) — 2042 Letry, 1y and ry be

-2

1 _ _n _a 1 _ 6-n_ 1 _ n-2_ 1 _ _n44
such that T Imam T ont s = 200D + 5, and = 307D -|- = Tt

Observe that i + 77, = 4- The estimates below show that we may choose
n=2
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without loss of generality G(z, z) to be equal to z. First assume that k < 2. We

have
Y SIVW, | 20t |D* (w,g(jw, |>)|| 2m42)
L, ™ L (0,1 & L2(0,T))
+ 1D W || 2ms2 20142 W g(w DIl 2gen 2z )
L, ™ Ly ™ (0T L, 5™ L5 (0,1
We have |w, g(lw_])|| 2nt2) 2nt2) < Exp. We have

L, 5" 1,5 (0,1

“VWT || 20+2) g”DkWT H 2n+2) 2(m+2) , and
T L (0,1 L, ™ Ly T (0,1
lw_ 1% S Vw, ”L?OL,Z(([O,Tz])'

LL2 (0,1

We also have

|D* (w,g(Iw, ) H i | S|V (wog(w, D) || 2042 x Exp!~?
L, °7" L2 (0,1 L5 L3 (0,1y)

and, from elementary estimates of g (such as g(|f) + ¢(IfDIf| < 1+ |f|€ for

€>0),
|V (w,g(lw, |))|| e SIvwe| zpea
L3(10,T3) L, 5 130,17
+HIVw | 22 4 lw, ||
Lo oy aEnidomy
We also have
IVW, | 2002+ SIDMH WL g 2nriz
L, 5" 12 (0,1 L% L, (om)

Hence, Y < (M)€5C.
Then assume that k = 2. This case boils down to the previous one by replacing

o with 1 in all the estimates.

Assume now that n = 5.
Hence, G is an Hdlder continuous function with exponent % that is C! (except
at the origin) that satisfies IG(f.f)| =~ |f|% and |G'(f,f)| ~ |f|_%. We only

n o

estimate Y: Z is estimated similarly. Let r and 7 be such that % =55 " n
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1,1
and7+;—n+2 We have Y S Y, + Y, with
Y, —Y1||VW || 2n+2) . ,and
n F—
t Lx ([0 Tl])
. T 14+
Y, = |Gw,, W)g(w, )| 2m:2 2042 D" w, | 2mi2 2042 '
TR LA (0% ) L, * Ly T (0,71
with ¥, := | D* (G(w,, w)g(lw, )| 2ms2 . We have
L, 5" LZ(0,1y)
IVw_ || 2m+2) . i IIDk_WrII 2n42) 2(n+2)
L, " Ly (0,1 L, * Ly ™ (0,T1)
S IDw, |1° ID*w '
~ tll 2(n+2) 2(n+2) 2(n+2) 2(n+2) :
L, ™ Ly ™ (0,Ty) L, " Ly ™ (0,11
Hence [|[VW, || 2042 . < M. We have

L, * Ly (0,7

6— 2 S;Z_,’_é//
o
Yo S Iw "2 2ms2 + w |l 2142) (6 ) 2ni2) (67 o0)
L, "2 L, (0,1) e P (B )

D" w, | 2miz 2w
L, " Ly 2 (0T

< (M)©sC.

We then estimate Y;. In the sequel, if x € R then, in order to simplify the
notation, we allow the value of x+ (resp. x—) to change from one line to the
other one and even within the same line; the values of x* and those of x~
are chosen such that all the estimates below are true. From the definition
of Besov spaces using the Paley-Littlewood projectors, a Paley-Littlewood
decomposition into low frequencies and high frequencies, and elementary
estimates such as Bernstein inequalities and Holder inequality for sequences

Y, < Y, + Y, with ¥, = |Gw, w)g(lw, |)|| 2pin and
Lo B%—r)+([0,Tl])
Ylb - ”G(WT’W )g(lw, |)” 2(n+2)
L B(Tr)Jr([OTz])

We first estimate Y, ;. From Lemma 12 we get

1
v 3 3t
Yip S AW P sz + WL 2042

n—2 pBa)+ n—2 pQBa)+
L, Br+ +([0 T) L, Br+ 3Jr(IOITz])
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Hence by using again the definition of Besov spaces using the Paley-

Littlewood projectors 171,,) is bounded by powers of terms of the form A :=

||D(3°‘)+WT “ 242, and B := HD(Sa)*WT || 2042 g, . We have
L, "% L3 (0, L, "% L3 (0,1
A S, ”Wr”92(n+2) 2(n+2) ”D1+W‘t”1;(i+2) 2n(n+2) ! and
L2 1,2 (0,13 L, "2 LX"2+4 ({0,131 (109)
B SIWll s amsn  IDW'S0 L snurn
~ 2(n+2)
L, 2 L,"% ([0,T3) L, "% L (0T

If (q,m) = (A2, 2452 or (q), 7)) = (2R, 22012 ) then

1-6

1+ 1+ 6 1+
1D Wf”L?lL;l <D Wr” 2(n+2) 2(n+2) 1D Wf”L?oL}z(([OlTl])-

0,77 ~
(0,3 Lo 0T

We also have

0 1-6
1wl 2wz, 2o S AWl i e MW
L% L% (o) L, 2 L, % ([0,1})) L°Ly* ([0, T1])
6 1-6
f, ||Wf|| 2n42) 2(n+2) ||DWr [

LELZ(10,T3))"

Lt n—2 LXn—Z ([O,Tl])

Hence Y, , < (M)5¢. We then estimate Y, , in a similar fashion. We have

1 1
- 1 I+
3 3
Yl,a 5 ||WT|| 2(n+22) . e + ||WT|| 2(n+22) . e
L, B%:§+([O,Tll) L, B%i'ng([O,Tl])

Hence S_(La is bounded by powers of terms of the form

A = ||D(3“)_WT|| 2042 and B := ||D(3°‘)_Wt|| 2042) | r . Since
L, "% 13 (0,1 L,"% 30,1
A and B are bounded by the same bounds that appear in (109), we get

Y o S (M)©sC.
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