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ABSTRACT: We studied the compression and interpenetration
properties of two opposing monodisperse polymer brushes under
external load by analytical theory and by a numerical self-consistent
field (SCF) approach. Analytical expressions are proposed for the
brush density profiles in the interpenetration zone and verified by
numerical SCF calculations. We quantify the interpenetration of two
opposing brushes by the characteristic penetration length and by two
integral parameters: the overlap integral, Γ, representing the number
of interbush contacts, and the number of brush monomer units in the
foreign half-space, Σ. The interpenetration parameters are studied in
two conjugate ensembles as functions of the brush separation and of
the external pressure. We propose a theoretical description of the
solvent-mediated friction force in the low shearing rate regime on the basis of the Brinkman equation for two compressed brushes
sliding against each other. We demonstrate that the total friction force which also includes direct brush−brush friction is expressed in
terms of Γ and Σ. The SCF data for the interpenetration parameters Γ and Σ and hence for the total sliding friction force in the
pressure ensemble collapse onto universal master curves when rescaled by the factor (N/σ)1/3 as suggested by the theory, where N is
the chain length and σ is the surface grafting density. Finally, we define the kinetic friction coefficient as a function of the external
pressure and analyze its universal rescaled behavior in the two limits of nondraining and free-draining brushes.

1. INTRODUCTION
Polymer brushes are commonly used for permanent surface
modification to mediate the stability of colloidal dispersions,
provide antifouling properties, and protect the system from
degradation.1 Brushes can also act as smart stimuli-responsive
materials that change surface wetting properties reversibly or
act as sensors.2,3 Interactions between surfaces modified by
tethered polymer layers are multifaceted and include both
equilibrium and dynamic phenomena. They play an important
role in various fields. For example, they mediate the stability of
colloidal dispersions, prevent direct contact between surfaces,
protect the system from degradation, modify friction forces
between the surfaces, and have important applications as
lubricants in machine parts and artificial joints.4−6 The
compression force and the interpenetration of brushes have
been the subject of numerous publications, including
experimental,4,5,7−9 theoretical,10−12 and computational
work13−18 (see also a recent review19). The physical properties
of isolated brushes under good solvent conditions are
determined by two key parameters: the chain length and the
grafting density. Together they define the thickness of the
brush layer and the strength of the repulsive forces that the
brush exerts on objects approaching the surface.

As two brushes are brought into contact, two processes are
found to occur concurrently: interpenetration and compres-
sion. When the distance D between the brushes equals twice

the maximum extent of each, the parabolic profiles of both
brushes start overlapping and the density increases everywhere
between the two grafting surfaces. At small separations the
overall density becomes almost uniform in the gap between the
grafting surfaces. Several parameters were proposed in order to
quantify the amount of interpenetration.

Traditionally, all theoretical work as well as simulations of
brush compression and interpenetration were set in the
constant separation ensemble, i.e., the brush separation D
was taken as the control parameter. Often simulations will
investigate confined brushes without explicit solvent,20,21 as
this both simplifies and speeds up the simulations. The curves
of the normal pressure vs separation distance were calculated
in ref 22 and analyzed in conjunction with the density profiles
at each distance to determine the structure−property relation-
ships. Some simulations have included explicit solvent but
maintained a constant total number density upon compression,
not exactly reproducing experimental conditions.14,23 In the
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work by Goujon et al.,24,25 DPD simulations included explicit
solvent with the chemical potential imposed by the solvent
reservoir which also indirectly controlled the solvent pressure.

The ensemble in which the separation distance, D, plays the
role of the control variable (Helmholtz NVT ensemble) does
not necessarily reflect typical experimental settings. Even in
carefully controlled experiments with surface force apparatus
maintaining a fixed distance is quite difficult. The situation is
dramatically different when natural objects are concerned: the
separation between brush-coated surfaces will be invariably
adjusted depending on the applied external pressure. It is
therefore only natural to recast the discussion of inter-
penetration into the language of the Gibbs NPT ensemble
with the external pressure as the independent variable. A
comparison of tribological properties of different pairs of
brush-coated surfaces also looks much more natural under the
condition of the same applied normal pressure supplied by
external loading. We identify the pressure due to external
loading with the osmotic pressure Π since in a typical
experimental setting the solvent permeating the brushes is
connected to a reservoir exposed to atmospheric pressure
which is also transmitted to the exterior of the brush-coated
surfaces. Our ultimate goal is to describe the sliding friction
force as a function of the external load and to identify the role
of the brush parameters in defining the friction coefficient
which may be also pressure dependent.

The paper is organized as follows. Section 2 describes the
implementation of the numerical SCF model within the
Scheutjens−Fleer formulation. In section 3 A, we summarize
the main results on the compression and interpenetration of
two opposing monodisperse brushes immersed in good solvent
and establish an approximate analytical mapping between the
two ensembles on the basis of the equation of state for
semidilute solutions applied to the segment density at the
midplane. In section 3 B, we establish a connection between
two integral interpenetration parameters and the contributions
to the net friction force due to brush−brush and brush−
solvent friction. In order to evaluate the latter, we extend the
Brinkman equation approach to the situation when two
interpenetrating brushes are sliding against each other. Section
3 C explores the penetration length, the integral inter-
penetration parameters, and the friction coefficients in the
pressure ensemble and verifies the collapse of the data points
onto universal master curves after rescaling as suggested by the
analytical theory. Section 4 presents a summary of the main
results.

2. MODEL AND METHOD
We consider a monodisperse polymer brush made of linear
flexible macromolecules grafted at one end onto a solid planar
substrate. A polymer chain is composed of N identical
monomer units; the chains are grafted onto the surface at
the grafting density σ, defined as the number of grafted
polymer chains per unit surface area. The brush is immersed
into an athermal solvent; in terms of Flory−Huggins
interaction parameter χ, this corresponds to χ = 0.

To calculate the system’s partition function and its various
properties, we use the Scheutjens−Fleer self-consistent field
(SF-SCF) method. The SF-SCF method and its modifications
for the study of polymer brushes of various types have been
repeatedly described in the literature and can be found in refs
26−28. The SF-SCF approach uses a lattice and also takes into
account the geometry and the symmetry of the problem under

consideration. For the planar polymer brushes, the choice of
the simple cubic lattice is obvious; polymer chains are modeled
as walks on this lattice. The lattice cell size is equal to the size
of a monomer unit a, and each lattice site can be occupied
either by a monomer unit or by a solvent molecule. The lattice
sites are organized in planar layers; each layer is referred to
with a coordinate z normal to the grafting plane. Within a layer
with fixed z, i.e., along x and y axes, the volume fractions of the
monomeric components and the self-consistent potential are
taken as uniform; hence, we use a one-gradient version of the
SF-SCF method for planar geometry.

Details of the implementation of the SF-SCF for two
opposing interacting polymer brushes can be found in the
Appendix of ref 29. SF-SCF calculations were performed by
using the sfbox program developed in the Laboratory of
Physical and Colloid Chemistry at the University of
Wageningen (The Netherlands). Throughout this paper we
will use the monomer unit size a = 1 as the unit length and kBT
= 1 as the energy unit.

3. RESULTS
3.1. Normal Pressure and Interpenetration of Two

Opposing Brushes in the D Ensemble (Fixed Separa-
tion). Traditionally, the normal pressure in the brush due to
compression is calculated from the derivative of the total free
energy Atot of the opposing brushes system per unit area with
respect to the separation D between the grafting surfaces:

=D( ) A
D

tot . The earliest approach is based on the
Alexander box-like brush model where all chains have the
same length, N, and the same normal end-to-end distance, as if
the free ends of the brush chain were attached to a virtual
second planar plate. The free energy can be written in the
mean-field approximation30 including the density-dependent
interaction contribution and the elastic free energy due to
chain stretching or on the basis of the scaling blob picture,31

providing a prediction for the normal pressure as a function of
the brush separation, Π(D) . This model underestimates the
brush thickness and compares only qualitatively to simulations
and experiments. A more sophisticated theory by Milner,
Witten, and Cates32 takes into account the possibility that the
nongrafted chain ends may be located anywhere in the brush.
Within the SCF framework in the strong stretching
approximation and employing the interaction free energy
density in the second virial form, one obtains a parabolic
(rather than a step-like) density profile. The total free energy
of the opposing brush system was also evaluated by ref 32 as a
function of separation, D, and the resulting the normal pressure
produced by differentiation can be cast into the following form
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is the unperturbed brush height, v is the excluded volume
parameter, N is the chain length, σ is the surface grafting
density, and a is the segment length which is taken as a unit
length hereafter. Since most of the effects under investigation
are of entropic nature, the energy unit is kBT, where T is the
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temperature and kB is the Boltzmann constant. In our earlier
paper33 we proposed an alternative approach for calculating
the normal pressure by linking it to the monomer density at
the midplane between the brushes via the equation of state. A
representative picture of the individual brush density profiles,
φ1(z) and φ2(z), in a system of two compressed inter-
penetrating brushes is displayed in Figure 1. The total

monomer density profile is also shown. It is clear that due to
symmetry the total density at the midplane, φm, includes two
equal contributions φ1(D/2) = φ2(D/2) = φm/2.

From the point of view of the analytical theory, evaluation of
the midplane density for two opposing monodisperse brushes
is based on the assumption that brush interpenetration does
not affect the pressure: one can imagine that both brushes
meet at z = D/2, an impenetrable midplane with φ1(D/2 − 0)
= φ2(D/2 + 0) = φm. Within the strong-stretching
approximation,32 the density profile of a brush compressed
by an impenetrable wall remains parabolic with the same
curvature but is uniformly shifted upward according to the
compression distance. Direct implementation of this idea gives
the monomer density at the midplane as
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The interaction free energy per unit volume makes no
distinction between a semidilute polymer solution and some
region in the brush interior and is completely defined by the
local monomer density, φ. Within the second virial
approximation is a simple quadratic form =A v

vir 2
2. The

osmotic pressure as a function of the local monomer density
(i.e., the equation of state for a semidilute polymer solution) is
generated by the Legendre transform of the free energy density
and within the second virial approximation coincides with it

= =A
A

v
( )

2vir
vir

vir
2

(4)

Direct examination of eqs 1, 3, and 4 shows that the calculation
based on the total free energy of compressed brushes, eq 1, is
immediately reproduced if one applies the equation of state in

the second virial form to the central density: Π(D) =
Πvir(φm(D)).

The equivalence of the approaches based on differentiating
the total free energy with respect to the brush separation and
on applying the equation of state to the monomer density at
the midplane was verified numerically for both monodisperse
and polydisperse brushes33 where the virial equation of state in
eq 4 was implemented in the MC scheme at the level of the
microscopic Hamiltonian. From a general point of view, this
equivalence can be understood as follows: The derivative of
the free energy is linked to the isothermal work of moving the
grafting plane of one of the brushes; therefore, it is related to
the applied external pressure. At mechanical equilibrium, the
normal pressure must be uniform across the bilayer. At each
cross-section at the position z, it has two contributions: one
(isotropic) related to the average local density by the equation
of state and the other (anisotropic) due to the tension in the
brush-forming chains. The latter term is negative and concerns
only the normal direction. At the midplane, the total density
profile passes through a minimum, which means that the
gradient of the chemical potential is zero, and the local chain
tension at this position vanishes as well. Hence, the total
pressure is reduced to the density-dependent term representing
the equation of state and is expected to be completely
isotropic. The above considerations are quite general and not
restricted to the specific form of the equation of state. In the
present work, the equation of state is derived from the Flory−
Huggins free energy density expression for a semidilute
polymer solution

= +A ( ) (1 )log(1 ) (1 )FH (5)

where χ is the Flory−Huggins parameter. The pressure,
= AA

FH FH
FH , is given by

=( ) log(1 ) 2FH
2 (6)

At small densities, the pressure is still dominated by the second
virial term, eq 4, where the excluded volume parameter is given
by v = 1−2χ. In the following, we focus on the athermal
solvent with χ = 0 and v = 1.

We demonstrate the equivalence of the two approaches
described above to pressure in brushes described by the
Flory−Huggins free energy density in Figure 2, displaying the
osmotic pressure as a function of the separation between the
two planar brush-coated surfaces.

The main goal of the present paper is to establish a relation
between the normal osmotic pressure and the lateral friction
forces generated by shearing. Within this line of reasoning,
interpenetration of brushes plays a central role.

In order to quantify the brush interpenetration we employ
several different parameters. Historically, the first one was
introduced by Murat and Grest in their pioneering work34 and
has the meaning of the fraction of the brush monomers
residing in the foreign half-space (beyond the midplane)

= =I
z z

z z

z z

N

( )d

( )d

( )d
D

D

D
D

D

/2 1

0 1

/2 1

(7)

where φ1(z) is the monomer density profile due to the left
brush only. A closely related parameter is the non-normalized
integral

Figure 1. Individual brush density profiles φ1(z) and φ2(z) and the
overall density profile, φ1(z) + φ2(z), for a pair of compressed
opposing brushes separated by the distance D. The shaded area
represents the interpenetration zone. φm is the total polymer density
at the midplane located at the distance z = D/2.
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= z( )dz
D

D

/2 1 (8)

which has the meaning of the number of monomers (per unit
area) belonging to one of the brushes and residing beyond the
midplane and is graphically represented by one-half of the
dashed area in Figure 1. We demonstrate below that this
parameter is directly involved in the lateral friction force
resulting from brush−solvent interactions. The third important
parameter describing the brush interpenetration is the overlap
integral Γ. It is based on the overlap function defined as the
product of the two individual density profiles, φ1(z)φ2(z),
which gives the local probability density of interbrush contacts
in the mean-field approximation neglecting the density−
density correlations between the two brushes.17 The overlap
integral

= z z z( ) ( )d
D

0 1 2 (9)

is thus a measure of the number of interbrush contacts per unit
area. We demonstrate later that parameters Σ and Γ are
directly involved in the lateral friction force resulting from
brush−solvent and brush−brush interactions.

The overlap function was approximated in ref 17 by a

Gaussian function
Ä
Ç
ÅÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑÑ( )z z( ) ( ) exp z D

1 2
/ 1 / 2 2

, where δ

had the meaning of the characteristic penetration length
expressed as a fraction of the separation and was extracted as a
fitting parameter. A more consistent expression for the overlap
function was proposed in our earlier work12 based on the
observation that the individual brush density profiles have
exponentially decreasing tails and an inflection point at the
midplane z = D/2 where = =z z( ) ( )1 2 2

m (see also Figure
1). This leads to an Ansatz
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where δ naturally defines the characteristic penetration length.
The Ansatz is tested in Figure 3a, which shows a very good
correspondence between the results of the numerical SCF
calculations and the theory assumption. We note that while
outside the interpenetration zone individual brush density
profiles may still have approximately parabolic shapes deviating
from eq 10, this is of no significance for the integral
interpenetration parameters Σ and Γ as their definitions attest.
It follows that the overlap function must have the form

= i
k
jjj y

{
zzzz z z D

( ) ( )
4

cosh
/2

1 2
m
2

2

(11)

which is very well supported by numerical SCF calculations,
see Figure 3.

The analytical Ansatz, eq 10, leads to very simple relations
between the total density at the midplane φm, the penetration
length δ, and the interpenetration parameters Γ and Σ defined
above

=
2
m
2

(12)

Figure 2. Normal osmotic pressure as a function of the brush
separation D: comparing the calculation by equation of state, eq 6,
applied to the monomer density at the midplane, Π(D) = ΠFH(φ(D/
2)) (solid lines) and by differentiating the total free energy of the
compressed brush system =D( ) A

D
tot (points); brush parameters

are indicated in the figure.

Figure 3. (a) Comparison of individual density profiles of compressed opposing brushes, φ1(z) and φ2(z) (symbols connected by thin lines to
guide the eye), and their approximations by eq 10 calculated at δ = 2.34. (b) The overlap function φ1(z)φ2(z) obtained by SCF calculations
(symbols) compared to the theoretical Ansatz, eq 11 (lines), for compressed opposing brushes at different degrees of compression D/(2H0) = 0.65
(diamonds, green), 0.40 (circles, red), and 0.31 (squares, blue). Brush parameters are σ = 0.1 and N = 100. (Inset) Width of the overlap function at
the level of cosh−2(1) ≃ 0.42 of the maximum.
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= · ·
2

ln 2m
(13)

=I N( ) 1 (14)

Here, it was assumed that the separation distance D is much
larger than the interpenetration zone so that the appropriate
integration limits can be extended to infinity.

Interpenetration parameters Σ and Γ together with the
midplane density φm are shown in Figure 4a−c as functions of
relative separation, D/2H0, for brushes with different chain
lengths and grafting densities. There is no obvious universality
in the curves presented. The theory predicts, however, that the
ratio

=/
ln 2

m
(15)

is independent of the brush parameters when considered as a
function of the midplane density. Figure 4d tests this
prediction whereby all of the data points collapse on a single
straight line with the unit slope. In view of the discussion of the
normal pressure being completely defined by the midplane
density, we expect the ratio Γ/Σ to be a universal function of
the normal pressure for all brushes independently of what their
parameters are.

3.1.1. Scaling Relation for the Penetration Length. A
scaling argument for the penetration length as a function of the
separation between brush-coated surfaces was originally
proposed by Wittten et al.35 and is based on simple

considerations.5,33 The effective potential imposed by the
opposing brush in the interpenetration zone is counted from
the reference position at the midplane and approximated by
t h e l i n e a r t e rm o f t h e T a y l o r e x p a n s i o n :

=
=

U z D z( ) ( /2 ) U
z z D

d
d /2

. The analytical SCF theory in

the strong-stretching approximation asserts that the effective
potential profile of a compressed brush still has a parabolic

form =U z( ) const z
N

3
8

2 2

2 , and hence the relevant slope

(absolute value) is =
=

U
z z D

D
N

d
d /2

3
8

2

2 . The free energy cost for

placing a tail consisting of n monomers in the foreign region
within distance δ from the midplane is estimated (up to
coefficients of order 1) as A n U

z
d
d

. Taking ΔA ≈ 1 and
assuming that the tail conformation is a weakly perturbed ideal
coil with n ≈ δ2 one arrives at
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3
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1/3 2

2

1/3

(16)

where B is a numerical prefactor to be determined by
comparing the scaling prediction to the results of the numerical
SCF calculations where the penetration length is extracted
from the integral interpenetration parameters according to eqs
12 and 13. Figure 5 shows the comparison when the prefactor
value is identified as B = 0.58.

Figure 4. Number Σ of monomer units per unit area belonging to one of the brushes and residing in the foreign half-space (beyond the midplane)
(a), overlap integral Γ (b), and monomer density at the midplane φm (c) as functions of the reduced brush separation D/(2H0) . Chain length N
and grafting density σ are indicated in panel a. The data are obtained by numerical SCF calculations and are shown by symbols. (d) Ratio Γ/Σ vs

log 2
m predicted to be a linear function with a unit slope, eq 15.
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= B D N D N
2

3
0.381/3 2/3

1/3 2/3 1/3 2/3

(17)

Most of the SCF data fits the predicted scaling very well.
Some deviations appear when the brush separation is such that
the brushes just barely touch each other. The actual brush
density profile at the outer edge has a nonparabolic diffuse tail
with low slope which is not accounted for by the analytical
theory in the strong-stretching approximation but results in an
increased penetration length.
3.2. Connection of the Interpenetration Parameters

to Shearing Friction Forces. The two interpenetration
parameters are not just some equilibrium characteristics of the
opposing brush system. According to the linear response
theory, they must be linked to dissipation when shearing stress
is applied and the brushes slide against each other at some
stationary velocity V. Different regimes of the brush response
to the shearing deformation are controlled by the Weissenberg
number, Wi, which is defined as a product of the brush chain
relaxation time and the typical shearing rate Wi = τγ. Although
simulations clearly show that under shearing deformation the
brush chains acquire slanted conformations, at low shearing
rates with Wi ≤ 0.3, lateral stretching is decoupled from the
brush chain behavior along the normal direction,16 and hence,
hydrodynamic parameters can be linked to equilibrium brush
characteristics in the absence of shear. At larger Weissenberg
numbers Wi ≳ 1, coupling between normal and lateral
deformations becomes important. It was demonstrated by
MD simulations that the overlap integral Γ essentially defines
the friction force appearing when two dry brushes are sheared
against each other.18,25,36 A natural assumption for low sliding
velocities is formulated as follows

=F Vbb bb (18)

where Fbb is the friction force per unit area due to brush−brush
contacts, V is the velocity of one brush with respect to another,
Γ is the average number of interbrush contacts per unit area,
and the proportionality coefficient ζbb has the meaning of the
viscous friction coefficient per one brush−brush contact. If the
brushes are immersed in a solvent, one would expect additional
dissipation due to the relative motion of brushes against the
solvent.

The considerations above suggest that the two inter-
penetration parameters under our scrutiny have direct bearing
on the tribological characteristics of the compressed opposing
brushes.

3.2.1. Brinkman Equation and Brush−Solvent Friction.
Here, we propose a more rigorous approach to evaluate the
sliding friction forces mediated by the induced solvent flow
within the two moving interpenetrating brushes. Detailed
understanding of the flow-mediated forces is quite challenging
and requires either approaches based on system-specific
versions of complex fluids hydrodynamics or explicit dynamic
simulations. Simulations turned out to be very important in
clarifying the flow-related behavior for which conflicting
theoretical predictions had been proposed, e.g., flow-induced
swelling or flattening of brushes. We address the questions of
the solvent velocity profile within the pair of sliding
interpenetrating brushes and the resulting friction forces
following the approach of Milner10 (see also ref 12), who
evaluated the hydrodynamic penetration depth for a single
monodisperse brush by assuming that the unperturbed brush
density profile can be described by position-varying screening
length λ(x) introduced in the seminal paper by Brinkman.37 In
a single brush subject to tangential shear flow under stationary
conditions and in the absence of pressure gradients, the
equation describing the tangential velocity component, u, as a
function of the normal coordinate, z, reads

=u
z

z ud
d

( )
2

2
2

(19)

The position-dependent prefactor, λ−2(z), is also referred to as
the inverse permeability, κ(z), and in the polymer brush
context must be linked to the local monomer density φ(z) .
The right-hand side of eq 19 has direct physical meaning:
when multiplied by the solvent viscosity, η, it represents the
negative of the volume density of the lateral friction force
applied by the immobile porous medium on the solvent flow.

3.2.2. Brush−Solvent Friction from Brinkman Equation
for Two Sliding Brushes. We extend the Brinkman equation
approach to the situation when there are two interpenetrating
brushes, one stationary and the other moving at a constant
tangential velocity V. Then, the net force applied to the flow
locally has two contributions

= +u
z

z u z u Vd
d

( ) ( )( )
2

2 1 2 (20)

The first term is proportional to the flow velocity with respect
to the stationary brush, while the second term is proportional
to the velocity of the flow with respect to the moving brush.
The influence of two opposing brushes is characterized by the
two inverse permeability profiles κ1(z) and κ2(z), respectively.
The solution of eq 20 subject to the boundary conditions u(0)
= 0 and u(D) = V defines the solvent velocity profile that we
expect to be a smoothed step function. Away from the
interpenetration zone only one term in eq 20 survives, and the
flow velocity quickly reaches the limits u → 0 inside the first
brush and u → V inside the second brush. By symmetry, one
expects the flow velocity at the midplane to be u(D/2) = V/2.
In order to understand the width of the smoothed step profile,
one must keep in mind that two characteristic length scales are
involved: the hydrodynamic correlation length λ most
importantly related to the combined inverse permeability λ−2

= κ1(D/2) + κ2(D/2) at the midplane and linked to the total

Figure 5. Penetration length in the D ensemble: scaling prediction
(line) compared to the numerical SCF results (symbol). The fitting
prefactor in eq 17 is taken as B = 0.58.
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monomer density there and the interpenetration length δ
which controls the shape of the individual brush profiles in the
interpenetration zone and appears explicitly in the inhomoge-
neous term −κ2(z)V. The inverse permeability profiles in the
interpenetration zone must also be controlled by the
penetration length. The exact shape of the functions κ1,2(z)
depends on the assumption made about the connection
between the permeability and the local brush density and is
discussed in more detail in the Supporting Information.

It is clear that the hydrodynamic length decreases with the
increasing central density and hence at very large pressures
must go down to one monomer length. Moreover, at any finite
central density, the hydrodynamic length is defined locally and
therefore is independent of the brush chain length. On the
other hand, the interpenetration length is proportional to N1/3

and, moreover, grows with compression. Hence, the regime
defined by the strong inequality δ ≫ λ always exists under the
conditions of moderate to strong compression for brushes
made of long chains. In this limit, an approximate analytical
solution of eq 20 can be written within a perturbation-like
approach (see the Supporting Information).

The approximate solution has the form

=
+

u z
z

z z
V( )

( )
( ) ( )0

2

1 2 (21)

We use the approximate solvent velocity profile to obtain a
simple estimate for the friction force contribution due to the
brush interacting with the solvent flow. By the Newton’s third
law, the force per unit volume acting on the first brush by the
flow has the form

=
+

f z u z
z z

z z
V( ) ( )

( ) ( )
( ) ( )1 0

2 1

1 2 (22)

and the net force per unit area due to the brush−solvent
friction is obtained by integration

=
+

F V
z z

z z
z

( ) ( )
( ) ( )

d
D

bs
0

2 1

1 2 (23)

where η is the solvent viscosity. Several versions were proposed
for the connection between the inverse permeabilities κ1,2(z)
and the respective brush density profiles φ1,2(z) as discussed in
the Supporting Information. We explicitly consider the
nondraining limit following ref 10 and the draining limit
studied by Suo et al. et al.38 The result for the brush−solvent
friction force is given by

=
+

l

m
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n
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nondraining

ln 2 2
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bs

(24)

Simulations by dissipative particle dynamics method39 can be
used to check the validity of theories that describe the solvent
flow, such as the Brinkman equation and, in particular, the
dependence of the position-dependent screening length on the
local monomer density. According to these simulations for
rather short brush chains with N = 20, for several grafting
densities the data on the screening length λ as a function of the
monomer density collapse onto a master curve giving λ ≈
φ−0.55. This is in better agreement with the free-draining

treatment as opposed to the nondraining relation in the in the
mean-field approximation λ ≈ φ−1 utilized in ref 10.

3.2.3. Net Friction Force. We combine the eq 18 for the
brush−brush friction force with the two limiting expressions
for the brush−solvent friction force, eq 24, and note that the
product ηa, where a is the (unit) segment length, has the
meaning of a Stokesian friction coefficient ζbs per monomer.
Hence, in the nondraining limit, the net friction force turns out
to be entirely determined by the overlap integral

= +i
k
jjj y

{
zzzF V 2

4fr bb bs (25)

In the free-draining limit as discussed in ref 38, the total
friction force has two contributions proportional to the two
interpenetration parameters Σ and Γ

= + +
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F V
2 ln 2fr bb
bs bs

(26)

3.3. Pressure Ensemble. Historically, theoretical work as
well as simulations of compression and interpenetration of
opposing brushes employed the brush separation as the control
variable. We have argued in the Introduction that recasting the
study of interpenetration in the language of the pressure
ensemble makes good sense. Comparing the tribological
properties of different brush-coated surfaces also looks much
more natural under the condition of the same applied normal
pressure (external loading). We identify the pressure due to
external loading with the osmotic brush pressure Π since in a
typical experimental setting the solvent permeating the brushes
is connected to a reservoir exposed to atmospheric pressure.
The same atmospheric pressure is transmitted to the exterior
of the brush-coated surfaces so that the external load is
balanced solely by the osmotic brush pressure.

The relation between the ensemble with fixed distance (D
ensemble) and the ensemble with fixed externally applied
pressure (Π ensemble) is established by expressing the
pressure as a function of the brush separation and was
traditionally done through the derivative of the total free
energy of compression (per unit area) with respect to the
distance, =D( ) A

D
tot . A more direct alternative connection is

provided by the equation of state applied to the midplane
density, Π(D) = Π(φm(D)), as discussed above.

In the pressure ensemble, we treat the monomer density at
the midplane as a function of the applied pressure (as the
independent variable) which is given by the inverse of eq 6
with χ = 0 and is displayed in Figure 6. Profiles in the inset
illustrate the relevant interpenetration profiles corresponding
to three different values of the pressure applied. In order to
relate the illustrations to the everyday life pressure scale, we
recall that the natural unit of the osmotic pressure is k T

a
B

3 , where
kB is the Boltzmann constant, T is the temperature, and a is the
Kuhn segment length. Taking T = 300 K and a = 1 nm, we get
an estimate of the natural unit of pressure Π = 1 to be close to
40 atm. Insets show illustrative interpenetration profiles
corresponding to three different values of the pressure applied:
panels in Figure 6 correspond to 1 (the most common
everyday value), 5, and ≃50 atm. The last value corresponds to
the maximum pressure at which brush-coated artificial joints
operate.6 Note that the pressure range less than 5 atm is well
described by the equation of state in the second virial
approximation.
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Examining eqs 12 and 13 for the two interpenetration
parameters of interest we note that since φm is uniquely
defined by the applied external pressure, all of the effects of the
brush parameters (chain length, grafting density, and even
polydispersity which we do not discuss here) on the overlap
integral, Γ, and on the number of monomers in the foreign
half-space, Σ, are encoded in the penetration length δ(Π; N, σ)
which is to be treated now as a function of the external
pressure Π as the independent variable, and of the brush
parameters.

To make a connection between the penetration length, the
pressure, and the brush parameters, we recast eq 17 in terms of
the relative deformation, D

H2 0
:
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=
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(27)

This, in turn, is uniquely defined by the density at midplane by
eq 3, which can be recognized as a cubic equation for
x = D/(2H0)

+ =i
k
jjj y

{
zzzx x

2
1 03

m

2/3

(28)

the real root of which gives ( )D
H2 m0

. The general Cardano’s

expression for the root is cumbersome and not easily tractable;
however, it is perfectly useful for analytical calculations of the
penetration length as a function of the applied pressure
according to eqs 27, 28, and 6. Figure 7 shows the numerical
SCF data in comparison with the analytical predictions.

Three important features of the penetration length behavior
are worth noting. (i) The penetration length is generally a

weak function of the external pressure, especially for brushes
with relatively high grafting density. (ii) Analytical theory
works very well for brushes with low to moderate grafting
densities σ ≤ 0.1; some deviations are observed for brushes
with σ = 0.3, although the mismatch between the analytical
theory and the numerical SCF results does not exceed 10%;
the underlying reason is that eq 3 was derived assuming the
second virial approximation for the chemical potential which is
not quite accurate for larger monomer densities. (iii) At very
low pressures, the analytical theory underestimates the
penetration length: the actual brush density profile at the
outer edge has a nonparabolic diffuse tail with low slope which
is not accounted for by the analytical theory in the strong-
stretching approximation but results in an increased pene-
tration length.

A simple approximate solution of eq 28 is available for
strong compression

i
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m
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0 (29)

which in combination with eq 27 leads to the following
expression for the penetration length
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(30)

Hence, we expect the penetration length data for brushes with
different chain lengths and grafting densities to collapse onto a

single master curve in the coordinates ( )N

1/3
vs Π provided

relative compression is relatively large. Figure 8 demonstrates
the comparison between the numerical SCF data and the
scaling proposed by the approximate analytical theory.

Weak dependence of the penetration length on the pressure
as observed in Figure 8 is quite striking. This is related to the
range of chain lengths and grafting densities covered by our
numerical SCF results. For larger chain lengths N and lower
grafting densities σ, the overall range of change in the
penetration length increases. However, the analytical theory

Figure 6. Monomer density at the midplane between two compressed
opposing brushes as a function of the applied pressure. Symbols are
SCF calculation results (the pressure is calculated by differentiating
the total free energy of the compressed brushes), solid line represents
the equation of state (6) with χ = 0, dashed line corresponds to the
equation of state (eq 4) in the second virial approximation. The
legend for the data points is the same as that in Figure 5. (Insets)
Representative density profiles for three different pressures, as
indicated in the figure.

Figure 7. Penetration length as a function of the applied pressure:
symbols represent numerical SCF results; solid lines are calculated
analytically according to eqs 27, 28, and 6. Brush parameters (chain
length N and grafting density σ) are indicated in the legend.
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suggests that even for N = 5000 and σ = 0.01, the penetration
length changes at most by a factor of 2. Hence, a simplified
description of the penetration length for monodisperse brushes

in the pressure ensemble as a constant is = ( )C N 1/3
, where

the prefactor C ≈ 0.25 covers most of the situations of interest.
MC simulation results33 suggest that brush polydispersity may
lead only to minor changes in this conclusion.

Figure 9a and 9b displays the interpenetration parameters,
namely, the overlap integral Γ(Π) and surface density of
segments beyond the midplane Σ(Π) obtained by the
numerical SCF calculations for several values of the brush
parameters N and σ as indicated in the legend. In the lower
panels c and d, the data are shown to collapse quite well onto
master curves when rescaled by the factor (σ/N)1/3 according
to the simplified analytical result for the penetration length, eq
30. Collapse is not perfect at small pressures, which is due to
the behavior of the rescaled penetration length, see previous
Figure 8.

We have discussed earlier the ratio of the two inter-
penetration parameters Γ/Σ and verified that it is proportional
to the segment density at the midplane. It follows that in the
pressure ensemble the ratio must be a universal function of
pressure independent of the brush parameters. The SCF data
for Γ/Σ vs pressure are displayed in Figure 10. The inset shows
this relation at small pressures where the second virial
approximation is valid. According to eqs 4, 12, and 13 we
expect

=/
2

log 2
2.04

1/2
1/2 1/2

(31)

which is consistent with the SCF data.
In the previous section we have demonstrated that the

sliding friction force between two brush-coated surfaces in
good solvent is expected to be governed by the two integral
interpenetration parameters Γ and Σ, see eqs 25 and 26.
Expressions for the friction force contain two proportionality

Figure 8. Rescaled penetration length as a function of the applied
pressure in the Π ensemble. Brush chain length N and grafting density
σ are indicated. (Inset) The same data at small and moderate pressure
at a different scale.

Figure 9. Overlap integral in normal (a) and rescaled (c) form and surface density of monomer units belonging to one of the brushes and residing
beyond the midplane in normal (b) and rescaled (d) form as functions of the applied pressure in the Π ensemble. Brush chain length N and
grafting density σ are indicated.
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coefficients ζbb and ζbs which have the meaning of the viscous
friction coefficient per one brush−brush contact and the
segment friction coefficient in the solvent, respectively. In
order to simplify the analysis, we take them as equal, ζbb = ζbs =
ζ, which gives

= +i
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for the nondraining limit and
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for the free-draining limit. It turns out that the friction force
per unit area normalized by the product Vζ is reduced to the
interpenetration parameters and, hence, is expected to be
described by universal functions of the applied pressure after

rescaling by the factor of ( )N

1/3
. Figure 11a displays the

appropriate combinations of the integral interpenetration
parameters representing the normalized and rescaled friction

force ( )F
V N

1/3
fr vs the applied pressure, Π, for the nondraining

and the free draining limits.
Dry friction produced by a sliding motion of two surfaces

against each other is traditionally described by the kinetic
friction coefficient as the ratio of the friction force to the
loading force normal to the moving surface. We apply the same
definition with both forces evaluated per unit area, = Ffr .
Note that in contrast to dry friction, which is almost
independent of the relative velocity, we are dealing with
viscous friction in the low Weissenberg number limit when the
force is linear in the sliding velocity. Panel b of Figure 11
displays the normalized and rescaled friction coefficient

( )V N

1/3
as a function of the applied pressure (note that the

pressure is expressed in units of kBT/a3, which is omitted in
Figure 11). The universal behavior of the friction force in the
pressure ensemble naturally leads to the same universality for
the friction coefficient μ.

Two features can be observed very clearly. First, the free-
draining limit generally corresponds to larger friction forces
than the nondraining limit, which is to be expected. Second,
the friction coefficient is a decreasing function of pressure. In
the nondraining limit controlled by the overlap integral Γ, this
is due to higher virial terms in the equation of state. In the free-
draining limit, the change in the friction coefficient with
pressure is more dramatic: one contribution to the friction
force comes from the number of segments in the foreign half-
space, Σ, which is proportional to the segment density at the
midplane, φm, and therefore scales as Σ ≈ Π1/2 at low pressures
(second virial regime). This naturally leads to a divergence of
the friction coefficient μ ≈ Π−1/2 at low pressures. In contrast,
in the nondraining limit, the friction coefficient μ remains finite
at low pressures. A note of caution is due at this point since the
estimate of the contribution to friction due to induced solvent
motion was made under the assumption that the penetration
length δ is considerably larger than the hydrodynamic
screening length. This assumption may be not valid at very
low pressures when the segment density in the interpenetration
zone is also low, leading to a relatively large hydrodynamic
length. Hence, our results based on the approximate treatment

Figure 10. Ratio of the overlap integral Γ and the number of
monomer units in foreign region Σ in the Π ensemble. Brush chain
length N and grafting density σ are indicated. (Inset) Linear
dependence vs Π1/2 for low pressure.

Figure 11. Normalized and rescaled friction force (a) and the corresponding normalized and rescaled friction coefficient (b) as functions of the
applied pressure for the sliding motion of two brush-coated surfaces against each other in the pressure ensemble. See the text for explanation.
Master curves labeled 1 describe the nondraining limit; master curves labeled 2 describe the free-draining limit. Chain length N and grafting density
σ are indicated in the legend of panel a.
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of the Brinkman equation in the low-pressure regime are
preliminary, and a more careful consideration is required.

4. SUMMARY AND OUTLOOK
The main focus of the present paper was to establish a relation
between the external normal pressure applied to two opposing
monodisperse brushes and the lateral friction forces generated
by shearing. We identify the pressure due to external load with
the osmotic pressure since in a typical experimental situation
the solvent permeating the brushes is connected to a reservoir
usually exposed to atmospheric pressure. The same atmos-
pheric pressure is transmitted to the exterior of the brush-
coated surfaces so that in the absence of external load
mechanical equilibrium is achieved without any extra repulsion
between brushes. A different approach was taken in the work
by Goujon et al.,24,25 where DPD simulations included
pressure due to explicit solvent. The solvent pressure was by
far dominating the osmotic brush contribution, and hence, the
total pressure was changing only very weakly as a function of
the brush separation. This leads to a different behavior of the
friction coefficient defined as the ratio of the sliding friction
force to the total (rather than osmotic) pressure.

We have several reasons to promote the use of the pressure
(Π) ensemble as opposed to the brush separation (D)
ensemble in order to rationalize the brush interpenetration.
First, external pressure seems a more natural variable to
operate with under experimental conditions. Accurate control
of the brush separation is quite difficult even for special surface
force apparati, while controlling the external load is more
versatile. In the context of brushes found in living organisms or
brushes used in prosthetic joints, the D ensemble looks
particularly artificial.

Second, the pressure ensemble provides a natural setting for
comparing the tribological properties of brushes differing in
terms of the chain length, grafting density, polydispersity, or
chemical composition. This comparison should be based on
the friction coefficient function μ(Π)

Third, the behavior of the tribological properties of
compressed brushes turns out to be quite universal in the
pressure ensemble, at least for monodisperse brushes in good
solvent that we were concerned with in the present paper.

We have shown that two integral interpenetration character-
istics Γ (number of brush−brush contacts) and Σ (number of
segments in the foreign half-space) control the sliding friction
forces. Their universal behavior in the pressure ensemble stems
from the fact that they are completely defined by the segment
density at the midplane, φm, and the penetration length, δ. The
former is a function of pressure only (through the equation of
state for a semidilute solution) independent of the brush
parameters, while the latter is reasonably described as a
pressure-independent quantity that contains all of the
information about the brush and in the case of monodisperse

brushes scales as ( )N 1/3
.

As a consequence, we were able to demonstrate that the
ratio of the two integral interpenetration characteristics Γ/Σ is
a linear function of the midplane density independent of the
brush parameters and, therefore, a universal function of
pressure. We predict this result to be insensitive to the brush
polydispersity as well.

Yet, another consequence is the universality of the rescaled
interpenetration characteristics (σ/N)1/3Γ and (σ/N)1/3Σ in
the pressure ensemble.

We should note that although in our calculations we have
used the Flory−Huggins equation of state (historically, it was
built into the Scheutjens−Fleer self-consistent field lattice
algorithm we employed), our main conclusions are quite
insensitive to this specific choice. Other forms of the equation
of state have been used to describe polymer−polymer
interactions. In particular, versions of the Carnahan−Starling
equation of state were shown to be in good agreement with the
results of MD simulations40 and employed in several studies
involving dense brushes.41−43 A new universal equation of state
for flexible polymers was proposed recently in ref 44 and tested
in a wide range of polymer concentrations against MD
simulations and experimental data. However, the universal
behavior of the tribological properties of brushes found in the
present work is based on eqs 12, 13, and 30 and relies only on
the natural assumption that some equation of state relating the
polymer density at the midplane to the brush osmotic pressure
does exist.

We have based our narrative concerning the interpenetration
parameters and their connection to the sliding friction forces
on a simple picture of viscous friction due to monomer−
monomer and monomer−solvent relative motion. It is natural
to question the possible role of chain entanglements since they
can greatly enhance the observed viscosity. Clearly, the
equilibrium SCF method is not suited to address this question.
Conformations with intrabrush entanglements have been
studied in ref 45 by MD, while entanglement effects on the
brush chain dynamics were observed in ref 46 and thoroughly
analyzed in ref 47. It is important to distinguish between
intrabrush and interbrush entanglements since only the latter
may potentially affect the sliding friction forces. Goujon et al.48

attempted to quantify the effect of entanglements for a two-
brush system in a DPD simulation, but it was difficult to
separate explicitly the effects that are due to additional
repulsive interactions and those associated with proper
disentanglement dynamics. Indirect estimates can be drawn
from the intrabrush entanglement studies. A detailed analysis
by Lang et al.47 concludes that chain dynamics in a dense
monodisperse brush is controlled by a retraction mechanism
that leads to exponentially large relaxation times τ ≈ N3 exp
(N/Ne) with the characteristic entanglement length Ne ≈ 6g,
where g is the number of monomers in the concentration blob.
If applied literally to the interpenetration zone, one would
expect entanglement effects to be quite prominent under the
conditions δ2 ≳ Ne. At strong compressions g ≈ 1, this
condition is already satisfied for the brush parameters studied
above with the penetration lengths in the range of 2 ≲ δ ≲ 4
and even more so for larger N and smaller grafting densities. It
is important to note though that since the interpenetration
zone contains only relatively small end portions of the brush
chains, the entanglement release is not limited to the retraction
mechanism: brush chain fluctuations within the entanglement
tube may provide a faster release mechanism. Overall, the
tentative role of chain entanglements in defining the sliding
friction remains an open question and calls for further
investigations.

Let us finally recall that the unit pressure Π = 1 in SCF
calculations and analytical theory is approximately equal to 40
atm; hence, the applied pressure of 1 atm (the most common
everyday value) corresponds to Π = 0.025 in SCF calculations.
Note also that the pressure range up to 5 atm is well described
by the equation of state in the second virial approximation.
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