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Abstract—In this paper, we develop a joint clustering and
topological interference management (TIM) framework for
a device-to-device (D2D) network. This scheme divides the
whole network into multiple groups, each served on a different
frequency, and the interference within each group is managed
by TIM, based only on the connectivity pattern and not on
the instantaneous channel state information (CSI). To this
end, we model TIM as a low-rank-matrix-completion problem
(LRMC) problem and solve it using a novel and low-complex
scheme based on semidefinite programming (SDP). As for the
clustering part, we develop a clustering algorithm that is suited
for the LRMC approach to solve TIM while building on the SDP
relaxation of the maximum-k-cut algorithm, and extending it to
account for each cluster’s capacity. This clustering problem turns
out to be a capacitated maximum-k-cut problem, for which we
derive a relatively tight upper bound, that helps in determining
the performance guarantee of many clustering algorithms.
Simulation results show that the joint clustering-TIM can help,
in some cases, improve the system degrees-of-freedom (DoF),
especially in large D2D networks. Our proposed scheme also
reduces the computation time of the LRMC-based TIM approach.

Index  Terms—Topological interference = management,
clustering algorithm, D2D communication, resource optimization,
interference cancellation.

I. INTRODUCTION

He high data rate demand by each user equipment (UE)
is increasing in a very fast pace, raising the flag for
finding a solution to offload data from the core network. In this
vein, Device-to-Device (D2D) communication is considered
as a promising technique, where devices in proximity can
communicate in a direct link and bypass the base station.
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However, the problem that limits the benefits of this technol-
ogy is managing the resulting interference. Some of the most
promising interference management ideas, such as interference
alignment (IA) have been studied while assuming knowledge
of the channel state information (CSI) knowledge [1]. How-
ever, this is a burdensome task in a D2D network, knowing that
the UE has limited capabilities in terms of battery energy and
memory availability. Exchanging CSI also loads the network
with signaling overhead. Several alternative schemes to TA
have been proposed to minimize the dependence on CSI and
reduce signaling, including the well-know TDMA, FDMA,
and CDMA techniques. These can be regarded as special cases
of a more general scheme, namely the topological interfer-
ence management (TIM) method [2], which works based on
knowledge of the network topology, and not the instantaneous
CSI [3]-[5]. Network topology is represented by an adjacency
matrix (known by all the nodes), and is based on one-bit
knowledge of the interference strength (weaker or stronger
than the noise floor) [3]. It has been established that the
TIM problem, in terms of degrees-of-freedom (DoF), is equiv-
alent to the index coding problem with linear schemes,
where the received signals are linear combinations of trans-
mitted ones [3], and given that DoF is considered as the
pre-log factor of the information-theoretic capacity at high
signal-to-noise ratio (SNR) [6].

Inspired by the recent works in [7]-[9], we recast the
original TIM problem as a low-rank matrix completion
(LRMC) problem to find linear solutions that maximize
the achievable symmetric DoF for any network topology,
as the SNR approaches infinity. This approach has been
recently applied to linear index coding over the finite
field [7], and to TIM with symmetric DoFs [8], [10].
In particular, the achievable symmetric DoF and the recip-
rocal of the optimal value of the rank of the resulted
LRMC model are equivalent. We restrict ourselves to lin-
ear interference management strategies knowing their low-
complexity and achievable DoF optimality [10]. We recognize
that adopting LRMC to solve TIM has some limitations:
1) scalability, which hinders its application to large D2D
networks, and 2) predefined O entries in the adjacency matrix
(denoting interference), which prevents matrix rank reduction.
A network with a larger number of devices leads to a bigger
interference, and makes the adjacency matrix larger and
sparser, which in turn decreases its flexibility in terms of
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row dependency. For this, we propose to combine TIM with
a special clustering technique to 1) manage the interference
among D2D pairs communicating in a network with multiple
available frequencies, and 2) group the D2D devices in a
way that increases the system DoF by applying the LRMC
approach of TIM on clustered devices that are assigned dif-
ferent frequencies. By minimizing the rank of the sub-matrix
associated with each cluster, the total system DoF increases.
Simulations results show that combining the LRMC approach
of TIM with clustering is advantageous in terms of increasing
the total system DoF and reducing the complexity of LRMC-
based TIM. Our results suggest that even if the network has
only one frequency band, dividing this frequency band into
multiple sub-bands, such that each sub-band is assigned to a
cluster and LRMC is applied inside each cluster, may provide
DoF and processing time gains especially for high number
of devices. Note here that this paper is an extension of our
previous works in [11] and [12], over which we provide
significant contributions, including:

o Developing an improved TIM rank minimization method:
the rank in [11] and [12] is a continuous generic approx-
imation function, while here, it is a modified nuclear
norm heuristic that overcomes the hard constraint of all
ones on the main diagonal of the adjacency matrix. This
work is a simpler optimization problem than [11], with
much less matrix inequalities in the constraints, while
achieving similar rank minimization performance. Results
(not found in [11] and [12]) are added to compare the
resulting complexity to the literature.

o Developing a clustering algorithm specific to LRMC that
cuts the original adjacency matrix into sub-matrices in a
way that increases the system DoF:
this algorithm eliminates the “double” Os in the matrix
and replaces them by “*” (don’t care values) to enhance
the rank flexibility, based on the observation that two Os
in symmetric positions designate a mutual interference.
This formulation is different from classical clustering,
in that from a communication perspective, users with
mutual interference are placed in different groups. For
this, we formulate the clustering scheme (using graph
theory) as a relaxed SDP problem, while building on
the max-k-cut formulation, but with adding a constraint
on the cluster’s size. To solve it, a heuristic algorithm
with polynomial complexity was developed. Combining
the LRMC-based TIM with the proposed clustering tech-
nique overcomes the scalability issue of LRMC (which
is only suitable for a limited number of users [13]),
and reduces its computation time, since the resource
allocation problem is divided into smaller sub-problems,
on which LRMC-based TIM is applied, in a parallel way.

o Providing extensive analysis of the clustering model
in [12], by deriving a novel relatively tight upper bound
for its SDP relaxation using Laplacian Algebra and matrix
diagonal perturbation method. This allows to determine
the performance guarantee of our proposed heuristic
algorithm relative to the optimal method. We have also
analyzed the randomized clustering method and derived
mathematically its performance w.r.t. the optimal method.
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o Adding numerical results that evaluate the effectiveness
of the proposed approach further.

The remaining of this paper is organized as follows.
In Sections II and III, we discuss the related work, and describe
the system model, respectively. In Sections IV and V, we
detail the TIM rank minimization method and the clustering
approach, while in Section VI, we show the derivations of
the lower and upper bounds of the SDP relaxation of the
proposed clustering algorithm. In Section VII, we present the
experimental results, and conclude the paper in Section VIII.

II. LITERATURE REVIEW

TIM attracted follow-up research with various assumptions,
such as transmit cooperation [5] and message passing [14],
that have proved their efficiency in enhancing the achieved
DoF. TIM was also extended in many directions, e.g., with
multiple and reconfigurable antennas [15], [16], and has been
studied in cellular networks [17], where multiple layers of
interference are included. Additionally, TIM has been explored
for multilevel connectivity scenarios [2], where the network is
decomposed into a component that includes interfering links
and another that consists of weak links which could be handled
via power control. TIM has also been studied in partial con-
nectivity situations, e.g., with alternating connectivity [18], and
fast fading scenarios [4], where a matrix rank-loss approach is
proposed to find the network topology conditions, leading to
a certain DoF. As for slow fading conditions, a direct relation
between TIM and index coding has been established [3] to
help solve TIM. However, index coding, in itself, remains an
open problem, and only some special cases have been resolved
[31, [19]. In this respect, the work in [8] proposes a matrix-
completion-based scheme to solve TIM in single-input single-
output (SISO) networks, with only some known matrix entries
[9], and the missing values are filled so the rank is minimized.
In this work, we use also the strong relation to linear index
coding, and adopt the LRMC approach to solve TIM, but we
formulate the problem differently using SDP.

Many existing works study the NP-hardness and the
non-convexity of the rank minimization problem, and propose
sub-optimal solutions by finding relaxation methods such
as the nuclear norm [9], the alternating projections [20],
the directional alternating projections [21], the alternating
minimization [22], and the least greedy algorithm [23]. How-
ever, the adjacency matrix considered in the TIM problem is
characterized by a special structure (having all ones on the
diagonal) that prohibits the application of the aforementioned
methods. For example, the nuclear [9] and the trace [24] norms
fill the missing entries of the TIM matrix with O values, and
thus always return the diagonal matrix as the optimal solution.
Our proposed method succeeds in overcoming this diagonal
constraint, while using a generic rank approximation with
some tweaks. The other methods listed above need the optimal
rank of the matrix as input, in contrast to our work, which does
not require it, boosting by this its practicality. These methods
suffer also from convergence issues, which were solved by
using the Riemannian optimization [10]. However, this tech-
nique has a very high computational complexity, opposite to
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the polynomial one of our algorithm. In our previous work
[11], we improved the existing solutions and overcame the
above constraints by developing an approximation solution
based on SDP, although it suffered from a relatively high com-
plexity due to the five linear matrix inequalities (LMI) present
in the constraints, and thus motivated the first part of this work,
where we propose a less complex rank approximation method,
when compared to other frameworks.

The limitation of LRMC to solve TIM in mid-size networks
drives the need to make it more scalable by combining
it with other techniques, i.e., clustering. In the literature,
the used clustering schemes in D2D scenarios are based on
social interactions characteristics [25], and do not consider
the interference among devices sharing similar interests in
the same group. For this, works like [26] apply IA inside
each group to cancel the intra-cluster interference and use
orthogonal resources to cancel the inter-cluster interference.
One can argue that the same algorithms can be applied in the
TIM context, although the clustering formulation is different
between IA and TIM, since in the former, the interference
weights depend on the channel knowledge, which is not
available in TIM. Moreover, other clustering algorithms also
designed for TA as in [26] and [13] cannot be used for
TIM, since [26] keeps the strong interfering edges within
the clusters, and links them with weak interfering edges.
In contrast, our clustering algorithm deals with the interfering
links in a different way, as will be explained at the end of this
section. As for the clustering algorithm in [13], it cannot be
also applied here since the constraint on the cluster size is soft,

e., the algorithm could generate clusters that include strong
interferers, which could lead to larger ranks for such clusters
after applying TIM than distributing strong interferers among
different clusters. Other clustering schemes, like [13] and [27]
form clusters that are relatively balanced in size, which is
not a required constraint in our framework since it does not
necessarily impact the goal of maximizing the network’s DoF.
Moreover, the pipage-rounding technique used in [28] to solve
the capacitated clustering problem cannot be also applied here
since in our problem, all the cluster sizes are bounded by
the same value, while in [28] the clusters are of equal sizes.
Hence, there is a need to develop a clustering algorithm that is
more tuned to TIM to satisfy the need of separating the D2D
pairs with mutual interference into different clusters. This is
because this mutuality is translated into an abundant presence
of Os in the TIM matrix, which prohibits the rank minimiza-
tion. By following this grouping technique, the resulting sub-
matrices will hence include less Os and more “*” values,
which will increase the rank flexibility. Once the partitions
are obtained, different frequencies are allocated to the clusters
to eliminate inter-cluster interference and TIM is applied to
each cluster to minimize the intra-cluster interference.

III. SYSTEM MODEL

We consider a multiuser interference network with n
D2D pairs in a D2D network-assisted mode [29] operating
in a single-hop transmission. In Fig. 1(a), we show an
example of 30 D2D pairs operating in a multiple unicast
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Fig. 1.  (a) Topology pattern of an example network of 30 D2D pairs,
(b) interference representation matrix of the first 15 D2D pairs.

setting, with interfering links between transmitters and non-
intended receivers, where solid lines denote intended signals,
and dashed lines represent interference links. To keep the
problem more general, we consider an asymmetric attenuation
interference network, where the received signals could have
differences in strengths. We assume that a set of frequencies
(in the licensed or unlicensed band) K = {F'ry,..., Fry} is
available (F'r not necessarily adjacent), and that a base station
(BS) clusters the D2D pairs into multiple groups, each of
which with a different frequency. To manage the intra-cluster
interference, the LRMC-based TIM scheme is applied on each
cluster’s sub-matrix in parallel. We start by presenting the
LRMC-based TIM scheme before detailing the clustering one.

A. TIM Model

In our framework, each transmitter 7; is assumed not to be
aware of CSI, but only of the network topology. T; sends a
signal v;s; to its intended receiver R; (v; is the it" column
of a precoding matrix V') via the sidelink channel of the
PC5 interface (as defined in the 3GPP standards [30]), and
R; multiplies the received signal y, (corrupted by interference)
by u; (i*" row of the decoding matrix U). Over r channel
uses, the input-output relationship becomes:

D

(1,5)€8,i#]

Uy, = wvihis; +u; vihiisj + wizi, Vi (1)

where hj; and h;; are the channel coefficients between
T; — R; and T; — R; respectively, z; ~ N(0,1) is the noise,
and S is the index set of connected transceiver pairs such
that the channel coefficient from transmitter j to receiver ¢
with (i, 7) € S is non-zero, and zero when (¢,j) ¢ S, e.g., S
includes (2,2), (2,1), and (2,5) since Ro desires a signal from
Ts, but it is suffering from the interference resulting from
Ty and T5. At high SNR, to decode the intended signal s;
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and to guarantee parallel interference-free channels [3],
we impose the constraints that all the interference terms
(u; Z(i,j)eS,z‘;éj v;h;;) are aligned and then cancelled, while
the desired signals (w;v;h;;) are preserved over r channels.
The TIM strategies should be thus designed such as [8]:

for Vi # j, (i,7) € S,and
otherwise 2)

u;v; = 0,

u;v; = 1,

In what follows, we present our approach for a unified
low-rank matrix completion approach. We start by observing
that the above conditions can be rewritten in a matrix form
such as X = [Xj ;] is an n x n real matrix, and only a subset
of its entries X, ;,V(4,j) € S are known:

1 if (i,j) €S & i =j

0 if (i,j)eS&i#j ©)

Xij = uvj = {

This matrix can be created by a base station (BS), i.e., in
network-assisted mode, after receiving a sequence of bits from
each D2D-receiver [30], where every bit corresponds to a
transmitter heard by this receiver, based on the pilot signals.
In line with [3], this 1-bit feedback refers to the average inter-
ference strength determined by comparing the average power
of the received links against a threshold value (i.e., noise floor).
Alternatively, devices can learn about the topology information
of neighboring devices through the device discovery process,
which involves broadcast beacons [31] that can contain the
id of each D2D user, and serve as a reference signal for
interference. Moreover, each device can propagate the list of
interfering and communicating neighbors it learns about in its
beacons. The list is a set of tuples, each of which includes the
id of the device and one of two values: interference (v0), or a
pending or ongoing D2D session (v1). A device 1" which hears
a beacon from another one, adds a row in its neighborhood
list that associates the values v0 and v1 with devices based on
the tuples it read in the beacons. Hence, if 7' now wishes to
establish a D2D session with another device, it first constructs
the adjacency matrix from the information it has collected in
its neighborhood list, but by only considering devices that have
sent v1 values (i.e., D2D receivers). To make broadcasting bea-
cons more energy and bandwidth efficient, several measures
could be implemented. These include specifying v0 and vl
using 1 bit, transmitting beacons in parallel slots using orthog-
onal frequency-division multiple access (OFDMA), and link-
ing the frequency of beacons to mobility: a device sends the
next beacon when its location considerably changes, or when
it receives beacons from devices it did not hear from recently.
Due to space constraints, we illustrate in Fig. 1(b) the
associated matrix to the network in (a), representing the
relationship among the first 15 D2D pairs. Note that the rank
of this matrix X is related to DoF, knowing the equivalence
between TIM and index coding with linear schemes. Recall
that DoF is the pre-log factor in the sum capacity term linked
to the total number of spatial streams that the network can
support simultaneously without interference. In this work,
we consider the symmetric DoF (DoFgyy,) of the network (the
largest DoF that can be achieved by all users simultaneously)
as our main figure of merit. This is in line with existing works
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on TIM, knowing that this metric considerably simplifies the
analysis and gives useful insights on the network perfor-
mance [8]. In this work, we assume for convenience a single
data stream transmission per D2D pair, then the symmetric
DoF that is attainable at high SNR (when the interference
dominates the noise) will be DoFgym = m = 1 per user.
The objective is thus to fill the missing values “*” of X from R
in a way that minimizes the rank of X for each D2D network
contained within a cluster, so that the achievable symmetric
DoF gets maximized. This problem can be seen as a low-rank
matrix completion problem (LRMC):

min rank(X)
X eRnxn
S.t. Xi,j = Mi,j; (Z,j) cS (4)

where the missing entries of X € R"*™ constitute the
optimization variable, and M = [M; ;| is an nxn matrix in R,
but only a subset S of its entries are known, such that (i, j) € S
denotes that the i™ receiver is connected to the j® transmitter:
M, ; =1fori=j,and M; ; =0 fori # j, (i,j) € S, (ie.,
when R; is receiving interference from 77 as defined in (2)
and (3)). The LRMC problem thus turns into finding X having
lowest rank that agrees with M on S. The optimal X* = UV
(with U = [u;] and V' = [v;]) helps in determining the linear
TIM strategies corresponding to w,; and v; vectors (using QR
decomposition [10]). In the network-assisted mode, w; and
v; will be sent by the BS to the transmitters and receivers,
respectively. However, the special structure of X makes the
problem more challenging: 1) all the diagonal entries in X
are 1s, 2) some predefined entries are 0Os, 3) X is not
necessarily symmetric, in contrast to previous works adopting
symmetric IA networks, and 4) X is not essentially a positive
semidefinite matrix (PSD). To cope with this and solve (4),
we propose in Section IV a sub-optimal solution using an SDP
formulation, putting aside the exhaustive search, knowing the
non-convexity of the rank function.

B. Clustering Model

We notice that the rank flexibility of the TIM matrix
(Fig. 1(b)) is constrained by the presence of the predefined Os,
where each O indicates the transmitter (the column index)
from which the interference should be aligned at a specific
receiver (the row index). More specifically, we observe that
a 0 value appears in two symmetric positions when it denotes
a mutual interference (e.g., the O entries in X35 and X5 3
correspond to (T-R)3 and (T-R)s pairs that are interfering
with each other). Thus, there is a need to break the original
matrix into several sub-matrices to exclude the undesired Os
in these double positions. This can be achieved by clustering
the D2D devices that are mutually interfering into different
clusters, so that their corresponding sub-matrices include less 0
entries and more “*” values, and hence improve the TIM rank
minimization method performance. For this, we detail below
the formulation of our proposed clustering model.

We consider clustering as a partitioning problem for a
conflict graph G = (V,&,w), where V = {1,...,n} is the
set of vertices, each of which represents a (7T-R); pair, and
& designates the set of edges. We define this graph to be
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Fig. 2.

Conflict graph with assigned weights.

with assigned weights w; j, such as w;; = w;; for 1 < 4,
J <mn,and w;; = 0 for all 4 = j (i.e., no self-interference).
With no knowledge about CSI in TIM, we associate the
edges’ weights in (5) to the number of Os that appear in the
TIM matrix, indicating by this the interference relationship
among the D2D pairs. For instance, on a hand, w; ; = 2 is
seen as two Os in the matrix, and hence signifies a mutual
interference (e.g., pairs (T-R)2 and (T-R)s), and on the
other hand, w; ; = 1 is translated as one 0 in the matrix,
and thus denotes a one-directional interference (e.g., pairs
(T-R); and (T-R)g). For completeness, we assume w; ; = 0
to denote a missing edge, i.e., when the two D2D pairs are
not interfering with each other, making then the graph G a
complete one.

0 if no edge between pair i and j (no interference)
1 if 3 edge between pairiand j | i —jVj— i
w; ;= one-directional interference)
2 if 3 edge between pair i and j | i — jAj— i
(mutual interference)

(5)

As an illustration, we show, in Fig. 2, the conflict graph of
the D2D network example of Fig. 1(a). We introduce here
the notion of a conflict graph “with assigned weights”, where
a red link replaces the incoming and outgoing links of two
particular nodes present in any traditional conflict graph (such
as in [3]) to denote mutual interference (w;; = 2). On the
other hand, a blue link replaces the one link between them to
designate a one-directional (w; ; = 1) interference. Recall that
this work’s objective is to group the D2D devices into k groups
in such a way that maximizes the inter-cluster interference
by keeping the edges with large weights (w;; = 2) as
inter-cluster edges (this interference is managed by assigning
k orthogonal frequencies among the k groups), and minimizes
the intra-cluster interference, by including the edges with
smaller weights (w; ; = 1) within the cluster (this interference
is managed by TIM). This is because when mutual interference
is cut, more Os in the TIM matrix are eliminated and replaced
by “*” values, allowing more dependency among the rows, and
hence improving the rank. Thus, to achieve this partitioning
objective, we build on the max-k-cut problem, which attempts
to divide the vertex set V into at most k subsets, such that the
sum of edge weights that join nodes in the different subsets is
maximized [32]. To model it, we name P = {Py,..., P} as
the set of disjoint partitions, where P, denotes the k" cluster,
and k refers to the number of clusters. The original problem
can hence be formulated in (6), where w(P) represents the
weight of the edges among the different clusters. As for the
constraints, the first one binds the number of clusters, and
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the second one restricts each cluster’s capacity to Lyax > %
(where 7 is the smallest value for which this problem is solv-
able). This capacity constraint reduces hence the complexity
of solving TIM using LRMC, since it will be applied on sub-
matrices with reduced sizes.

max w(P) = Z Z Wi,
P 1<r£s<ki€P, jEP,
st. [Pl =k, |P;] < Lma (©6)

This problem turns out to be the NP-hard capacitated max-
k-cut problem [32], for which we develop in Section V a
new SDP relaxation method with a heuristic algorithm to
solve it. One can also reformulate the original problem as a
partial clique covering, used in index coding [33]. However,
the capacity constraint in (6) makes it different, since it is
not considered in the existing index coding works, where the
optimality of the partial clique covering in terms of coding
rate is studied, and some bounds on the achievable rate are
found. Our work differs also from [33], since we derive here a
polynomial sub-optimal solution of the formulated capacitated
max-k-cut problem and find for it a performance guarantee.
By this, the complete model of this work is to group D2D
pairs that are mutually interfering into & clusters, to which
we assign the k frequencies available in /C, and thus enable
the devices in different clusters to send simultaneously. As for
the intra-cluster interference that may reside, it is eliminated
using the rank minimization method of Section IV applied
on each cluster’s sub-matrix. We thus expect to increase the
total sum of symmetric DoF over the whole D2D network. For
consistency, we define (DOFgym )ciuster = ﬁ to be the sym-
metric DoF achieved per user per cluster, since each cluster
is using % of all the frequency resources. Note that when
there is no clustering (k = 1), this metric reverts back to the
symmetric DoF per user: (DoFgym)ctuster|k=1 = DOFgym = %
Then, the total sum of symmetric DoF (with clustering) is:

(DoFgym) ot

total

k
ny ni
= n; X (DoF. luster = ——— + ...
; (3 ( §ym)C uster k % 7"1 k % Tk
1/n n
——<—1+...+—’“) @)
k\r Tk

where ny is the number of D2D pairs inside each cluster.

IV. SDP PROBLEM FOR LOW-RANK MATRIX COMPLETION

In a previous work [11], we developed, also using SDP,
a TIM rank minimization method (named as RM-TIM) that
gave good results in terms of the minimum rank achieved.
However, we propose here an enhanced method, as its name
(enhanced RM-TIM, eRM-TIM) implies. These methods are
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different in their formulation on many levels: 1) in the objec-
tive function, where the continuous generic approximation
function used in [11] is replaced by a tweaked nuclear norm
heuristic, and 2) in the constraints, where the five LMIs in [11]
are reduced to only one LMI here, while still achieving the
same performance, but with much lower complexity.

A. Mathematical Model

We propose here an approximation method to solve the
nonconvex rank minimization problem in (4). We start by
building on the Lemma of [34], stating that a general matrix X
can be associated with a PSD matrix (= 0) whose rank is
twice the rank of X: given X, rank(X) < r iff there exist
symmetric and PSD matrices K and E (K = K*, E = E7)
such that:

rank(K) 4 rank(E) < 2r
E X
W = (XT K> i O;
(i) E =0,
(it) XT(I-EET)=0, (8)

X)

~0&

K T
(1it) K—X EtX =0

E
where ( xT

where E™ denotes the Moore-Penrose pseudoinverse of E.
By this Lemma, minimizing the rank of X in (4) is equivalent
to minimizing the rank of the semidefinite, block diagonal
matrix Diag(E, K) (i.e., the objective function in (8) can
be replaced by (jrank Diag(E, K)) with the same con-
straints) [34]. Having E and K as PSD matrices, then the
direct application is to relax the rank function by the trace
heuristic, yielding to:

1
min 3 (Trace(K) + Trace(E))
E X .
W = <XT K) =0, X;;=M;(i,j€S) )
which remains a convex optimization problem (in variables

X, K, FE) that can be solved to give a sub-optimal solution.
It has been also shown in [34] that (9) is equivalent to:

min_[1X[l.
XER’ILX’IL
S.t. X@j = Mi,j (10)

where || X]||. is the nuclear norm. Note that the constraint
Xij; = M;;,(i,j € S) in the TIM problem has special
characteristics, i.e., 1s in the main diagonal, that makes the
problem a challenging one. Under this constraint, the triv-
ial solution of the nuclear minimization problem of (10) is
X = I, where I is the identity matrix (a full rank diagonal
matrix) [8]. On the other hand, knowing the following relations
rank(K) > rank(X) and rank(E) > rank(X) (for more
details about the proof, the reader can refer to [34]), and the
equivalence between (10) and (9), then solving (9), under the
same constraint of X; ; = M; ;, will also lead to the trivial
solution K = I and E = I (full rank diagonal matrices),
which simultaneously satisfies the Schur complement condi-
tions for positive semidefiniteness of W in (8). The method
in (9) is thus not applicable here, and it is more likely that by
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avoiding K and FE to be diagonal (we also observed this fact
numerically), the rank of X gets reduced further. To this end,
we develop the Lemma below.

B. Solution for the Diagonal Issue

Lemma 1: Let K and E € R™" with K;; < a and
E;; < awhere i = 1,...,n, and let F be a matrix with
diagonal entries F; ; < b and the remaining values equal to c,
where a,b,c > 0. If (K — F) and (E — F') are PSD matrices,
such that a, b, and c satisfy the condition (a —b) < (n —1)c,
then K and E are not diagonal.

Proof: For space constraint, we validate the above lemma
for K, and the same holds for E. We prove that, if K is
a diagonal matrix, then (K — F') is not PSD, i.e., if K is
diagonal, then (K — F) becomes a matrix with K, on the
diagonal entries, where K|, = K;; — F;; < a —b. To prove
that K — F is not PSD, it is sufficient to show that 3 u € R™*!
such that u’ (K — F)u < 0. To this end, we consider a
special case and let u; = --- = u, (where u; € R). Recall
that K, < a — b, Vi, which leads to ), K, < n(a — b)
since the maximum value of K is a (diag(K) < a). By this,
u” (K — F)u becomes equal to:

ZK{ZUJ? - Z;c uu; = (Z K{Z> u? — Z;UQ
u? (n(a —b) —n(n —1)c)

Hence, u” (K — F)u < 0 leads to (a —b) < (n — 1)c, which
forces (K — F') to not be PSD . This concludes the proof. [J

After proving this lemma, additional constraints should be
added to (9) by forcing (K — F) and (E — F) to be PSD.
Based on the above, this will force K and E not to be
diagonal, and hence will solve the issue of the “*” fields in X.
By this, the objective function for the rank minimization of
the TIM matrix (that we name enhanced RM-TIM, eRM-TIM)
along with the constraints, can be written as follows:

IN

1
min §(Trace(K) + Trace(E))

E X .
W = (XT K)EO7X7,,_]:M137(17]68)7(K_F)i05
(11)

(E—F) i O,Ki’i é (Z,Ei’i é (Z,V’L': 1,...,71
One can notice that the resulting optimization problem is much
simpler than the one in [11] due to the reduction of the number
of linear matrix inequality (LMIs) from five to only one.

V. MODELING THE CLUSTERING APPROACH

This work’s objective is to group mutually interfering D2D
devices into different clusters while satisfying each group’s
capacity, and thus to cut the edges with large weights in the
conflict graph with assigned weights. Since the problem in (6)
is NP-hard, we derive its SDP relaxation, and then we develop
a heuristic algorithm to solve it.

A. SDP Relaxation

We use the Laplacian method in [32], where the quadratic
optimization is a function of the Laplacian matrix L = [L; ;].
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We construct L (with PSD characteristics) in terms of the
edges’ weights in (6), such that L; ; = —w; ; for i # j and

L;;= 22’21 w; . We introduce an n x k matrix H = [H, ;]
as the k-partition matrix, denoting the decision variable:
1 ieP,te{l,2,...,k} and
Hi,= . { J (12)
0 1 € Pg

By this, the feasible set P can be defined as follows:

P={HcR . H=h,...,
H"u,, =m,H,; ,€{0,1},Vi=1,...,

hk]7Huk = un;
n,l=1,....k (13)

where m, € m = [my,...,mg]7 is the £*" cluster’s size and
u (uy,) is the all-ones vector of length & (and n, respectively).
The quadratic form in H is related to the objective function
in (6), since for each H € P, thh[ gives the weight of
edges joining P, to other partitions in P, and %Tr(H TLH)
gives the total weight of the edges cut by H (those joining
different partitions):

k

! > h{Lh;=

T(H'LH)= 5
i=1

(14)

k

% Z Z Wy ,w
=1 veP;,w¢Py
Note that the reward in (14) is equal to half of the one
in (6) because the outer summation in (6) is only over ¢ < j.
To construct the SDP relaxation of (6), we start by introducing
a new matrix Y rs, which is linked to H, following the convex
combinations of the feasible set M:

M :=conv{Ygs : JH € P s.t. Ygs (15)

Hence, %Tr(HTLH) can be linearized to Tr(LY gs) (using
the matrix lifting method), which will constitute the objective
function of the SDP relaxation of (6). As for the constraints,
it is clear that diag(Yrs) = w,, (Where “diag” maps an
n X n matrix to the n vector of its diagonal), Yrs > 0,
and Yrs > 0. However, this last constraint will be replaced
by a stronger PSD one kY rs — J > 0, where J is the all
ones n X m matrix (as proven in [35]), improving by this
the relaxation performance. As for the cluster size constraint,
it can be written as:

= HH")

Tr(JYgrs) = Tr(HH  u,ul) = Tr(m™'m)

Zme (16)
The optimization problem can be formulated then in (17.a)
by compiling the objective function in (14) and the aforemen-
tioned constraints. It is proven in [35] that this problem is
equivalent to a trace formulation [32] as in (17.b) by doing

simple changing of variables (YRS = M#)

Original Matrix Lifting
1
—Tr(LY
pax g Tr(L Y rs)
s.t. diag(Yrs) = up,

kYgs —J =0
Ygs >0
Tr(JYgs) = Zm, (17a)
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Original Trace Formulation

k-1
2 TI'(LYF])

max
Y
s.t. diag(Ygy) = up,
Y =0
(Yij)m > i FE ]
Tr(JY ) = k Z m2 —n?  (17b)

where Ygs is defined in (15) and Y =
variable, (4, j € V) such that:

[(Yi,;)r] is a matrix

k_—fl if < and 5 are in different partitions
(Yij)m = of the k-cut of G (18)
1 otherwise

However, the problem in (17) which was developed in [35]
cannot be directly applied here, because the cluster size my
in this work is bounded by Ly, while in [35] the size of
each cluster was a priori known. Based on this, we adapt the
last constraint in (17) to be compliant with L« such that
each group size my should be less than or equal to Lax,

ie., mgmq < L2,.. We know that:

k
Zm/ = nQZme—l—ngmq, and

(19)
{=1 l#q
Zmzmq < k(k —1)L2,, then (20)
t#q
k
ng =n? —Zm[mq ZTLQ _k(k_l)LrQnax (2D

(=1 (#q

Replacing (21) in (17) leads to the final form of the SDP
relaxation of our clustering problem:
Adapted Matrix Lifting
1
~Tr(LY
ax 3 Tr(LY &s)
s.t. diag(Y'rs) = up,
kYgrs —J =0,
Yrs >0
— TI'(JYRs)
Adapted Trace Formulation

< k(k—1)L2, —n?

max

(22a)

-1
maxk A Tr(LY )

Yr
s.t. diag(Yg) = up,
Yrm=0

(Vi > 7—0i#
—Tr(JYFJ) < k2L2 —n?

max

(22b)

Since the entries of Yy and Ygs (i.e., the optimization
variable of the SDP relaxation in (22)) are relaxed and do not
give clear insights about which vertices belong to the same
partition, a rounding heuristic algorithm is proposed. For this,
we present next Algorithm 1, which divides the nodes into
groups, while considering the cluster’s capacity.
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B. Heuristic Clustering Algorithm

To cluster the D2D pairs into k groups, each with a capacity
of Lmax, and operating at a different frequency from /C, we
propose Algorithm 1, a rounding algorithm, since the entries of
the matrix Y'gy resulting from (22.b) are relaxed. Technically,
we extend the SDP relaxation of the max-k-cut problem [32]
(Steps 1-7) to account for the cluster’s size constraint. To solve
the problem, we decompose the matrix Yy in (22.b) into
BT B using Cholesky decomposition, where Yy represents
the Gram matrix of {b;,...b,}, and each b; (the i*" column
of B) corresponds to a node. To partition these vertices into
different subsets with a bounded size L.z, we compare each
b; against k independent vectors from a normal distribution
with 0 mean and variance 1, and we group together the nodes
having b;’s similar to the same vector in A/(0,1). This result
is collected in Step 7. At this level, Ly, is not yet taken
into account, and hence more steps are required to check the
satisfaction of this constraint. Thus, our contribution appears
starting at Step 8. If the sizes of the partitions collected
in Step 7 are less than or equal to Ly, then it becomes
the final output (Step 11). Else, we develop an algorithm
(Steps 13-30) to designate the appropriate nodes to be re-
clustered and the adequate clusters to be joined. For this, we
divide the clusters into two sets Sy and Sy, where they are
collected based on their sizes (greater and lower than Ly,
respectively). As for the clusters having a size exactly equal
to the bound, they are captured in a set Seq, since they
are not candidates for admitting new nodes (Step 13), and
hence this set is excluded from the re-assignment algorithm.
Now, to determine the potential cluster that each node in
each cluster in Sy can join (if re-assigned), we compute the
summation of the dot product of b;’s between each node of a
cluster in Sy and each node in each cluster in Sy, and collect
these values in a matrix Q, ), where its minimum entry
identifies which node(s) should be moved fto which cluster
(while satisfying the cluster’s size constraint), so that it has the
least effect on ) (Y} ;j)p, which should be less than or equal
t0 (Lmax — "gfi““‘). That is, the summation over all j within
a cluster should give a value less than or equal to Lp,x from
which the (n — L) nodes that belong to the other clusters
should be subtracted (in (Y; ;)p = _k+1 if 7 and j belong to
different clusters, and (Y; j)ry = 1 if ¢ and j are within the
same cluster: Eqt. (18)). Once the reassignment is achieved,
the final partition will be the union of the updated clusters
in Sy and Sy, and the existing ones in Seq.

VI. BOUNDS ANALYSIS OF THE CLUSTERING APPROACH

In this section, we derive the performance guarantee of
our proposed heuristic algorithm (relatively to the optimal
method), after determining some interesting bounds which
served in the computation. We also analyze the performance
of the randomized clustering algorithm.

A. Randomized Policy

One of the obvious methods for our clustering problem is
the randomized clustering algorithm, which starts by arbitrarily
partitioning the m vertices into m subsets with a capacity
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Algorithm 1 Clustering Devices into k Partitions With
Bounded Subset Sizes
Input : G = (V,&),k,n, L, Lnax
Output: P = P, P»,..., Py
1 Solve Problem (22.b) to get Yy = [V ;]
2 Find unit vectors by, ..., b, € R™*! satisfying
biT -b; =Y;; (1 <14,7 <n) by computing the Cholesky
factorization BT B of Y where B = [b1,...,b,)
3 Choose k independent random vectors
21,..., 2k € R™™! where its elements ~ N(0,1)
4 Partition V into P, ..., P, where P, consists of the
nodes 7 € V for which biTzh = MaXp—1,.. k bisz
5 // now that we know to which cluster each node belongs
6 // validate against L, and reassign if necessary

7 Capture Pinitia1 = P1, ..., Pk

8 foreach P, € Piyisi do

9 | if ||Py]| < Ly then

10 | | P=Puiia=P1,..., P

1 else

12 Form three sets Sy = {Cy| ||Cyll > Lmax},

S =A{C [|C1]| < Lumax}
Seq - {Cel HCGH = Lmax}

13 foreach C; € Sy do

14 /I Compute for cluster C,; and each cluster C; a
set of product vectors

15 foreach C; € S; do

16 foreach g € C; do

7 q(g,cr) =0

18 foreach [ € C; do

19 I1'q4,c,) 1s a product vector

corresponding to node g and cluster

20 q(y,c,) Where q(g.0) = > ba) by
21 /I where by, is the vector b € B that
corresponds to node p

22 end

23 end

24 /I 'we now have a matrix Q ¢,y = [4(4,¢,)]
for all clusters in S, whose dimension is
[Cgll x [|Sull

25 end

26 Identify according to Q) nodes {g° € Cy}

and clusters {C}’ € Sy} such that g(go cry is
minimum and moving {g°} to {C}'},

|Cyll = Limax and ||C?|| remains < Lpay

27 end

28 | // P is the union of updated clusters

29 | P =38 USUSyq

30 end

31 // Reuse frequency among clusters if they are not adjacent
2 Vi e C, Y jlj is adjacent to i A j € Cpy,

33 if 3 k € C,, adjacent to j and not adjacent to 1,

34 then C; and C,, can reuse the same frequency bands

C = Lpnax each, where m = Lﬁj The residual nodes are
randomly assigned to the remaining (kK — m) clusters with
possibly varying sizes, but the capacity is equal to Ly,
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i.e., C' < Lpa. Note that the nodes here are randomly chosen,
i.e., the selected nodes to be grouped in the same group do
not necessarily have the lowest edges’ weights. Hence, this
method constitutes the lower bound of the capacitated max-k-
cut problem, which can be written in (23), while its detailed
derivations are in Appendix A.

MCy, cap
[m(m;—;)Lgmx+ 1_%)x if k>m
R ST
2
% X (L wi) o

(23)
where (Zz £ w”) is the total sum of weights of all the
edges connecting all Vertices.

B. Upper Bound (SDP Relaxation)

We derive three eigenvalue-based bounds for our clustering
problem: the first one is the solution of an SDP relaxation that
is weaker than the original problem (6), the second one is a
strengthened version, and the third one is an improvement of
all the previous versions, where the diagonal of the Laplacian
matrix is perturbed, leading to a stronger bound. We mention
here that although the first bound may be a loose upper bound,
we use it here for clarity purpose to help the reader understand
the derivations corresponding to the upper bounds that follow.

1) Eigenvalue Bound: To derive the first eigenvalue bound,
we rely on the Laplacian algebra £, as in [36] and [37] but with
some modifications: the eigenvalue bound 1) in [36] is found
for the max-k-cut problem with no restriction on the sizes
of the subsets (in contrast to our work, which corresponds
to its capacitated version), and 2) in [37] is determined for
the graph partition problem, where the size of each subset
is already given and fixed (while in this paper, the size is
not apriority known, but is upper bounded by L,x). Recall
that £ is a set of matrices that is closed under addition, scalar
and matrix multiplication, and conjugate transposes [36], [37].
It has a basis of matrices that are obtained from an orthonormal
basis of eigenvectors corresponding to the eigenvalues of the
Laplacian matrix L. In particular, we let 0 = )y < A} <
... Ad = Amax(L) be the distinct eigenvalues of L, and A;
be a matrix whose columns form an orthonormal basis of the
eigenspace corresponding to the i eigenvalue )\;, constituting
F;, = AiAiT for i = 0,...,d. We define f; = rank(F;) as
the corresponding multiplicities, for ¢ = 0,...,d. Thus, L is
now defined as the span of {F, ..., F}, which is called the
basis of idempotents of £, and L = >"._, A\, F'; [36], [37].

To find these derivations, we rely on the matrix lifting
formulation in (22.a) and not on the trace formulation in (22.b)
1) to avoid the problem of the negative values that may
appear in the relaxed version of Yy in (22.b), and 2) to stay
conformant with the idempotent property of £ basis, which
is satisfied in the matrix lifting formulation, where the entries
of H in (12) are 0 or 1, in contrast to the trace formulation,
where the square of Y'g;’s entries in (18) do not give the same

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 67, NO. 11, NOVEMBER 2019

values due to (Y ;)py > k’—fl Since the SDP relaxation of the
original problem cannot be restricted to feasible points in L,
we adapt it by the following relaxation:

Adapted Matrix Lifting
1
max S Tr (LY &s)
s.t. diag(Ygrs) = u,
kYrs —J =0
—Tr(JYgs) < k(k—1)L2, —n?
Yrs >0
Adapted & Relaxed Matrix Lifting

(24a)

1
STHLY
max o Tr(LY ks)

st. Tr(Yrs) = n
kYrs —J =0
—Tr(JYgs) < k(k—1)L2,, —n?

max

(24b)

By restricting the optimization problem of (24) to feasible
points in £, we obtain the following.

Proposition 1: We let G be a graph on n vertices, and
k an integer such that 2 < k < n. Then, the upper bound
of the SDP relaxation (24) becomes equal to:
k(k—1)L2

max X >\d

Mck,cap < om

(25)
where M\g(L) is the largest eigenvalue of the Laplacian
matrix L of G.

Proof: The conversion of (24.b) into the Laplacian alge-
bra £ domain and the derivation of the upper bound expressed
in (25) can be found in Appendix B. 0

2) Strengthened Eigenvalue Bound: The bound in (25) is
considered a loose one, especially in the case when some
clusters are of full capacity. For this scenario, we deter-
mine a strengthened bound, after deriving an interesting
Lemma related to the summation of the product of the clusters’
sizes. To the best of our knowledge, this is the first time that
this bound is established.

Theorem 2: In the case of at least one cluster is of full
capacity (i.e., equal to Ly,,) is derived, the upper bound of
our clustering problem can be improved to be equal to :

k(n? — L2,) + 2n(Lypa — n)

<
MChcap = 2n(k — 1)

X Ag  (26)
Proof: The derivation of the strengthened upper bound
can be found in Appendices C and D. 0
Although (26) is a better bound than (25), we can enhance

it further by perturbing the diagonal.

3) Perturbed Bound: We improve the eigenvalue bound that
we derived above in (26) by applying on it the diagonal
perturbation method [36]. We note that perturbating the cost
matrix by a diagonal matrix with zero trace does not change
the optimal value of our optimization problem, but has an
effect on the maximal eigenvalue of the Laplacian matrix.
Thus, we can express the perturbation of the diagonal entries
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of (26) by the following optimization problem:

k(n? — L2,.)+2n(Lnax—"n)
2n(k —1)

where the vector d is known as the correcting vector and d
is chosen such that >, _,. d; = 0. However, problem (27)
does not have a closed form expression, so we can formulate
it as SDP using the concept of M-matrices [38]: we let Z
be an M-matrix such that Z = uI — B, where B is a non-
negative matrix such that B = L + diag(d) > 0, and p € R
such that > p(B), where p(B) is the spectral radius of B
(the largest absolute value of its eigenvalues), i.e., p(B) :=
max{|A| | A € o(B)} and o(B) denotes the spectrum of B
(the set of its eigenvalues) [38]. Thus, minimizing p reduces
the eigenvalues of B (particularly, its maximum value \g):

Aa(L—+diag(d)) (27)

mlIldTun -0

Primary Problem of the Perturbed Bound
k(n? —L2..) + 2n(Lmax — )

min

2n(k —1)

s.t. ul,, — (L +diag(d)) = Z, Z = 0,

d"u, =0 (28a)

Dual Problem of the Perturbed Bound
1
max —Tr(LY)
Yrs 2
. k(n? — L2,) + 2n(Lmax — )

s.t. diag(Y') = 7;2(k — U,

Yrs = 0 (28b)

By solving the relaxation in (28.b), we get the optimal value
of the eigenvalue problem in (27). We summarize then the
relations among the presented bounds as:

Amaxbound (25) > Strengthened bound (26) > Perturbed-
bound (28.b) > Optimal solution of the original prob. (29)

C. Performance Guarantee

To assess a clustering algorithm’s performance, we define
the “ratio” metric which relates the average cost (in terms of
the resulting total weight of edges that are cut w(Fey )clust. alg.)
to the upper bound of the optimal solution. This indicates the
accuracy level of the considered policy’s solution against the
optimal one in (6). Numerically, the tightest upper bound of
the SDP relaxation of the original problem can be directly
calculated by only plugging the values of n, k, L., and
Ag in (28.b), which is not a complex SDP problem to be
solved. As for the total weight of the edges that are cut
after partitioning (w(Ecut)ciust. alg. in (30)), it is related to
the clustering algorithm considered. For instance, for the
randomized policy, the ratio’s numerator in (30) is replaced by
W(Feut)rand. alg. = MCl cqp in (23). Note here that the output
of the randomized policy constitutes the lower bound of the
optimal solution of our clustering problem.

ratio = w(ECul)clust. alg.
upper bound of the SDP relaxation of the orig. prob.’

1
where w(Ecut)clust. alg. — 5 Z Z Wi j

1<r#s<kicP.,jeP;

(30)
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However, if this ratio is high enough, then there is no need
to solve the SDP problem in (22), and the randomized policy
can be directly applied, saving by this CPU resources. On the
other hand, if the performance of our proposed heuristic
algorithm (Algorithm 1) is to be analyzed, then w(Ecut)clust. ale.
is replaced by w(FEcui)alg.1, Which is equal to the total sum of
weighted edges that are cut (i.e., those joining different par-
titions). Thus, this ratio affirms that the considered clustering
algorithm can be used to partition the network into different
groups with a performance guarantee of at least (ratiox 100%)
w.r.t to the optimal solution. Note that we expect the ratio
(i.e., the performance guarantee) of our algorithm to be more
likely higher than that of the randomized policy, and the
experimental results in Section VIL.D (last two columns of
Table II) confirm this. The reason is that our algorithm groups
the nodes more intelligently: the resultant Y'g; maximizes the
objective function in (22.b), and the nodes that are grouped
together are the ones with the vectors that have the highest dot
product with the same random vector, which leads to a higher
summation of edges’ weights across the different partitions.
In contrast, the randomized policy randomly selects nodes to
fill the clusters, without accounting for the edges’ weights.

VII. EXPERIMENTAL RESULTS
A. TIM Rank Minimization Evaluation Without Clustering

To show the performance of eRM-TIM, we test it on a
D2D network (which is translated into a square TIM matrix
of size n), with different topologies, i.e., different interfer-
ence patterns, while keeping the same number n of D2D
pairs. We compare the symmetric DoF achieved per user
(and hence the minimum rank attained) using our proposed
method to the classical time-division multiple access (TDMA)
scheme (when no TIM is applied) and to our previous rank
minimization method RM-TIM in [11], as well as to other
existing methods in the literature (i.e., Alternating Projections
via singular value decomposition (SVDAP), and directional
Alternating Projections via SVD (dirSVDAP) [39]). We do
this for nine different topologies: 1) n = 5, referring to the
example in [33], 2) n = 6, illustrated as 777 to Ty in Fig. 1
(chosen to conserve space), 3) n = 12, same topology as in
[11], 4) n = 15, topology showed in [12], and 5) n = 30,
the whole topology in Fig. 1(a), which is a sketch of different
30x 30 topologies that we tried. The remaining four topologies
represent sparse uniformly-distributed random matrices, where
50% of the entries are 0s. We implemented the TIM rank
minimization method using the convex optimization toolbox
CVX [40] in MATLAB R2016b on a desktop of 16 GB
RAM with a 2.8 GHz Intel(R) i7-7700 HQ CPU. Fig. 3(a)
shows that applying TIM using any method (RM-TIM/eRM-
TIM/SVDAP/dirSVDAP) performs always better than TDMA
(without TIM) which can only achieve a DoF of 1/n per
user. Comparing among the TIM rank minimization methods,
although SVDAP and dirSVDAP achieved lower rank than
our methods after applying them on the n = 5 example [33],
eRM-TIM behaved much better for larger n values. For
instance, for the 15 x 15 network, eRM-TIM was able to
minimize the rank to 9, while SVDAP and dirSVDAP reduced
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it to 13 and 14, respectively. Although the large number of
pairs highlights the scalability issue of the LRMC approach
in formulating TIM, but still, our proposed methods are
able to decrease the rank even further than existing works.
Its effectiveness is better when applying it to mid-size net-
works. That is, using eRM-TIM, the rank reduces to 57 for a
100 x 100 matrix, but it goes down to half for a 30 x 30 matrix.
This is due to the interference that worsens when the number
of devices increases, which also makes the adjacency matrix
sparser, prohibiting the rank flexibility. Such results motivate
our work in developing a clustering technique that cuts the big
matrix into several less sparse sub-matrices.

B. Clustering Algorithm Evaluation

We apply Algorithm 1 on the D2D network of Fig. 1(a)
to cluster the 30 pairs into k& = 6 groups with Ly,x = 6.
An example of the algorithm’s output clusters is: P; = {5,7,
25,26,27,30}, P, = {1,2,3,4,6,9}, P; = {8,16,19,
20,22,24}, P, = {12,15,17,18,21,23}, P5 = {10,11, 14},
and Ps = {13,28,29}. The cumulative weight of the edges
connecting these partitions is 45 (with the sum of edges in
the graph of Fig. (2) being 50), i.e., our algorithm was able to
maximize the total sum of the cut edges, where only 5 zeros
remained and appeared in some of the cluster sub-matrices.
Fig. 3(c) shows the interference reduction for Fig. 1(a)’s
topology, where the interference intensity refers to the sum of
edge weights that signify the interference levels. We mention
here that the presented algorithms are not tied to the example
topologies, and can be applied to any other one. TIM is next
applied in Subsection C to each cluster to cancel the intra-
cluster interference that may remain after the cut.
Comparison Against the Exhaustive Search Method: To study
our algorithm’s performance, we consider partitioning the

network of 6 vertices (777 to Ths in Fig. 1) into k = 3 clusters
with L.x = 3. We assume here a small network size to make
the exhaustive search method tractable, which produces the
partitions P = {Tlg,TQ(),TQQ}, Py = {T17,T18}, and P; =
{T1} with w(FEeut)exhaustive search = 12. This method leads to
the optimal solution since the total sum of edges’ weights is
equal to the value of the largest cut. As for our algorithm,
it gives Py = {T17,T1s,T21}, P = {Th9,T50,T22}, and
P; = () as output, with w(Eey)ae1 = 11. On the other
hand, the randomized policy divides the network into P, =
{T17,T19,T20}, P2 = {Tlg,Tgl}, and P3 = {TQQ}, where
W(Feut)rand. alg. = 5. Hence, the naive randomized algorithm
is not the best possible method for this problem, and our
algorithm performs better by being closer to the optimal
solution in terms of total sum of edges’ weights.

C. Clustering Combined With TIM Evaluation

1) DoF Achieved: In Table I, we show the improvement of
the total sum of symmetric DoF due to clustering compared to
TDMA and TIM only scenarios for different topologies. On a
hand, in the TDMA case, where the whole frequency band
is utilized, each user should wait 7" slots to be capable to re-
transmit. For instance, for the 30 x 30 topology, the symmetric
DoFgym per user becomes equal to DoFgym = + = 35 = 0.03,
i.e., each user can use 1/30 of the resources, and so, the total
sum of symmetric DoF is 1. On the other hand, although
applying TIM on this network improves the total sum of
symmetric DoF, especially while using our proposed TIM rank
minimization method (eRM-TIM) which performs much better
than the other existing methods, i.e., SVDAP and dirSVDAP
(as discussed in Section VII.A), combining it with clustering
remains more beneficial, especially at higher network dimen-
sions (as will be shown later). For example, for the 30 x 30
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TABLE I
IMPROVEMENT OF THE TOTAL SUM OF SYMMETRIC DOF DUE TO CLUSTERING

Topology TDMA | TIM only (SVDAP) | TIM only (dirSVDAP) | TIM only (eRM-TIM) Clustering with TIM (eRM-TIM)
5x%5 [33] 1 3=25 3=25 3=5333 (DoFgymiotat = 33 + 3 +0) = 1.667
6 X% 6 (T)7 to Ty, in Fig. 1) 1 g =2 % = % =2 (DOFsym)tctal = %(% + % + %) =15
12x 12 [11] 1 2 =109 2 =109 2-17143 (DoFgymoal = (3 + 3 +3) =233
15x 15 [12] 1 B =1.1538 B =1.0714 B =1.6667 (DoFym)ow = 3G + 5+ %) =4
30 x 30 (Fig. 1) 1 30 =1.0345 30 = 1.0345 =2 (DoFgym)oa = 25+ 8+ 8+ 3 +58+3)=333
network, applying TIM without clustering using either SVDAP Transmitters Transmitters
and dirSVDAP, increases the total sum of symmetric DoF per C SR /1 *|*|o|* )
woc _ woc | . _ 30 L T Q1 | *|*|*]|* Transmitters
user to (DoFsym)igiilsvpar = (DoFsym )i laissvoar = 55 only, e R, P G R e
which is less than the one achieved using eRM-TIM only, 7|15 |87 | oTs =1+ [= B = | {2l |}
O « . o (] P o
(DoFgym )i ermiv = 32, Nevertheless, combining eRM- AR el |a 13
. . . . * * * * *
TIM with clustering increases the total sum of symmetric S B Tl Bl R - 1)
DoF (DoFgym)ita (as shown in the last column of Table I), ~ Transmitters = Transmitters
especially for large networks such as the 30 x 30 network. £ T T /1 TR E) -
. . . RN EIEEERE T
Numerically, the total sum of symmetric DoF attains . A ERESEREARRI l : e b 8
o . e g .. . = = o . a
(DoFgym )i, = 3.33, while dividing the original TIM matrix "~ | *|[*[*[1[*|* %‘X"“ AR IR S S ESly
of Fig. 1(a) into & = 6 sub-matrices, as shown in Fig. 4 (where : : : i L : 2 *[*[*|o|1]* |& s
. . . . * | ® R
their rows refer to the receivers, and the columns indicate the p =4 e 1)

transmitters), and then applying rank minimization on each
of these sub-matrices. Note that X p3, X p5, and X pg are
reduced to rank-1 matrices. However, X p; and X p4, which
have one zero entry each, are reduced to rank-2 matrices only,
while X ps which has 3 zero entries, its rank is reduced to 3.
Note that clustering does not offer any gain when the number
of devices is small, e.g., 5 x 5 topology of Table I, and hence
having multiple frequencies in this scenario is not necessary.

2) Effect of the Number of Clusters on the DoF: In
Fig. 3(d), we show the impact of varying the number of
clusters (with L,x = 6 each) on the DoF achieved in the
n = 30 network of Fig. 1(a). We observe that when k increases
from 6 to 10, DoF continues to grow. This is because when
the number of clusters increases, the matrix is divided into
more sub-matrices, and thus the probability that the zeros are
eliminated increases, reducing their ranks to 1.

3) Computation Time: Our proposed algorithm for TIM
clustering requires O (gn®+q¢*n?+q¢>+n?)+0(k?)+O(LS )
operations, where ¢ is the number of constraints, while n, k
and L,x were already defined. The first two terms refer to the
clustering algorithm and the third one corresponds to the TIM
rank minimization method. In Algorithm 2, Step 1 necessitates
O(gn® + ¢*n® + ¢ + n?) operations to be solved, since it is
based on the primal dual barrier method (a built-in solver in
CVX [41]). As for ©(k?), it derives from the inner and outer
loops in (Steps 14-28), and ©(LS, ) follows from solving the
TIM algorithm. Note that complexity of our previous TIM
method in [11] (also based on SDP) was in the order of O(n®),
and it becomes equal to ©(LS, ) in this work. This outcome
shows the importance of the clustering algorithm for reducing
the complexity since TIM is now applied on Ly, instead of n,
and Ly, << n.

From CPU time perspective, the efficiency of combin-
ing TIM with clustering appears better in larger networks,
as shown in Fig. 3(b): the gain is negligible for a small network
(i.e., below n = 15), but becomes significant, around 88% for
n = 45 (noting that the processing time increases with n). This

Fig. 4. Resulting sub-matrices for the 30 x 30 network.

gain in the computation time is because the LRMC-based TIM
approach is executed, in a parallel way, at each sub-matrix
(corresponding to a cluster) of reduced size.

D. Clustering Bounds Evaluation

To give a flavor of the behavior of the various bounds,
we consider 2 different topologies for n = 15 network, such
that the interfering links per receiver were chosen randomly
and their numbers are on average 5 in topology #1 and 6 in
topology #2. This makes the total sum of weights of all edges,

corresponding to each topology, equal to (ZZ 25 Wij =
total

n X # of interfering links/receiver (i.e., equal to 75 and 90,
respectively). Note here that, in all topologies, we consider the
D2D network to be divided into k = 3 groups with Ly,x = 6.
In topology #1, there exist no edges with a weight of 2,
e.g., while 77 is communicating with R, it interferes with
Ry, R3, Ry and Rjs, but T5 is not interfering with R;, and
hence the connecting edge between nodes 1 and 2 has a weight
of 1. Taking the mutual interference into account, we consider
another scenario (topology #2) but with different number of
interferes, e.g., in topology #2, T3 is interfering with 77, 15,
Ty — T7, and T} is interfering with T, T3, T — Tg. By this,
T3 and T, are mutually interfering, and the edge connecting
nodes 3 and 4 has a weight of 2.

To numerically show the upper bound improvement,
we illustrate in Table II the upper bound values for the 2 dif-
ferent topologies we discussed earlier. The results showed that
the proposed methods in Section VI.B were successful in tight-
ening the upper bound. For instance, the tightest upper bound
corresponding to topology #1 (equal to 66.55) is much less
than the total sum of weights of all edges equal to 75. We can
see that in practice these bounds can provide good approxi-
mations to the actual optimal solution in terms of the value
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TABLE II
LOWER AND UPPER BOUNDS FOR DIFFERENT TOPOLOGIES FOR THE 15 X 15 D2D PAIRS NETWORK
Topology # of interferers (Z# j Wi, j)lmal Upper bound (25) | Upper bound (26) | Upper bound (28.b) | w(Ecut)rand. ate. | W(Ecut)Algorithm 1 | (Tatio)pang, alg. | (ratio)ag |
Topology #1 5 75 96.8047 66.55 66.55 48 58 7213 % 87.15 %
Topology #2 6 90 108 74.25 74.25 57.6 67 77.58 % 90.23 %

of the sum of the edges that are cut. We mention here also
that these results meet our expectations while comparing the
upper bounds of the max-k-cut problem to the existing ones in
the literature: when the clusters are bounded in size, the upper
bound should get smaller. Numerically, we evaluate the tightest
upper bound in (28.b) that corresponds to topology #1 with
Ag = 13.445 (recall that A4 is the maximum eigenvalue of the
Laplacian matrix), and we find it equal to 66.55. This value is
less than the upper bound of the original max-k-cut problem
in [36] that is equal to (U522, ) = 67.225.

As for the total weight of the cut edges, we compute
W(Eeut)rand. alg. a0d w(Eeu)ale1 after applying the randomized
algorithm and our proposed heuristic algorithm (Algorithm 1),
respectively on the two different topologies. We also calculate
the ratio metric of these two clustering algorithms (based
on (30)) to assess their performance, and we summarize the
results in the last two columns of Table II. As we can see,
using our proposed heuristic algorithm improves the ratio
achieved, as compared to the randomized policy (e.g., for
topology #2, the ratio resulting from applying Algorithm 1 is
equal to 90.23%, while it is only equal to 77.58% in the
randomized policy case). One can argue that the attained ratio
value is still high (above 70%) while using the randomized
policy, and hence it can be directly applied in these two dif-
ferent topologies, without solving the SDP relaxation in (22).
However, this decision is not valid in all cases. For instance,
in the example mentioned in Section VII.B.1, the gap between
our solution and the randomized solution was huge, and hence
the randomized algorithm was not efficient.

VIII. CONCLUSION

In this paper, we propose a new joint clustering-topological
interference management (TIM) framework, in a network
with multiple available frequencies, to cluster D2D pairs into
different groups (with different frequencies) and to apply the
low-rank matrix completion (LRMC) approach of TIM to
manage the interference in each group. In TIM, devices do
not know the instantaneous CSI, but are aware of the network
topology, and hence, the challenge is to choose the appropriate
groups that work in LRMC’s favor, and enhance the network
performance. To overcome the TIM matrix special structure,
we develop an efficient approximation solution based on SDP
that competes with existing methods in terms of the minimum
rank and maintaining low complexity. Simulation results show
that clustering with LRMC reduces the computation time,
by allowing parallel processing of LRMC on the resultant
clusters, and also significantly improves the system DoF as
compared to only using TIM.

APPENDIX A

Based on the concept of the randomized policy explained
in Section VI.A, we can express the expected value E(.) of

the summation of the weights of the edges connecting the
different partitions in function of the total sum of weights

ZlST;ﬁSSk ZiePr,jePS w5, as follows:
1
average 3 E E
1<r#s<ki€P,,jEP;s

1
5 Z Z w; ;P (i, j in # clusters) (31)

1<r#s<ki€P,,jeP;

Wi, 5

where P(i,j in # clusters) denotes the probability that two
nodes ¢ and j are in different clusters:

P(i,j in #clusters) =mx P (i € (1st full cluster), j €V of the
remaining full clusters))+2 x P(i € (one of the full clusters),
j & (one of the full clusters))+(k — m)x P(i € (st partially

full cluster), j € (¥ remaining partially full clusters)) (32)
Lm X
P(i € a full cluster) = —/= (33)
Lm X
P(i € one of the full clusters) = m x —— (34)
n
. Lmax
P(j ¢ one of the full clusters) = 1 — m x —— (35)
n

P(j € one of the partially full clusters)

o 1 1 M Limax
T \k—-m 1T n
(36)

The probabilities in (33)-(36) are independent of any ¢ and
7 since the users are randomly assigned in each cluster,
regardless of their edges’ weights. Hence, any two users can
join a group with the same probability. Thus, replacing (33)-
(36) in (32) leads to the bound in (23).

APPENDIX B

The proof of the conversion of the objective function and
the first two constraints in (24) into £ domain can be found
in [36] and [37], where %Tr(LY Rrs) becomes equivalent to
%Zf:o Niyifi, and kY pg — J is transformed into y; > 0
(knowing that £ contains L, I, and J, then there exists
an optimal solution Y'rs to (24) in £, and we may assume
Ygrs = E?:()yiFi where y; € R (: = 0,---,d)). Our
contribution appears in the proof of the conversion of the
last constraint (related to each cluster’s capacity) into the £
domain. Following £ characteristics, we can write:

d d
Tr(Yrs) = n < Te(d>_yiFi) =n< Y yifi=n (37)
i=0 i=0
d d
Tr(JYrs) = nTr(Z yi i Fo) = nTr(Z YidioF';)
i=0 1=0

= nTr(yoFo) = nyofo = nyo (38)
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since fy = 1 is the multiplicity of the eigenvalues of the all-
ones matrix J, while the dirac delta function ;0 = 0 if ¢ # 0

and d;0 = 1 if ¢ = j = 0. On the other hand,
Tr(JY rs) > n? — k(k — 1)L2, then substituting Tr(JY gs)

2 k(k—-1)L2
n ( )max (39)

in (38) gives yg >
n

We can prove that:

d d
> wifi = foyo+ Y _vifi=n
i=0

i=1

d
= wifi =n— foyo=n— 10 (40)
i=1
Replacing yo in (39) in Eqt. (40) leads to
d
k(k—1)L2,,
Soufi < % @)
=1

Combining the equivalent terms of the objective function
and the first two constraints of (24) in the £ domain (as
previously mentioned) along with (41) leads to the following
linear program:

d
1
max 5 ; Ny fi

d
—1)L?
S't.Zyz'fz' < M,
i=1

n
yi =0 (42)
It is not difficult to conclude tglat the upper bound of the
optimal value of (42) is % X Ad.
APPENDIX C

To get a strengthened upper bound for our clustering prob-
lem, we use the Laplacian algebra £ specifications, as in the
proof of Proposition 1. However, the analysis here is more
involved and requires proving a new Lemma and adding extra
derivations, as will be shown later.

The scenario of having some clusters that are of full capacity
and others that are partially filled motivated us to derive an
interesting Lemma in (43) related to the summation of the
product of the clusters’ sizes. To maintain the paper flow,
we defer its detailed derivation to Appendix D.

Lemma 3: When at least one of the clusters is of full
capacity, »_,,, memg can be refined from k(k — 1)L2,, to
the following bound:

N — Lyax

memq < (’I’L - Lmax)(n + Lyax — F—1 )

lF#q

(43)

By plugging (43) into (19), we can get a new relation for
Tr(JY grs), as follows:

: kL3
Tr(JYrs) = Zm? > —==

{=1

— 2nLmax + 12
k—1

(44)
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Replacing (44) in the original formulation of (17.a) leads to a
new tightened version, for which we show its trace formulation
in (45.b) using a simple change of variables:

Tightened Matrix Lifting
1
=Tr(LY
pax o Tr(LYrs)
s.t. diag(Ygs) = up,
kYgs — J = 0,
Ygrs >0
kL2

Tr(JY gs) > —max__ 20 L + 1

k—1

(45a)
Tightened Trace Formulation
max —

1
Tr(LY
Yr k I'( FJ)
s.t. diag(Y'rr) = uy,

Yo

—1
(Yi)p >

k_l,wéj

E2L2  — 2knLnax + n?
T Y > max max
r(J FJ) = (kj — 1)2

To apply the £ domain characteristics, we use the matrix lift-
ing formulation in (45.a) for the same reason we mentioned in
Section VI.B.1. Then, we relax (45.a) into (46.b) by adjusting
the constraints, similar to the method we followed in (24):

(45b)

Tightened Matrix Lifting
1
—Tr(LY
ax 5 Tr(LY ks)
s.t. diag(Y'rs) = up,

kYgs —J =0 , ,
La  — 2nLpax
Tr(JYRS) > k max kn . ax TN
Yrs >0 (46a)
Tightened & Relaxed Matrix Lifting
1
=Tr(LY
max 5 Tr(LY ks)
st. Tr(Yrs) =n
kYrs —J =0
kL2, — 2nLmax 2
Tr(JY gs) > ——max kfl‘““ tn (46b)

Abiding by £ rules, we transform the objective function and
the first two constraints of (46.b) in a similar way as we did
in Proposition 1. As for the conversion of the last constraint,
we follow the same methodology as in Appendix B, but

we substitute Tr(JYgrs) by its new bound (44) in Eqt. (38)

. kL2 —2nL 2. ..
which generates yo > W (i.e., a positive value

and hence y; > 0 constraint is satisﬁeczl). Igeplacing the value
of yg in (40) leads to Z?zl yifi < k("= L) 20 L —11) - A

. ! n(k—1)
of this allows us to write the corresponding linear program

of (46.b) in the £ domain:

d
1
max 5 ; Niyi fi

d
k(n? — L2..) + 2n(Lmax — 1)
L. ifi < max ,
s ;y fis n(k—1)

yi =20 (47)
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By this, we can derive the upper bound which is equal to

B(n® = L2,) 420 (L —1)
Mck,cap < 2n(k—1) X /\d'

APPENDIX D

We prove that the summation of the product of the sizes m,
of two different clusters >, m¢mg can be tightened from
k(k —1)L2, t0 (1 — Liax) (1 + Lipax — “25), when some
clusters are of full capacity (k, and n are the total number
of clusters and nodes respectively, and L. is the cluster’s
capacity). Recall that the objective is to find an upper bound

for the following problem:

k
maXE E meMmy
m

0=1 l#£q

k
S.t. E my =n,
=1

My < Linax

(48)

Now, let us consider the case when there exist one m, =
Lax. When more than one cluster is full, the achieved
objective function will be less than (48), since the number
of constraints is higher, ie., 3¢ # ¢ | my = Lmax-
Back to the problem, the objective function F' can be writ-

k
ten as ' = ), Zq# memg = Y 4o Zq;ﬁé,q;ﬁl memg +
2 Lmax Zq# mg. Then, (48) becomes:

k
mY%X Z Z MMy + 2Lmax Z Mg

=2 q#0,1 q#1
k
s.t. Z my =N — Lmax,
=2
my < Lmax; l 7£ q (49)

By removing the constraint m,; < Lpy., We get an upper
bound for the optimization problem. Formally, we write the
Karush—Kuhn-Tucker (KKT) conditions that are necessary for
the optimality as follows:

k k
L :Z Z mgmq—l—QLmaxZ mg —)\(Z My —n+ Lmax)
(=2

(=2 b4q,1 q#1
oL
8—W =2 Z mq—l—ZLmax—)\
q#¢,1
= 2(” - Lmax - m[) + 2Lmax —-A=0
=2(n—my) —A=0, V¢ (50)
k
> 2(n—mg) = (k=1)A=0
=2
— 2(k—=1)n—2(n — Lnax) = (k — 1)A
2(n — Liax)
> A=2n—- ———= 51
n 1 D
Then, the objective function (optimal) becomes:
k
F Y mim ¢ 2L Y
=2 q#0,1 q71
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— Limax — mZ) + 2Lmax(n - Lmax)

i=2
k
(@) oA
= my (5 — Limax) + 2Lmax(n— Linax) (due to (50))
=2
A
= (5 — Lmax)(n — Lmax) + 2Lmax(n - Lmax)
A
= (n-— Lmax)(5 + Liax)
— Lo
D (1 L) 0+ Lo~ ") (i 10 (51)) (52
This implies that F' < (n — Lmax) (1 + Lmax — (nng))
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