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Motion Planning for an
Underactuated Planar Robot
in a Viscous Environment

In this paper, we solve the motion planning problem for a class of underactuated
multibodied planar mechanical systems. These systems interact with the environment via
viscous frictional forces. The motion planning problem is solved by specifying the loca-
tion of friction pads on the robot as well as by specifying the input of the actuated degrees
of freedom. Moreover, through the proposed novel motion planning analysis, we identify

the simplest planar swimming robot, the two-link swimmer. [DOI: 10.1115/1.4029509]

1 Introduction

Animal-inspired robots have greatly evolved over the past years.
From walking to crawling to undulating, researchers adopt biome-
metic approaches to enable robots to locomote like their biological
counterparts. Yet animal locomotion remains superior in terms of
energy consumption and maneuverability and researchers have
been trying to close this performance gap. The ability of some ani-
mals to locomote in different media and terrains has inspired roboti-
cists to investigate locomotion in different environments. For
example, biological snakes have mastered nearly every environ-
ment one can think of: they can undulate on rough terrains, swim in
aquatic environments, and even glide through the air. As a result,
there has been a growing interest recently in modeling robot loco-
motion in fluid mediums. In particular, the high maneuverability
observed in fish, anguilliform, and eels has motivated researchers to
design multilink (i.e., articulated) robotic swimmers, in the hope of
demonstrating comparable performances.

1.1 Prior Work. The work presented in this paper has it roots
in the literature related to the motion planning of underactuated
robotic systems. The poster-child research problem for motion
planning is parking a car with N-trailers [1,2]. This problem was
addressed from several fronts: motion planning, path planning,
and controllability, [3-6]. For a comprehensive historical as well
as a technical exposition of the related work, the reader could con-
sult the following Refs. [7-11]. In this paper, we address the
motion planning problem of a symmetric two-link planar robot
that interacts via frictional forces with its environment rather than
momenta and nonholonomic constraints.

The system on which we are planning to implement our pro-
posed motion planning method is a close relative to a system la-
beled as the roller racer. The main difference is the fact that the
roller racer interacts with the environment through nonholonomic
constraints rather than viscous friction. The nonholonomic motion
planning problem for the roller racer was investigated by Refs.
[12—14]. Whereas the roller racer is a driftless mechanical system,
a key ingredient for our proposed motion planning is the existence
of drift in the dynamics of the system [15-17]. In fact, drift indu-
ces a major component of motion for robotic systems that are
moving within a fluid.

Mason and Burdick [18] were among the first to analyze the
mechanics of deformable bodies in ideal fluids. Along the same
footsteps, Kanso et al. [19] modeled the dynamics of an articu-
lated body submerged in an ideal fluid to obtain the reconstruction
equations, which describe the net locomotion of the system in
terms of its shape changes. The work was extended in Ref. [20] to
find the optimal shape changes that produce a desired net
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locomotion, where the motion planning problem was formulated
as a nonlinear optimization problem. Similarly, using the curva-
ture of the mechanical connection from the geometric mechanics
framework, Melli et al. [21] developed open-loop gaits for an
articulated body with two shape variables and a simple method for
trajectory tracking in the plane was devised. Nonetheless, all these
works are concerned with ideal fluids or, in other words, are
swimming in potential flows where no external forces are experi-
enced. These are idealized conditions that do not include all the
characteristics of flows that are encountered in the real world.

A more physical and realistic approach was developed in Ref.
[22], where Mclsaac and Ostrowski modeled the motion of an
underwater eel robot using two different friction models: viscous
and fluid drag. The fluid drag model corresponds to swimming in an
inviscid fluid (at a high Reynolds number), whereas the viscous
model can correspond to either gliding over dry land or swimming
in a fluid where viscous effects are significant at relatively low
Reynolds number. Mclsaac and Ostrowski explored several types of
locomotive gaits; nonetheless, there are several remarks concerning
their viscous friction model. First of all, the authors neglected the
frictional forces parallel to the body, whereas in this paper, the pres-
ence of such forces is crucial in generating locomotion along direc-
tions that are otherwise unreachable. Moreover, the authors assumed
that the frictional forces always act at the center of a given link;
however, inspired by the mechanics of friction interaction in animal
locomotion, in this paper, we allow the point of contact along a link
to vary by using displaceable friction pads on each link. Finally,
although Mclsacc and Ostrowski investigated a number of gaits,
they were merely a means for validating the models by comparing
the simulations to the experimental results. The general motion plan-
ning problem was not addressed and it remains unclear what shape
changes are required to achieve a prescribed desired trajectory. This
question is answered in the work presented in this paper.

Chernous’ko [23-26] demonstrated the motion of two-link
mechanisms on a plane, assuming dry friction conditions. He pre-
sented a scheme in which any planar motion can be achieved by a
combination of slow and fast motions; however, the analysis is
limited to static friction scenarios. Furthermore, the success of the
slow motion phase is constrained by a condition on the relative
size of the two links—a condition that would be violated if the
links were of equal size. Figurina [27] also studied the motion of a
two-link mechanism on a plane and showed that for systems using
only slow motions no prescribed positions can be attained. Again
the study is limited to dry friction type scenarios.

Burton et al. [28] found a way around the Scallop theorem by
introducing a buoyant moment (i.e., an offset between buoyancy
point and center of mass). This gives the system a preferred
orientation that breaks the reversibility constraint, thereby
allowing the platform to move. Since their solution relies on the
buoyant moment it cannot be applied to the motion of a symmetric
two-dimensional linkage as is being considered in this paper.
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Melli and Rowley [29] borrowed tools from geometric mechan-
ics to develop a gait design technique for swimmers in potential
flow and Stokes flow. As mentioned earlier, a potential flow is
inconceivable in the physical world. On the other hand, a Stokes
flow is one where the Reynolds number is so low that the inertial
forces are neglected; a scenario that has no applications in the
robotics industry. Even though, toward the end of their paper, the
authors did extend the potential flow to account for viscous
effects, they clearly stated that in the case of planar motion, their
large-amplitude gait design technique only applies for turning
gaits and not forward or lateral gaits. This motivated us to explore
the motion planning problem for a planar swimmer. In fact, in our
previous paper [30], we found a way around this limitation by
designing an appropriate mixture of active and gliding strokes and
by placing the friction pads at determined locations.

1.2 Contributions. The contributions of the paper are three-
fold. First, we formally define a family of underactuated planar
mechanical (UPM) systems. Then, we prove that for this family of
systems, the equations of motion can be expressed in a simplified
form that is adequate for the motion planning analysis problem.
Lastly, coupling the simplified form of the equations with a spe-
cifically designed family of allowable inputs, the motion planning
problem is solved in a novel approach, that is, by simple analysis
of the equations of motion gaits are designed to locomote a system
along a desired direction. An important finding of the paper is the
fact that the simplest planar swimmer can be comprised of only
two links. In fact, this system can locomote in the plane independ-
ently along two perpendicular directions provided that one designs
the right input, or gait, and also specifies the location of the fric-
tion pads along the system’s links; however, the system cannot
change its orientation.

The paper is organized as follows: in Sec. 2, we formally define
the under-actuated planar mechanical systems, work out the
dynamic equations governing their motion, and simplify the equa-
tions of motion in preparation for the motion planning analysis
problem. In Sec. 3, we address the motion planning analysis prob-
lem by first introducing an allowable set of inputs and analyzing
the expected motion due to these inputs. In Sec. 4, we work out an
example through which we first evaluate the reduced form of the
equations of motion, then through the analysis of motion planning
problem, we solve for two gaits that locomote the system along
two desired directions. Finally, we conclude the paper and present
the directions of our future work in Sec. 5.

2 Equations of Motion

In this section, we develop the equations of motion for UPM
systems, similar to the system depicted in Fig. 1, then we
“simplify” these equation in order to be ultimately utilized in solv-
ing the motion planning problem.

For the mechanical systems considered in this paper, we
assume that the configuration space has a principal fiber-bundle
structure such that Q =G x R, where G is the fiber space and R is
the base space. Note that, the fiber space represents the position
and orientation of the system and is sometimes referred to as the
operational space whereas the base space represents the shape of
the system. Accordingly, a configuration variable ¢ € Q is com-
posed of a fiber variables and base variables such that ¢ =(g,r),
where ¢ € G and r € R. Finally, let n, /, and m be the dimension
of 0, G, and R, respectively, where we have n=1[-+m.

2.1 UPM Systems. The systems we are analyzing in this pa-
per are underactuated since only the interlink angles are con-
trolled. The other configuration variables such as position and
orientation of the system, which are measured with respect to a
fixed inertial frame, are not actuated.

DEFINITION 1. A mechanical system with n generalized coordi-
nates q € Q is an underactuated mechanical system if it is subject
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to a generalized actuation forces, t;, such that for 0 <Il<n, t;=0
fori€{l,2,.. . Jand t;=1t)fori € {I+1,1+2,...,n}.

Moreover, since we will limit the analysis to p/lanar mechanical
systems, the underactuation can be defined through the structure
of the configuration space. Generally, the base variables, r;, are
controlled and represent the interlink variables that define the
shape of the robot while the fiber variables are not controlled and
represent the position and orientation of the robot.

DEFINITION 2. A mechanical system is an UPM system if it is
underactuated according to Definition 1 and its configuration
space has a principal fiber-bundle structure such that, ¢ €
Q=G XM, where the unactuated fiber space is G =SE(2), the
special Euclidean group, and the actuated base space is
R=S XS x--+xS, aproduct of rotation groups representing
the actuated interlink revolute joints.

Note that since the fiber space is given by G = SE(2), the spe-
cial Euclidean group, an element in the fiber space is a three-
dimensional vector, g = (x, y, G)T. Next, we lay down the ground
work to determine the equations of motion as well as highlight
their structure, which will be exploited in solving the motion plan-
ning problem.

2.2 Configuration Variables. Let n; be the number of uni-
form links in the UPM system. Each link has a mass M;, an inertia
J; about its center of mass, and a length 2 L;. Also, each link inter-
acts with the environment through a friction pad that is located
along the length or the link at a distance d; from the link’s center
of mass as shown in Fig. 1. Hence, all contact forces between the
mechanical system and the environment emanate from the friction
pads.

To simplify the analysis, the dynamics of such systems is usu-
ally expressed in terms of a body-attached coordinate frame. In
this paper, we utilize the following body-frame specifications. As
shown in Fig. 1, we attach the origin of the body-frame to the cen-
ter of mass of the entire system and define 0 as the average of all
the absolute angles ;. The orientation of the body-attached coor-
dinate frame and the interlink angles can be determined as
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Fig.1 A two-link underactuated planar system
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fori=1, 2,..., np — 1. Note that the interlink angle, f;, is a multi-
ple of the angle, ¢;. This relation provides another minor simplifi-
cation in the expressions of the equations of motion. Hence, the
generalized coordinates, which will be used to evaluate the equa-
tions of motion, are represented in the variable

q:(x7y761¢17'-'7¢nL71)T (2)

2.3 Generalized Forces. For the UPM systems that we are
considering in this paper, there are two kinds of forces that
have to be accounted for: frictional and actuation forces. The
interaction between the mechanical system and the environ-
ment is viscous, that is, the frictional dissipative force is pro-
portional to the velocity of the friction pad. In other words, the
induced frictional force is given by f= —uv, where p is the vis-
cous friction coefficient and v is the planar velocity of the fric-
tion pad.

Moreover, we shall assume that the viscous friction interaction
between the friction pads and the environment is anisotropic. That
is, the viscous frictional constant depends on the direction of
motion with respect to the link. Accordingly, the frictional forces
are given by fl-l = *lliV,Ua and f* = —yv, where y; and v; are,
respectively, the viscous coefficients of friction for the velocities
along ith link, VIU, and for velocities perpendicular to the ith link,
vi-. For UPM systems, these velocities can be determined by pro-
jecting the inertial velocities of the friction pads along the link
direction and along a direction perpendicular to the link. Thus, we
have

d
VIH = (coso; sina; )T— <pl- + d;(coso; sino; )T) 3)

dt

d
vi = (—sing; coso; )Td_t <Pi + d;(coso; sina; )T> 4)

where p; is the location of the ith link center of mass with respect
to the fixed inertial frame. To determine the frictional forces in
the equations of motion, we use the following dissipative Ray-
leigh power function:

ny,

P =53 (w() 4n()) = 30000 ©

where ¢ is the time derivative of the generalized coordinate, g.
The Rayleigh power function P(g,q) and its associated matrix
D(g) simplify the evaluation of the frictional force acting on each
of the generalized coordinates. In fact, for each generalized coor-
dinate in Eq. (2) the frictional forces acting on it is given by
fu = ~0P(4,d)/0d:.

The other kind of forces that could act on UPM systems are the
actuation forces of the controlled degrees of freedom. Namely,
these are the torques applied by the actuation motors of the inter-
link angles. Since we have assumed that all interlink angles are
actuated, the actuation torque vector is given by

T
T=(0007)... T 1) .

2.4 Equations of Motion. Having identified the generalized
coordinates and the generalized forces acting on the system, one
can take recourse to the Lagrangian formulation to compute the
equations of motion. We start by evaluating the Lagrangian
which for the above family of mechanical systems is typically
defined as the kinetic minus the potential energy. However, since
we are focusing our analysis on planar systems, potential energy
is assumed constant and thus can be neglected. Hence, the
Lagrangian simplifies to

Journal of Computational and Nonlinear Dynamics

1
£(g,4) = 54" M(9)d 6)
where M(q) is the mass matrix associated with the kinetic
energy metric. Specifically, for UPM systems, the kinetic
energy is given by L(q,q) = 1/23", (mp!p: + jia?), where
pi and o; are the linear and angular velocities of the ith link,
respectively. Finally, one can determine the equations of
motion by evaluating the Euler—Lagrange equations for i=1,
2, e LN

d (aaqm) _0L(,q)  OP(4.d) _ ™

dt aq; Jq; 0q;

2.5 Structure of Equations of Motion. Note that both the
Rayleigh power function matrix, D(g), and the mass matrix,
M(q), that were, respectively, defined in Egs. (5) and (6) are sym-
metric matrices. Hence, according to the Lagrangian formulation
shown in Ref. [31], the equations of motion (7) governing the dy-
namics of the system can be expressed in matrix representation
such as

M(q)§ +C(q,9)g +D(q)g =t ®)

where the element in the kth row and jth column of C(q,q) is
defined as ¢;j = >, cijqi, where c;; are the Christoffel symbols
of the first kind that are computed by
Cie = 2oy 31 (OMu;/0qi) + (OMyi/9g;) — (OMii/Oqr) }gi-

Given the structure of the configuration space and the nonactua-
tion of the fiber space, the equations of motion in Eq. (8) can be
represented in matrix form as follows:

Ma)(§)+cwa($)+ra(d) = (%) ©

fori € {I+1,/42,...,n}. Concentrating on the nonactuated fiber
variables, the equations of motion can be expresses as

M (g)g + MP™(q)i + C(q,4)q + D(g)g = 0" (10)

where M"*!(g) and M"™(q) are the top left / x [ submatrix and
the top right / x m submatrix of the mass matrix M(q), respec-
tively. Next, we prove that M'*/(¢) is nonsingular in the follow-
ing lemma:

LemMmaA 1. Any top left square submatrix of the mass matrix is
nonsingular.

Proof. Theorem 2.21 in Ref. [32] states that every principal
submatrix of a positive definite is a positive definite matrix. Since
M"™(g) is a square submatrix of M(g), then it is a principal sub-
matrix of M(g). Hence, M"*!(g) is positive definite and thus
nonsingular.

Having proved that M"/(g) is nonsingular, we can invert it
and use Eq. (10) to solve for the fiber acceleration as follows:

§=—(M"(g)) (M ()i + Clq,)q +Dlg)g) (A1)

Inspecting the right hand side of Eq. (11), one can rewrite it in
the following convenient form:

- 1
i=ao@i+arla)(}) +3iC@i a2

Thus, the fiber accelerations have linear components repre-
sented by the linear terms in matrices Ap(g) and Ap(q) as well as
cross and quadratic terms represented in the matrix Cg(g). We
label the components of matrix Ap(q) as drift terms, the compo-
nents of matrix Ap(g) are push terms, and the components of ma-
trix Cr(q) as cross terms. The naming of the above matrices, as
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well as, the importance of the above structure will be clear in the
motion planning section.

2.6 Reduced Equations of Motion. Finally, we take recourse
to Lagrangian mechanics to further simplify the equations of
motion for UPM systems. Here, we will exploit the fact that the
configuration space is a principal fiber-bundle, Q =G x M, and
the fact that the fiber space, G = SE(2), is a Lie group.

For UPM systems, since we have neglected the potential
energy, the Lagrangian is independent on the location of the robot.
Technically, the independence of group variables is referred to as
G-invariance as was defined in Ref. [33]. This fact, allows us to
redefine the Lagrangian in a reduced form by exploiting this inde-
pendence on the fiber variables. Typically, this reduced Lagran-
gian is computed by doing a coordinate transformation and
representing the dynamics in a body-attached coordinate frame.
Using similar techniques to the ones in Ref. [34], the reduced
Lagrangian has the following form:

o

| N7 ¢
@y =g(e omio)(§) (13)
where & is the body velocity as defined in Ref. [35], that is, the ve-
locity of the body-attached coordinate frame as observed from the
body-attached coordinate frame and M(r) is the reduced mass ma-
trix. Since, for UPM systems, G = SE(2), the inertial and body
fiber velocities are related by the following linear map:

cos) sinf 0O
=1 —sin0 cosO O |¢g (14)
0 0 1

The main advantage of expressing the dynamics in terms of the
body-attached coordinate frame is the fact that the components of
the reduced mass matrix, M(r), are only dependent on the base
variables, ;. Moreover, it has been proven in Ref. [33] that if the
Rayleigh dissipation function is G-invariant, then its associated
forcing function is G-equivariant. This fact was utilized in Ref.
[34] to reduce a G-invariant function, including the Rayleigh dis-
sipation function, to a reduced form. This reduced form is similar
in structure to the reduced Lagrangian given in Eq. (13) in the
sense that it is independent on the fiber variables. Thus, the
reduced Rayleigh dissipation function will have the following
form:

BlE, i) =2 (¢ r')D(r)<’§) (15)

Using the expressions of the reduced Lagrangian and Rayleigh
dissipation function given, respectively, in Egs. (13) and (15), one
can employ similar derivation techniques presented in Ref. [34] to
arrive to a reduced set of equations of motion, which can be used
to recompute the drift, push, and cross terms to get

E= e () +506 nGn(§)  as

P

Here, ¢ represents the fiber accelerations computed in Eq. (12);
however, now the accelerations are computed in the body-
attached coordinate frame. It is worth noting that in the above
reduced equations of motion, the drift, push, and cross terms are
only a function of the base variables, ;.

3 Motion Planning

In this section, we exploit the special structure of the equations
of motion for the UPM systems as well as a specially designed
family of allowable inputs to solve the motion planning problem.

051002-4 / Vol. 10, SEPTEMBER 2015

This motion planning solution not only will specify the interlink
inputs but also the location of the friction pads along the individ-
ual links, that is, we design the gaits for motion planning problems
as well as set some geometric parameters of the system itself.

3.1 Proposed Inputs. In this paper, the underactuation of the
system is realized by assuming full control over solely the base or
shape variables, r;. Hence, while solving the motion planning
problem, one does not utilize the base variables’ dynamics, which
are given by the last / equations in Eq. (9).

Moreover, we limit our base variable trajectories to be com-
posed of only two types of curves: an active segment where the
input variables are allowed to change in a desired way and a
locked segment where all the base input variables are locked at
their current position. Figure 2 depicts a possible input comprised
of two active segments and three locked segments. In the active
regions, the value of the input, r;, changes first from A to B and
then back to A whereas in the locked regions, the input 7; main-
tains a constant value.

At the interface between the active and locked segments, it is
assumed that the time derivatives, up to second order, of all the
base variable trajectories are zero. This can be clearly seen in
Fig. 2 where the first and second derivatives are also depicted.
Thus, one potential analytic representation for the input variables
is to use sigmoid functions such as

A ift<a
_)EBA - ifa<t<b
fapaps(t) = ) an
B ift>b

The above expression is used to construct the input shown in Fig. 2,
where a, b, A, B, and s are real positive numbers that represent the
parameters of this function. @ and b denote the start and end of the
active segments of the curve, A and B denote the values of the
locked segments adjacent to the active segment, and s is a parameter
setting the slope of the curve in the middle of the active segment.

DEeFINITION 3. The smallest subsegment of an allowable gait for
all the base variables must be composed of the following sequence
of five adjacent sections: locked, active, locked, active, and locked
such that the first and last locked sections have the same value,
which is different from the middle locked section. Moreover, the
graphs of the active sections are mirrored about a vertical line
located at the midpoint of the middle locked section.

Mathematically, the smallest subsegment of an allowable gait is
given by

Fapapsi(t) =Ffapaps(t) = fupaps(t —1x) (18)

where x > b is a time shifting parameter. Using the above defined
allowable gait segments similar to the one shown in Fig. 2, the

S e e e

Locked Active Locked Active Locked
a b p; atx b+«

Fig.2 Anallowable input, r;=fsp 4,8s(f) — f2p,4,8,s(t+ k)
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following conditions are deduced: each subsegment is cyclic, the
entire input is cyclic, and two adjacent subsegments can share the
same locked portion. Next, we define the reverse of an input.

DErINITION 4. For a given base variables input, r; = F(t), for all
i=1, 2, ..., m, the associated reverse input is defined as
= —Fi(t)foralli=1,2, ..., m.

3.2 Motion Planning Analysis. In this section, we solve the
motion planning problem by utilizing both the structure of the
equations of motion for UPM systems which was depicted in Eq.
(16) and the specially design family of inputs depicted in Eq. (18).
We start by investigating the locomotion of UPM systems for any
input and its reverse. That is, we want to analyze the time evolu-
tion of the fiber variables, g, for an input, r, and its reverse, 7.
Without any loss of generality, we shall assume that the system
starts from rest, that is, at t+=0, the body-attached frame is
coincident with the inertial fixed frame such that,
2(0) = ¢(0) = (0,0,0)". We start the motion planning analysis
by the following lemma:

LemMmA 2. Given a UPM system in a viscous environment, the
time evolution of the fiber variables, g;, for an input, r versus its
reverse, 1, is either identical or the reverse of g;, that is

¢(F) = £gi(r), foralli=1,2,....1 (19)

Proof. The only external forces acting on the system are viscous
frictional forces that are linearly related to the generalized veloc-
ities. Thus, once the inputs are reversed, all the forces reverse
direction. Assume that the all the forces produce a net force and
net torque about the system’s center mass. As soon as the inputs
are reversed, the net force and torque will change direction, but
the magnitude remains unchanged.

Hence, if the system is starting from rest, one can conclude
0(r) = —0(r). However, for the x and y directions of motion, the
relation will depend on the alignment of the body-attached coordi-
nate frame. Since, we aligned the first axis of the body-attached
frame along the average of the absolute link angles, we conclude
that x(r) = =x(7) and y(r) = *y(F). Hence, we conclude that
gi(F) = *gi(r) for g; € {x,, 0}.

Given the above lemma, one can deduce the same relationship
among the fiber accelerations, that is, g;(7) = =g;(r) and
gi(F) = *xg;(r) forall i=1, 2, ..., I. Moreover, using the relation
in Eq. (14) between the fiber velocity, g, and its representation in
the body-attached frame, &, one can deduce similar conditions on
¢, Specifically, for the fiber space G =SE(2), we have
Ei(F) = x&(r) and &(F) = =&(r) foralli=1,2, ..., .

For UPM systems, since G =SE(2) is three-dimensional, we
have a total of 2* or eight choices for the relationship depicted in
Eq. (19). Each of these choices should be checked if it is compati-
ble with the equations of motion given in Eq. (16). At the core of
our proposed motion planning analysis is checking which of the
all the possible choice is consistent with the equations of motion.

ProposITION 1. For a UPM system in a viscous environment, the
relationship between the evolution of fiber variables for an allow-
able input as defined in Eq. (18) and its reverse is given by

(r) = (1), &(r) = =&(7),and ¢y (r) = =&o(r)  (20)

Proof. In Lemma 2, it was proven that £y(r) = —&y(F); however,
for the other two fiber variables, we have ¢, (r) = =&, (F) and
&,(r) = £&,(r). Without loss of generality, one can align the axes
of the body-attached frame such that &.(r) = +&.(F) and
5}*(") = _éy(f)-

This final proven relationship, depicted in Eq. (20), relating
the motion of a UPM along each of the fiber variables due to an
input and its reverse is at the basis of our proposed motion plan-
ning solution. In fact, this relationship will be exploited to design
the gaits and specify the friction pads location in order to
produce a desired motion of the system. Next, we workout a
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two-link UPM example, for which we determine all the expres-
sions that were introduced in this section as well as we validate
all the relevant lemmas and ultimately solve its motion planning
problem.

4 Motion Planning for Two-Link System

In this section, we solve the motion planning problem for the
two-link, n; =2, UMP system depicted in Fig. 1. We assume that
the links are identical as well as the frictional properties of the
friction pads; however, the location of the friction pads along the
links could be different for each link. Moreover, for simulation
results, we will use the following parameters:

1 1
=1 J=—:L=1d=*1v= ==
M=1J=riL=ld=*ly=1pu=7 @21

4.1 Equations of Motion. Before we address the motion
planning problem, we work out the equations of motion for a
two-link example from the family of underactuated systems.
Using the suggested generalized coordinate approach in Egs. (1)
and (2), the body-frame is located as shown in Fig. 1. For
this two-link example, the generalized coordinates vector is

given by ¢ = (xy0¢,)", and one can determine the kinetic
£(g.4) = M(2 + ) + (J + M(Leos ¢,)°)
+(J + M(Lsin ¢1)2) P

For evaluating the frictional forces, we start by computing the

velocity components parallel and perpendicular to the links at the
fiction pads. For the two-link system, these components are

energy as

v|1| Co—gp,  S0—¢, %S2¢1 %Sw, X
v! | Corg Sote 5529, — 529, y
VIL - —S0-¢, Co—¢, dy — LCil —d +Ldg2bl 0
vy —S0+¢, Cotry, dat LSil dy + Ldil ol

Here, we have used a short-hand notation for the trigonometric
functions, that is, b = (cos(an=bp))’ and
Shuepp = (sin(ax=bp))”. Using the above velocity components,
one can compute the Rayleigh power function, P(g, ¢). Then, one
can use Eq. (7) to determine the equations of motion governing
the locomotion of the two-link system.

4.2 Structure of Equations of Motion. Utilizing the equa-
tions for motion from Eq. (7), one can first solve for the accelera-
tions of the fiber variables, g. Then by using the change of
variables which is given in Eq. (14), one can represent these accel-
erations in the body-attached coordinate frame. Thus, solving for
the accelerations, &, one can use Eq. (16) to evaluate the drift, push,
and cross term to get

N e XYy xVo 5 Ve, _ V0
Ap(q) = | y7x 0y Vo |+ Ap(@) = |7y, | Cel@) = | 37g,0
0Yx 0y 070 07, 07¢,0

(22)

where we have

1
(ot a2

M
x"/y =0
oS¢ 2
10 =50 (u(fdl +dy +2L) —2Lcy (u+ y)>
1S
Ve, = 213 (d] +d2)
“’CV¢10 =0
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T =001 2 2
¥y = “u (uc(bl + Vsdn)

C
o=~ i+ )

v =0 (i Zor® v dy —dy) 4 2Lus?
A I 1

yy(l’l() =0
ity = 5t (o — d)p+ 2L = 1), )
Y2 4 2ML%s, o
Heg,
0y =57 a0 (@t d)
2J + 2ML 55,
1
09 =~ (& + &)
2(1 + LZMsfbl>
5 2
— (s = i) + L) + (= v)s3, )
<J +L2Ms§,1)
o _ _(d1+d2)‘u(—d1 +d2 +L)
” 2(1 n LZM@)
2L2MC¢,1S¢1
Gy(/)l{] = 2 2
J+12Ms,

From the above expressions, as expected the components of the
drift, push, and cross terms are independent of any fiber variables,
x, v, and 0, and only depend on the base variable, ¢,.

4.3 Motion Planning Analysis. Recalling the two-link exam-
ple the base space is one-dimensional, m=1. To validate that
Proposition 1 provides that only compatible equations of motion,
we simulate the system with two inputs, ¢, (¢) = fo5,5.5025(f) and

its reverse ¢, (t) = —fo555025(f). The plots for ¢, and ¢, are
shown Fig. 3. As for the rest of the fiber variables, it is clear

from Fig. 3 that x(¢;) = x(¢p;) while y(¢;) = —y(¢;) and
6(¢1) = _9(¢1)-

To validate that this is indeed the only compatible choice for
the equations of motion, we compute and compare the left-hand-
side and the right-hand-side of Eq. (16). To simplify some expres-

sions, we use the hat operator to refer to the following ratio:
== (23)

Accordingly, one can compare the accelerations, ém éy, and fg, of
the two-link example, expressed in the body-frame, for an input r

Ot

<

Fig. 3 Numerical

simulation for the two
¢1 (t) = f0.5,5.5,0,2,5(t) and its reverse ¢1 (t) = 7’0.5'5,5.’0,2‘5“)

inputs,
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and its reverse 7. This is done by inspecting the drift, push, and cross
terms for the planar mechanical system, which for the two-link
example we listed in Sec. 4.2. For all possible choices computed in
Lemma 2, one would evaluate ,J; and its coefficients for an input
and its reverse. A valid choice would have the left-hand-side and the
right-hand-side of all equations matching. Indeed we were able to
verify that the only valid choice is jA.)X =¢ =1, )A')y =¢,=—1,and
% = ég = —1 which is consistent with the result of Proposition 1.
One can also check the push, drift, and cross terms. If all the right-
hand terms, after multiplication, are the same as the left hand terms
while ignoring all zeros, then the choice is valid.

The above analysis for this particular choice is depicted in Ta-
ble 1. Referring back to Fig. 3, one can see that for an input and
its reverse, the time evolution for x is identical, whereas the time
evolution for y and 0 are reversed. Moreover, note that the input,
¢, is reversed by design.

Next, we solve the motion planning problem for the two-link
system. We accomplish this by exploiting the simplified set of
equations of motion that were derived earlier. The proposed
motion planning solution to locomote the system along an unactu-
ated degree of freedom not only specifies the gaits or inputs to the
actuated degrees of freedom but also the location of the friction
pads in the system. Thus, our motion planning solution can be
used as a gait evaluation tool as well as a system design tool.

4.4 Locomotion Along y. The ideal trajectory for locomotion
solely along the y direction in a planar environment is for the center
of mass to trace a line parallel to the y axis. That is, the acceleration
along the other degrees of freedom, namely, x and 0, must be zero
for all time. To achieve this, taking recourse to the equations of
motion in Eq. (16), one needs to nullify the push and cross terms
for the x and 0 equation. That is, one needs to impose the following
conditions Py =x Vg, =x Vo0 = 0 and 07y =0 Vg, =0 Vg0 = 0.

With the above condition satisfied, the equations of motion
reduce to

X
By O 0wy 00 y
y =10y o oy O 0 (24)
0 0 0 979 0 O ?31,
¢,0

Note that the first and third equations are coupled with zero ini-
tial condition, hence both x and 0 remain zero for all time. This is
true, since the coefficients for the forcing functions are all zero.

4.4.1 Friction Pads Location. Utilizing the above conditions
and equating the relevant terms to zero, we get

154,
0 =x 7, :ﬁ(dl +dy)
HEgp,
0=gy,=——— 2 (di+d
6% 2J+2ML235)1(1+2)

Table 1 The only valid choice for the two-link example

O Gy & e S WP b1 wTes, S0

&1 1 -1 -1 -1 -1 -1 -1 0 -1 -1
[ 1 1 1 0

A yﬂ;’)t E,\' y?y é}v y?() 50 y?da, ‘i)l )’?0(1), o d’l
PSS TR R R T R T St T 1S
2 -1 -1 -1 0

N 07 Cx H}A'y ‘3} 0% Co H“ﬂpl (i)l 6?04:‘ o (/.71
1 1 -1 1 -1 1 -1 -1 -1 -1
—1 —1 —1 -1 —1 —1
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(di +da)p(—di +dr + L)

0=07¢, =~
2 2
2(1 +L Ms¢])
2L2MC¢1S(/)1
=000 = T M,
1

The solution that ensures the first three conditions are satisfied is
given by

dy = —d> (25)

This solution specifies the location of the friction pads. Refer-
ring to Fig. 1, this above configuration refers to symmetric robots,
that is, the friction pads are located at the same distance away
from the interlink joint.

As for the fourth condition, that is, setting the cross term,
07¢,0 = 0, recall that this term multiplies the variables ¢, 0. Since,
we are starting form rest, we have 0(r = 0) = 0. Thus, this cross
term does not affect the rotational acceleration at = 0. Accordingly,
the two degrees of freedom x and 0 are coupled and since there are
no forcing functions, they remain identically zero for all time.

4.4.2 Gait Analysis. Having, identified the location of the
friction pads that ensures no motion along x and 6, we focus our
analysis on the y degree of freedom. Plugging the symmetric con-
figuration parameters from Eq. (25) into the y equation of motion,
we get

v+ gy = l"pq'b17 where
_H (2 Vo
Fdiﬁ( ¢71+ps¢1)’

ulcy (d v
Fp:—Ttbl Z—(;—I)Cél ) and

d=—dy =d,

(26)

Recall that the terms I'y and I’ are the drift and push terms,
respectively.

Now, we analyze this equation of motion when the input is lim-
ited to the set of allowable gaits described in Sec. 3.1. For the
locked portion of the input, that is, ¢, = 0, the effect of the push
term, I',, vanishes. Given that friction coefficients are positive, then
the drift term, [y, is positive for any input. For this case, if the sys-
tem has any initial velocity along y, this velocity will decay expo-
nentially with a time constant equivalent to the reciprocal of the
drift term, 74 = 1/I'q. This makes sense since the viscous friction
will dissipate the initial energy in the system. For all practical pur-
poses, the system should dissipate energy for at least five multiples
of the system’s time constant. Thus, the minimum duration of the
locked sections of the input are bounded by Ty > 5(tq = 1/T'y).

As for the active sections of the input gait, assuming the worst
case scenario where the system is starting from rest, that is, y = 0.
This will nullify the effect of drift term, I'y. By design, for the
active section of the gait, the first derivative of the input gait is
greater than zero as seen in Fig. 2. Thus, to maximize the effect of
the push, the sign of the push term should remain the same during
the entire active section of the gait.

This above fact can be used to actually design gaits. In Fig. 4,
we plot the boundaries for which the push, I';, term changes sign.
For instance, if a robot’s parameters are such that, d/L = —1/3
and the ratio of the coefficients of friction is such that v/p = 1/2,
then the maximum allowed value for the input angle is
& (1) < Gaowable» @S depicted in Fig. 4.

44.3 Gait Design. In this section, we will utilize the gait
analysis in Sec. 4.4.2 to actually design a gait that moves the two-
link system along the global y direction. Using the system parame-
ters given in Eq. (21), we have d/L = 1. Using Fig. 4, it is clear

Journal of Computational and Nonlinear Dynamics

— 12 |34 1 — 54 === 32

B Som— ]
Pallowable

-2

-1 O(P 1

Fig. 4 Same signed regions for the push term I'y

that the input angle |¢,| < /2 so that the push term maintains
the same sign. Now consider the following gait:

$1(1) = Fos0,15.15(1) 27

Using Eq. (18), the active sections are 5 s long and the locked
sections are 10 s long. This input gaits is depicted by the dashed—
dotted line in Fig. 5. Also note that ¢, (r) < /2.

So starting from a straight configuration and from rest, the gait is
comprised of five sections: locked, active, locked, active, and
locked. The first locked section is for # < 0. For the range of input,
the maximum value for the drift term is I', < 2.0; hence, for the du-
ration of the locked sections should be T > 10.0 s. The proposed
gait in Eq. (27) satisfies this condition since the length of the locked
sections is 10 s. Also note that the active sections change the input
angle from 0 to a maximum value of 1 and back to 0. Finally, for
this input, one can verify that the drift term, I'y, is always positive
while the push term, I';,, remains negative for the entire gait.

444 Locomotion Analysis. Let 5, A be the net change in posi-
tion along the g; € {x, y, 0} direction due to the input gait ¢, ()
given in Eq. (27). In Secs. 4.4.1 and 4.4.2, we proved that the sys-
tem does not translate along x nor does it rotate. Thus, we have
A =pA=0. Next, we need to verify that the system actually
translates along the y direction for the proposed gait.

To simplify the analysis, we partition the input gait into two
section of equal duration. Define the net motion for each section
as follows: ,A, = y(15) — y(0) and ,A, =y(30) — y(15). For a non-
zero net motion along y, we must have ;A #0 or in other words,
A, + A, #0. For the gait above, as depicted by the solid line in
Fig. 5, the active section of ¢, spans the duration between 0 and 5
s while the active section of ¢, spans the duration between 15 and
20s.

3
(—» =1 TgmnTp)

Db p SR P ——

1| e, \

0«"/ : !
-1 i
Y i ! -

0. 15. 30.

Fig. 5 The evolution of y, ¢,, the push term, and the drift term
for the two-link system
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Fig. 6 Net motion along the y of the two-link system, t; <—
(t=isec)

Moreover, since the locked section between the two active sec-
tions is 10 s long, for all practical purposes, the second active sec-
tion is the reverse of the first active section. The only difference
between these sections is the starting shape of the two-link sys-
tem. The first active section changes the interlink angle from 0 to
1 while the second active section changes this angle from 1 back
to 0. Indeed, it this change in the starting shape, coupled with the
nonisotropic friction that causes the difference between the effect
of the active gaits’ sections and the motion along the y direction.
This difference is depicted by the dashed line in Fig. 5 where the
net motion along the y direction at the end of the gait is
A =0.372. Also note, as expected, the exponential behavior of y
versus ¢ for the locked sections of the gait.

A trace of the two-link system is depicted in Fig. 6 as the pro-
posed gait is being simulated. The system starts from the origin
with a straight configuration, that is, ¢, = 0. Then, the system
folds in during the active section from ¢, till #5 and then drifts
through the locked section till 7,5, it reaches rest again but at the
folded configuration. Finally, the system unfolds back to the
straight configuration and the net displacement along the y direc-
tion is depicted. This is due to the drift term, dotted line in Fig. 5,
being higher in the second section, thus shortening the motion
along y, that is, ,A, > ,A,,.

We have also simulated an underactuated system using the
WEBOTS modeling and simulation software. The interaction
between the robot and the fluid was defined as a viscous interac-
tion. Inputting the above gait into the system yields identical
motion similar to the motion explained above. The top grid of
frames in Fig. 7 depict the sequence of shape changes that the
robot undergoes while performing the gait while the bottom image
depicts a trace of the center of mass after performing several
cycles of the proposed gait. Note that as expected, the robot loco-
motes along the y direction without any motion along the other
fiber variables, x and 0.

Fig.7 Simulation using wesots depicting motion along y
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4.5 Locomotion Along x. Similar to the vertical locomotion
case, the ideal trajectory for horizontal locomotion in a planar
environment is for the center of mass to trace a horizontal line.
That is, the acceleration along the other degrees of freedom,
namely, y and 0, must be zero for all time. To achieve this, taking
recourse to the equations of motion in Eq. (16), one needs to
simultaneously nullify the push and cross terms for the y and 0
equation. That is, one needs to impose the following conditions:
Wy =y Vg, =y V9,0 = 05 07y =074, =07¢,0 = 0.

Unfortunately, there exists no solution that will simultaneously
satisty the above conditions. Hence, the structure of the equations
of motion is unmodified and is given by

X
¥ O 0w xvg, O ¥y
VI =10 oy we e O 0 (28)
0 0% 0%y 070 V¢,  0Vog, ¢,

¢,0

4.5.1 Location of the Friction Pads. The next best recourse
to achieve motion along the x direction is to nullify the motion
along the other degrees of freedom over the course of several
inputs while additively locomoting along the x direction. More-
over, since one would want to maximize the motion along x,
the push term along the x direction should be maximized.
Inspecting the push term, ,y4 , in Sec. 4.2, it is maximized by
setting

dy=d (29

The above condition for the location of the fiction pads indicate
that the links of the two-link system are identical, that is, the fric-
tion pads are equidistant from the links’ centers of mass and one
the same side of the centers of mass.

4.5.2  Gait Analysis. Similar to the earlier analysis, the gaits
will be comprised of active and locked sections. The active sec-
tions are the sections where ¢, # 0 and for each active section ¢,
does not change sign. As for the locked sections, we have ¢, = 0.
Moreover, the duration of the locked sections are related to the
drift terms. Since each of the degrees of freedom has its own time
constant, we should take the maximum time constant for all
degrees of freedom to ensure that the system has come to rest at
the end of each locked section. For the condition given in
Eq. (29), the drift terms are denoted by the diagonal terms of the
following matrix:

(zx—,u)sfbl —v 0 Lsg, ((.U“‘V)Si, _V)
M M
(n—v)sy —u ducy,
An(q)= 0 M M
2 2.2 2 2
L(H*I/)sél ducg, pd”+Lsy, (Vcdn +us¢‘)
LPMs}, +J  L*Msy +J L?Ms}, +J

A plot of the drift terms is depicted in Fig. 8. In order to esti-
mate the time constant for each of the degrees of freedom, we
compute the average value of the drift term for the entire range of
|¢,| < m. This average value is equivalent to dividing the area
under each drift term and then dividing it by the length of the
range, that is, 27. For the parameter set given in Eq. (21), the esti-
mate of the time constants is given by .y, =3.91rd, and
¥y =0 79 = 0.75rd. Thus, the locked portion of a proposed gait of
a duration of 10 s should be adequate.

4.5.3 Gait Design. The proposed gait will have at least 16
sections, eight locked sections, and eight active sections. The pro-
posed gait is given by
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Fig. 8 The drift terms of the two-link system

¢1(1) =Fos0,1515() — Fos0.15,5(t —30)

30
—Fo501515(t —60) + Fos01515(t—90) <0
This gait is defined using Eq. (18) and is depicted by the dashed
and dotted line in Fig. 9. Starting from rest and from the straight
configuration, the gait will change the interlink angle to a certain
value, back to zero, to a negative value, back to zero, then the entire
sequence is mirrored. The absolute value of the nonzero values of
the interlink angles are identical. For this particular gait, we chose
the nonzero value of the interlink angle to be |¢; | < 1rd.
Accordingly, we can divide the proposed gait into four compos-
ite sections, each having two active and two locked sections.
Label the net motion along each degree of freedom g; € {x, y, 0}
as follows:

g,-Aa = g1(30) - gi(0)7 g,Ah = g,(60) - g1(30)7
oAc = gi1(90) — gi(60), Ay = gi(120) — g:(90)

In Sec. 4.5.4 we shall verify that the proposed gait causes the two-
link system to move solely along the x direction while restoring
the other two degrees of freedom, y and 0 back to their initial val-
ues once the gait is completed.

4.54 Locomotion analysis. Without loss of generality,
assume that the first subsection actually changes all three degrees
of freedom, that is, ,A,#0, ;A,#0, and A, #0. At the end of
this portion of the gait, at 30 s, the system comes to rest. The next
portion of the gait is the reverse of the first portion. Thus, we
know for a fact that A, #—.A,, A, #—,A,, and A, = —)A,.
This is due to the fact that the starting orientation is different for
each subsection, this conclude that

0. 15. 30. 45. 60. ¢ 75. 90. 105. 120.

Fig. 9 The evolution of the degrees of freedom for the two-link
system

Journal of Computational and Nonlinear Dynamics

XA(I +x Ab 7é 07 y Aa +yA/7 7é O, and ﬁAa +9Ah =0

Hence, at = 60 s, the two-link system has a straight configuration,
its orientation is restored to the initial orientation, and it has trans-
lated along both the x and y direction. This can be seen in Fig. 10.

To eliminate the undesired motion along the y direction, the
reverse of the two subsections is applied. Since, we are starting
from a straight configuration and from a similar orientation, we
have the following:

an +x Ab =x A(' +x Ad;
YA+ Ay = — ()’Ac +y Ad)7
0Aq + 0Ar = 0Ac + 9Aa =0

Hence, after completing the entire proposed gait in Eq. (30), we
have A= —0.452 while ;A=A =0. Thus, the proposed gait
guarantees that the system only translates along the x direction af-
ter the completion of the entire gait. The motion along all the
degrees of freedom is depicted in Fig. 9. A trace of the two-link
system as it performs the proposed gait is shown in Fig. 10 where
the position and shape of the system are depicted at the end of
each section of the gait.

Again, the above gait was implemented using the simulation
software weBoTs. The resulting motion is depicted in Fig. 11. The
top grid of frames shows the series of shape changes that represent
the implemented gait while the bottom image depicts a trace of
the center of mass after performing several cycles. It is clear that
the overall motion is along the x direction even though, as
expected, there is intermediate motion along the other fiber varia-
bles, y and 0.

4.6 Motion Versus the Roller Racer. Finally, in this section,
we compare the motion of the two-link robot to that of a roller
racer with comparable parameters. Recall that the roller racer is
comprised of two-link but instead of having friction pads it has
passive rolling wheels. The assumption that the wheels do not
slide sideways and do not have any rolling friction provides non-
holonomic constraints on the system. For our simulation purposes,

130
2
t

1 11209 1
~

0 7& _ &:f::::’ﬁ

T90
-1
-2
-2 -1 0 x 1 2

Fig. 10 Net motion along the x direction of the two-link system
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Fig. 11 Simulation using wesots depicting motion along x

we used the same parameter sets given in Eq. (21); however, to
model the nonholonomic constraints, we set = 10000 and u=0.

To compare the locomotion of our proposed system to the roller
racer, we simulate the motion of the roller racer for the same input
gaits given in Egs. (27) and (30). Note that, the gait given in
Eq. (27), which produced motion along the y direction when
implement on our system, produced no net motion when imple-
mented on the roller racer. It can be seen in Fig. 12(a) the body
frame of the roller racer (solid lines) returns to its initial location
on the inertial origin. In fact, this result is anticipated since the
roller racer is a single-input system and thus produces zero
“geometric phase-shift” for cyclic motion [36,37]. This is an im-
portant property of our proposed system, specifically how drift in
the system produced nonzero net motion.

As for the gait given in Eq. (30) that produced a net motion
along the x axis, when implement on the roller racer, a similar
behavior is seen in the simulation. The trace of the origin of the
body frame and snapshots of its orientation are shown in Fig.
12(b). Note that, the roller racer, as expected produces a larger net
motion since it does not have any frictional, i.e., dissipative forces
in the system.

5 Discussion and Future Work

The methodology presented in this paper is applicable to sys-
tems with more than two links. In fact, the authors have verified
the above that the motion planning analysis presented in this paper
is adequate for also planar systems with three links. It is important

y y
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Fig. 12 Motion of the proposed two-link robot in a viscous
environment (dashed lines) versus the motion of the roller racer
(solid lines). (a) Motion along the y axis. (b) Motion along the x
axis.
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to note that the gait design exploited both interlink angles rather
than locking one of the interlink angles to transform the system
into a two-link system. Expanding the results in this paper toward
a more general class of mechanical system would be of interest to
the authors.

Moreover, another direction, the authors would like to pursue is
optimal control. In this paper, we have designed gaits with no
regards to any optimality metric. Instead, the gaits were designed
to guarantee motion along a desired fiber direction. It would be
interesting to introduce an optimality metric into the gait design
analysis. This will allow not only for gait that move the system
along a desired direction but also do it while minimizing an inter-
esting quantity such as time or control effort.

Another interesting direction of research would be to investi-
gate slow gaits with pulses rather than gaits with active and locked
section. The interlink angles will be actuated slowly to render the
system kinematic, and then a sudden shape change would be
imposed to magnify a certain desired motion.

6 Conclusions

In this paper, we developed a reduced set of the equations of
motion for underactuated planar systems. The structure of the
equations of motion was investigated and in turn exploited to
solve the motion planning problem. In fact, not only we solved for
the motion planning problem by specifying the controlled inputs
but also by specifying the location of the friction pads in the sys-
tem. This fact could be used as a design tool to configure robots.

The motion planning analysis was applied on a two-link planar
system. Through our analyses, we were able to locomote the sys-
tem along two desired directions. The gaits were designed to
exploit the drift in the system so that a net motion was produced
only along the desired direction.
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