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This paper provides a general model for the lattice thermal conductivity in granular crystals. The

key development presented in this model is that the contribution of surface phonons to the thermal

conductivity and the interplay between phonon anharmonic scattering and phonon scattering by

boundaries are considered explicitly. Exact Boltzmann equation including spatial dependence of

phonon distribution function is solved to yield expressions for the rates at which phonons scatter by

the grain boundaries in the presence of intrinsic phonon scattering mechanisms. The intrinsic

phonon scattering rates are calculated from Fermi’s golden rule, and the vibration parameters of

the model are derived as functions of temperature and crystallographic directions by using a lattice

dynamics approach. The accuracy of the model is demonstrated with reference to experimental

measurements regarding the effects of surface orientation and isotope composition on the thermal

conductivity in single crystals, and the effect of grains size and shape on the thermal conductivity

tensor in granular crystals. VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4866362]

I. INTRODUCTION

The demand for increasing circuit density and power on

chips makes heat dissipation a critical issue in circuit design.

Heat dissipation through the substrate is a simple, yet con-

venient means of lowering circuit temperature (T). As a

result, materials with high thermal conductivity jð Þ are

highly desirable for substrate applications. On the other

hand, materials with low j are extremely needed for power-

generation through thermoelectric conversion.1,2

A granular crystal typically exhibits lower j than the

single crystal of the same material because of a high phonon

scattering rate at grain boundaries. However, besides the

phonon-boundary scattering mechanisms, the grains shape,

size, and orientation are also important determinants of j in

a granular crystal over a wide T range.3–9 A theory describ-

ing the dependence of j on the characteristics of the constit-

uent grains would therefore be of utmost importance for the

control of heat transport and the design of materials for heat

sink or thermoelectric applications. The usual approach to

evaluate j in granular crystals is based either on introducing

in the expression of j for an infinite crystal temperature-

independent relaxation times associated with phonon scatter-

ing by grain boundaries, or averaging j of a single crystal

over the anisotropy directions. The results in this way agree

with experimental data only when the boundaries are com-

pletely diffusive, or present no thermal resistance.10

Recently, attempts have been made to calculate j in a

granular crystal with considering the contribution of the

interaction between microstructural components of the

system.11–15 Although the proposed approaches presented

developments in the theory of phonon transport in systems

where the phonon scattering rate is enhanced by the presence

of boundaries, they are framed by expressions and assump-

tions valid for the specific class of granular crystals that are

made up of randomly orientated grains giving rise to an iso-

tropic j.16–20 The primary objective of this paper is to

account for the contribution of phonons propagating on

grains surfaces and the scattering of phonons by grains boun-

daries in the presence of temperature-dependent anharmonic

phonon scattering rates to the lattice thermal conductivity of

granular materials. A Boltzmann equation for phonons

including terms describing the spatial dependence of the

phonon distribution is solved to derive phonon-boundary

scattering rates expressed in terms of the intrinsic phonon

relaxation times and the strength of the interaction between

surface phonons and volume phonons. Unlike the widely

used Casimir’s expression that describes low-temperature

interactions between ballistic phonons and boundaries, the

developed expressions for phonon-boundary scattering rates

describe the interplay between intrinsic phonon scattering

and phonon-boundary scattering in the full temperature

range. Besides, they provide theoretical understanding of the

widely used phonon specularity factor. They define the pho-

non specularity as the ratio of the strength of the interaction

between surface phonons and volume phonons to the product

of the phonon intrinsic relaxation time and the rate at which

phonons are delivered to a unit volume of the reciprocal

space. The derived formalism for the lattice thermal conduc-

tivity includes vibration parameters and relaxation times that

describe anisotropic j resulting from the grains shape and

orientation. The paper is organized as follows. In Sec. II, we

discuss the symmetry of j and derive directional- and

temperature-dependent j in an infinite crystal using a lattice

dynamical matrix and Fermi’s golden rule for phonon-

phonon interactions. In Sec. III, we describe the interplay

between the intrinsic scattering of phonons and the scattering

of phonons by the boundaries of a finite crystal. We present

a solution for Boltzmann equation including a spatial de-

pendence of the phonon distribution function arising from
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the presence of boundaries and derive expressions for the

rates at which phonons scatter by the boundaries of a finite

crystal in the presence of surface phonons and intrinsic

phonon-phonon scattering mechanisms. In Sec. IV, we

extend the expression of j developed for a finite crystal to

the case of a granular material by including probabilities for

a phonon to transmit from grain to grain through the grain

boundaries. We address the effect of grains shape and orien-

tation tendency that may result in anisotropic j. Finally, in

Sec. V, we compare the results of the developed model to ex-

perimental data available in the literature.

II. LATTICE THERMAL CONDUCTIVITY IN AN
INFINITE CRYSTAL

A. General theory

Let us begin with the investigation of the contribution of

each high symmetry direction to the overall lattice thermal

conductivity of the crystal. The phonon heat current q along

any direction in any crystal can be considered as the sum of

individual vector components qhkl directed along the high-

symmetry directions h; k; l½ � of the crystal. Thus, we may write

q ¼
X
hkl½ �

qhkl; (1)

where the summation runs over all the high-symmetry direc-

tions of the crystal. On the other hand, the individual compo-

nent qhkl of the total heat current q is defined as the sum over

all states khkl of the number of phonons with given frequency

that are incident per unit time parallel to the high symmetry

direction h; k; l½ �, times the phonon energy �hx khklð Þ. This can

be expressed as

qhkl ¼
X
khkl

�hx khklð ÞN khklð Þ:vhkl: (2)

Here, vhkl is the phonon velocity in the high symmetry direc-

tion h; k; l½ �, and N khklð Þ is the phonon distribution in the state

khkl, defined as the sum of the phonon distribution at equilib-

rium �N khklð Þ and the deviation of the phonon distribution

from equilibrium ~N khklð Þ in the state khkl. Typically, in an in-

finite crystal, the change in the phonon distribution is due to

the combined effects of temperature gradient together with

phonon collisions with each other and defects. In the steady

state regime, the total rate of change in the phonon distribu-

tion must vanish. Thus, Boltzmann equation, which

describes this total rate of change in the phonon distribution,

takes the form

�vhkl:rN khklð Þ þ @N khklð Þ
@t

¼ 0: (3)

The usual way to solve Eq. (3) is to approximate its sec-

ond term by
@N khklð Þ

@t ¼ �N khklð Þ�N khklð Þ
s khklð Þ . With this approximation,

it is assumed that in the absence of a temperature gradient,

any deviation from equilibrium in the state khkl damps out

rapidly in a time s khklð Þ. This approximation is valid in some

circumstances, but it generally ignores the difference

between the physical nature of the normal processes, which

tend to displace the phonon distribution by a small vector u

in the direction of the heat current, and the nature of the

resistive processes, which tend to restore it back to its equi-

librium value. Although the normal processes do not contrib-

ute to the thermal resistance, they must be taken into account

when solving Boltzmann equation, because they cause the

deviation of the phonon distribution function in a direction

opposite to the resistance direction. The disregard of this

effect often leads to inaccurate estimation of the magnitude

of j.21 Therefore, a more accurate approximation to the sec-

ond term in Eq. (3) would be given by

@N khklð Þ
@t

¼ Nu khklð Þ � N khklð Þ
sN khklð Þ þ

�N khklð Þ � N khklð Þ
sR khklð Þ ; (4)

where Nu khklð Þ is the displaced phonon distribution, which is

stationary in the state khkl for the normal processes, and

sN Rð Þ khklð Þ the relaxation time associated with normal (resis-

tive) processes.

In the case of an infinite crystal, the spatial dependence

of the phonon distribution function can be ignored and

Eq. (3) reduces to

�vz;hkl
d �N khklð Þ

dT
� @T

@z
þ @N

@t
¼ 0: (5)

In Eq. (5), it is assumed that the temperature gradient is

directed along the z direction and is too weak to alter the

deviation of the phonon distribution. By using Eq. (4) in

Eq. (5) and following Callaway’s mathematical arrange-

ments,22 the individual component of the total phonon heat

current takes the form

qhkl ¼ �
X
khkl

s khklð Þvhkl:rThkl

� �hx khklð Þð Þ
kBT2

exp
�hx khklð Þ

kBT

� �

exp
�hx khklð Þ

kBT
� 1

� �� �2
vhkl; (6)

where rThkl ¼ rTcoswhkl (the component of the tempera-

ture gradient aligned parallel to the high symmetry direction

h; k; l½ �), with whkl being the angle between the crystallo-

graphic direction along which the temperature gradient is

directed and the high-symmetry direction h; k; l½ �. In Eq. (6),

s khklð Þ is a total relaxation time defined as s khklð Þ
¼ sC khklð Þ 1þ bhkl

sN khklð Þ

h i
, with sC khklð Þ being a combined

relaxation time for the state khkl defined as sC khklð Þ ¼
1

sN khklð Þ þ 1
sR khklð Þ and bhkl a parameter with the dimension of a

relaxation time given by

bhkl ¼

ÐhD;hkl=T

0

dx
x4ex

ex � 1ð Þ2
sC khklð Þ
sN khklð Þ

ÐhD;hkl=T

0

dx
x4ex

ex � 1ð Þ2
1

sN khklð Þ 1� sC khklð Þ
sN khklð Þ

� � ; (7)
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where x ¼ �hx khklð Þ
kBT is a dimensionless parameter.22 Thus, the

thermal conductivity along the high-symmetry direction

h; k; l½ � can be written as

jhkl ¼ �
qhkl

rT
¼
X
khkl

X
j

sj khklð Þ�v2
j;hkl

�hxj khklð Þ
� �

kBT2

�
exp

�hxj khklð Þ
kBT

� �

exp
�hxj khklð Þ

kBT
� 1

� �� �2
coswhkl; (8)

where the subscript j denotes the phonon polarization and

�vj;hkl is a temperature-dependent phonon group velocity aver-

aged over all khkl states. By combining this equation with

Eq. (1), one can readily find that the thermal conductivity in

an infinite crystal along a well-defined crystallographic

direction takes the form

j ¼
X
hkl½ �

X
khkl

X
j

sj khklð Þ�v2
j;hkl

�hxj khklð Þ
� �

kBT2

�
exp

�hxj khklð Þ
kBT

� �

exp
�hxj khklð Þ

kBT
� 1

� �� �2
coswhkl; (9a)

and the average thermal conductivity of the same crystal is

�j ¼ 1

m

X
hkl½ �

X
khkl

X
j

sj khklð Þ�v2
j;hkl

�hxj khklð Þ
� �

kBT2

�
exp

�hxj khklð Þ
kBT

� �

exp
�hxj khklð Þ

kBT
� 1

� �� �2
; (9b)

where m is the number of high-symmetry directions in the

crystal structure under consideration. We note here that the

number of high-symmetry directions in a given crystalline

structure equals the number of independent elastic constants.23

The major importance of Eqs. (9a) and (9b) stems in that they

can be used to describe j either for a specific surface orienta-

tion or as an average over all crystallographic directions, with

taking into account the various intrinsic phonon processes that

may influence the heat transport mechanism. We will see in

the Secs. III–V that with including appropriate boundary con-

ditions, Eqs. (9a) and (9b) can be tuned to predict the depend-

ence of grain size and shape on j in a granular crystal of

random or preferred grains orientation.

B. Calculation details

For the implementation of Eqs. (9a) and (9b), we derive

the phonon eigenfrequencies xj khklð Þ from the adiabatic

bond charge model.24 The phonon group velocities in thin

films and wires have been intensively investigated by using

continuum medium approximations.25–29 However, since, in

this work, we adopt a discrete lattice model, we write the

temperature-dependent average group velocity for the

j-polarized acoustic phonon in the direction h; k; l½ � as given

in Ref. 30

�vj;hkl ¼

P
khkl

vj;khkl
: �Nj khklð Þ

P
khkl

�Nj khklð Þ
: (10)

As described in Ref. 22, the introduction of the parame-

ter b facilitates the solution of Boltzmann equation when the

effects of the normal processes, which drag the crystal mo-

mentum back and forth between the normal modes, are

accounted for. Nevertheless, the elegance and physical rea-

sonableness of such a solution is somewhat abused by the

use of Debye-like phonon dispersion relations that are reli-

able at low temperatures only. In order to overcome this

issue and widen the temperature range in which the model is

applicable, we calculate the Debye temperature, which is

involved in the expression of b (see Eq. (7), as a function of

temperature. By equating the specific heat C calculated with

the exact phonon dispersion relations to the Debye approxi-

mation of the specific heat

Cj;hkl ¼ kB

X
khkl

�hxj khklð Þ
2kBT

� �2

sinh
�hxj khklð Þ

2kBT

� �

¼ 3rNckB
T

hD j;hklð Þ

� �3 ðhD j;hklð Þ=T

0

x4ex

ex � 1ð Þ2
dx; (11)

and considering the resulting equation as an expression for the

Debye temperature, we obtain the theoretical dependence of

the Debye temperature on temperature. In Eq. (11), r is the

number of atoms per unit cell and Nc the number of unit cells

in the crystal. The temperature-dependent Debye temperature

of diamond, as calculated from Eq. (11), is shown in Fig. 1 for

longitudinal and transverse phonon polarizations in the three

high-symmetry directions of the diamond structure.

The relaxation times sN and sR associated with the normal

and resistive processes that are invoked in the model need to be

evaluated to describe the exact magnitude of j over a wide tem-

perature range. In order to determine these relaxation times, we

consider that the overall resistive processes are due to phonon

scattering by point-defects and three-phonon Umklapp proc-

esses. This is commonly described by Matthiessen’s rule
1
sR
¼ 1

sI
þ 1

sU
. Here sI is the relaxation time associated with pho-

non scattering by point-defects, and sU is the relaxation time

associated with phonon scattering through Umklapp processes.

To calculate sI, we use Klemen’s theory,31,32 and to calculate

sN khklð Þ and sU khklð Þ, we employ Fermi’s golden rule formula,

based on the cubic anharmonic part of the crystal Hamiltonian

as perturbation.33 We express the cubic anharmonic part of the

Hamiltonian within the anharmonic elastic continuum

scheme.30 Then, with assuming a single mode relaxation time

and employing Fermi’s golden rule formula, the relaxation rate

of the j-polarized phonon in the state khkl takes the form30
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s�1
N Uð Þ khklð Þ ¼

p�hc2
j;hkl

q �Nj khklð ÞX�v2
j;hkl

xj khklð Þxj0 k0ð Þxj00 k00ð Þ

�
X

k0j0;k00j00;G

�

�Nj0 k0ð Þ �Nj00 k00ð Þ þ 1
� �

�Nj khklð Þ þ 1
d xj khklð Þ þ xj0 k0ð Þ � xj00 k00ð Þ
� �

dkhklk̂hklþk0;k00þG

þ 1

2

�Nj0 k0ð Þ �Nj00 k00ð Þ
�Nj khklð Þ d xj khklð Þ � xj0 k0ð Þ � xj00 k00ð Þ

� �
dkhklk̂hklþG;k0þk00

2
666664

3
777775; (12)

where q is the crystal density, X the crystal volume, cj;hkl the

temperature-dependent Gr€uneisen parameter for j-polarized

phonon of h; k; l½ � symmetry, k̂hkl a unit wavevector pointing

in the high symmetry direction h; k; l½ �, G a reciprocal lattice

vector, and d either the Dirac delta function or Kronecker

delta symbol. The method for the summation over the pho-

non wavevectors and reciprocal lattice vectors is detailed in

Ref. 30. The derivation of cj;hkl as a function of temperature

is carried out by assuming that the contribution from each

single mode Gr€uneisen parameter cj khklð Þ to the overall

Gr€uneisen parameter cj;hkl is set by its contribution to the spe-

cific heat Cj;hkl as

cj;hkl ¼

P
khkl

cj khklð Þ � Cj;hkl

P
khkl

Cj;hkl

; (13)

then calculating the single mode Gr€uneisen parameter

cj khklð Þ from its definition cj khklð Þ ¼ �X
xj khklð Þ

@xj khklð Þ
@X . The

temperature-dependent Gr€uneisen parameter of diamond,

as calculated from Eq. (13), is shown in Fig. 1 for longi-

tudinal and transverse phonon polarizations in the three

high-symmetry directions of the diamond structure.

III. LATTICE THERMAL CONDUCTIVITY IN A ROD
OF RANDOM SHAPE

So far, Boltzmann equation is solved with disregarding

the spatial dependence of the phonon distribution function N.

Such a treatment, while mathematically convenient, elimi-

nates the possibility of studying the effect of the scattering of

the phonons by the boundaries of a real crystal, and the con-

tribution of the crystal surface to j. In order to draw a theo-

retical understanding of the effects of the size and surface on

j, let us consider the geometry of a rod of random shape,

with a temperature gradient aligned parallel to the rod axis in

the z direction. In such a configuration, the thermal gradient

pumps phonons in the z direction to every point of the cross

section of the rod at a rate independent of location in the

cross section. In the volume of the rod, these phonons lose

their momenta at a rate described by the resistive relaxation

time s. However, the phonons in the vicinity of the boundary

tend to be absorbed, giving rise to a dependence of the pho-

non heat flux on the distance from the boundary. Hence, the

variation of N with respect to position can no longer be

ignored in Boltzmann equation. For small deviations from

equilibrium, we can assume that the temperature gradient

depends on z only. Therefore, the distribution function N

FIG. 1. Longitudinal and transverse

Debye temperatures and Gr€uneisen pa-

rameters for different crystallographic

directions in diamond structure.
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has an explicit x and y dependence, with an implicit depend-

ence on z through the temperature gradient. The correspond-

ing Boltzmann equation (Eq. (3)) for the state khkl takes the

form

vz
d �N

dT

@T

@z
þ vx

@ ~N

@x
þ vy

@ ~N

@y
þ

~N

s
¼ 0: (14)

The solution of Eq. (14) is somewhat simplified by noting

that in the very vicinity of a crystal boundary parallel to the

heat current, phonons are either at thermal equilibrium with

the boundary, or out of equilibrium due to interactions with

surface phonons propagating on that boundary. At the oppo-

site boundary, all the phonons of wavevector khkl are

absorbed then reemitted back, or reflected with momentum

�khkl and equilibrium distribution �N khklð Þ. With these con-

siderations, the solution of Eq. (14) for any cross section

dimensions and shape is given by

~N ¼ Rs
2

1� exp
�x yð Þ
svx

� �� �
þ 1� exp

�y xð Þ
svy

� �� �" #

þrz exp
�x yð Þ
svx

� �
þ rz exp

�y xð Þ
svy

� �
; (15)

where R ¼ �vz
d �N
dT

@T
dz is the negative of the rate at which pho-

nons are delivered to a unit volume of the reciprocal space,

x yð Þ is the y-dependent distance from a boundary parallel to

the x axis, measured in a direction normal to the rod axis,

and y xð Þ the x-dependent distance from a boundary parallel

to the y axis, measured in a direction normal to the rod axis,

and rz the deviation of the phonon distribution due to inter-

actions with surface phonons propagating in the direction of

the phonon heat current. Upon substituting Eq. (15) in

Eq. (14) we find

R ¼ 1

sB;x
þ 1

sB;y
þ 1

s

� �
h ~Ni; (16)

with,

1

sB;a
¼

Ð Ð
va
@ ~N

@a
dxdyÐ Ð

~Ndxdy
; (17)

where a ¼ x or y, and

h ~Ni ¼
Ð Ð

~NdxdyÐ Ð
dxdy

: (18)

By comparing Eq. (16) with Eq. (5), we find that in order to

account for the interplay between the phonon-phonon inter-

action and phonon-boundary scattering in a finite crystal

over a wide temperature range, one has to add to the phonon-

phonon scattering rates calculated in Sec. II additional

temperature-dependent scattering rates 1
sB;a

associated with

phonon-boundary scattering in the x and y directions whose

expressions are given by Eqs. (17) and (18).

IV. LATTICE THERMAL CONDUCTIVITY
IN A GRANULAR CRYSTAL

A. Lattice thermal conductivity of a single columnar
grain

Let us now consider that a phonon heat current is

directed along the axis of a columnar single grain of rectan-

gular cross section oriented along the z axis. By using

Eqs. (15)–(18), we find that the rates at which phonons scat-

ter by the boundaries of this grain are given by

1

sB;x
¼ vx

lx
:

1� 2
rz

sR

� �
1� exp

�lx
svx

� �� �

2�
P
a

sva

la
1� exp

�la
sva

� �� �
1� 2

rz

sR

� �" # ;

(19a)

and

1

sB;y
¼ vy

ly
:

1� 2
rz

sR

� �
1� exp

�ly
svy

� �� �

2�
P
a

sva

la
1� exp

�la
sva

� �� �
1� 2

rz

sR

� �" # ;

(19b)

where lx and ly label the dimensions of the grain cross sec-

tion along the x- and y-axis, respectively. To evaluate these

rates, we need to estimate a magnitude for the term 2ra
sR in

Eqs. (19a) and (19b). This can be made possible by examin-

ing the general solution of ~N in Eq. (15). It is clear from

Eq. (15) that, in the case of completely diffusive boundaries,

rz equals zero. However, in the case of total specular phonon

reflections at grain boundaries, Rs
2

must remain equal to rz

for all values of z to insure that ~N reduces to sR (which is the

same as without boundary scattering) at any position in the

crystal. In the intermediate case (partial specular phonon

reflections at grain boundaries), the ratio of rz to Rs
2

must be

equal to a positive constant smaller than one for any value of

z to insure that ~N reduces very fast to sR (the value for an in-

finite crystal) as phonons move away from the boundaries.

Thus, the term 2rz

sR is always independent of the position in

the crystal and has a magnitude between zero and one. This

term also has the effect of increasing the cross section

dimensions lx and ly (see Eqs. (19a) and (19b)). Furthermore,

one would expect that irregularities at the grain boundaries

reduce the surface phonon lifetime, and consequently reduce

rz. Thus, the term 2rz

sR in Eqs. (19a) and (19b) has all the char-

acteristics of the so-called phonon specularity factor.34–37

Therefore, we will refer to it in what follows as the phonon

specularity factor t. For partially diffusive boundaries, it has

been shown that the specularity factor t depends on the char-

acteristics of the incident phonon and surface asperities

according to t ¼ exp �16p2k2x2

v2

� �
, where k is the root mean

square (rms) surface irregularity.38,39

The normalized rate at which phonons scatter by one of

the boundaries is calculated as a function of normalized
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intrinsic relaxation time, with considering lx ¼ ly and assum-

ing an isotropic crystal vx ¼ vy ¼ vzð Þ for several specularity

factors. The results are shown in Fig. 2. As can be noticed,

for the case of a total specular phonon reflection t ¼ 1ð Þ,
1

sB;a
¼ 0 (as if there is no boundary). However, in the case of

a completely diffusive boundary t ¼ 0ð Þ, 1
sB;a
!s!1 v

la
, which is

the well-known Casimir limit established for the lifetime of

ballistic phonons at low temperatures, and 1
sB;a
!s!0

v
2la

.

B. Lattice thermal conductivity of granular crystals
made up of columnar grains

When several columnar grains are assembled parallel to

each other to form a granular crystal, and a thermal gradient is

aligned parallel to the grains axes, phonons may transmit spec-

ularly from grain to grain. Such a phonon mechanism increases

the phonon free path between two successive phonon-

boundary scattering events. Therefore, for the case of a granu-

lar crystal made up of columnar grains, the calculation of j
along the grains axes can be carried out with considering the

granular crystal as a single columnar grain of effective cross

section dimensions larger than the actual cross section dimen-

sions of the constituent grains (lx and ly). The use of Eq. (9a)

with the phonon-boundary scattering rates expressed in Eqs.

(19a) and (19b) modified with effective cross section dimen-

sions yield j of a granular crystal made up of columnar grains

grown with a preferred orientation, whereas the use of Eq. (9b)

with the same phonon-boundary scattering rates modified with

effective cross section dimensions yield j of a granular crystal

made up of columnar grains oriented randomly.

We express the effective cross section dimension along

the a direction (x or y direction) as

leff ;a ¼ l1;a þ l12l2;a þ l12l23l3;a þ � � � þ
Yna

i¼2

l i�1ð Þiln;a;

(20)

where, li;a is the dimension of the ith grain in the a direction,

n the number of grains in the a direction, and l i�1ð Þi the prob-

ability for a phonon incident from grain i� 1ð Þ to transmit

specularly to the ith grain. For normal incidence, this trans-

mission probability is given by40,41

l i�1ð Þi ¼ t
4Zi�1Zi

Zi�1 þ Zið Þ2
; (21)

where t is the specularity factor defined previously and Zi the

acoustic impedance of the ith grain defined as Zi ¼ qvi. Let
�la be the average grain size in theadirection and �lthe average

specular transmission probability, the effective cross section

dimension along theadirection takes the form

�leff ;a ¼ �la
X�na�1

i¼0

�li; (22)

where �na equals La
�la

rounded to the nearest integer, with La

being the dimension of the sample in the a direction. For the

case of well oriented columnar grains, �lobviously reduces to

t. In order to deduce �l for randomly oriented columnar

grains, we average Eq. (21) over all possible combinations

of orientations. This averaging procedure leads to

�l ¼ 4t
2m

m
4
þ
P

hkl½ �
h0l0k0½ � 6¼ hkl½ �

�vhkl�vh0k0 l0
�vhklþ�vh0k0 l0ð Þ2

� �
. Here m is the num-

ber of high symmetry directions in the crystal structure under

consideration, and �vhkl is the speed given by Eq. (10) aver-

aged over the three phonon polarizations. It is clear that with

these expressions for �l, we neglect possible phonon polar-

ization conversion. However, it has been demonstrated that

the error introduced by such an approximation does not alter

the conclusion of a calculation involving specular phonon

transmission.34

C. Lattice thermal conductivity of granular crystals
made up of non-columnar grains

Additional complications arise in the calculation of j of

a granular crystal made up of non-columnar grains as one

has to account for the existence of boundaries along the z
direction (the direction along which the phonon heat current

is directed). However, the problem is simplified by noting

that in such a case, every grain in the direction of the phonon

heat current experiences the same heat flux, but different

temperature gradient due to the thermal resistances of the

boundaries. Thus, the effect of grain boundaries in the z
direction can be accounted for by simply considering that

these boundaries add resistances to the intrinsic resistance of

a columnar grain without boundaries in the z direction.

Therefore, the thermal resistance in the z direction can be

expressed as

Rz ¼
Xnz

i¼2

R1 þ Ri þ RB; i�1ð Þi; (23)

where R1 is the resistance of the first grain, Rithe resistance

of the ith grain, RB; i�1ð Þi the resistance of the boundary

between the grain i� 1ð Þ and the ith grain, and nzthe average

number of grains in the z direction. Considering Lz the sam-

ple dimension in the z direction, �lz the average grain size in

the z direction, �RB an average boundary thermal resistance,

and �nz equals Lz
�lz

rounded to the nearest integer, j for a granu-

lar crystal made up of non-columnar grains can be written as
FIG. 2. Normalized Phonon-boundary scattering rate versus normalized

intrinsic phonon relaxation time for several phonon specularity factors.
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j ¼ Lz

�nz

�lz

jcol
þ �RB

� 	
� �RB

; (24)

where jcol is the thermal conductivity of the granular crystal

without boundaries in the z direction.

The thermal resistance of a boundary between two dif-

ferent materials is the inverse of the boundary thermal con-

ductance TC, which is defined as42

TC ¼ 1

2 2pð Þ3
X

j

ð
1

kBT2
�h2x2

j kð Þvj kzð Þ

�
exp

�hxj kð Þ
kBT

� �

exp
�hxj kð Þ

kBT

� �
� 1

� 	2
Cj kð Þdk: (25)

Here, vj kzð Þ is the speed of the j-polarized phonon along the z
direction, and Cj kð Þ is the probability for a phonon of polariza-

tion j and wavevector kto transmit specularly or diffusively

across the boundary. However, it can be shown that the transmis-

sion probability across a boundary between two grains of the

same material is independent of the orientations of the grains at

both sides of the boundary,43 and of magnitude given by

Cj kð Þ ¼ C ¼ �l þ 1� t

2
: (26)

Thus, j in a granular material made up of non-columnar

grains can be derived by inserting Eq. (26) in Eq. (25), and

then using the resulting equation in Eq. (24).

D. Anisotropic lattice thermal conductivity
in granular crystals

Let us now define a Cartesian coordinate system

x; y; zð Þ, with the z-axis aligned parallel to the direction along

which the grains are grown and the x- and y-axes aligned

parallel to the basal planes of the grains. Since the grains

dimensions �lx; �ly; �lz

� �
and the sample dimensions �Lx; �Ly; �Lz

� �
are the determinants of the thermal conductivity of a granu-

lar crystal, the principal axes of the thermal conductivity ten-

sor K of a granular crystal will always be aligned to

x; y; zdirections. Therefore, K with respect to the Cartesian

coordinate system x; y; zð Þ is given by

K ¼
jx 0 0

0 jy 0

0 0 jz

0
@

1
A; (27)

where the components jx; jy; jz can be calculated from

Eq. (24) with assuming a phonon heat current in the x, y, and

z directions, respectively.

If we consider that the direction of a phonon heat current

with respect to x; y; zð Þ is defined by

ŝ ¼
sin h cos u
sin h sin u

cos h

0
@

1
A; (28)

where h is the angle between the phonon heat current and z,

and u the azimuthal angle, the phonon heat current in

x; y; zð Þ can be written as

q ¼ �KŝkrTk; (29)

where krTk is the magnitude of rT. However, only the

component of q that is aligned with rT contributes to the

heat flux. The magnitude of this component in x; y; zð Þ is

given by

qnet ¼ qŝ: (30)

Upon substituting Eq. (29) in Eq. (30) and comparing the

result to qnet ¼ �jef fkrTk, we find that the effective ther-

mal conductivity jef f of the granular crystal for a phonon

heat current in a direction defined by the angles h and u is

given by

jef f ¼ � jx sin2h cos2uþ jy sin2h sin2uþ jz cos2h
� �

: (31)

Anisotropic j in a granular crystal is clearly demonstrated in

Eq. (31). For columnar grains grown along the crystal optical

axis and have cubic, hexagonal, tetragonal, or trigonal sym-

metry, jx and jy, to some extent, can be assumed equivalent,

and consequently the terms cos2u and sin2u cancel out of

Eq. (31). In the case of randomly oriented non-columnar

grains, Kobviously reduces to a scalar.

V. COMPARISON WITH EXPERIMENTS

In order to verify its accuracy, the model described

above has been used to reproduce experimentally measured

j in single and granular crystals containing negligible

amount of defects. For the calculation of j in single crystals,

the actual dimensions of the samples were used as input pa-

rameters. However, for the calculation of j in granular crys-

tals, the actual dimensions of the samples and constituent

grains were used as input parameters, and the rms irregular-

ity k at the grains boundaries was slightly adjusted until best

agreement was obtained between the theoretical and experi-

mental curves.

The model was applied to calculate j in enriched and

natural silicon (Si) and diamond single crystals of well-

defined surface orientation. The theoretical results are com-

pared in Fig. 3 with the measurements of Ruf et al. on Si44

and the measurements of Oslon et al. on diamond.45 The

agreement between calculated and measured j demonstrates

the accuracy of the calculation method used to account for

the dependence of surface orientation on j.

The model was also applied to reproduce j measure-

ments of Uma et al. on polycrystalline Si films made up of

non-columnar randomly oriented grains,46 and those of

Belay et al. on polycrystalline chemical vapor deposited

(CVD) diamond films made up of non-columnar randomly

oriented grains of natural abundance composition (98.9%
12C and 1.1% 13C), and of 50% of each carbon isotope.47

The theoretical and experimental results are shown together

in Fig. 4. The agreement of the model results with the experi-

mental measurements further demonstrates the physical
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reasonableness of the assumptions used for the description of

the phonon transport across boundaries parallel and perpen-

dicular to temperature gradient.

To verify its accuracy in describing anisotropic j, the

model was compared to the measurements of Graebner et al.
on polycrystalline CVD diamond films made up of columnar

grains.48 Graebner et al. measured jin both directions paral-

lel (in-plane) and perpendicular (cross-plane) to the plane of

the films, and reported on temperature-dependent anisotropic

j. While cross-plane jtends to be greater than in-plane j at

low temperatures, in-plane j exceeds cross-plane jat high

temperatures, and the anisotropy in jincreases as the temper-

ature increases. These experimental results are shown in

Fig. 5 together with the model results. The good agreement

between the experimental and theoretical curves highlights

the importance of considering temperature-dependent pho-

non-boundary scattering rates to accurately describe aniso-

tropic j over a wide temperature range. The experimentally

observed temperature-dependent anisotropic j can be

understood if we realize that the rate at which phonons scat-

ter by partially diffusive grain boundaries parallel to the tem-

perature gradient direction increases with temperature (see

Fig. 3). While boundaries perpendicular to the temperature

gradient give rise to a temperature-independent boundary re-

sistance above Debye temperature, boundaries parallel to the

temperature gradient yield low phonon-boundary scattering

rate at low temperatures resulting in cross-plane j higher

than in-plane j at low temperatures, and high phonon-

boundary scattering rate at high temperatures resulting in

cross-plane j lower than in-plane j at high temperatures.

VI. CONCLUSION

Boltzmann transport equation that accounts for the phys-

ical natures of the intrinsic phonon mechanisms and involves

spatial dependence of phonon distribution function has been

solved to derive formalism for the lattice thermal conductiv-

ity in a finite crystal. The anharmonic phonon scattering rates

have been derived from Fermi’s golden rule, based on the

cubic anharmonic part of the crystal Hamiltonian as pertur-

bation, and the lattice vibration parameters for each phonon

polarization have been derived as functions of temperature

and crystallographic direction by using exact phonon disper-

sion curves. The derived formalism has been extended to

provide a theoretical description of the contribution of sur-

face phonons to the lattice thermal conductivity and the

interplay between the anharmonic phonon scattering rate and

the rate at which phonons scatter by grain boundaries in a

granular crystal. The developed model differs from the exist-

ing models in that it precisely describes the phonon-

boundary scattering rates (which is the dominant phonon

scattering rate in granular crystals) as a function of tempera-

ture and clearly demonstrates the role of surface phonons to

the lattice thermal conductivity. Furthermore, it provides a

physical definition for the widely used phonon specularity

factor. The accuracy and wide scope of the developed model

have been demonstrated with reference to reported data

regarding the effects of surface orientation and isotope com-

position on the thermal conductivity of single crystals and

FIG. 4. Effects of isotope composition on the thermal conductivity of poly-

crystalline silicon and diamond films made up of non-columnar randomly

oriented grains. The symbols present experimental data from Refs. 40 and

41. The solid lines present theoretical results obtained from the model

described in the present work.

FIG. 5. Temperature-dependent anisotropic thermal conductivity in a dia-

mond crystal made up of columnar grains. The symbols present experimen-

tal data from Ref. 42. The solid lines present theoretical results obtained

from the model described in the present work.

FIG. 3. Effects of surface orientation and isotope composition on the ther-

mal conductivity of silicon and diamond single crystals. The symbols pres-

ent experimental data from Refs. 38 and 39. The solid lines present

theoretical results obtained from the model described in the present work.
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the effects of grains size and shape on the thermal conductiv-

ity of granular materials. The experimentally measured ther-

mal conductivity, for all cases could be well described over a

wide temperature range.
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