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Title: PERT-IA a new Heuristic for schedule Risk Analysis in Project Management  
 
 

The delay in a project schedule is a serious problem, and almost all projects suffer 
from such delays whether they are small, medium, or large. Delays might cause financial 
losses especially in big projects. The question is why this problem is still there, with all the 
advancements in project scheduling techniques? One important reason seems to be related to 
the methods that are utilized in analyzing project schedules such as CPM and PERT, which 
fail to capture the risk accurately.   

This thesis attempts to estimate the probability of a project being late by accounting 
for the topology of the whole project network instead of just looking at one path, as in CPM 
or PERT.  The method we develop, PERT-IA, is a hybrid of PERT, which considers the path 
with the longest duration, and an independence analysis (IA) that assumes that all paths of the 
network have independent durations.   

The method estimates the lateness probability, a project being late for a set of 
deadlines as a weighted average of that from PERT and IA, with the weight on PERT being 
high for project networks having paths exhibiting high commonality (i.e., have many 
common activities). Results in this thesis show that using PERT-IA improves schedule risk 
analysis, over PERT, by yielding better estimates of the probability of being late. This is 
validated using Monte Carlo simulation.   
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CHAPTER 1 

INTRODUCTION 

 

Completing a project on time is the target goal that all of project managers focus on, 

no matter how large or small this project is. The aim to complete all the project tasks remains 

the same by using project management, but the question that should be asked is why almost 

all projects usually exceed their schedule. Many reasons causes projects exceed their 

schedule like in sufficient schedulers, relying just on software, not having a proper 

description for the project requirements, and one important reason is understanding the 

influence of risk attitude on decision making Hulett (2009). Schedulers don’t care much 

about the input data and its quality; all they care about is having an output that satisfies the 

customer or the manager. Ignoring the quality of the input data will lead to a big problem, 

which is project schedule is not realistic or achievable. 

As in Stelth et al. (2009) it is critical for the success of the company to apply project 

management, and the most important methods used are PERT and CPM. Even though these 

two methods made a revolution in project management the concept of these two methods was 

not complete, and because it is crucial to use them many enhancement should be applied on 

them. The proposal suggests increasing the efficiency of scheduling, and to do so we tested 

the probability of being late for some networks and we compared them to the simulation 

results. To see for what types of networks the difference between results of probability of 

being late increases, to analyze and figure a solution to minimize this difference, and to 

conclude that how several characteristics of the network could affect the probability of being 

late calculations.  
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PERT-IA is a new approach form PERT; the unique concept behind this approach is 

totally new. Research on PERT falls in so many domains, and in order to come up with 

PERT-IA we worked on the mathematical assumptions behind PERT. In order to give more 

accurate results, many researchers focused on the task time distribution for PERT. To be 

different we thought that to increase PERT efficiency we should think out of the box, which 

was our motivation. This paper shows by numerical comparison, how we can get more 

accurate results when using the network topology in PERT calculations. In this paper we 

show how Using network features like Weight of Commonality, and Potential Critical Path 

can give different results than regular PERT. 

In this research we are trying to reflect various factors of the network topology, 

which influence Probability of being late calculations. Our goal was to find a powerful way to 

map between network characteristics and PERT. This type of research will be new to the 

most of the readers, and to come up with three different approaches will be totally new. In the 

three different approaches we try to ensure that network topology is well reflected in 

probability calculations. Network topology analysis can help us to overcome some of PERT 

limitations, in order to enhance its performance.  

With these motivations, this paper develops what seems to be the first hybrid method 

PERT-IA which estimates the lateness probability as a weighted average of PERT and IA. 

What makes PERT-IA significantly new method are the factors used in calculations that 

reflect the network topology. To gain further insights, we extend our model several times to 

reach the final method PERT-IA, the first method did not include as much features of 

network as PERT-IA. What makes PERT-IA really different is how the network topology 

features are represented in the calculations.  
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This paper is organized as follows: section 2 states the first approach which is 

commonality percentage approach; section 3 states the second approach which is potential 

critical path and weight of commonality approach; section 4states the third approach Pert-IA 

and the three methods that go under this approach, Pert-IA regular, Pert-IA weighted average, 

and Pert-IA maximum; section 5 states the methodology to be followed; section 6 states the 

comparison between the results of Pert-IA approach methods. 
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CHAPTER 2 

LITERATURE REVIEW 

 

Our work contributes to four streams of literature. One is background on PERT, and 

its history. The second is about PERT limitations, why it is needed to make changes on 

PERT. The next section is attempts to improve PERT, in this Section we briefly review the 

works related to our area of research. The last section will be about using Monte Carlo 

simulation in studying PERT. 

 

A. PERT Background 

For over four decades the Project Evaluation and Review Technique (PERT) has 

been the most effective tool in project management. As in Wayne et al. (2001), PERT is an 

approach that enhances Critical Path Method (CPM), because it takes into consideration the 

uncertainty in activity durations. PERT and CPM have been used since the 1950s, both 

methods were developed after the Second World War to estimate the time needed to complete 

a project. PERT is used in calculating the probability to finish a project by a given time that is 

why it’s the probabilistic approach from CPM, which considered a deterministic one. CPM 

was developed in the 1957 in order to help in scheduling maintenance shutdowns of chemical 

processing plants by J.E. Kelly from Remington-Rand and M.B. Walker from DuPont. In a 

short time after CPM was developed, the U.S. Navy in 1958 invented PERT in order to 

manage the progress Polaris missile, Wikipedia (2016). Although PERT considered an 
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advanced version of CPM, both methods are network-based techniques. Applying PERT on a 

certain project includes the following steps: 

The first step is Building the network model by determining or estimating duration 

times for each activity, and precedence relationships. In this phase nodes are used to represent 

the activities and arrows used to connect the nodes. Dummy activities are used in the network 

construction, because it is not allowed for two different activities to have the same starting 

and ending nodes. What differentiate PERT from CPM is dealing with the uncertainty in 

activity duration; to deal with this PERT uses the three-point estimation technique as in 

Premachandra (1999). PERT model contains estimation for three times for each activity in 

the network.  Pessimistic time (b): the longest time that an activity might be completed in. 

Optimistic time (a): the shortest time in which the activity can be completed in. Most likely 

time (m): the time needed to complete the activity that has the highest probability. 

 The expected time or the mean completion time for each activity is then estimated 

using the following weighted average: mean= [(a + 4m + b) / 6]; the Variance = [(b - a) / 

6]^2; and the standard deviation as Stdev=(b-a)/6. Then the network is analyzed using the 

estimated mean of each activity time.  

The second step is to determine the critical path. In order to do so we have to 

calculate the slack time for each activity, and if it is zero then this activity belongs to the 

critical path. It is required to find out four values for each activity, to calculate the slack 

times. The values are Earliest Start time (ES), Earliest Finish time (EF), Latest Start time 

(LS), Latest Finish time (LF). By working forward through the network, and considering the 

predecessor activities, the ES and EF of each activity are determined. The LS and LF are 

calculated by working backward through the network. The activity slack time is then the 
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difference between LS and ES, if its value is zero then this activity belongs to the critical 

path. The longest path in the project is the critical path, which determined by adding the times 

for the activities in each path. The sum of means for activates on the critical path are 

normally distributed, which is an assumption in PERT method. This previous assumption 

allows the probability calculations of the project completion by a given time, as stated in 

Nafish (2013).  

 

B. PERT Limitations 

Schedules	
  must	
  be	
  realistic	
  and	
  in	
  order	
  to	
  do	
  so	
  PERT	
  limitations	
  should	
  be	
  

enhanced.	
  PERT	
  has	
  many	
  limitations;	
  one	
  of	
  the	
  most	
  important	
  limitations	
  is	
  data	
  quality	
  

Hullet	
  (2009).	
  Using	
  estimated	
  data	
  for	
  activities	
  duration	
  in	
  PERT,	
  is	
  considered	
  to	
  be	
  the	
  

main	
  cause	
  of	
  the	
  unrealistic	
  output	
  Cashman	
  (1995).	
  So	
  it	
  is	
  normal	
  to	
  have	
  a	
  misleading,	
  

wrong	
  result,	
  and	
  projects	
  exceeding	
  the	
  scheduled	
  completion	
  date	
  PMI	
  (2007).	
  The	
  reason	
  

behind	
  that	
  is	
  most	
  people	
  care	
  only	
  about	
  the	
  output,	
  and	
  they	
  pay	
  no	
  attention	
  to	
  the	
  

input	
  as	
  in	
  Hullet	
  (2009).	
  Determining	
  the	
  proper	
  distribution	
  to	
  use	
  for	
  estimating	
  activity	
  

durations	
  is	
  one	
  more	
  problem	
  that	
  faces	
  PERT	
  Hullet	
  (2009).	
  People	
  behind	
  project	
  

scheduling	
  usually	
  don’t	
  spend	
  the	
  proper	
  time	
  to	
  determine	
  which	
  distribution	
  among	
  

Triangular,	
  Beta,	
  Normal,	
  or	
  Uniform	
  is	
  the	
  best	
  for	
  each	
  project	
  activities	
  Hall	
  (2002).	
  

Project	
  scheduler	
  does	
  not	
  spend	
  much	
  time	
  in	
  choosing	
  the	
  proper	
  distribution	
  because	
  of	
  

many	
  reasons,	
  being	
  afraid	
  from	
  the	
  project	
  manager,	
  owner,	
  customer,	
  or	
  competency	
  

Hillson	
  (2000).	
  One	
  more	
  limitation	
  is	
  the	
  critical	
  path	
  is	
  not	
  the	
  shortest	
  path,	
  because	
  this	
  

fact	
  may	
  change	
  during	
  the	
  project	
  execution	
  Williams	
  (1992).	
  Non-­‐critical	
  path	
  may	
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become	
  critical	
  and	
  determine	
  project	
  date	
  of	
  completion,	
  this	
  is	
  because	
  the	
  uncertainty	
  

assigned	
  to	
  each	
  path	
  in	
  the	
  project	
  Williams	
  (1993).	
  	
  	
  

As	
  in	
  Stelth	
  (2009)	
  it	
  is	
  critical	
  for	
  the	
  success	
  of	
  the	
  company	
  to	
  apply	
  project	
  

management,	
  the	
  most	
  important	
  methods	
  to	
  do	
  so	
  are	
  PERT	
  and	
  CPM.	
  Even	
  though	
  these	
  

two	
  methods	
  made	
  a	
  revolution	
  in	
  project	
  management	
  the	
  concept	
  of	
  these	
  two	
  methods	
  

was	
  not	
  complete.	
  As	
  was	
  also	
  stated	
  by	
  Stelth	
  (2009),	
  it	
  is	
  crucial	
  for	
  all	
  projects	
  to	
  use	
  

PERT	
  and	
  CPM	
  and	
  many	
  enhancement	
  should	
  be	
  applied	
  on	
  them.	
  The	
  success	
  of	
  any	
  

organization	
  needs	
  clarity	
  in	
  goals	
  and	
  objectives,	
  it’s	
  also	
  very	
  important	
  to	
  identify	
  a	
  

schedule	
  for	
  each	
  project	
  or	
  it	
  will	
  be	
  an	
  endless	
  open	
  process.	
  PERT	
  makes	
  heave	
  use	
  of	
  

network,	
  and	
  it	
  could	
  be	
  applied	
  on	
  any	
  project	
  no	
  matter	
  how	
  huge	
  or	
  small	
  project	
  is.	
  Also	
  

Trietsch	
  et	
  al.	
  (2011)	
  describes	
  how	
  we	
  become	
  in	
  the	
  21-­‐century,	
  and	
  we	
  still	
  lack	
  a	
  project	
  

scheduling	
  system	
  that	
  is	
  valid	
  for	
  all	
  types	
  of	
  networks	
  similarly.	
  In	
  Wayne	
  et	
  al.	
  (2001)	
  

PERT	
  has	
  been	
  used	
  for	
  four	
  decades,	
  and	
  even	
  though	
  it	
  has	
  many	
  shortages	
  PERT	
  

networks	
  ignores	
  the	
  stochastically	
  nature	
  of	
  activity	
  times,	
  in	
  addition	
  to	
  that	
  PERT	
  ignores	
  

the	
  effect	
  of	
  reducing	
  some	
  activity	
  times	
  on	
  reducing	
  the	
  mean	
  project	
  completion	
  time.	
  As	
  

for	
  (Hulett,	
  2009)	
  the	
  delays	
  in	
  project	
  schedule	
  can	
  cause	
  losing	
  one	
  million	
  per	
  day	
  for	
  

some	
  projects	
  and	
  less	
  amounts	
  for	
  other	
  but	
  for	
  sure	
  it	
  will	
  cause	
  a	
  non-­‐efficient	
  project	
  

execution.	
  	
  

A	
  risk	
  management	
  structure	
  is	
  needed	
  for	
  all	
  types	
  of	
  projects.	
  It	
  is	
  very	
  important	
  

to	
  the	
  project	
  success	
  to	
  have	
  the	
  ability	
  to	
  overcome	
  the	
  risk	
  associated	
  with	
  each	
  step	
  

while	
  the	
  project	
  running.	
  It	
  is	
  needed	
  to	
  have	
  risk	
  management	
  structure	
  in	
  order	
  to	
  deal	
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with	
  the	
  uncertainty	
  in	
  activity	
  durations,	
  Asses	
  their	
  impact,	
  and	
  control	
  them.	
  Many	
  

techniques	
  like	
  Monte	
  Carlo	
  simulation	
  are	
  used	
  to	
  analyze	
  the	
  risk	
  of	
  project	
  Terry	
  (1993).	
  

	
  

C. Attempts to improve PERT 

Most	
  of	
  the	
  research	
  on	
  PERT	
  is	
  related	
  to	
  task	
  time	
  distribution,	
  as	
  stated	
  in	
  

Permachandra	
  (2009).	
  Activity	
  durations	
  in	
  PERT	
  are	
  beta	
  distributed,	
  and	
  the	
  mean	
  and	
  

variance	
  are	
  estimated	
  based	
  on	
  three	
  values	
  which	
  are	
  also	
  estimated.	
  Because	
  of	
  the	
  

previous	
  many	
  researchers	
  tried	
  to	
  improve	
  PERT	
  accuracy	
  by	
  modifying	
  the	
  original	
  three-­‐

point	
  estimator.	
  Hullet(2009)	
  determines	
  which	
  distribution	
  among	
  the	
  four	
  possible	
  

distributions	
  should	
  be	
  used	
  in	
  representing	
  activity	
  durations.	
  The	
  most	
  commonly	
  

distributions	
  used	
  are	
  the	
  triangular	
  and	
  beta	
  distributions	
  Hillison	
  (2004).	
  Triangular	
  and	
  

beta	
  distributions	
  are	
  the	
  best	
  for	
  activity	
  durations	
  because	
  they	
  have	
  the	
  asymmetrical	
  

property	
  that	
  matches	
  the	
  risk	
  related	
  to	
  activity	
  durations	
  as	
  Hullet	
  (2009).	
  Uniform	
  and	
  

normal	
  distributions	
  could	
  be	
  used	
  also,	
  but	
  the	
  problem	
  is	
  that	
  they	
  must	
  be	
  symmetrical	
  

which	
  limits	
  the	
  representation	
  of	
  project	
  risk	
  Hullet	
  (2009).	
  

	
  	
   Several	
  papers	
  discuss	
  the	
  attempts	
  to	
  improve	
  PERT,	
  which	
  proves	
  that	
  PERT	
  

needs	
  an	
  improvement	
  to	
  increase	
  its	
  efficiency.	
  As	
  in	
  Permachndra	
  (1999)	
  in	
  order	
  to	
  

improve	
  the	
  accuracy	
  of	
  PERT,	
  new	
  mean	
  and	
  variance	
  approximation	
  has	
  been	
  proposed.	
  

One	
  of	
  the	
  approximation	
  advantages	
  that	
  was	
  stated	
  by	
  Permachndra	
  (2009),	
  that	
  no	
  more	
  

estimation	
  are	
  required	
  for	
  “pessimistic”,	
  “optimistic”	
  and	
  “most	
  likely”	
  time	
  estimates.	
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While	
  for	
  another	
  approach	
  like	
  Johan	
  et	
  al.	
  (2010),	
  they	
  tried	
  to	
  present	
  an	
  

approach	
  that	
  try	
  to	
  make	
  sure	
  the	
  activity	
  duration	
  most	
  likely	
  value	
  falls	
  in	
  to	
  the	
  mode	
  of	
  

the	
  beta	
  distribution.	
  Malcom	
  et	
  al.	
  (1959)	
  presented	
  the	
  same	
  method	
  but	
  their	
  method	
  

was	
  not	
  consistent.	
  	
  

 

D. Monte Carlo Simulation 

The	
  most	
  important	
  way	
  to	
  overcome	
  PERT,	
  and	
  CPM	
  limitations	
  is	
  Computer	
  

simulation.	
  Many	
  difficulties	
  that	
  face	
  PERT	
  could	
  be	
  overcome	
  by	
  using	
  simulation.	
  Slyke	
  

(1963)	
  was	
  one	
  of	
  the	
  first	
  and	
  many	
  researchers	
  that	
  pointed	
  out	
  to	
  how	
  much	
  it	
  is	
  

important	
  to	
  use	
  Monte	
  Carlo	
  simulation	
  in	
  studying	
  PERT.	
  Simulation	
  can	
  enhance	
  PERT	
  in	
  

many	
  ways,	
  like	
  flexibility	
  in	
  choosing	
  any	
  distribution	
  for	
  activity	
  times,	
  better	
  accurate	
  

estimates	
  of	
  the	
  project	
  length,	
  and	
  a	
  better	
  evaluation	
  for	
  risk	
  in	
  a	
  network	
  schedule.	
  	
  

Another	
  literature	
  shows	
  the	
  attempts	
  to	
  apply	
  a	
  graphical	
  modification	
  on	
  PERT	
  

called	
  GERT	
  Pritsker	
  et	
  al.	
  (1966).	
  The	
  previous	
  approach	
  was	
  made	
  to	
  give	
  the	
  ability	
  for	
  the	
  

activity	
  time	
  to	
  follow	
  other	
  distributions	
  than	
  beta.	
  Kennedy	
  et	
  al.	
  (1976)	
  presented	
  a	
  

modification	
  on	
  PERT	
  that	
  allowed	
  each	
  activity	
  completion	
  time	
  to	
  follow	
  a	
  distribution.	
  

Monte	
  Carlo	
  simulation	
  is	
  widely	
  used	
  in	
  computing	
  the	
  project	
  completion	
  time	
  

distributions.	
  	
  

Monte	
  Carlo	
  simulation	
  helps	
  to	
  overcome	
  the	
  uncertainty	
  in	
  PERT	
  activity	
  

durations.	
  It	
  calculates	
  the	
  uncertainty	
  associated	
  with	
  results	
  for	
  a	
  system	
  that	
  has	
  many	
  

uncertain	
  components	
  in	
  it,	
  by	
  operating	
  and	
  iterating	
  under	
  specific	
  rules	
  to	
  overcome	
  the	
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uncertainty.	
  Monte	
  Carlo	
  simulation	
  can	
  help	
  effectively	
  in	
  determining	
  and	
  deriving	
  the	
  

three	
  activity	
  durations	
  estimates	
  (optimistic,	
  pessimistic,	
  and	
  most	
  likely)	
  in	
  PERT.	
  Monte	
  

Carlo	
  simulation	
  can	
  determine	
  the	
  Pessimistic,	
  optimistic,	
  and	
  most	
  likely	
  durations	
  in	
  

order	
  to	
  the	
  given	
  embedded	
  risk	
  in	
  them	
  Hullet	
  (2009).	
  It	
  was	
  founded	
  in	
  1940s	
  but	
  it	
  has	
  

not	
  been	
  applied	
  on	
  project	
  management	
  that	
  since.	
  Project	
  management	
  uncertainties	
  like	
  

the	
  completion	
  time	
  and	
  cost	
  estimates	
  used	
  to	
  be	
  solve	
  using	
  Monte	
  Carlo	
  simulation	
  many	
  

years	
  ago.	
  As	
  in	
  Hullet	
  (2009)	
  Monte	
  Carlo	
  simulation	
  computes	
  the	
  uncertainty	
  of	
  project	
  

completion	
  time	
  and	
  cost.	
  Mainly	
  Monte	
  Carlo	
  simulation	
  performs	
  the	
  computations	
  of	
  

PERT	
  schedule	
  many	
  times,	
  because	
  of	
  the	
  uncertainty	
  associated	
  with	
  each	
  activity	
  

durations.	
  All	
  possible	
  combination	
  of	
  the	
  activity	
  durations	
  are	
  used	
  in	
  Monte	
  Carlo	
  

simulation	
  to	
  compute	
  PERT	
  schedule	
  times.	
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CHAPTER 3 

BACKGROUND 

	
  

This section includes a brief overview on PERT, a description of how to use PERT, a 

description of IA, and a comparison between PERT and IA. This background is important for 

understanding the context of this research. 

 

A. Brief Overview of Using PERT in Project Management 

CPM assumes that activities duration are known with certainty, while for PERT 

(Program Evaluation and Review Technique), activities durations are probabilistic. Duration 

of activity (i,j), Tij, in PERT is assumed to follow a Beta distribution with parameters aij, mij, 

and bij. In PERT the optimistic, the most likely and the pessimistic, which are the activity 

durations are estimated, PERT also assumes that they are independent random variables. 

Then the length of a path p in the network (i.e., the duration until an event occurs) is a 

random variable also with mean equal to the sum of means, and variance equal sum of 

variances 𝐸[𝑇!"](!,!)!"  and 𝑉𝑎𝑟[𝑇!"](!,!)!"  respectively. The mean and variance for each 

activity in the network are calculated as follows 

𝐸 𝑇!" =
𝑎!" + 4𝑚!" + 𝑏!"

6  

𝑉𝑎𝑟 𝑇!" = (!!"!!!")!

!"
. 
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Many simplifying assumptions are made in PERT (independence, central limit 

theorem, and Beta distribution). The central limit theorem is applied on PERT because there 

are enough activities on the longest path, and the occurrence of a node (event) in the network 

is the length of the longest path leading to this node and that is verified based on expected 

durations of activities. Most of the time the expected activities duration is used to determine 

the critical path.  

The central limit theorem assumption behind PERT states that the sum of a “large 

enough” number of independent random variables approaches a Normal random variable. 

The many assumptions behind PERT may be unrealistic, which considered to be one of 

PERT critiques. Because such assumptions might be unrealistic, it might also lead to totally 

wrong results in some cases.  

 

B. Background on PERT 

In order to calculate probability of being late under PERT (i.e., probability of the 

longest path duration exceeds a certain value), the following steps should be applied. The first 

step is to estimate a, m, and b, which are activity durations and they are Beta distributed. So 

in PERT we assume that the activity durations has Beta distribution, and are given by the 

three parameters (a, m, and b). The second step is to find the average of activity durations, 

then each path that is assumed to have normal duration and variance. The longest path (i.e., 

the critical path) is the path that has the highest mean. 

 We have different methods in order to find the critical path, based on float, and based 

on linear programing. Once we find the critical path, then we find the probability of being 
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late based on the mean and the variance of the critical path (we assume that the sum of 

activities that is beta distributed is normal by using the central limit theorem). There are two 

ways to represent a project network, activity over ark and activity over node. The way we 

used to represent networks in our work is activity on node. 

To calculate the probability of being late under PERT (i.e., which is the probability of 

the critical path exceeding a certain value), we used the mean and the variance of the longest 

path. As shown in the following equation the probability of being late is 1-the normal cdf of 

the longest path. PERT take into consideration while calculating probability of being late the 

critical path only, and all other paths in the network are ignored, even if they are potential 

critical paths.  

 

𝑷𝒑 𝒕 = 𝑷 𝑻∗ > 𝒕 = 𝑭𝒑 𝒕 = 𝟏− 𝑭𝒑 𝒕 = 𝟏−
𝒆
! (𝒖!𝝁  ∗)𝟐

𝟐𝝈∗𝟐

𝟐𝝅𝝈∗
𝒕

!!
𝒅𝒖	
  

 

The Excel function that was used in order to obtain the probability of being late is 

Excel Function is (1-NORMSDIST ((the value that we want to calculate the probability for-

sum of means for this path)/sum of variances for this path ^0.5)) 

 

C. Background on IA 
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Independent Assumption (IA) was the second method used to calculate probability 

of being late for projects. IA assumes that all paths of the network have independent 

durations. It also assumes all the paths in the network are parallel so the critical path does not 

represent all other paths in the network as in PERT. Each path assumes to be normal, and all 

of the network paths should be counted in the probability of being late calculations, not just 

the maximum as in PERT.  

To calculate the probability of being late in IA, we should multiply the probabilities 

of being early and subtract them from 1. The following equation shows how to calculate the 

probability of being late using IA. 

 

𝑷𝒑 𝒕 = 𝑷 𝑻𝑰 > 𝒕 = 𝑷 𝑻𝒊 > 𝒕
𝒏

𝒊!𝟏

= 𝑭𝒊 𝒕
𝒏

𝒊!𝟏

= (𝟏 − 𝑭𝒊 𝒕 )
𝒏

𝒊!𝟏

= (𝟏 −
𝒆
! (𝒖!𝝁𝒊    )𝟐

𝟐𝝈𝒑𝟐

𝟐𝝅𝝈𝒊

𝒕

!!

𝒏

𝒊!𝟏

)𝒅𝒖	
  

 

In the previous equation we see that IA probability of being late is the multiplication 

of all the probabilities of being late under PERT. All paths in the network are counted in IA, 

because we are multiplying the probabilities of being late for all paths. So it is the 

multiplication of 1-the normal cdf for all the paths in the network. The excel function that 

was used to do so is 1- PRODUCT (Probability of being early from Pert). 

 

D. Comparison between PERT and IA  
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PERT uses the information about the project as an input, then this information are 

processed (i.e., Building the network model by determining or estimating duration times for 

each activity, and precedence relationships. Determine the critical path), in order to produce 

an output that is the project schedule. Even that PERT is widely used, and it has a lot of 

applications all projects suffer from delays till our day. For example big projects cost overrun 

is 386%, and time overruns are 200 % (Hullet, 2009). This widely used method that is 

utilized in analyzing project schedules, needs to be modified because of the many 

assumptions that are made behind its calculations. 

The uncertainty associated with the estimated activity duration times, Critical Path is 

not always the longest path, and failing to capture the risk accurately, do really make the 

results from PERT unrealistic. That is why we thought that we should use IA to calculate the 

probabilities of being late, and to compare the results obtained to show if IA gives more 

accurate results than PERT.  

There are two main differences between PERT, and IA. The first one is that IA 

Assumes all paths of the network have independent durations all paths are parallel, while 

PERT considers the path with the longest duration. The second difference is In probability of 

being late calculation we take in to consideration all the paths not just the critical in IA, while 

in PERT After eliminating all the paths in the network the probability of a project being late 

is the probability of the critical path exceeding certain value. 
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CHAPTER 4 

CHARACTERIZING PROJECT NETWORK 

	
  

In this section we present the first part of our work, which is characterizing the 

project network. At first we will introduce the new idea of using network characteristics in 

order to calculate probabilities of being late. Then we will talk about Commonality the first 

network characteristic used in order to determine which method in between PERT, and IA 

should be used for which types of networks. After that we introduce the second network 

characteristic, which is Path Criticality also in order to determine which method in between 

PERT and IA gives us better results in probability of being late calculations (i.e., which 

method in between PERT and IA gives results that are closer to simulation). 

 

A. Analyzing Project Network 

The new idea that we are presenting in our work is how to determine for any network, 

which method should be used to calculate the probability of a project being late. We thought 

that we should enhance the accuracy of probability of being late calculations. So the question 

was why we use PERT to calculate the probability of being late for all network types, while 

there is other method that gives better results. So we aimed to determine for what types of 

networks IA gives better results than PERT.  

Using the network characteristics to determine which method to use in between PERT 

and IA, is a totally new idea. In order to figure out how can the network characteristics affect 
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the probability of being late, we used PERT and IA on many networks. We expected some 

results, and we proved by numerical results that our expectations were true. 

First we tried to come up with a network characteristic that makes one network 

different from another. Then we calculated the probability of being late using PERT, and IA 

for many networks. In order to figure out what was affecting the results for each network, we 

compared the results from PERT and IA, with the results that was obtained from simulation. 

At last we noticed that for networks that have some characteristics, we could say which 

method is preferred (i.e., which method in between PERT and IA gives closer results to 

simulation for the probability of being late calculations). 

Using network characteristics in finding the best method to calculate the lateness 

probability was proved by many illustrative examples. We expected that network 

characteristics (i.e., Commonality, and Path Criticality), can determine clearly which method 

to use in between PERT and IA.  

 

B. Commonality 

Commonality is the number of paths that the activity in a network belongs to. One of 

the network characteristics, which is used to determine which method to use in between 

PERT and IA for which type of networks. What do we expect to find is that for networks that 

have parallel paths, which means low commonality percentage and low dependency IA 

method gives better results than PERT. 
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Commonality in a network is a way to measure if there is high or low dependency 

between the paths. So the network is said to have high commonality percentage, if there are 

many activities in the network that belong to more than one path. We measured the 

commonality percentage by dividing the number of activities, which belongs to more than 

one path over the total number of activities. As shown in the following equation. 

𝑾𝒄 =
#𝒐𝒇  𝒂𝒄𝒕𝒊𝒗𝒊𝒕𝒊𝒆𝒔  𝒃𝒆𝒍𝒐𝒏𝒈𝒔  𝒕𝒐  𝒎𝒐𝒓𝒆  𝒕𝒉𝒂𝒏  𝒐𝒏𝒆  𝒑𝒂𝒕𝒉

𝒕𝒐𝒕𝒂𝒍  #  𝒐𝒇  𝒂𝒄𝒕𝒊𝒗𝒊𝒕𝒊𝒆𝒔 	
  

 

So Wc is a number that we can get easily, and it helps to determine when to use PERT, 

and when to use IA. To figure out how commonality can effect in determining the method 

that gives more accurate results in probability of being late calculations, many examples were 

used. At last we were able to determine by using this network characteristic Wc, which 

method should be used. We also determined if Wc is high (i.e., there is a lot of dependency in 

the network) which method is more accurate. 

The final results that were obtained from many illustrative examples are as follows. 

For networks that have high commonality percentage (i.e., Wc is high) PERT gives us more 

accurate results (i.e., closer to simulation results), while for networks exhibiting low 

commonality (i.e., Wc is low) IA gives us better results than PERT. As shown in the 

following table we summarize the results that were obtained.  

Table 1: Method Preferred (PERT or IA) Based on Commonality 

Commonality Method 
High Commonality (Wc) PERT 
Low Commonality (Wc) IA 
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C. Path Criticality 

The second network characteristic that was used to determine which method to use in 

between PERT and IA, in order to calculate probability of being late is Path Criticality. 

Simply it is used to measure the number of paths in a network that might become critical. So 

paths in the network that might become critical (i.e., this path length may exceed the length 

of critical path) should be counted in this percentage. 

To find a potential critical path (i.e., a path which may become critical), let µ* and σ* 

be the mean and standard deviation of the project critical path, respectively. A potential 

critical path with mean duration µp and standard deviation σp for a path p in the network. So if 

𝜇∗ − 3𝜎∗ < 𝜇! + 3𝜎!	
  

this	
  path	
  then	
  a	
  potentieal	
  critical	
  path.	
  

 

Figure 1: A Potential Critical Path 

 Weight of Potential Critical Path (Wpcp), which is the number of potential critical 

paths, over the total number of paths in the network. The following equation shows how to 

get Wpcp. 	
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𝑾𝒑𝒄𝒑 =
#𝒐𝒇  𝑷𝑪𝑷  𝒑𝒂𝒕𝒉𝒔
𝒕𝒐𝒕𝒂𝒍  #  𝒐𝒇  𝒑𝒂𝒕𝒉𝒔	
  

 We expected that defining Wpcp would help in determining which method to use to 

calculate the lateness probability. To figure the relation between Wpcp and determining 

whether PERT or IA should be used, many examples of many types of networks were used to 

figure this relation.  

 

D. Commonality and Path Criticality 

As a final conclusion for using network characteristics, in order to determine the 

method that gives more accurate results in probability of being late calculations in between 

PERT and IA. We summarized the following steps in order to do so.   

1. Find the Potential Critical Paths 

𝝁∗ − 𝟑𝝈∗ < 𝝁𝒑 + 𝟑𝝈𝒑 

2. Calculating the Weight of Commonality (Wc) 

𝑾𝒄 =
#𝒐𝒇  𝒂𝒄𝒕𝒊𝒗𝒊𝒕𝒊𝒆𝒔  𝒃𝒆𝒍𝒐𝒏𝒈  𝒕𝒐  𝒎𝒐𝒓𝒆  𝒕𝒉𝒂𝒏  𝒐𝒏𝒆  𝒑𝒂𝒕𝒉

𝒕𝒐𝒕𝒂𝒍  #  𝒐𝒇  𝒂𝒄𝒕𝒊𝒗𝒊𝒕𝒊𝒆𝒔 	
  

3. Calculating the Weight of Potential Critical Paths (Wpcp)	
   

𝑾𝒑𝒄𝒑 =
#𝒐𝒇  𝑷𝑪𝑷  𝒑𝒂𝒕𝒉𝒔
𝒕𝒐𝒕𝒂𝒍  #  𝒐𝒇  𝒑𝒂𝒕𝒉𝒔	
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4. Determine which method (PERT or IA) gives better results 

Table 2: Method Preferred (PERT or IA) Based on Criticality and Path Commonality 

Wc Wpcp Method 
High Low PERT 
Low High IA 
Low Low PERT, IA 
High High PERT 
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CHAPTER 5 

PERT-IA 

	
  

In this section our main contribution PERT-IA is presented. The second part of our 

work, which is a new method to calculate probability of being late, is presented PERT-IA. 

PERT-IA is a hybrid of PERT, which considers the path with the longest duration, and an 

independent assumption (IA) that assumes that all paths of the network have independent 

durations.  

The method estimates the lateness probability as a weighted average of that from 

PERT and IA, with the weight on PERT being high for project networks having paths 

exhibiting high commonality.  

Our final observations about PERT-IA from the illustrative examples are Pert-IA 

gives better results than IA and Pert for short deadlines. Pert-IA gives similar results or in 

between Pert and IA when WC is low, or high. Pert-IA does not give worse results than Pert 

and IA in any case. PERT-IA gives better results for larger networks. 

 

A. Probability of being late under PERT-IA 

The probability of being late under PERT-IA is a weighted average of PERT and IA. 

The weight of PERT-IA is calculated in three ways, PERT-IA Regular, PERT-IA Weighted 

Average, and PERT-IA Maximum. The following equation shows how to calculate the 

probability of being late under PERT-IA. 
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𝑷𝑷𝑰 = 𝒘𝒄𝑷𝑷 𝒕 + (𝟏−𝒘𝒄)𝑷𝑰(𝒕)	
  

So	
  probability	
  of	
  being	
  late	
  under	
  PERT-­‐IA	
  PPI,	
  is	
  calculated	
  by	
  multiplying	
  the	
  

probability	
  of	
  being	
  late	
  under	
  PERT	
  PP(t)	
  by	
  the	
  weight	
  of	
  commonality	
  Wc,	
  plus	
  Probability	
  

of	
  being	
  late	
  under	
  IA	
  PI(t)	
  by	
  (1-­‐Wc).	
  What	
  is	
  changing	
  from	
  PERT-­‐IA	
  methods	
  is	
  the	
  way	
  to	
  

calculate	
  Wc.	
  	
  

Each	
  method	
  in	
  between	
  PERT-­‐IA	
  Regular,	
  PERT-­‐IA	
  Weighted	
  Average	
  Commonality,	
  

and	
  PERT-­‐IA	
  Maximum	
  uses	
  different	
  way	
  for	
  calculating	
  Wc.	
  Each	
  method	
  reflects	
  the	
  

network	
  characteristics	
  in	
  its	
  Weight	
  of	
  Commonality	
  Wc.	
  

The	
  notations	
  that	
  are	
  used	
  in	
  the	
  three	
  methods	
  will	
  be	
  mentioned	
  in	
  the	
  following	
  

table.	
  

Table 3: PERT-IA Notations (Parameters used in the Method) 

Symbol Parameters 
AC Activity Commonality 
Wcr Wight of Commonality under PERT-IA Regular 
TAC Total Activity Commonality 
PW Path Weight 
APC Activity Path Commonality 
Wcwa Weight of Commonality under PERT-IA Weighted 

Average Commonality 
Wcm Weight of Commonality under PERT-IA Maximum 

	
  

B. PERT-IA Regular 

The first method to calculate Wc is PERT-IA Regular. In this method many steps 

should be applied in order to calculate the probability of being late. At first we use the first 

part of our work in order to determine the potential critical paths in the network. Then for the 

potential critical paths we calculate the Activity Commonality (AC), which is the number of 
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paths the activity belongs to. The second step is to calculate the Weight of Commonality 

under PERT-IA Regular method (Wcr).  

Weight of Commonality under PERT-IA Regular is the number of activities with AC 

bigger than one over the total number of activities in the network. The last step is to use Wcr 

to calculate the probability of being late. Steps as follow are shown in equations, in order to 

understand the method. 

1. Calculate Weight of Commonality for PERT-IA Regular Wcr 

𝑾𝒄𝒓 =
#𝒐𝒇  𝒂𝒄𝒕𝒊𝒗𝒊𝒕𝒊𝒆𝒔  𝒘𝒊𝒕𝒉  𝑨𝑪 > 𝟏

𝒕𝒐𝒕𝒂𝒍  #  𝒐𝒇  𝒂𝒄𝒕𝒊𝒗𝒊𝒕𝒊𝒆𝒔 	
  

2. Calculate Probability of being late in PERT-IA Regular 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  𝑷𝑷𝑰 = 𝒘𝒄𝒓𝑷𝑷 𝒕 + (𝟏−𝒘𝒄𝒓)𝑷𝑰(𝒕)	
  

 

C. PERT-IA Weighted Average Commonality 

PERT-IA Weighted Average Commonality is the second method used to calculate 

weight of commonality. In order to calculate the Weight of Commonality under PERT-IA 

Weighted Average Wcwa the following steps should be done.  

The first step is to define the Activity Commonality (AC), which is the number of 

paths the activity belongs to. The second step is to define the Total Activity Commonality 

(TAC), which is the sum of AC’s for activities in each path. Then we define the Path Weight 

(PW), which is (TAC) for each path/sum of AC’s. After that we define the Activity Path 
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Commonality (APC) which is the mean for a path (𝜇!) multiplied by (TAC) for this path. At 

last calculate (Wcwa) which is sum of APC’s * sum of means. Steps to apply the PERT-IA 

Weighted Average Commonality are shown in equations in order to understand how this 

method was applied. Before starting the steps of this method, we should eliminate the non-

potential critical paths (i.e., the method should be applied just on potential critical paths). The 

Activity Commonality AC also should be determined before applying the method, AC 

determines number of paths the activity belong to.  

1. Calculate Total Activity Commonality (TAC) 

𝑇𝐴𝐶! = 𝐴𝐶!
!∈!

	
  

2. Calculate the Path Weight (PW) 

𝑃𝑊! =
𝑇𝐴𝐶!

𝐴𝐶!!"!
	
  

3. Calculate the Activity Path Commonality (APC) 

𝐴𝑃𝐶! = 𝜇! ∗ 𝑇𝐴𝐶!	
  

4. Calculate the Weight of Commonality under PERT-IA Weighted Average 

Commonality (Wcwa) 

𝑊!"# =
𝐴𝑃𝐶!!"#

𝐴𝐶!!"! ∗ 𝜇!!"#
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5. Calculate the probability of being late under PERT-IA Weighted Average of 

Commonality 

𝑷𝑷𝑰 =𝑾𝒄𝒘𝒂𝑷𝒑 𝒕 + (𝟏−𝑾𝒄𝒘𝒂)𝑷𝑰(𝒕)	
  

 

D. PERT-IA Maximum 

PERT-IA Maximum is the third method under PERT-IA to calculate the probability 

of being late. In order to calculate the probability of being late by using PERT-IA Maximum 

we have to calculate the Weight of Commonality under PERT-IA Maximum. Calculating the 

Weight of Commonality under PERT-IA Maximum many steps should be applied, then after 

we get the Weight of Commonality under PERT-IA Maximum, we calculate the probability 

of being late using this weight. 

PERT-­‐IA	
  Maximum	
  contains	
  many	
  steps	
  to	
  do	
  what	
  was	
  mentioned	
  previously.	
  The	
  

first	
  step	
  is	
  to	
  calculate	
  the	
  Activity	
  Commonality	
  (AC),	
  which	
  is	
  the	
  number	
  of	
  paths	
  the	
  

activity	
  belongs	
  to.	
  The	
  second	
  step	
  is	
  define	
  the	
  Total	
  Activity	
  Commonality	
  (TAC),	
  which	
  is	
  

the	
  sum	
  of	
  AC’s	
  for	
  activities	
  in	
  each	
  path.	
  Then	
  calculate	
  Path	
  Weight	
  (PW),	
  which	
  is	
  the	
  

Total	
  Activity	
  Commonality	
  (TAC)	
  over	
  the	
  sum	
  of	
  Activity	
  Commonality	
  (AC)	
  for	
  all	
  activities.	
  

Then	
  we	
  have	
  to	
  define	
  the	
  Weight	
  of	
  Commonality	
  under	
  PERT-­‐IA	
  Maximum	
  (Wcm),	
  which	
  

is	
  the	
  maximum	
  of	
  Path	
  Weight	
  (PW).	
  The	
  last	
  step	
  is	
  calculate	
  the	
  probability	
  of	
  being	
  late	
  

using	
  (Wcm).	
  Before	
  applying	
  this	
  method	
  we	
  should	
  determine	
  PCP’s	
  (Potential	
  Critical	
  

Paths),	
  in	
  order	
  to	
  apply	
  the	
  method	
  on	
  paths	
  that	
  may	
  become	
  critical	
  (i.e.,	
  Non	
  PCP	
  should	
  

be	
  eliminated).	
  We	
  should	
  also	
  define	
  AC,	
  which	
  is	
  the	
  number	
  of	
  paths	
  an	
  activity	
  belongs	
  



	
  
	
  
	
  

27	
  

to.	
  The	
  equations	
  that	
  represent	
  each	
  step	
  in	
  PERT-­‐IA	
  Maximum	
  are	
  shown	
  below	
  as	
  

follows.	
  

1. Calculate Total Activity Commonality (TAC) 

𝑻𝑨𝑪𝒑 = 𝑨𝑪𝒂
𝒂∈𝐩

	
  

2. Calculate	
  the	
  Path	
  Weight	
  (PW)	
  

𝑷𝑾𝒑 =
𝑻𝑨𝑪𝒑

𝑨𝑪𝒂𝒂𝝐𝛀
	
  

3. Calculate	
  the	
  Weight	
  of	
  Commonality	
  under	
  PERT-­‐IA	
  Maximum	
  (Wcm)	
  

𝑾𝒄𝒎 =𝒎𝒂𝒙𝒑∈𝑷𝑷𝑾𝒑	
  

4. Calculate	
  the	
  probability	
  of	
  being	
  late	
  under	
  PERT-­‐IA	
  Maximum	
  

𝑷𝑷𝑰 =𝑾𝒄𝒎𝑷𝒑 𝒕 + (𝟏−𝑾𝒄𝒎)𝑷𝑰(𝒕)	
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CHAPTER 6 

ANALYSIS 

	
  

In	
  this	
  section	
  two	
  sets	
  of	
  illustrative	
  examples	
  are	
  shown.	
  The	
  first	
  set	
  of	
  

illustrative	
  examples	
  is	
  to	
  show	
  by	
  numerical	
  results	
  how	
  project	
  network	
  characteristics	
  

determine	
  which	
  method	
  in	
  between	
  PERT	
  and	
  IA	
  is	
  more	
  accurate.	
  The	
  second	
  part	
  is	
  a	
  set	
  

of	
  examples	
  to	
  show	
  in	
  numbers	
  the	
  difference	
  between	
  the	
  results	
  from	
  PERT,	
  IA,	
  and	
  

PERT-­‐IA	
  method.	
  Since	
  PERT-­‐IA	
  has	
  three	
  approaches,	
  PERT-­‐IA	
  Regular,	
  PERT-­‐IA	
  Weighted	
  

Average	
  Commonality,	
  and	
  PERT-­‐IA	
  Maximum,	
  we	
  compared	
  the	
  results	
  obtained	
  from	
  each	
  

one	
  of	
  them.	
  	
  

	
  

A. Illustrative Examples on Performance 

The following examples show the difference between using PERT, IA, PERT-IA 

Regular, PERT-IA Weighted Average Commonality, and PERT-IA Maximum. The method 

that was followed in each PERT-IA approaches will be shown step by step in each table, in 

order to figure out how each method works. Table 5 contains PERT-IA methods notations 

and its meaning, in order to use the notations as a shortcut for the method full name. 

Table 4: PERT-IA Methods Shortcuts 

Notation Meaning 

PERT-IA R PERT-IA Regular 

PERT-IA W PERT-IA Weighted Average Commonality 

PERT-IA M PERT-IA Maximum 
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1. Example1 Low Commonality and High Path Criticality  

This project has six activities as shown in the following table, with there a, m, and b 

values. We calculated the mean and variance for each activity. It has three paths one of them 

is the critical path and the other two are potential critical paths.  

 

• Activities	
  

In table 5 we illustrate the first example activities, in this example we have six 

activities. Activity duration times are also shown in table 5. The values of the mean variance 

and standard deviation are also mentioned in the following table 5 for example 1. 

Table 5: Activities in Example 1 

Activities Optimistic(a) likely(m) Pessimistic(b) 𝜇 𝝈𝟐 σ 
A 4 7 10 7.00 1.000 1.000 
B 3 5 6 4.83 0.25 0.5 

C 2 4 5 3.83 0.250 0.500 
D 3 6 8 5.83 0.694 0.833 

E 7 8 10 8.17 0.250 0.500 
F 7 8 11 8.33 0.444 0.667 

 

• Network	
  

	
  

Figure 2: Example 1 Project Network 
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• Paths	
  

For this network we have three paths as shown in table 6. The longest path that is the 

critical one is EF because it has the highest mean 16.50. As shown in table 6 we determine 

which paths are Potential Critical Paths by using the condition we mentioned above. We can 

see that for this network we have two PCP’s and the third path is the Critical Path.  

Table 6: Paths in Example 1 

 

• Probability	
  of	
  being	
  late	
  

For different deadlines around the mean we calculated the probability of being late 

by using PERT, IA, PERT-IA R, PERT-IA W, and PERT-IA M, in order to determine which 

method suits this network. As shown in table 7 IA results are the closest to Simulation ones 

and this is because the commonality in this network is low. 

Table 7: Probability of Being Late Using PERT, IA, and all PERT-IA Methods For Example 1 

Deadline Pert IA Pert-IA R PERT-IA W PERT-IA M Simulation 

14.5 0.992 1 0.997 0.996 0.995 1 

16.50 0.5 0.637 0.591 0.570 0.551 0.646 

17 0.274 0.381 0.345 0.328 0.314 0.375 

18 0.04 0.064 0.056 0.052 0.049 0.061 

19 0 0.005 0.003 0.003 0.002 0.002 

 

Figure 3 shows how IA results are the closest results to simulation while PERT results 

are far a way from simulation. PERT-IA in all of it is methods gives results in between PERT 

and IA. 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 15.67 1.50 1.22 9 21 11.99 19.34 [11.99,19.34] PCP 
Path2 DBC 14.50 1.19 1.09 8 19 11.22 17.78 [11.22,17.78] PCP 

Path3 EF 16.50 0.69 0.83 14 21 14.00 19.00 [14.00,19.00] CP 
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Figure 3: Probabilities of Being Late in all Methods for Example 1 

	
  

• SSE	
  Error	
  

SSE is the Square difference between each method probability of being late and 

simulation. The following table shows the SSE for all the methods that we have been used in 

order to calculate probability of being late. As shown in table 8 we calculated the SSE for all 

PERT-IA methods to figure which method is preferred for this network? IA for this network, 

which exhibits low commonality, is the best method for calculating the probability of being 

late. PERT-IA in all of its methods gives results in between PERT and IA.  Among PERT-IA 

three methods PERT-IA R comes at the first place followed by PERT-IA W and PERT-IA M. 

Table 8: SSE error for PERT, IA, PERT-IA R, PERT-IA W, and PERT-IA M in Example 1 

 SSE 

Deadline PERT IA PERT-IA R PERT-IA W PERT-IA M 

14.5 0.000 0 0.000 0.000 0.000 

16.50 0.021 8.1E-05 0.003 0.006 0.009 

17 0.010 3.6E-05 0.001 0.002 0.004 

18 0.000 9E-06 0.000 0.000 0.000 

19 0.000 0.000 0.000 0.000 0.000 

ΣSSE 0.032 0.000 0.004 0.008 0.013 
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Figure 4: SSE for all Methods in Example 1 

	
  

2.  Example2 Low Commonality and Low Path Criticality  

This example is similar to Example 1 but we are exhibiting a lower path criticality 

percentage. PERT and IA gives similar results in this case, the also has the same sum for 

SSE. PERT-IA in all of it is methods have also the same sum of SSE. As shown in the 

following tables and figure all the methods for this case give similar results. 

• Activities	
  

Table 9: Activities in Example 2 

 Optimistic (a) Likely (m) Pessimistic (b) 𝜇 𝝈𝟐 σ 
A 2 4 4 3.67 0.111 0.333 
B 2 3 3 2.83 0.028 0.167 
C 1 2 2 1.83 0.028 0.167 

D 2 3 3 2.83 0.028 0.167 
E 7 8 10 8.17 0.250 0.500 

F 7 8 11 8.33 0.444 0.667 

 

• Network	
  



	
  
	
  
	
  

33	
  

	
  

Figure 5: Example 2 Project Network 

	
  

• Paths	
  

Table 10: Paths in Example 2 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 8.33 0.17 0.41 5 9 7.11 9.56 [7.11,9.56] Not_PCP 
Path2 DBC 7.50 0.08 0.29 5 8 6.63 8.37 [6.63,8.37] Not_PCP 
Path3 EF 16.50 0.69 0.83 14 21 14.00 19.00 [14,19] PCP 

 

• Probability	
  of	
  being	
  late	
  

Table 11:	
  Probability of Being Late Using PERT, IA, and all PERT-IA Methods For Example 2 

Deadline Pert IA PERT-IA R PERT-IA W PERT-IA M Simulation 

8.33 1 1 1 1 1 1 
16.5 0.5 0.5 0.5 0.5 0.5 0.443 
17 0.274 0.274 0.274 0.274 0.274 0.249 
18 0.04 0.036 0.036 0.04 0.04 0.035 
19 0 0.001 0.001 0 0 0 
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Figure 6:	
  Probabilities of Being Late in all Methods for Example 2 

	
  

• SSE	
  Error	
  

Table 12:	
  SSE error for PERT, IA, PERT-IA R, PERT-IA W, and PERT-IA M in Example 2 

 SSE 

Deadline PERT IA PERT-IA R PERT-IA W PERT-IA M 

8.33 0 0 0 0 0 
16.5 0.003 0.003 0.003 0.003 0.003 
17 0.001 0.001 0.001 0.001 0.001 
18 0.000 1E-06 1E-06 0.000 0.000 
19 0.000 0.000 0.000 0 0 

ΣSSE 0.004 0.004 0.004 0.004 0.004 
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Figure 7:	
  SSE for all Methods in Example 2 

	
  

3. Example 3 Higher Commonality and High Path Criticality  

For Example 3 the network we chose exhibiting high commonality and high path 

criticality. PERT and IA gives similar results in this case, and PERT-IA in all of its methods 

gives also similar results to PERT and IA methods results. 

• Activities	
  

Table 13: Activities in Example 3 

Activities Optimistic (a) Likely (m) Pessimistic (b) 𝜇 𝝈𝟐 σ 

A 4 7 10 7.00 1.000 1.000 
B 3 5 6 4.83 0.250 0.500 
C 2 4 5 3.83 0.250 0.500 
D 3 6 8 5.83 0.694 0.833 
E 7 8 10 8.17 0.250 0.500 
F 7 8 11 8.33 0.444 0.667 

 

• Network	
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Figure 8: Example 3 Project Network 

	
  

• Paths	
  

Table 14: Paths in Example 3 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 A,B,C 15.67 1.50 1.22 9 21 11.99 19.34 [11.99,19.34] PCP 

Path2 D,B,C 14.50 1.19 1.09 8 19 11.22 17.78 [11.22,17.78] Not_PCP 
Path3 E,F,C 20.33 0.94 0.97 16 26 17.42 23.25 [17.42,23.25] PCP 
Path4 E,D,B,C 22.67 1.44 1.20 15 29 19.06 26.27 [19.06,26.27] PCP 

Path5 E,F 16.50 0.694 0.83 14 21 14.00 19 [14,19] Not_PCP 

 

• Probability	
  of	
  being	
  late	
  

Table 15:	
  Probability of Being Late Using PERT, IA, and all PERT-IA Methods for Example 3 

Deadline Pert IA PERT-IA R PERT-IA W PERT-IA M Simulation 

15.67 1 1 1 1 1 1 
20.33 0.974 0.987 0.981 0.978 0.977 0.98 
22.67 0.499 0.503 0.501 0.500 0.500 0.505 
24 0.134 0.134 0.134 0.134 0.134 0.144 
25 0.026 0.026 0.026 0.026 0.026 0.023 
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Figure 9:	
  Probabilities of Being Late in all Methods for Example 3 

	
  

• SSE	
  Error	
  

Table 16:	
  SSE error for PERT, IA, PERT-IA R, PERT-IA W, and PERT-IA M in Example 3	
  

 SSE 

Deadline Pert IA PERT-IA R PERT-IA W PERT-IA M 

15.67 0.00 0.00 0.000 0.00 0.00 
20.33 0.00 4.99753E-05 0.000 3.01963E-06 1.11123E-05 
22.67 0.00 4.19371E-06 0.000 2.3008E-05 2.80343E-05 
24 0.00 0.000106118 0.000 0.000 0.000 
25 0.00 9.62602E-06 0.000 0.000 0.000 

ΣSSE 0.000 0.000 0.000 0.000 0.000 
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Figure 10:	
  SSE for all Methods in Example 3 

	
  

4. Example 4 Higher Commonality and High Path Criticality  

For Example 4 the network we chose exhibiting high commonality and high path 

criticality. PERT gives slightly better results than IA. PERT-IA in all of its methods gives 

results in between PERT and IA methods results. 

• Activities	
  

Table 17: Activities in Example 4 

Activities Optimistic (a) Likely (m) Pessimistic (b) 𝜇 𝝈𝟐 σ 

A 2 4 4 3.67 0.111 0.333 
B 2 3 3 2.83 0.028 0.167 
C 1 2 2 1.83 0.028 0.167 
D 2 3 3 2.83 0.028 0.167 
E 7 8 10 8.17 0.250 0.500 
F 7 8 11 8.33 0.444 0.667 

 

• Network	
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Figure 11: Example 4 Project Network 

	
  

• Paths	
  

Table 18: Paths in Example 4 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 8.33 0.17 0.41 5 9 7.11 9.56 [7.11,9.56] Not_PCP 
Path2 DBC 7.50 0.08 0.29 5 8 6.63 8.37 [6.63,8.37] Not_PCP 

Path3 EFC 18.33 0.72 0.85 15 23 15.78 20.88 [15.78,20.88] PCP 
Path4 EDBC 15.67 0.33 0.58 12 18 13.93 17.40 [13.93,17.40] PCP 

Path5 EF 16.50 0.694 0.83 14 21 14.00 19 [14,19] PCP 

 

• Probability	
  of	
  being	
  late	
  

Table 19:	
  Probability of Being Late Using PERT, IA, and all PERT-IA Methods for Example 4 

Deadline Pert IA PERT-IA R PERT-IA W PERT-IA M Simulation 

16.00 0.997 1 0.998 0.998 0.998 0.999 
17 0.942 0.958 0.948 0.947 0.945 0.925 
18.33 0.502 0.509 0.504 0.504 0.503 0.425 
19 0.216 0.217 0.217 0.217 0.217 0.164 
20 0.024930102 0.025 0.025 0.025 0.025 0.021 
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Figure 12:	
  Probabilities of Being Late in all Methods for Example 4 

	
  

• SSE	
  Error	
  

Table 20:	
  SSE error for PERT, IA, and all PERT-IA Methods for Example 4	
  

 SSE 

Deadline Pert IA PERT-IA R PERT-IA W PERT-IA M 

16.00 0.000 0.000 0.000 0.000 0.000 
17 0.000 0.001 0.001 0.000 0.000 
18.33 0.006 0.007 0.006 0.006 0.006 
19 0.003 0.003 0.003 0.003 0.003 
20 0.000 0.000 0.000 0.000 0.000 

ΣSSE 0.009 0.011 0.010 0.009 0.009 
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Figure 13:	
  SSE for all Methods in Example 4 

	
  

5. Example 5 High Commonality  

For this network which exhibit high commonality PERT gives the best results 

among all of the other methods. We also note that PERT-IA in all of its methods gives results 

in between PERT and IA. For this network PERT-IA M gives the best results among all of 

the other PERT-IA methods.  

• Activities	
  

Table 21: Activities in Example 5 

 Optimistic (a) Likely (m) Pessimistic (b) 𝜇 𝝈𝟐 σ 
A 1 2 3 2.00 0.111 0.333 
       

B 2 3.5 8 4.00 1 1 

C 6 9 18 10.00 4 2 
D 4 5.5 10 6.00 1 1 

E 1 4.5 5 4.00 0.444 0.667 
F 4 4 10 5.00 1 1 

G 5 6.5 11 7.00 1 1 
H 5 8 17 9.00 4 2 
I 3 7.5 9 7.00 1 1 



	
  
	
  
	
  

42	
  

J 3 9 9 8.00 1 1 

K 4 4 4 4.00 0 0 
L 1 5.5 7 5.00 1 1 
M 1 2 3 2.00 0.111 0.333 

N 5 5.5 9 6.00 0.444 0.667 

 

• Network	
  

	
  

Figure 14: Example 5 Project Network 

	
  

• Paths	
  

Table 22: Paths in Example 5 

 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABCD

GHM 
40.00 11.22 3.35 24 70 29.95 50.05 [29.95,50.05] PCP 

Path2 ABCE
FJKN 

43.00 8.00 2.83 26 66 34.51 51.49 [34.51,51.49] PCP 

Path3 ABCE
FJLN 

44.00 9.00 3.00 23 69 35.00 53.00 [35.00,53.00] PCP 

Path4 ABCI 23.00 6.11 2.47 12 38 15.58 30.42 [15.58,30.42] Not_PCP 
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• Probability	
  of	
  being	
  late	
  

Table 23:	
  Probability of Being Late Using PERT, IA, PERT-IA R, PERT-IA W, and PERT-IA M in 
Example 5 

Deadline Pert IA PERT-IA R PERT-IA W PERT-IA M Simulation 

39 0.952 1 0.974 0.966 0.963 0.971 
40 0.909 0.993 0.948 0.933 0.927 0.933 
42 0.748 0.934 0.833 0.801 0.788 0.773 
43 0.631 0.849 0.732 0.693 0.678 0.653 
44 0.5 0.718 0.601 0.562 0.547 0.519 
45 0.369 0.553 0.454 0.422 0.409 0.385 

 

	
  

Figure 15:	
  Probabilities of Being Late in all Methods for Example 5 

• SSE	
  Error	
  

Table 24:	
  SSE error for PERT, IA, PERT-IA R, PERT-IA W, and PERT-IA M in Example 5	
  

 SSE 

Deadline Pert IA PERT-IA R PERT-IA W PERT-IA M 

39 0.000 0.001 0.000 0.000 0.000 
40 0.001 0.004 0.000 0.000 0.000 
42 0.001 0.026 0.004 0.001 0.000 
43 0.001 0.039 0.006 0.002 0.001 
44 0.000 0.040 0.007 0.002 0.001 
45 0.000 0.028 0.005 0.001 0.001 
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ΣSSE 0.003 0.137 0.021 0.006 0.002 

 

	
  

Figure 16:	
  SSE for all Methods in Example 5 

	
  

B. Illustrative Examples on Outputting Weight of Commonality  

For this part we show how we use each PERT-IA method in order to calculate the 

weight of commonality. So at first we show the network that we want to calculate the weight 

of commonality for, and then we use PERT-IA R to calculate the weight of commonality. At 

the third and fourth parts we use PERT-IA W and PERT-IA M respectively in order to 

calculate the weight of commonality. 

1. Outputting Weight of Commonality for Example 1 

a. Example 1 Network 
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Figure 17: Project Network for Example 1  

	
  

b. Weight of Commonality under PERT-IA R for Example 1 

Table 25: Weight of Commonality under PERT-IA R in Example 1 

 

c. Weight of Commonality under PERT-IA W for Example 1 

Table 26: Weight of Commonality under PERT-IA W in Example 1 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 15.67 1.50 1.22 9 21 11.99 19.34 [11.99,19.34] PCP 

Path2 DBC 14.50 1.19 1.09 8 19 11.22 17.78 [11.22,17.78] PCP 
Path3 EF 16.50 0.69 0.83 14 21 14.00 19.00 [14.00,19.00] CP 

         Wpcp 1 
	
   A	
   B	
   C	
   D	
   E	
   F	
   TAC	
  

Path1	
   1	
   1	
   1	
   	
   	
   	
   5	
  

Path2	
   	
   1	
   1	
   1	
   	
   	
   5	
  

Path3	
   	
   	
   	
   	
   1	
   1	
   2	
  

 Path Mean Variance St.dev Sum 
of a's 

Sum 
of b's 

Mean-3σ Mean+3σ Domain PCP 

Path1 ABC 15.67 1.50 1.22 9 21 11.99 19.34 [11.99,19.34] PCP 

Path2 DBC 14.50 1.19 1.09 8 19 11.22 17.78 [11.22,17.78] PCP 
Path3 EF 16.50 0.69 0.83 14 21 14.00 19.00 [14.00,19.00] CP 

	
   	
   	
   	
   	
   	
   	
   	
   PCP%	
   1	
  

	
   A	
   B	
   C	
   D	
   E	
   F	
   	
   	
   	
  

Path1	
   1	
   1	
   1	
   	
   	
   	
   	
   	
   	
  

Path2	
   	
   1	
   1	
   1	
   	
   	
   	
   	
   	
  

Path3	
   	
   	
   	
   	
   1	
   1	
   	
   	
   	
  

	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  

AC	
   1	
   2	
   2	
   1	
   1	
   1	
   	
   WC%	
   0.333	
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AC	
   1	
   2	
   2	
   1	
   1	
   1	
   8	
  

	
   Mean	
   PW	
   APC	
  

Path1	
   15.67	
   0.625	
   78.35	
  

Path2	
   14.5	
   0.625	
   72.5	
  

Path3	
   16.5	
   0.25	
   33	
  

SUM	
   46.67	
   	
   0.492	
  
 

d. Weight of Commonality under PERT-IA M for Example 1 

Table 27: Weight of Commonality under PERT-IA M in Example 1 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 15.67 1.50 1.22 9 21 11.99 19.34 [11.99,19.34] PCP 

Path2 DBC 14.50 1.19 1.09 8 19 11.22 17.78 [11.22,17.78] PCP 
Path3 EF 16.50 0.69 0.83 14 21 14.00 19.00 [14.00,19.00] CP 

         Wpcp 1 
	
   A	
   B	
   C	
   D	
   E	
   F	
   TAC	
  

Path1	
   1	
   1	
   1	
   	
   	
   	
   5	
  

Path2	
   	
   1	
   1	
   1	
   	
   	
   5	
  

Path3	
   	
   	
   	
   	
   1	
   1	
   2	
  

	
   	
   	
   	
   	
   	
   	
   	
  

AC	
   1	
   2	
   2	
   1	
   1	
   1	
   8	
  

	
   Mean	
   PW	
   APC	
  

Path1	
   15.67	
   0.625	
   78.35	
  

Path2	
   14.5	
   0.625	
   72.5	
  

Path3	
   16.5	
   0.25	
   33	
  

SUM	
   46.67	
   	
   0.625	
  
 

2. Outputting Weight of Commonality Example 2 

a. Example 2 Network 



	
  
	
  
	
  

47	
  

	
  

Figure 18:	
  Project Network for Example 2 

	
  

b. Weight of Commonality under PERT-IA R for Example 2 

Table 28: Weight of Commonality under PERT-IA R in Example 2 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 8.33 0.17 0.41 5 9 7.11 9.56 [7.11,9.56] Not_PCP 
Path2 DBC 7.50 0.08 0.29 5 8 6.63 8.37 [6.63,8.37] Not_PCP 
Path3 EF 16.50 0.69 0.83 14 21 14.00 19.00 [14,19] PCP 

	
   	
   	
   	
   	
   	
   	
   	
   Wc	
   0.333	
  

	
   A	
   B	
   C	
   D	
   E	
   F	
   	
   	
   	
  

Path3	
   	
   	
   	
   	
   1	
   1	
   	
   	
   	
  

	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  

AC	
   0	
   0	
   0	
   0	
   1	
   1	
   	
   	
   	
  

	
   	
   	
   	
   	
   	
   	
   	
   Wc	
   0.000	
  
 

c. Weight of Commonality under PERT-IA W for Example 2 

Table 29: Weight of Commonality under PERT-IA W in Example 2 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 8.33 0.17 0.41 5 9 7.11 9.56 [7.11,9.56] Not_PCP 
Path2 DBC 7.50 0.08 0.29 5 8 6.63 8.37 [6.63,8.37] Not_PCP 

Path3 EF 16.50 0.69 0.83 14 21 14.00 19.00 [14,19] CP 
         Wpcp 0.333 

	
   A	
   B	
   C	
   D	
   E	
   F	
   TAC	
  

Path3	
   	
   	
   	
   	
   1	
   1	
   2	
  

AC	
   0	
   0	
   0	
   0	
   1	
   1	
   2	
  

	
   Mean	
   PW	
   APC	
  

Path3	
   16.50	
   1	
   33	
  

	
   	
   	
   1	
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d. Weight of Commonality under PERT-IA M for Example 2 

Table 30: Weight of Commonality under PERT-IA M in Example 2 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 8.33 0.17 0.41 5 9 7.11 9.56 [7.11,9.56] Not_PCP 
Path2 DBC 7.50 0.08 0.29 5 8 6.63 8.37 [6.63,8.37] Not_PCP 

Path3 EF 16.50 0.69 0.83 14 21 14.00 19.00 [14,19] PCP 
         Wpcp 0.333 
	
   A	
   B	
   C	
   D	
   E	
   F	
   TAC	
  

Path3	
   	
   	
   	
   	
   1	
   1	
   2	
  

AC	
   0	
   0	
   0	
   0	
   1	
   1	
   2	
  

	
   Mean	
   PW	
   APC	
  

Path3	
   16.50	
   1	
   33	
  

	
   	
   	
   1	
  
 

3. Outputting Weight of Commonality Example 3 

a. Example 3 Network 

	
  

Figure 19:	
  Project Network for Example 3 

	
  

b. Weight of Commonality under PERT-IA R for Example 3 

Table 31: Weight of Commonality under PERT-IA R in Example 3 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
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Path1 A,B,C 15.67 1.50 1.22 9 21 11.99 19.34 [11.99,19.34] PCP 

Path2 D,B,C 14.50 1.19 1.09 8 19 11.22 17.78 [11.22,17.78] Not_PCP 
Path3 E,F,C 20.33 0.94 0.97 16 26 17.42 23.25 [17.42,23.25] PCP 
Path4 E,D,B,C 22.67 1.44 1.20 15 29 19.06 26.27 [19.06,26.27] PCP 

Path5 E,F 16.50 0.694 0.83 14 21 14.00 19 [14,19] Not_PCP 
	
   A	
   B	
   C	
   D	
   E	
   F	
   	
   Wpcp	
   0.6	
  

Path1	
   1	
   1	
   1	
   	
   	
   	
   	
   	
   	
  

Path3	
   	
   	
   1	
   	
   1	
   1	
   	
   	
   	
  

Path4	
   	
   1	
   1	
   1	
   1	
   	
   	
   	
   	
  

	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  

AC	
   1	
   2	
   3	
   1	
   2	
   1	
   	
   	
   	
  

	
   	
   	
   	
   	
   	
   	
   	
   Wc	
   0.5	
  
 

c. Weight of Commonality under PERT-IA W for Example 3 

Table 32: Weight of Commonality under PERT-IA W in Example 3 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 

Path1 ABC 15.67 1.50 1.22 9 21 11.99 19.34 [11.99,19.34] PCP 
Path2 DBC 14.50 1.19 1.09 8 19 11.22 17.78 [11.22,17.78] Not_PCP 

Path3 EFC 20.33 0.94 0.97 16 26 17.42 23.25 [17.42,23.25] PCP 
Path4 EDBC 22.67 1.44 1.20 15 29 19.06 26.27 [19.06,26.27] PCP 

Path5 EF 16.50 0.694 0.83 14 21 14.00 19 [14,19] Not_PCP 
         Wpcp 0.6 
	
   A	
   B	
   C	
   D	
   E	
   F	
   TAC	
  

Path1	
   1	
   1	
   1	
   	
   	
   	
   6.00	
  

Path3	
   	
   	
   1	
   	
   1	
   1	
   6	
  

Path4	
   	
   1	
   1	
   1	
   1	
   	
   8	
  

AC	
   1	
   2	
   3	
   1	
   2	
   1	
   10	
  

	
   	
   Mean	
   PW	
   APC	
  

Path1	
   	
   15.67	
   0.6	
   94.02	
  

Path3	
   	
   20.33	
   0.6	
   121.98	
  

Path4	
   	
   22.67	
   0.8	
   181.36	
  

Sum	
   	
   58.67	
   	
   0.677	
  
 

	
  

d. Weight of Commonality under PERT-IA M for Example 3 

Table 33: Weight of Commonality under PERT-IA M in Example 3 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
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Path1 ABC 15.67 1.50 1.22 9 21 11.99 19.34 [11.99,19.34] PCP 

Path2 DBC 14.50 1.19 1.09 8 19 11.22 17.78 [11.22,17.78] Not_PCP 
Path3 EFC 20.33 0.94 0.97 16 26 17.42 23.25 [17.42,23.25] PCP 
Path4 EDBC 22.67 1.44 1.20 15 29 19.06 26.27 [19.06,26.27] PCP 

Path5 EF 16.50 0.694 0.83 14 21 14.00 19 [14,19] Not_PCP 
  A B C D E F  Wpcp 0.6 

Path1	
   1	
   1	
   1	
   	
   	
   	
   6.00	
  

Path3	
   	
   	
   1	
   	
   1	
   1	
   6	
  

Path4	
   	
   1	
   1	
   1	
   1	
   	
   8	
  

AC	
   1	
   2	
   3	
   1	
   2	
   1	
   10	
  

	
   Mean	
   PW	
   APC	
  

Path1	
   15.67	
   0.6	
   94.02	
  

Path3	
   20.33	
   0.6	
   121.98	
  

Path4	
   22.67	
   0.8	
   181.36	
  

Sum	
   58.67	
   	
   0.800	
  
 

 

4. Outputting Weight of Commonality Example 4 

a. Example 4 Network 

	
  

Figure 20:	
  Project Network for Example 4 

	
  

b. Weight of Commonality under PERT-IA R for Example 4 

Table 34: Weight of Commonality under PERT-IA R in Example 4 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 8.33 0.17 0.41 5 9 7.11 9.56 [7.11,9.56] Not_PCP 
Path2 DBC 7.50 0.08 0.29 5 8 6.63 8.37 [6.63,8.37] Not_PCP 
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Path3 EFC 18.33 0.72 0.85 15 23 15.78 20.88 [15.78,20.88] PCP 

Path4 EDBC 15.67 0.33 0.58 12 18 13.93 17.40 [13.93,17.40] PCP 
Path5 EF 16.50 0.694 0.83 14 21 14.00 19 [14,19] PCP 
	
   A	
   B	
   C	
   D	
   E	
   F	
   	
   Wpcp	
   0.6	
  

Path3	
   	
   	
   1	
   	
   1	
   1	
   	
   	
   	
  

Path4	
   	
   1	
   1	
   1	
   1	
   	
   	
   	
   	
  

Path5	
   	
   	
   	
   	
   1	
   1	
   	
   	
   	
  

AC	
   0	
   1	
   2	
   1	
   3	
   2	
   	
   Wc	
   0.6	
  
 

c. Weight of Commonality under PERT-IA W for Example 4 

Table 35: Weight of Commonality under PERT-IA W in Example 4 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 8.33 0.17 0.41 5 9 7.11 9.56 [7.11,9.56] Not_PCP 

Path2 DBC 7.50 0.08 0.29 5 8 6.63 8.37 [6.63,8.37] Not_PCP 
Path3 EFC 18.33 0.72 0.85 15 23 15.78 20.88 [15.78,20.88] PCP 
Path4 EDBC 15.67 0.33 0.58 12 18 13.93 17.40 [13.93,17.40] PCP 

Path5 EF 16.50 0.694 0.83 14 21 14.00 19 [14,19] PCP 
         Wpcp 0.6 

	
   A	
   B	
   C	
   D	
   E	
   F	
   TAC	
  

Path3	
   	
   	
   1	
   	
   1	
   1	
   7	
  

Path4	
   	
   1	
   1	
   1	
   1	
   	
   7	
  

Path5	
   	
   	
   	
   	
   1	
   1	
   5	
  

AC	
   0	
   1	
   2	
   1	
   3	
   2	
   9	
  

	
   Mean	
   PW	
   APC	
  

Path3	
   18.33	
   0.778	
   128.33	
  

Path4	
   15.67	
   0.778	
   109.67	
  

Path5	
   16.5	
   0.556	
   82.5	
  

Sum	
   50.50	
   	
   0.705	
  
 

d. Weight of Commonality under PERT-IA M for Example 4 

Table 36: Weight of Commonality under PERT-IA M in Example 4 

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABC 8.33 0.17 0.41 5 9 7.11 9.56 [7.11,9.56] Not_PCP 
Path2 DBC 7.50 0.08 0.29 5 8 6.63 8.37 [6.63,8.37] Not_PCP 
Path3 EFC 18.33 0.72 0.85 15 23 15.78 20.88 [15.78,20.88] PCP 

Path4 EDBC 15.67 0.33 0.58 12 18 13.93 17.40 [13.93,17.40] PCP 
Path5 EF 16.50 0.694 0.83 14 21 14.00 19 [14,19] PCP 

         Wpcp 0.6 
	
   A	
   B	
   C	
   D	
   E	
   F	
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Path3	
   	
   	
   1	
   	
   1	
   1	
   7	
  

Path4	
   	
   1	
   1	
   1	
   1	
   	
   7	
  

Path5	
   	
   	
   	
   	
   1	
   1	
   5	
  

AC	
   0	
   1	
   2	
   1	
   3	
   2	
   9	
  

	
   Mean	
   PW	
   APC	
  

Path3	
   18.33	
   0.778	
   128.33	
  

Path4	
   15.67	
   0.778	
   109.67	
  

Path5	
   16.5	
   0.556	
   82.5	
  

Sum	
   50.50	
   	
   0.778	
  
 

 

5. Outputting Weight of Commonality Example 5 

a. Example 5 Network 

	
  

Figure 21:	
  Project Network for Example 5 

	
  

b. Weight of Commonality under PERT-IA R for Example 5 

Table 37: Weight of Commonality under PERT-IA R in Example 5 

 Path µ 𝝈𝟐 σ Σa’s Σb’s µ -3σ µ +3σ Domain PCP 
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c. W

e

i

g

h

t

 

o

f

 Commonality under PERT-IA W for Example 5 

Table 38:	
  Weight of Commonality under PERT-IA W in Example 5	
  

 

d. Weight of Commonality under PERT-IA M for Example 5 

Table 39:	
  Weight of Commonality under PERT-IA M in Example 5	
  

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 
Path1 ABCDGHM 40.00 11.22 3.35 24 70 29.95 50.05 [29.95,50.05] PCP 

Path2 ABCEFJKN 43.00 8.00 2.83 26 66 34.51 51.49 [34.51,51.49] PCP 

Path1 ABC
DGH

M 

40.0
0 

11.22 3.35 24 70 29.95 50.05 [29.95,50.05] PCP 

Path2 ABC
EFJK

N 

43.0
0 

8.00 2.83 26 66 34.51 51.49 [34.51,51.49] PCP 

Path3 ABC
EFJL

N 

44.0
0 

9.00 3.00 23 69 35.00 53.00 [35.00,53.00] PCP 

Path4 ABCI 23.0
0 

6.11 2.47 12 38 15.58 30.42 [15.58,30.42] Not_PC
P 

	
   	
   	
   	
   	
   	
   	
   	
   	
   Wpcp	
   0.75	
  

	
   A	
   B	
   C	
   D	
   E	
   F	
   G	
   H	
   I	
   J	
   K	
   L	
   M	
   N	
  

Path1	
   1	
   1	
   1	
   1	
   	
   	
   1	
   1	
   	
   	
   	
   	
   1	
   	
  

Path2	
   1	
   1	
   1	
   	
   1	
   1	
   	
   	
   	
   1	
   1	
   	
   	
   1	
  

Path3	
   1	
   1	
   1	
   	
   1	
   1	
   	
   	
   	
   1	
   	
   1	
   	
   1	
  

AC	
   3	
   3	
   3	
   1	
   2	
   2	
   1	
   1	
   0	
   2	
   1	
   1	
   1	
   2	
  

	
   	
   	
   	
   	
   	
   	
   	
   	
   Wc	
   0.54	
   	
   	
   	
   	
  

 Path µ 𝝈𝟐 σ Σa's Σb's µ -3σ µ +3σ Domain PCP 

Path1 ABCDGHM 40.00 11.22 3.35 24 70 29.95 50.05 [29.95,50.05] PCP 

Path2 ABCEFJKN 43.00 8.00 2.83 26 66 34.51 51.49 [34.51,51.49] PCP 

Path3 ABCEFJLN 44.00 9.00 3.00 23 69 35.00 53.00 [35.00,53.00] PCP 

Path4 ABCI 23.00 6.11 2.47 12 38 15.58 30.42 [15.58,30.42] Not_PCP 

         Wpcp 0.75 

	
   A	
   B	
   C	
   D	
   E	
   F	
   G	
   H	
   I	
   J	
   K	
   L	
   M	
   N	
   TAC	
  

Path1	
   1	
   1	
   1	
   1	
   	
   	
   1	
   1	
   	
   	
   	
   	
   1	
   	
   13	
  

Path2	
   1	
   1	
   1	
   	
   1	
   1	
   	
   	
   	
   1	
   1	
   	
   	
   1	
   18	
  

Path3	
   1	
   1	
   1	
   	
   1	
   1	
   	
   	
   	
   1	
   	
   1	
   	
   1	
   18	
  

AC	
   3	
   3	
   3	
   1	
   2	
   2	
   1	
   1	
   0	
   2	
   1	
   1	
   1	
   2	
   23	
  

	
   Mean	
   PW	
   APC	
  

Path1	
   40	
   0.565	
   520	
  

Path2	
   43	
   0.783	
   774	
  

Path3	
   44	
   0.783	
   792	
  

	
   127	
   	
   0.714	
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Path3 ABCEFJLN 44.00 9.00 3.00 23 69 35.00 53.00 [35.00,53.00] PCP 

Path4 ABCI 23.00 6.11 2.47 12 38 15.58 30.42 [15.58,30.42] Not_PCP 
         Wpcp 0.75 

 

 

C. Final Observations 

In	
  Table	
  40	
  we	
  are	
  summarizing	
  the	
  relation	
  between	
  the	
  network	
  characteristics	
  

(Wpcc,	
  Wc)	
  and	
  the	
  best	
  method	
  to	
  choose	
  to	
  calculate	
  the	
  probability	
  of	
  being	
  late.	
  we	
  also	
  

at	
  the	
  same	
  table	
  averaged	
  the	
  sum	
  of	
  SSE	
  for	
  all	
  the	
  projects	
  that	
  we	
  have	
  used	
  as	
  

examples	
  to	
  prove	
  our	
  method.	
  As	
  we	
  se	
  in	
  Table	
  40	
  PERT-­‐IA	
  W	
  has	
  the	
  lowest	
  average	
  sum	
  

of	
  SSE,	
  followed	
  by	
  PERT-­‐IA	
  M,	
  which	
  is	
  followed	
  by	
  PERT-­‐IA	
  Regular.	
  PERT	
  and	
  IA	
  has	
  the	
  

highest	
  average	
  sum	
  of	
  SSE	
  for	
  IA	
  exhibiting	
  higher	
  average	
  sum	
  of	
  SSE.	
  	
  

As	
  final	
  observations	
  we	
  notice	
  at	
  table	
  40,	
  how	
  by	
  using	
  the	
  Wpcp	
  and	
  Wc	
  we	
  can	
  

determine	
  which	
  method	
  is	
  preferred	
  for	
  this	
  network.	
  So	
  for	
  example	
  in	
  Example	
  1	
  with	
  

weight	
  of	
  commonality	
  0.33	
  (Low)	
  and	
  weight	
  of	
  criticality	
  1	
  (High)	
  IA	
  works	
  perfectly	
  well	
  

and	
  better	
  than	
  IA,	
  we	
  also	
  notice	
  from	
  table	
  40	
  that	
  PERT-­‐IA	
  in	
  all	
  of	
  its	
  methods	
  gives	
  

results	
  in	
  between	
  PERT	
  and	
  IA.	
  	
  For	
  high	
  weight	
  of	
  Commonality	
  and	
  high	
  weight	
  of	
  

criticality	
  as	
  in	
  Example	
  4	
  PERT	
  works	
  better	
  than	
  IA	
  for	
  this	
  type	
  of	
  networks.	
  	
  For	
  Example	
  

 A B C D E F G H I J K L M N TAC 
Path1 1 1 1 1   1 1     1  13 

Path2 1 1 1  1 1    1 1   1 18 
Path3 1 1 1  1 1    1  1  1 18 

AC 3 3 3 1 2 2 1 1 0 2 1 1 1 2 23 
	
   Mean	
   PW	
   APC	
  

Path1	
   40	
   0.565	
   520	
  

Path2	
   43	
   0.783	
   774	
  

Path3	
   44	
   0.783	
   792	
  

	
   127	
   	
   0.783	
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5	
  PERT	
  works	
  the	
  best	
  because	
  the	
  high	
  weight	
  of	
  commonality	
  and	
  PERT-­‐IA	
  methods	
  also	
  in	
  

all	
  of	
  its	
  methods	
  gives	
  results	
  in	
  between	
  PERT	
  and	
  IA,	
  which	
  means	
  PERT-­‐IA,	
  is	
  robust.	
  	
  

Table 40:	
  Average of Sum of SSE for all Methods	
  

Wpcp Wcr Wcwa Wcm PERT IA PERT-IA R PERT-IA W PERT-IA M 
1 0.333 0.492 0.625 0.032 0.000 0.004 0.008 0.013 
0.333 0 1 1 0.004 0.004 0.004 0.004 0.004 
0.6 0.5 0.677 0.8 0.000 0.000 0.000 0.000 0.000 
0.6 0.6 0.705 0.778 0.009 0.011 0.010 0.009 0.009 
0.75 0.54 0.714 0.783 0.003 0.137 0.021 0.006 0.002 

Average ΣSSE 0.0096 0.0304 0.0078 0.0054 0.0056 
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CHAPTER 7 

CONCLUSIONS AND FUTURE WORK 

 

Our	
  paper	
  seems	
  to	
  be	
  the	
  first	
  to	
  address	
  a	
  new	
  method	
  to	
  calculate	
  the	
  lateness	
  

probability.	
  Actually	
  our	
  work	
  could	
  be	
  divided	
  into	
  two	
  parts,	
  and	
  both	
  of	
  them	
  considered	
  

being	
  totally	
  new.	
  The	
  first	
  part	
  of	
  our	
  work	
  was	
  characterizing	
  project	
  network.	
  Using	
  

network	
  characteristics	
  in	
  order	
  to	
  determine	
  for	
  which	
  type	
  of	
  networks	
  PERT	
  is	
  preferred	
  

over	
  IA	
  and	
  vice	
  versa.	
  The	
  second	
  part	
  is	
  PERT-­‐IA	
  method	
  which	
  is	
  a	
  weighted	
  average	
  from	
  

PERT	
  and	
  IA.	
  PERT-­‐IA	
  is	
  a	
  new	
  method	
  to	
  calculate	
  the	
  probability	
  of	
  being	
  late.	
  PERT-­‐IA	
  has	
  

three	
  different	
  approaches,	
  PERT-­‐IA	
  Regular,	
  PERT-­‐IA	
  Weighted	
  average	
  Commonality,	
  and	
  

PERT-­‐IA	
  Maximum.	
  Our	
  proposed	
  method	
  PERT-­‐IA	
  takes	
  into	
  account	
  the	
  network	
  

characteristics.	
  We	
  proved	
  quantitatively	
  that	
  e	
  showed	
  when	
  PERT-­‐IA	
  method	
  works	
  better	
  

than	
  PERT	
  and	
  IA.	
  

The	
  difference	
  between	
  the	
  three	
  methods	
  under	
  PERT-­‐IA	
  is	
  the	
  way	
  to	
  calculate	
  

the	
  Weight	
  of	
  Commonality.	
  The	
  three	
  methods	
  under	
  PERT-­‐IA	
  use	
  different	
  calculations	
  to	
  

get	
  the	
  Weight	
  of	
  Commonality,	
  which	
  is	
  used	
  to	
  get	
  the	
  lateness	
  probability.	
  We	
  proved	
  

quantitatively	
  that	
  PERT-­‐IA	
  enhances	
  the	
  results	
  of	
  probability	
  of	
  being	
  late	
  calculations.	
  

Moreover,	
  we	
  showed	
  that	
  when	
  networks	
  exhibiting	
  high	
  commonality	
  PERT	
  gives	
  results	
  

than	
  IA,	
  while	
  for	
  networks	
  that	
  have	
  low	
  commonality	
  IA	
  gives	
  better	
  results.	
  

In	
  between	
  the	
  two	
  extreme	
  cases	
  for	
  PERT	
  and	
  IA	
  in	
  order	
  to	
  work	
  very	
  well	
  (One	
  

path,	
  parallel	
  paths)	
  respectively,	
  PERT-­‐IA	
  works	
  very	
  well.	
  PERT-­‐IA	
  results	
  are	
  always	
  in	
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between	
  PERT	
  and	
  IA.	
  PERT-­‐IA	
  is	
  always	
  the	
  second,	
  so	
  it	
  is	
  robust	
  and	
  because	
  PERT-­‐IA	
  is	
  

robust,	
  it	
  will	
  do	
  well	
  and	
  it	
  will	
  give	
  a	
  good	
  estimate	
  if	
  we	
  know	
  what	
  the	
  project	
  

characteristics	
  are.	
  PERT-­‐IA	
  error	
  is	
  not	
  high	
  in	
  all	
  cases	
  it	
  is	
  in	
  between	
  PERT	
  and	
  IA	
  errors	
  

By	
  using	
  PERT-­‐IA	
  we	
  don’t	
  have	
  to	
  take	
  one	
  of	
  the	
  two	
  extreme	
  cases	
  (PERT	
  or	
  IA),	
  and	
  we	
  

are	
  reducing	
  the	
  error	
  By	
  averaging	
  the	
  sum	
  of	
  SSE	
  error	
  PERT-­‐IA	
  in	
  all	
  of	
  its	
  methods	
  has	
  

the	
  lowest	
  average	
  error	
  	
  So	
  our	
  tool	
  is	
  useful	
  to	
  determine	
  when	
  to	
  schedule	
  the	
  non	
  

critical	
  activities	
  to	
  minimize	
  present	
  worth	
  of	
  cost,	
  while	
  being	
  in	
  a	
  certain	
  limit.	
  

PERT	
  as	
  a	
  method	
  used	
  in	
  project	
  management	
  has	
  many	
  limitations	
  that	
  should	
  be	
  

solved,	
  that	
  is	
  why	
  enhancing	
  the	
  probability	
  of	
  being	
  late	
  from	
  PERT	
  is	
  important.	
  We	
  aim	
  

develop	
  a	
  software	
  that	
  enable	
  us	
  to	
  use	
  PERT-­‐IA	
  in	
  its	
  different	
  approaches	
  to	
  calculate	
  the	
  

lateness	
  probability.	
  The	
  software	
  will	
  be	
  able	
  to	
  determine	
  the	
  method	
  in	
  between	
  the	
  

three	
  PERT-­‐IA	
  methods	
  that	
  should	
  be	
  used	
  for	
  a	
  certain	
  project	
  network.	
  So	
  not	
  using	
  PERT	
  

all	
  the	
  time	
  might	
  give	
  us	
  better	
  results,	
  and	
  having	
  a	
  software	
  that	
  determine	
  the	
  preferred	
  

method	
  to	
  do	
  so	
  will	
  be	
  something	
  new.	
  Moreover,	
  we	
  want	
  to	
  go	
  farther	
  with	
  our	
  

experiments	
  to	
  figure	
  specifically	
  the	
  perfect	
  method	
  for	
  each	
  network	
  between	
  PERT-­‐IA	
  

regular,	
  PERT-­‐IA	
  Weighted	
  Average	
  Commonality,	
  and	
  PERT-­‐IA	
  Maximum.	
  	
  Having	
  this	
  

software	
  might	
  help	
  people	
  who	
  don’t	
  like	
  simulation,	
  or	
  consider	
  it	
  hard	
  to	
  do.	
  	
  

Finally	
  having	
  many	
  assumptions	
  behind	
  PERT	
  is	
  reflected	
  in	
  its	
  results,	
  because	
  as	
  

we	
  see	
  today	
  all	
  projects	
  suffer	
  from	
  delays.	
  It	
  is	
  important	
  to	
  think	
  about	
  enhancing	
  PERT,	
  

because	
  the	
  diversity	
  of	
  its	
  applications.	
  In	
  order	
  to	
  address	
  these	
  problems,	
  and	
  to	
  start	
  

solving	
  some	
  of	
  it	
  this	
  work	
  was	
  presented.	
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In	
  this	
  research	
  we	
  have	
  a	
  simple	
  tool	
  for	
  eliminating	
  schedule	
  risk.	
  Our	
  main	
  aim	
  

when	
  we	
  started	
  this	
  work	
  was	
  to	
  find	
  the	
  best	
  timing	
  to	
  schedule	
  the	
  non	
  critical	
  activities,	
  

because	
  scheduling	
  non	
  critical	
  activities	
  as	
  late	
  as	
  possible	
  has	
  the	
  best	
  financial	
  

implications	
  The	
  low	
  present	
  worth	
  will	
  be	
  less	
  from	
  financial	
  perspective.	
  This	
  will	
  put	
  risk	
  

on	
  the	
  project	
  being	
  late	
  so	
  with	
  this	
  tool	
  we	
  can	
  asses	
  the	
  probability	
  of	
  becoming	
  late	
  to	
  

find	
  a	
  good	
  time	
  for	
  starting	
  activities	
  that	
  balance	
  the	
  risk	
  of	
  being	
  late	
  and	
  the	
  financial	
  

coast	
  What	
  we	
  also	
  want	
  to	
  do	
  is	
  to	
  program	
  a	
  Software	
  that	
  has	
  PERT-­‐IA	
  Methods	
  to	
  use	
  in	
  

probability	
  of	
  being	
  late	
  calculations	
  Instead	
  of	
  Using	
  Simulation.	
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