Physics Letters B 767 (2017) 253-257

www.elsevier.com/locate/physletb

Contents lists available at ScienceDirect

Physics Letters B

PHYSICS LETTERS B

Euclidean supergravity and multi-centered solutions

W.A. Sabra

@ CrossMark

Centre for Advanced Mathematical Sciences and Physics Department, American University of Beirut, Lebanon

ARTICLE INFO ABSTRACT

Article history:

Received 21 January 2017
Accepted 27 January 2017
Available online 2 February 2017
Editor: M. Cveti¢

In ungauged supergravity theories, the no-force condition for BPS states implies the existence of
stable static multi-centered solutions. The first solutions to Einstein-Maxwell theory with a positive
cosmological constant describing an arbitrary number of charged black holes were found by Kastor
and Traschen. Generalisations to five and higher dimensional theories were obtained by London.

Multi-centered solutions in gauged supergravity, even with time-dependence allowed, have yet to be
constructed. In this letter we construct supersymmetry-preserving multi-centered solutions for the case
of D =5, N =2 Euclidean gauged supergravity coupled to an arbitrary number of vector multiplets.
Higher dimensional Einstein-Maxwell multi-centered solutions are also presented.
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1. Introduction

In Newtonian gravity, one can obtain a system of point par-
ticles, each having a charge equal to its mass, in static equilib-
rium by balancing the mutual attractive gravitational and repul-
sive electrostatic forces. In Einstein theory of general relativity and
quite surprisingly the analogous situation first appeared in the
early work of Weyl, Majumdar and Papapetrou [1]. The Majumdar-
Papapetrou (MP) solutions were found to describe a system of
multi-centered extremal Reissner-Nordstrém black holes in ther-
mal and mechanical equilibrium [2]. The MP metrics are the static
limits of the Israel-Wilson-Perjés (IWP) solutions [3]. If one con-
siders Einstein-Maxwell theory as the bosonic sector of the theory
of N =2, D =4 supergravity, then the MP metrics turn out to be
solutions admitting half of the supersymmetry [4]. A systematic
classification by Tod [5] also demonstrated that the IWP metrics
are the unique solutions with time-like Killing vector admitting
supercovariantly constant spinors. Analogues of the MP solutions
were also found for black holes with a dilaton field in [6]. In [7]
general half-supersymmetric solutions, which can be considered as
generalisation of the MP and IWP metrics, to the theories N = 2,
D = 4 supergravity with vector multiplets were found. BPS solu-
tions in five-dimensional Einstein-Maxwell theory were considered
in [8]. The metric in this case is of the Tanghelini form [9]. More-
over, electric and magnetic BPS solutions breaking half of the su-
persymmetry in ungauged five-dimensional supergravity coupled
to vector multiplets were constructed in [10].
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The first multi-centered solutions asymptotic to de Sitter space
were obtained in four dimensions in [11]. These are non-static
solutions to the Einstein-Maxwell equations in the presence of a
positive cosmological constant. They describe an arbitrary number
of charged black holes in motion due to the positive cosmologi-
cal constant. As should be expected, these solutions reduce to MP
solutions in the limit of vanishing cosmological constant. Multi-
centered solutions to d-dimensional Einstein-Maxwell theory with
a positive cosmological constant were given in [12]. In the five-
dimensional case and with an imaginary coupling g (with the
cosmological constant being proportional to —g2), this theory may
be viewed as the bosonic sector of pure de Sitter D =5, N =2 su-
pergravity. Within this fake supergravity framework, it was shown
in [12] that the multi-centered solutions preserve some super-
symmetry through the explicit construction of the corresponding
Killing spinors. Multi-centered solutions to D =5, N =2 gauged
supergravity coupled to an arbitrary number of vector multiplets
were considered in [13,14]. In the fake de Sitter supergravity case,
one obtains rotating multi-centered solutions. However, in the
standard Anti-de Sitter cases, the multi-centered solutions have a
complex space-time metric.

In this letter, we will be mainly concerned with the gauged ver-
sion of the five-dimensional Euclidean supergravity theory which
was recently constructed in [15]. It will be demonstrated through
the analysis of the Killing spinor equations that this theory ad-
mits multi-centered solutions with real space-time metric and real
fields unlike in the Lorentzian theory where the solution is com-
plex. The results obtained may be useful as many investigations of
the AdS/CFT conjecture [16] have in fact been performed in Eu-
clidean space.
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We organise our work as follows. In section 2 we briefly present
the Euclidean five-dimensional theory and its special geometry
structure relevant for our subsequent analysis. Section 3 contains
the analysis and construction of the multi-centered solution for
these theories. In the last section we present multi-centered so-
lutions to d-dimensional Einstein-Maxwell theories and end with
a summary.

2. Euclidean D =5, N = 2 gauged supergravity

The theory of D =5, N =2 Euclidean supergravity coupled
to vector multiplets was recently constructed in [15]. The new
Euclidean theory has the same bosonic fields content of the
Lorentzian theory with scalar fields parametrizing a projective spe-
cial real target manifold [17]. The Lagrangian of the Euclidean
theory differs from the Lorentzian one in that the terms of the
Euclidean gauge fields appear with the opposite sign. Upon dimen-
sional reduction on a circle, the Euclidean D =5, N =2 bosonic
Lagrangian produces the bosonic Lagrangian of D =4, N =2 Eu-
clidean supergravity with the ‘wrong’ sign in front of the gauge
terms. However, in four dimensions with Euclidean signature, the-
ories with different signs in front of their gauge kinetic terms can
be mapped to one another by a duality transformation [15,18].

In the five-dimensional Euclidean supergravity cases, unlike in
four dimensions, only one sign is allowed in front of the gauge
field terms in the Lagrangian.

As the scalar fields structure in the Euclidean theory is unal-
tered, a scalar potential V can be added to the theory resulting in
the gauged Euclidean N =2, D =5 supergravity coupled to an ar-
bitrary number n of abelian vector supermultiplets. The action is
given by

1
S=—
16

~ Gk

(R—2¢2V) 1= Gy (dx' AsdX! — F' nxF/)
FEAFJ A AK, (2.1)

where I, | take values 1,...,n, R is the scalar curvature, Fl =dA!
denote the abelian field-strengths two-forms. The constants Cjjk
are symmetric in all indices and the coupling matrix Gy is invert-
ible and remains the same as in the Lorentzian case. The fields
X! are functions of (n — 1) unconstrained scalars ¢'. Some use-
ful relations which from very special geometry will be used in our
analysis are

1 K
Gy = 5 (9XIX] —CpyxX )
1
6c,,Kx’xfo:x’)(,:L

2 2
dX[Z-gG]]dX], X1:§G1]X],
XidX'=x'dx; =o0. (2.2)

The scalar potential of the theory is given by
1
V=9V,V, <x'xf —EG”>, (2.3)

where the V; are constants. The Killing spinor equations are given
by' [15]

1 Our conventions are as follows: We use the metric 77‘"’ = (+,+,+,+,+) and
Clifford algebra {y?, yb} = 2n“b‘ The covariant derivative on spinors is V, =9, +
%wﬂaby“b where w,qp is the spin connection. Finally, antisymmetrization is with
weight one, 50 192 — %y[ﬂl Y@ ..yl

3 1 1
[vu + igVIAL - gx,(y,ﬂﬂ —48,,y")F}, + ng’v,yu] €

=0, (2.4)
(38MX1)/" —GiyFly" + 6gV1) aixle =0, (2.5)
where 9; denotes differentiation with respect to the scalars ¢'.

3. Supersymmetric multi-centered solutions

In this section we construct multi-centered solutions to Eu-
clidean theory described by (2.1). Before proceeding to construct
the solutions of the gauged theory, we start with the analysis of
the solutions of the ungauged theory, i.e., for the cases when g =0.
As in [10], we start with the following metric ansatz

ds? = eV (dr 4+ w)? +e?Yds3, (3.1)

with U and w = w;,,dx™ independent of the t coordinate. The
four-dimensional base space described by dsf1 is flat Euclidean with
coordinates x™. The spin-connections components can be extracted
from the vanishing of torsion conditions

de® + 0w Ae? =0, de+w®re’—w®Are®=0, (32)
where
e=e2Vdr+w), eT=eVsldx", (3.3)

and are given by

0% = —2e73VUsmmy U,

1
w3t = —e3U 5am <5wnm + 2wnamu) ,

gb — %e—suanbgma

1
Wl = (smbs? — 5mashya, U + 5e*6” Wn8PP S Wy, (34)

w Wnm,

where wWpm = (9,Wm — dmWwy). Plugging into the Killing spinor
equation (2.4) for g =0, requiring that the Killing spinor satisfies
the projection condition % =€, and making use of the identity

Yabe = —eabcdydyo and special geometry relations we obtain the
conditions

dr€ =0,

Fln =0 (X'e720),

FL =y (e‘zuxlwm> — O (e‘zuxlwn) , (3.5)
and

(9 + 0nU) € =0, (3.6)
v <Wab + %&zbcdwaj) €=0. (3.7)

Therefore we get

dw = —xdw, (3.8)
thus implying that the two-form ¢ =dw satisfies

dp=dx¢=0, (3.9)

and therefore is a harmonic two-form. Equation (3.6) implies that
the Killing spinor is given by

e=eYe,  yoeo=co, (3.10)
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where €g is a constant spinor. It can then be shown that the
equation (2.5) for g =0 is satisfied for scalars independent of .
The Bianchi identities for our solution are identically satisfied. Us-
ing (3.5) and (3.8) we find that the Maxwell equations

d(G”*F]):%C”KF]/\FK (311)
are satisfied provided
X = %e—ZUH,, (3.12)
where H; are a set of harmonic functions,

N
H,_h,+j2;|§i11;(j|2 (3.13)

Here h; are related to scalar values at infinity and q;; are electric
charges. As in [10], we define the rescaled coordinates

Yi=e?Ux;, vl=eUX, (3.14)
then the solution for U is given by

1 1
e’V = 6C”KY’YJY", 5C,JKYJY" =H. (3.15)

To get explicit solutions for a given model one needs to solve the
equations (3.15) which depend on the intersection numbers Cjjk.
However one can get a closed general solution when the scalar
fields take values in a symmetric space where one have the useful
condition [17]

! ! 4
CiykCramCpqkd!! 85K = §5I(LCMPQ)- (3.16)
In this case we have the identity
9
xlzzc'!Kx,xK, (3.17)

where C!/K =5!1'51J'sKK'C;, 110/, then the solution (3.15) implies

1
€6U=€C”KH1H1HK. (3.]8)

We now move on to construct multi-centered solutions for Eu-
clidean five-dimensional supergravity theories with non-trivial
gauge and scalar fields. It will be shown that in the Euclidean
case multi-centered solutions with real space-time metric do ex-
ist. Motivated by the results of [13], we take as an ansatz for our
solution the metric

ds?> =e U (dt +e?8"w)? + e 287V ds3, (3.19)

where U = U(x,T), W = wp(x)dx™ depends on the base coor-
dinates only. The spin-connections components can be extracted
from the vanishing of torsion conditions and are given by

a)ga — egrfUSam (3111 (672U) _ ar Qm) ,
a)ga — _eBUfgr (U _ g)ag _ %e3(gr7U)8amwnm
+eE UM (3 (e72) = 0c Q).

%e4g176U anbsma

1
w® = (smP5% — 5Mash) <amu + 5e2U d; Qm)

ab
W = Wnm,

1
+ Ee“(gf—w QndPP 8™ W (3.20)

where Qn, = e2@™~Uyw,,. Plugging this into the Killing spinor
equation (2.4) and as in the ungauged case we require that the
Killing spinor satisfies %€ = €, we then get from the t-component
the conditions

(a, - gV;e_ZUX') €=0, (3.21)
and

XiFly = (¢72Y) = 0: Q.

XiFln = 00 Qm — 0 Qn. (3.22)

Using the special geometry relations X;dX' =0 and X'X; =1, we
can write

Fl =0 (X'e720) =0 (X'Qu).

Fpn = 0 (X’Qm) — Om (X’ Qn) , (3.23)
and therefore the gauge field can be given by
Al =—X'Qn, Al =—e"2Ux! (3.24)

The rest of the components of (2.4) give, in addition to the condi-
tions obtained in the ungauged case (3.6) and (3.8), the following
condition

gX'vi+eV(—g+U)=0. (3.25)
The equations (3.21) and (3.25) then imply
(: —g+U)e=0, (3.26)

which together with (3.6) imply that the Killing spinor equations
are solved by
e=e8""V¢,

Yo€o = €o. (3.27)

Turning to the second equation (2.5) and substituting the equa-
tions obtained so far, we obtain the condition
(3e2”a,x, +6gv,) ax' =o. (3.28)
Using special geometry relations, the y¢ and the y”” terms vanish
identically. Note that F! = dA’, where the gauge fields one-forms
are given by
Al =—xJed, (3.29)
then the Bianchi identities hold automatically.

After some analysis it can be shown that the condition (3.28)

and the Maxwell’s equations are satisfied for our solution provided
that the scalars satisfy

1
2U
e~ X;j = —Hj,
1=3M

s qij

Hi(t.%) =3V +e*" ) m (3.30)
j=1 !

together with the condition

dxqw=0. (3.31)

This completes the construction of the multi-centered solutions
to D =5, N =2 gauged Euclidean supergravity theories.
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4. d-dimensional solutions

In this section we present general multi-centered solutions to
d-dimensional Einstein-Maxwell theory with a cosmological con-
stant. We start first by writing the d-dimensional de Sitter space-
time metric in terms of the so-called cosmological coordinates, this
is given by

ds® = —dt? + e 27dsl;_,), 4.1)

where ds(zdfl) is the metric of (d — 1)-dimensional flat Euclidean
space. The metric (4.1) is a solution of d-dimensional Einstein grav-
ity with a positive cosmological constant with

Ruv=(d—1DPgyy. (4.2)
Moreover, the metric
ds® =dt? + e’mds%d_]), (4.3)

is a solution of d-dimensional Euclidean Einstein gravity with a
negative cosmological constant with

Ruy =—(d—DPgyy. (4.4)

We now consider a general d-dimensional Einstein-Maxwell with
a cosmological constant, with Lagrangian density

e 1Lqg=R+nFuF* — A, (4.5)

Here n can be either +1 or —1. The Einstein gravitational equa-
tions of motion are given by

1 Suv
Ruv=-2n (FM)\FUA - mguquan”> + deA- (4.6)

If one considers the solution

ds? = %d‘[z + H@=De-2rgs2 | (4.7)
then it can be shown that this is a solution of (4.6) provided that
A=—n(d—-1)d-2)~,

d—2) &H
Fi=, o=
2d—3) H
d—1 q:
_ j (d-3)t
H_1+27|}_}jld_3e ) (4.8)
j=1

Here 0; represents differentiation with respect to the coordi-
nates of the base space described by ds§_1. For n = —1, we re-
produce the solutions of [11,12], i.e., multi-centered solutions with
a positive cosmological constant. For n = 1, we obtain new multi-
centered solutions for the Euclidean theory with a negative cosmo-
logical constant at the expense of introducing a Lagrangian with
the opposite sign of the gauge terms. The systematic analysis of
the Euclidean four-dimensional cases was treated in [18].2

To summarise, we have constructed multi-centered solutions
for the gauged Euclidean supergravity with vector multiplets as

2 Note that if we consider the metrics
1
ds? = mdrz + Hz/m’3’e’2”d5571, (4.9)

and take dsi1 to be a flat metric with a Lorentzian signature, then these are solu-
tions with H satisfying the wave-equation in (d — 1)-dimensional Minkowski space.
Four-dimensional solutions of this type in the framework of ungauged N=2, D =4
supergravity coupled to vector multiplets were considered in [19]. These solutions
deserve further analysis.

well as for d-dimensional Einstein-Maxwell theories. It must be
noted that the cosmological Kastor-Traschen solution was obtained
as a class of pseudo-supersymmetric solutions in the systematic
analysis of minimal N =2, D =4 de Sitter supergravity [20]. In five
dimensions, the systematic analysis of [21] revealed that solutions
admitting Killing spinors in five-dimensional ungauged and de Sit-
ter supergravity have respectively a hyper-Kahler and hyper-Kahler
torsion (HKT) manifold as a four dimensional space. The multi-
centered solutions of [12-14] are special cases. A systematic clas-
sification for the solutions of the gauged Euclidean theories should
be carried out and we hope to report on this in the future. Finally,
it remains an open question to construct true multi-centered solu-
tions of the standard Lorentzian gauged Anti-de Sitter supergravity
theories.
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