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Weighted restriction estimates using polynomial partitioning

Bassam Shayya

ABSTRACT

We use the polynomial partitioning method of Guth [J. Amer. Math. Soc. 29 (2016) 371-413]
to prove weighted Fourier restriction estimates in R® with exponents p that range between 3
and 3.25, depending on the weight. As a corollary to our main theorem, we obtain new (non-
weighted) local and global restriction estimates for compact C*° surfaces S C R® with strictly
positive second fundamental form. For example, we establish the global restriction estimate
IEfllLe@sy S | fllacs) in the full conjectured range of exponents for p > 3.25 (up to the sharp

line), and the global restriction estimate || Ef||1»(o) < [|f]l22(s) for p > 3 and certain sets @ C R®
of infinite Lebesgue measure. As a corollary to our main theorem, we also obtain new results on
the decay of spherical means of Fourier transforms of positive compactly supported measures on
R? with finite a-dimensional energies.

1. Introduction

There has been a surge of activity in recent years of using polynomial partitioning methods
to study some important and open problems in combinatorics and harmonic analysis. One
striking example is Guth’s recent paper [8], where polynomial partitioning was used to obtain
progress on the Fourier restriction problem in R3.

Let S be a compact C> surface in R? with strictly positive second fundamental form. In a
recent paper [8], Guth used polynomial partitioning to obtain a new local restriction estimate
on S: to every € > 0 there is a constant C. (which also depends on S) such that

[ @ < g (1)

forall f € L>°(S) = L*°(0), where o is the surface measure on S and Ef is the Fourier extension
(or adjoint restriction) operator on S defined as

Ef(x) = Esf(x) = fdo(z) = / T L) do (€).

Using Tao’s e-removal lemma, (1) can be turned into a global restriction estimate:

[ 1B1@Pae < Ity 0> 329 2)

for all f € L*(S).

The restriction conjecture in harmonic analysis asserts that the exponent 3.25 in (1) and (2)
can be replaced by 3. Guth’s theorem is the current best known result on this conjecture in
R3. The purpose of this paper is to lower the 3.25 exponent by considering weighted variants
of (1). For example, as a consequence of the results of this paper, one obtains the estimates

/B Bf (@) xe, (2)dz < CR fll2(s) 3)
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for all f € L*(S), and
| B xa w)dn < ORI 11 s ()

for all f € L°°(S), where Bg is any ball in R? of radius R, xq, is the characteristic function
of the set

D = {(21,2,23) € R : |as| < |(2n,2)| 72},
and xq, is the characteristic function of the set
Qo = {(x1,20,23) € R : 23] < 1}.

We refer the reader to the paragraph following the statement of our main theorem, Theorem 1.1,
for the proofs of (3) and (4).

Some of our local restriction estimates can be turned into global ones. For example, we
establish the global version of (4):

S @P 0,0 < sy (0> 22/7)

for all f e L*/ 2L(8). For certain types of sets, we get global estimates for the full range of
exponents p > 3. For example, we prove that

/Rg |Ef(2)["xa(z)de < C|flf25) (p>3)

for all f € L*(S), where
Q=Uyr_, U2y (R x [=1,1]* + (0,m*,n*)) .

We also obtain the following improvement on (2):

| Br@lde < Clils) 0>325 4 <072 (5)

for all f € L1(S), where ¢’ is the exponent conjugate to g. Up to the end point ¢’ = p/2, the
range of the ¢ exponent in (5) is known to be the best possible.

All the results of this paper concerning global Fourier restriction estimates are stated in
Corollary 2.1.

Let M(R?) be the space of all complex Borel measures on R?, and S C R? be, as above, a
compact C*° surface with strictly positive second fundamental form. The second application
of the main theorem of this paper concerns the decay properties of the L? norms

(R () = ( / i RQ'%(S))W

as R — oo, where p€ M(R?) is a positive compactly supported measure with finite
a-dimensional energy I, (1) (see (6) for the definition of I, (u)). This is an important topic for
the study of distance sets in geometric measure theory, as we explain in Section 3.

For ¢ = 2, Erdogan [5] proved the decay estimate

||ﬁ(R)||L2(SQ) < CeRER_(O‘/‘l)_(l/S) m

for 3/2 < a < 5/2, where S? is the unit sphere in R? (see (8) for the n-dimensional version of
this estimate), and used it to get the best known result on the distance set problem in R3, but
no better decay estimate was known for 1 < ¢ < 2. In this paper, we get a better decay estimate
for the range of exponents 1 < ¢ < pg, where py = 4(4a + 3)/(10a + 3) and 3/2 < a < 5/2. We
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also reprove Erdogan’s estimate when 3/2 < a < 2, obtaining a proof of his distance set result
that is based on polynomial partitioning. All these results are stated in Corollary 3.1.
Let 1 be a positive and compactly supported measure in M (R?) satisfying
B(x,r

sup sup M < 00.

zER3 >0 re
(We refer the reader to the first paragraph of Section 4 for an explanation of how this condition
relates to the condition I, (u) < 00.) The third application of our main theorem establishes

2miRw;-x

LP (1) bounds on exponential sums of the form Zfil ae , where wy,...,wy € S are

R~ !-separated. These results are stated in Corollary 4.1.

1.1. The main theorem

Suppose 3/2 < a < 3 and H is a non-negative measurable function on R®. We define A, (H)
to be the infimum of the set

{)\E[O,oo]:/ H(z)dz < AR* for all 2y € R? andR>1}.
B(xzo,R)

We also define
1) = [ 4,01 4, 1) ]

and

Aqp(H) = max [A(,(H), A(,(H)Z‘*p/?} .

Note that if H, is a translate of H, defined by H,(x) = H(x + 7), then A, (H) = A, (H,) (and,
of course, the same is true for A, ,(H) and A, ,(H)).

We say H is a weight of dimension « if ||H||ze~ <1 and A,(H) < co. In this case, any
translate H, of H is also a weight of dimension a.

We alert the reader that since Ag(H) < Ao (H) if > «, a weight H of dimension « is also a
weight of dimension . So the phrase ‘H is a weight of dimension o’ is just a way of expressing
in words the inequality A,(H) < oo, and is not meant to assign the specific dimension « to
the function H.

The aim of this paper is to prove the following theorem.

THEOREM 1.1. Let S CR? be a compact C™® surface with strictly positive second
fundamental form, and H be a weight of dimension «.
(i) Suppose 3/2 < a < 5/2. Then to every € > 0 there is a constant C.(«, S) such that

|Ef(z)|P H(2)de < Ce(a, S)R Aa p (H) | FII725) I F 17
B(0,R) )

for all f € L>°(S) and R > 1, where

_24a+3
T 20+ 3

(ii) Suppose 3/2 < a < 2. Then to every € > 0 there is a constant Cc(«, S) such that
L B H@H < Ol )R Aws (R s

for all f € L*(S) and R > 1.
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(iii) Suppose 5/2 < a < 3. Let 2 < v < (11/2) — a. Then to every € > 0 there is a constant
Ce(a,,S) such that

|Ef(2)|PH(x)dz < Ce(or, v, S) R Aap (H) | Il 25y 175
i I lL<s)
(0,R)
for all f € L>°(S) and R > 1, where p = 13/4.

For example, if H = xgq,, then
/ \Ef(2)PH (2)dz = / |E (=27 £) ()| H(z + 7)da,
Br B(0,R)

where 7 is the center of Br. Applying part (i) (or part (ii)) of Theorem 1.1 with o = 3/2,
we prove (3). Similarly, taking H = yq, and applying part (i) of Theorem 1.1 with o = 2, we
prove (4).

It would be very interesting to know if the estimates in Theorem 1.1 have counterparts in
dimension n =2 or n > 4. For example, if H is a weight on R™ of dimension « = n/2, and
p=2n/(n— 1), then do we have

[ B H@)E < CR Ay D s
B(0,R)

for all f € L*(S), R > 1, and € > 0?

The main obstacle in generalizing Theorem 1.1 to higher dimensions is the current
unavailability of the needed Kakeya information (in the form of Lemma 8-D) in dimensions
four and more. We refer the reader to [9, Conjecture 11.6] for more information about this
important topic. As for an explanation of the reason why the methods of this paper do not
seem to apply in dimension n = 2, we refer the reader to Remark 11.1.

1.2. Methodology

We start with a couple of definitions.
If £ is a set of lines in R3, and r > 2 is an integer, then the set of r-rich points of £ is defined
as

P.(£) = {z € R?: 2 belongs to at least r lines from L}.

We denote the zero set of a polynomial @ by Z(Q), and we say @ is non-singular if VQ(x) # 0
for all x € Z(Q).

To prove Theorem 1.1, we employ Guth’s polynomial partitioning method from [8]. The
proof is carried along nine main steps.

Step one translates the geometric properties of the surface S into a decomposition, called
the wave packet decomposition, which is applicable to the functions f € L?(S) and allows one
who works locally in the ball By of center 0 and radius R to think of E f as being essentially
supported on long thin tubes of radius R("/2)*9 for some parameter & (which is positive and
rather small).

Step two associates to every polynomial P on R? of degree at most D, which is a product of
non-singular polynomials, a partitioning of R? as follows. We know that R?\ Z(P) is a disjoint
union of at most CD? open sets O;, which are often called cells. We also know that a line
can intersect at most D + 1 of the cells O;. We let W be the R(}/?)*9_neighbourhood of Z(P).
Then R™ \ W is a disjoint union of the open sets O} = O; \ W, and a tube of radius R(1/2)+9
can intersect at most D + 1 of the modified cells O;.

Step three organizes those tubes from step one that meet W into two groups: the transverse
tubes are those tubes that intersect W transversally, and the tangential tubes are those that
lie in W over a long stretch.
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Step four identifies the part of Ef corresponding to those tubes that point in different
directions. Guth calls this the broad part of Ef. The relation between the broad part of Ef
and the long thin tubes that support Ef resembles the relation between the set P.(L), as
defined at the start of this subsection, and the lines of £. This is the main reason behind the
polynomial method becoming as important in restriction theory as it has become in incidence
geometry. We refer the reader to [8, Subsections 0.4 and 0.5] for a thorough discussion about
the common features between bounding the number of r-rich points of £ and estimating the
broad part of Ef.

Step five formulates a theorem, Theorem 9.1, that estimates the L?(Hdz) norm of the
broad part of Ef on Br conditional on having a favourable bound on the contribution coming
from the tangential tubes. The conditional bound on the tangential tubes is uniform over
all polynomials P satisfying Deg(P) < D (for some specified D), and P is a product of non-
singular polynomials. This conditional formulation of Theorem 9.1 resembles the formulation of
incidence geometry theorems in [7, 10] that estimate | P,.(£)| conditional on having a favourable
bound on the number of lines of £ that lie in Z(P) (with the conditional bound being uniform
over all P satisfying appropriate properties).

Step six proves Theorem 9.1. We first find (using algebraic topology) an appropriate
polynomial P such that the modified cells O}, which were associated to P in step two, contribute
roughly equally to the LP(Hdxz) norm of the broad part of Ef over Bgi. This will then allow us
to bound the contribution that comes from the cells by induction on the ‘size’ of the function
f, and the contribution from the transverse tubes by induction on the radius R.

Step seven bounds the contribution from the tangential tubes. The tangential tubes gather
rather close to an algebraic surface and dealing with them becomes roughly a two-dimensional
problem. In the incidence geometry setting, to bound the number of lines of £ that lie in
Z(P), one uses the available geometric properties of the lines of £. In the Fourier restriction
setting, to bound the contribution from the tubes tangent to Z(P), one uses the available
Kakeya information. In this paper, the Kakeya information we use are contained in Lemma 8-D,
which was proved in [8] by adapting Wolff’s hairbrush argument to the polynomial partitioning
setting.

Step eight inserts the bounds from step seven into Theorem 9.1 obtaining estimates on the
LP(Hdzx) norm of the broad part of Ef over Bg (see Theorems 11.1 and 11.2).

Step nine uses parabolic scaling and induction on the radius R to upgrade the estimates we
now have on the LP(Hdz) norm of the broad part of Ef on By into estimates on the LP(Hdzx)
norm of Ef itself, proving Theorem 1.1.

Steps one to four are more or less identical to the treatment in [8]. Steps five to nine differ
from the treatment in [8] in the following aspects.

The estimate on the broad part of Ef (steps five, six, and eight) is established in [8] in
the non-weighted setting (that is, H(z) =1 for all x € R3) and for functions f that obey the
condition

/ F(©Fdo(e) < 3
B(&o,R-1/2)NS

for all £ € S. In this paper, we let b > 1 be a parameter and establish the estimate on the
broad part in the weighted setting for functions f that obey the condition

1
2d gi
/B g FOLEO) <

for all §, € S. To prove parts (i) and (iii) of Theorem 1.1, we let b = 1 later in the argument.
To prove part (ii) of Theorem 1.1, we pick for b a large value that depends on ¢. We alert the
reader to the fact that even though the estimate in the case a = 3/2 is stated in both parts (i)
and (ii) of Theorem 1.1, its proof belongs to part (ii), and hence requires the large value of b.
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In bounding the contribution from the tangential tubes (step seven), we adjust the
corresponding argument from [8] to take into consideration the dimensionality of the weight
H, which is reflected in the inequality fB(me) H(z)dr < A,(H)R*. This is where we lower
the value of the exponent p from 13/4 to 2(4a + 3)/(2a + 3).

The induction argument that [8] uses to upgrade the estimate on the broad part of Ef to
an estimate on Ef itself (step nine), assumes in the induction hypothesis that the desired
estimate holds for all the surfaces in R? that have the same geometric properties as the given
surface S, and then uses parabolic scaling. The induction hypothesis in this paper assumes
that the desired estimate holds not only for all the surfaces in R® that have the same geometric
properties as S, but also for all the weights on R? of dimension «. Then, to carry the induction
out, the parabolic scaling argument gets adjusted accordingly. This turns out to be a little
more involved than the corresponding argument in [8].

1.3. Notation

Throughout this paper, a closed ball in R? of center = and radius r will be denoted by B(x,r).
A closed ball in R? of center w and radius r will be denoted by B?(z,r). For example, B%(0,1)
is the closed unit ball in the plane.

If A and B are two positive quantities, then A < B means that A < CB for a suitable
constant C. If A < B and B < A, then we write A ~ B.

If ¢ is a function on R™ and r is a positive number, then ¢, will denote the function defined
by ¢,.(z) = r~"¢(r 'z). Also, if © is a ball in R", then r7© will denote the ball of the same
center as © and r times the radius.

2. Global restriction estimates

Some of our local restriction estimates can be turned into global estimates. The tool for doing

this is Tao’s e-removal lemma from [15]. When one goes over the proof of Tao’s e-removal

lemma (especially as presented in [4]), one sees that the proof can be carried over to the

weighted setting of this paper when H is the characteristic function of a set of the form
Ugm,n)ez? (R x [-1,1]% + (0, (sgnm)|m|*/®, (sgnn)|n|1/b)) ifo0<a,b<1,

Qap = { Umez (R x [-1,1]% + (0, (sgnm)|m|'/2,0)) if0<a<landb=0,
Unez (R x [=1,1]% + (0,0, (sgnn)|n|'/?)) ifa=0and 0 <b<1,

where sgnm = m/|m| if m # 0, and sgn0 = 1. We note that

/ Xe o (@)dz S RV
B(zo,R) '

for all o € R® and R > 1, so that A,(xq,,) S1ifa+b=a—1. Also, Q;; = R%.
The restriction conjecture (in its global form) in R? asserts that the estimate

IEfllLemsy < C(p,q,9)| fllzacs)

holds whenever p >3, (2/p) 4+ (1/¢) <1, and f € L(S). This estimate immediately implies
that the Fourier transform of any function f € L(3/2)=¢(R?) can be restricted to S. So long as
this conjecture remains unsolved, it is natural to ask if there is a set € in R? of infinite Lebesgue
measure such that the Fourier transform of any function f € L(3/2)=¢(Q) can be restricted to
S. Taking Q = /4,14, part (i) of the following corollary tells us that this is indeed the case.

COROLLARY 2.1. Let S CR3 be a compact C>® surface with strictly positive second
fundamental form.

85UB017 SUOWWOD BAIER.ID 8|qedljdde ay) Aq peusencb ae sejo1Le VO ‘88N JO S9INJ 10} A%Iq1T 8UIIUQ AB|IM UO (SUORIPUOD-PUR-SLUIBIALID 4B | 1M AIq 1 U1 |UO//Sd1IY) SUOTNIPUOD PUe SWLB | 8U) 88S " [7202/70/92] Uo ARiqiT8uliuo A1IM ‘NONYE3T-14 YN IH Aq 902T SWid/ZTTT 0T/I0p/wW0d A8 | im Aze.q i jpul|U0-d0sUeLpUO |//:Sdy Wwoly pepeoiumod ‘€ 2T0Z ‘Xy209T



WEIGHTED RESTRICTION ESTIMATES 551

(i) Suppose 3/2 < a <5/2, po = 4(4a+ 3)/(10a + 3), and p > 2(4a + 3) /(2 + 3). Then
||EfHLP(Qa1b) < C(avpv S)Hf”Lp{)(S)

for all f € LPo (S) provided a + b= o — 1, where pj, is the exponent conjugate to po.
(ii) Suppose 5/2 < a < 3,1 < py < 13/(2 + 2a), and p > 13/4. Then

||EfHLP(Qa,b) < C(Ol,pmp, S)Hf||Lp6(S)

for all f € LPo(S) provided a+b=a — 1.
(iii) We have

IEfllLe ey < C(p, @ S) fllzacs)
whenever p > 13/4, (2/p) + (1/q) < 1, and f € LI(S).

Part (iii) of Corollary 2.1 is a modest improvement on Guth’s global restriction estimate
from [8]; in Guth’s theorem, the norm on the right-hand side of the inequality is an L° norm.
At any rate, part (iii) of Corollary 2.1 proves a restriction theorem in R? for p > 3.25 in the
full conjectured range of exponents up to the sharp line (2/p) + (1/q) = 1. Also, part (i) of
Corollary 2.1 proves the global version of (4):

I1EflLr ) = 1EfllLeu ) S sz (p>22/7).

3. Applications in geometric measure theory

Fourier restriction theory has well-known and important implications to an area of study that
lies on the boundary between harmonic analysis and geometric measure theory, and revolves
around Falconer’s distance set conjecture.

Let K be a compact subset of R, n > 2. The distance set of K is defined as

AK) ={lz —yl: 2,y € K}.

Falconer’s conjecture asserts that if K has Hausdorff dimension greater than n/2, then A(K)
has positive (one-dimensional) Lebesgue measure.

Falconer initiated the study of the connection between Hausdorfl dimension and distance sets
in [6] and used Fourier analysis (via potential theory) to show that if the Hausdorff dimension of
K is greater than (n + 1)/2, then A(K) has positive Lebesgue measure. The Fourier analytic
approach to studying this problem was developed further by Mattila in [12], where getting
information about the Lebesgue measure of A(K) was linked to obtaining favourable decay
estimates as R — oo on integrals of the form

/ ARE) 2o, (€)

for u € M(R"), where 0,1 is the surface measure on the unit sphere S*~! C R" and M (R")
is the space of all complex Borel measures on R™. Of course, favourable decay estimates on
such integrals cannot be obtained for general y € M (R™). In fact, on one end of the spectrum
we have Dirac measures, for which the above integral is equal to 07,,_1(8”*1) for all R. On the
other end of the spectrum we have the absolutely continuous measures with Schwartz densities,
whose Fourier transforms decay like Cy R~ for any positive integer N.

Suppose K C R™ is compact and has Hausdorff dimension a. It is well known (for example,
see [21]) that if & < § < n, then K supports a probability measure p that satisfies

w(B(z,r)) < Cr’
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for a suitable constant C and all z € R™ and r > 0. It is also well known that this condition
implies that the measure’s a-dimensional energy I, (1), defined as

1
10 = [ [ = mduta)auty) )

is finite. The a-dimensional energy has the following Fourier representation:

La(p) = <o | () Flal "

where ¢, is a constant that depends only on a and n. Moving to polar coordinates, we see

that
-~ 2 =Ny — > -~ 2d e a—ld )
/ () ||~ dn /0 (/IM(R€) o 1(€))R R

and so we expect the finiteness of the a-dimensional energy of u to lead to some control over
J1a(R€)|*do,—1(€) as R — oo. Naturally, the tighter the control we have over these integrals,
the better the result we obtain on Falconer’s conjecture using the methods of [12].

In view of Mattila’s work, Bourgain brought restriction theory into the picture in [3], where he
showed that Falconer’s (n + 1)/2 result follows from the Tomas-Stein restriction estimate, and
used the better restriction estimates that were available in dimensions two and three to improve
on Falconer’s result. Bourgain showed that if K C R? has Hausdorff dimension greater than
13/9, then A(K) has positive Lebesgue measure, and that if K C R has Hausdorff dimension
greater than 1091/546 = 1.998..., then A(K) has positive Lebesgue measure.

The next improvement came in [19], where Wolff showed that if K C R? has dimension
greater than 4/3, then A(K) has positive Lebesgue measure. Wolff got this result in the plane by
obtaining a sharp (up to the endpoint’) decay estimate on the circular means [ |fi(R&)[>do (€).
Wolff proved that if 1 < a < 2, and p is a positive measure in M (R?) with support in the unit
disc and finite a-dimensional energy, then

€
IR Pdo(©) < L) @

for all R > 1. Wolff also considered the L7 circular means [ [(R€)|%doy(€) and observed that
for ¢ > 2 one cannot do better than interpolating between the above L? estimate and the trivial
L estimate. The case 1 < ¢ < 2, however, presented a different challenge. The only estimate
in this case came from applying Holder’s inequality and using (7), and it remains an open
problem to determine whether or not better estimates are available. As was also explained in
[19], estimates for the L' means are particularly interesting as they are related to the open
problem of evaluating the infimum of the Hausdorff dimension of S3-sets. We refer the reader
to [19] (and [1]) for more details.

Using Tao’s bilinear restriction estimate [16], Erdogan studied the same problem in higher
dimensions and proved in [5] that iff n/2 < a < (n+2)/2, and u € M(R") is positive with
supp p contained in the unit ball and I, (u) < oo, then

€
[ R P16 < Copt 1) ®)
for all R > 1. This estimate gives the currently best known result on Falconer’s conjecture: if
K C R”™ has Hausdorff dimension greater that (n/2) + (1/3), then A(K) has positive Lebesgue

It is not known whether estimate (7) holds without the R¢ factor.

fThere are available estimates for the L? spherical means of the Fourier transforms of such measures in
the complementary range o € (0,n/2) U ((n + 2)/2,n), which are known to be sharp (up to the endpoint) only
for 0 < a < (n —1)/2. In dimension n = 2, however, these estimates are known to be sharp (again up to the
endpoint) for all 0 < a < 2; see [12, 14, 19].
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measure. Once again, for 1 < g < 2, the best known estimate on the L? spherical means is the
one we get from Holder’s inequality and (8). For example, in dimension n = 3, we have

1/q R
([1areran©) <ot Vi

for all R > 1, provided 3/2 < o < 5/2.
As a corollary to Theorem 1.1, we obtain the following result concerning the L? norm of
i(R-)on S for R > 1.

COROLLARY 3.1. Let S CR?® be a compact C> surface with strictly positive second
fundamental form, and p be a positive measure in M(R?®) with support in the closed unit
ball and finite a-dimensional energy.

(i) Suppose 3/2 < a<5/2, p=2(4a+3)/2a+3), and py =2p/(2p — 3) = 4(4a + 3)/
(10c + 3). Then to every € > 0 there is a constant C.(«a, S) such that

(R )| £ro(s) < Ce(e, S)YRER™/P\/T, ()

for all R > 1.
(ii) Suppose 3/2 < o < 2. Then to every € > 0 there is a constant C(«a, S) such that

IE(R) |2 (s) < Ce(a, )RR (C/D=WE /T ()

for all R > 1.
(iii) Suppose 5/2 < a < 13/5 and 1 < py < 13/(2 + 2a). Then to every € > 0 there is a
constant C(a, po, S) such that

IB(R )| ro(sy < Ce(er, po, S)RR™/3/T, ()
for all R > 1.

The estimates in parts (i) and (iii) of Corollary 3.1 are new and form one of the main results
of this paper. This is the first time an estimate on the L' spherical means of i goes beyond
what is known on the L? spherical means.

Part (iii) is, in fact, true for 5/2 < o < 3. We state it as above, because in the regime
13/5 < a < 3 it becomes inferior to the known estimate ||fi(R")| z2(s) SRY~/2\/I, (1) (see
[14] or [21]).

As we mentioned before the statement of the corollary, the result of part (ii) of Corollary 3.1
has previously been obtained in [5] using Tao’s bilinear restriction estimate from [16]. It gives
the best known result on Falconer’s conjecture in R?, and now has a proof that is based on
polynomial partitioning.

After this paper was written, the author learned about the paper [11], which obtains new
results about the decay rate of ||fi(R-)||z2(s»—1). In dimension n = 3, the results of [11] are

better than Corollary 3.1 when « > (8 4+ 1/85)/7 & 2.46 and S is the unit sphere S2.

4. An estimate for exponential sums

We can impose a slightly different condition on the measure than having a finite a-dimensional
energy. Namely,
B(z,r
sup sup wB@,r)) < 00. (9)
z€R3 >0 re
This condition on the measure is morally stronger than having finite a-dimensional energy. In
fact, a result that the author learned from Wolff’s paper [19] (which is also stated below as
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Lemma 6-B) says that, for R > 1, a positive compactly supported measure pu € M(R?) with
finite a-dimensional energy can be decomposed as a sum of O(1 + log R) measures p; satisfying

p(B(z,r))

sup sup ———— < o0. (10)
2€R3 r>R-1 T
Under (9), p itself satisfies (10) with a uniform bound for all R > 1
The next corollary says that under (9), Theorem 1.1 gives LP(u) bounds on exponential sums
of the form Elj\il ae?™ YT where wy, ..., wy € S are R~ '-separated.

COROLLARY 4.1. Let S CR3 be a compact C>® surface with strictly positive second
fundamental form, and p be a positive measure in M(R®) with support in the closed unit
ball. Also, let

B
Colp) = sup Supw_
2€R3 7>0 re

(i) Suppose 3/2 < o <5/2 and p = 2(4da+3)/(2ac + 3). Then to every e >0 there is a
constant C¢(a, S) such that

N Re R2p 3/2 p—3
2miRw;-x ‘R 2
/ } ae du(z) < Ce(e, §) —5C (E ] > <mlax|al|>

=1
whenever R > 1, wy,...,wx € S are R~ !-separated, and a1, ...,ay € C.
(ii) Suppose5/2 < o <3,2< v < (11/2) — o, and p = 13/4. Then to every € > 0 there is a
constant C¢(a,~,S) such that

N v/2 —
2miRw;-x RERz 2 -
E ae du(z) < C(a,vy,S)—— Tt Cal E |a;] rnlax |a;]

1=1
whenever R > 1, wy,...,wx € S are R~ !-separated, and a1, ...,ay € C.

p

P

Parts (i) and (ii) of Corollary 4.1 are sharp (up to the R® factor) in the following sense.
Take p to be the restriction of an Ahlfors a-regular measure v to the unit ball, a; = 1 for all [,
and N ~ R?. Being Ahlfors a-regular means that there are positive constants C; and Cs such
that C1r® < v(B(z,r)) < Cyr® for all z € R? and r > 0. Then C, (1) < Oy and Corollary 4.1

implies that
N
x) < /
1=1

N P
R?P
el o
R~ B(0,cR-1)

where ¢ is an appropriately small constant. For example, when oo = 3/2 this becomes

2p

P
R
du(z) < RE2—

2miRw;-x 2miRw;-x

=1

R9/2 5 2miRw;-x du(l‘) 5 R6R9/2_

5. Preliminaries for the proofs of the corollaries

The global restriction estimates of Corollary 2.1 will be proved by combining the local estimates
of Theorem 1.1 with Tao’s e-removal lemma from [15]. To apply the e-removal lemma, however,
it will be convenient to free the estimates in parts (i) and (iii) of Theorem 1.1 from the
L*°-norm of f. It will also be convenient to write the estimates in their dual form. This is the
goal of the following theorem, which will also be important to the proof of Corollary 3.1.
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THEOREM 5.1. Let S CR3 be a compact C™ surface with strictly positive second
fundamental form, and H be a weight of dimension o with A, (H) < 1.

(i) Suppose 3/2 < o< 5/2, p=2(4a+3)/(2a + 3), and py = 4(4da + 3) /(10 + 3). Then
to every € > 0 there is a constant C.(«, S) such that

IR fllLro(s) < Celo, YR fIl Lo (3 gy )

whenever R > 1 and f € L¥' (xB(0,ryHdx), where Rf = fﬁ|s and p’ is the exponent conjugate
to p.

(ii) Suppose5/2 < a <3,p=13/4, and 1 < pp < 13/(2 + 2«). Then to every € > 0 there is
a constant C¢(a, po, S) such that

IRl zro(s) < Cela, po, S)RGHfHLP’(XB(D,R)Hdz)

whenever R > 1 and f € L?' (xB(0,ryHdzx), where Rf = fﬁ’s and p’' = 13/9.
Proof. Since A,(H) < 1, parts (i) and (iii) of Theorem 1.1 can be combined as
[ i@ P @) S Rl ol
B(0,R)

for all g € L*°(S), where

24 +3)/(2a+3) if 2 <a<, 3 if<ax<
p= and 5=
13/4 if 2<a<3, v if 3<a<s.

ot

)

By the duality relation of the Fourier transform and Holder’s inequality, the above estimate
tells us that

’/Rf(@g(f)da(f)‘ < HfHLf'/(XB(U’R)Hdz)||Eg||L5(XB(O,R)Hdm)

/P 7/P 1-(3/p
S BNl 1 (o 1o 191750 g 12 (11)

for all f € L (xp(o,ryHdz) and g € L>(S).
We will now use (11) to prove the theorem. We will do this by estimating the o-measure of
the sets {£ € St [Rf(§)] > A} for 0 < A < ||| L2 (x 0. Hdr)- FoOr such A and for I € N, we set

A=A\ ={€e€S: 27N < |Rf(E)] < 2!\
Clearly, {£ € S : |Rf(&)| > A} C Ui A;. Inserting Rf(§) xa,(§) for g(§) in (11), we obtain

1-5/(2p) 7 o
(] Ro@raso) S RPN 15 ey 1) (2N,
1

which implies

< p2e/(26-7) 2p/(2p—7) 1\\—2p/(2p—7%)
O'(Al) ~ R Hf”Lﬁ/(XB(O,R)Hd.'I?)(Q >\) .

Since 3 < p < 13/4 and 2 < 7 < 3, it follows that

c({e € S [RFE) > M) < S o(4) S

l

€/D p
(R /p|f||LP’(XB(O.R>Hdm)> ’
)\ )

where pg = 2p/(2p — 7). Of course, we also have the trivial bound
o({§ € SR > A}) <o(5) S 1.
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We can now bound our integral. We let

Ao = Re/ﬁHf“Lﬁ'(XB(OYR)Hdm) and Ay = ”fHLl(xB(o,R)de)y
and we observe that
A1 /\pu
/ (€€ 8 [RIE) > AW tar< [ amldx = !
0 0 0

if A1 < Ag, and

A1 Ao N I\
| otge s ri@ > awtans [Camtavey [
0

0 Ao

S <1+log>\ )
Ao

if Ay > A\o. But, by Hélder’s inequality, \; < |B(0, R)|"/?R~</PXy < R\, so

A1
/ c({E € S : RAE) > AW LdA < AP (1 + log R).
0

Thus

1/po
([1RF©P (@) ™ £ RS 0100

When 3/2 < o <5/2, we have p=2(4da+3)/(2a+3) and 5 =3, so that py = 4(4da +
3)/(10a + 3). This proves part (i) of the theorem.

When 5/2 < o < 3, we have p=13/4 and 2 <5 =7 < (11/2) — o, so that 13/9 < py <
13/(2 + 2«). This proves part (ii). O

We now prove a lemma that is important for our results concerning the decay of the LI(.S)
means of Fourier transforms of measures, as well as for our estimate on exponential sums.
This lemma will allow us to bound ||[Ef(R-)|[r(u) by [[Egll1r(max) With [g] < |f], and for an
appropriate weight H that is supported in the ball B(0,2R).

LEMMA 5.1. Suppose pu € M(R?) is positive and supported in B(0,1), 0 < a <3, R> 1,
and

B(z,r
Ca,r(p) = sup sup w
z€R3 r>R-1 r
Then there is a weight H (which depends on R) of dimension « such that

(i) Aa(H) < |B(0,1)];
(ii) to every function f € L'(S), there is a function g € L'(S) such that |g| < |f| and

[ 1B Rorante) < ¢, 2 [ pg() )y
B(0,2R)

for p > 1, where C), is a constant that only depends on p.

Proof. We let ¢ be a Schwartz function on R? such that |¢| > 1 on S and supp¢A> C B(0,1),
and define the function g on S by g = f/¢. Then |g| < |f| and

[ B8RP aute) = [ |6+ gdo(ra)|” dutz) = [ |35 (Eo) (R duto).
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By Holder’s inequality, it follows that

/ Ef(Ro)Pdu(z) < I / |Egl? »

— el [ [1Egtr

Interchanging the order of integration, we arrive at the inequality

6| (Rx)du(z)

¢(Rax — y)‘ dydp(z).

[ 1Bs(RDPaute) < o115 16l = CorB [ 1Ego)PH )y,

where H(y) = ||<ZHZ§CCQ7R(M)_1R” Il |6(Rx — y)|du(x). Since ¢ as p is supported in B(0,1), it
follows that H is supported in B(0,1+ R) C B(0,2R), and hence

/lEf(Rw)\Pdu(x) < IBI7 1l L Cor ()R |Eg(y)["H (y)dy.
B(0,2R)

It remains to show that H is a weight of dimension o and A, (H) < |B(0,1)|. Clearly,

o~

H(y) = 19171 Con() -1 B® / 13(Re — y)ldp(z) < 1
B(R—1y,R-1)

for all y, where we have used the fact that u(B(R 'y, R~1)) < Co.r(u)R™°. Also,

/ H(y)dy = |71 Core(n) 'R / / Xiteom) @)|B(Re — y)ldpu(x)dy
B(zo,r)
1B Car) R / 13w / Xty (R — u)du(z)du

— 6l Covreie) R [ 1600} B+ o) R rR ) du

< |10l ol

provided r > 1. Thus A, (H) < 6]l ;5]16].: < |B(0,1)]. O

6. Proofs of the corollaries
We are now in position to prove our global restriction estimates.

Proof of Corollary 2.1. Let 3/2 < a < 3, and H be a weight of dimension o with A, (H) < 1.
We combine parts (i) and (ii) of Theorem 5.1 as

IRl rocs) S RIS

with the understanding that py = 4(4a + 3)/(10a + 3) and s’ = 2(4dar + 3)/(2a + 3) if 3/2 <
a<5/2, and 13/9 < po < 13/(2+2«) and s’ = 13/4 if 5/2 < o < 3. We note that in both
cases 1 < s < pg < 2.

L*(xB(o,ryHdz) (12)

Following [15], we would like to upgrade (12) to become valid for all functions f €
L*(xv Hdz) whenever V is a union of a sparse family of balls. This means V = U} B(z, R)
with |2; — 2,,| = (RN)C if | # m, where C is a suitably large constant.
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For f e L*(xyHdx) and 1 <1< N, we let f; be the restriction of f to B(x;, R), and we
define the function g; € L*(xp(o,r)Hdz) by gi(x) = fi(x + 2;). Then

RA©) = FHE = 27 (g + 2) (6)

for all €€ S. Since 1 <pg<2 and the balls B(z;, R) are sparse, [15, Lemma 3.2] as
reformulated in [4] (see inequality (11) [4, p. 1289]) now tells us that

N N ~11Po 1/po
Sri| s (z ) |
=1 Lo (S) Lro(S)

IRl zro(s) = (ng(' + 33l))
=1
Since Ay (H(- + ;1)) = Ao (H), (12) gives

S Rla
LPo(S)

H(ng(' +$l)>A

But ||gl = ||fHLS(XB(Il,R)Hd1‘)7 50

>1/P0

N 1/s
<R (Z ||f||SLs(XB<wL,R)Hdm)>
=1

= Re”f”b’(vadm),

IRfllLro(s) S (

where we have used the fact that pg > s
The next step is to upgrade (12) to become valid for all f € L*(xgHdz) whenever E is a
finite union of c-cubes. For this we need the following lemma.

LEMMA 6-A (Tao [15]). Suppose that E is the union of c-cubes and 0 < § < 1. Then there
are O(6~ Y| E|°) sets Vj, that cover E such that each V}, is a union of a sparse collections of balls

of radius O(|E|""").

Given a function f € L*(xgHdx), then writing f = >, fr with f; supported in V;, and using
Minkowski’s inequality, we see that

_ ccl/s
IR fllzrocsy S 6 EPIEIC Il o (xp ) -
Taking 6 ~ 1/log(1/¢), this becomes
IRflLro(sy S

(13)

provided A, (H) < 1.

We now take H to be the characteristic function of 2€2, ;, where 28}, 3 is the same as €, ; but
with the cylinder R x [—1,1]? replaced by R x [—2,2]?, and proceed as in [4]. As we mentioned
before, the argument in [4] is based on [15].

Suppose 1 < r < s. Let E be a subset of 20, which is a (possibly infinite) union of c-cubes,
where ¢ is a constant that will be determined later, and let f € L*(2Q,,) N L’”(QQG ») be a
function that is constant on each of the c-cubes of E vanishes on 2 \ E and satisfies
I fllL- < 1. For k € Z, we set E, = {2771 <|f| <2~ k} and fy = xg,f- Then each Ej, is a
finite union of c-cubes, and 27F"|Ey| <1 for all k. We note that, since |Ex| > ¢?, the last
inequality implies that the set of k for which Fj, # ) is bounded from below by a constant that
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depends on ¢ and 7. Applying (13) with H = x2q, ,, f = fr, and E = E}., we get

IR fllLeo(s) S | Ew|“/ 105/ £

LS(QQa,b)

5 27k|Ek|C/ log(l/e)|Ek|1/s S 27k2kr c/ log(1/5)2kr/s.

Summing over k, we arrive at

IR fllLro(sy S 1 (14)
provided
C 1

og(i/e s <7

For 7 € [—¢/2,¢/2]?, we now let £, be the intersection of the lattice ¢ Z* + 7 with Q, ;. We
suppose that {\,} is a sequence in I*(£,) N{"(L,), and let X, be the characteristic function
of [—¢/2,¢/2]* + n. If f =3, AnXn, then (14) tells us that

1/r
||Rf||L?’0(S) S (Z |/\n|r> :

But f(f) =X0(&) >, Ane 2™ 50, choosing ¢ small enough for |Xg| to be positive on S, we

get
Do 1/po 1/r
( / dcr(s)) S <Z w) .

nel,
Averaging over 7 and letting p be the exponent conjugate to r, we get the estimate in part (i)
of the corollary if 3/2 < a < 5/2, and the estimate in part (ii) if 5/2 < a < 3.
When o = 3 and a = b = 1, the estimate in part (ii) of the corollary becomes

IEfllzr@s) = 1Efr @) SN Lo s

Z An€727mf.n

nel,

whenever p>13/4 and 1< pg< 13/8. Interpolating this with the trivial estimate
| Efllzemsy < || fllz1(s), we prove part (iii) of the corollary. O

For the proof of Corollary 3.1, we will also need the following lemma from [19] that connects
the Cq r(p) of Lemma 5.1 to the a-dimensional energy of u.

LEMMA 6-B (Wolff [19]). Let u € M(R?) be a positive measure with support in B(0,1),
0 < a < 3,and R > 1. Then we can decompose p as a sum of O(1 + log R) measures ji; so that
for each j,

14| Ca e (115) S Lar(1)

with an implicit constant that depends only on «.

Proof of Corollary 3.1. As in the proof of Theorem 5.1, we let
2(4a+3)/(2a+3) if2<a<3,

13/4 if 2 <a<3.
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Writing =), pt; as in Lemma 6-B, we see by Holder’s inequality that

Jizese /|Ef (Ra)|dp ()

) ) 1/p
< -0/ ( / IEf(Rx)I”duj(w)>
J

1/p
<l =S (sl [ 1R P )
J
for all f € L'(S), where we have used the fact that p > 2. But by Lemma 5.1 and Lemma 6-B,
for each such f there is a function g with |g| < | f| such that

IIMj\I/IEf(Rw)Iﬁd#j(fE) S il Ca,r(p) B~ . | Eg(y)|P H (y)dy

S Ta(p)R™ |Eg(y)|"H (y)dy
B(0,2R)

Summing over j, we get

1/p
/ Ef(R)|du(z) < (1+ log B) ]~/ L () /PR-/7 ( /B |Eg<y>pH<y>dy> .

(0,2R)

Since supp u C B(0,1), we have ||u||* < I,(1), and the above estimate becomes

/IEf(RfC)Idu(fv) < RLa(w)'/*R70/7 </
B
By part (i) of Lemma 5.1, we know that A, (H) < 1, so Theorem 5.1 (in its dual form) tells us
that
1/p
(/ |Eg<y>|pH<y>dy) < Relgll s
B(0,2R)
- Va (1)
< 2e V ~a\l") ,
[aresase)| s B 1l g (15)
for all f € LPo(S) and R > 1. By duality, (15) proves parts (i) and (iii) of Corollary 3.1.

If we use part (ii) of Theorem 1.1 instead of Theorem 5.1, and follow the same steps as in
the proof of (15), we arrive at the inequality

1/p
|Eg(y)|"H (y)dy> .

(0,2R)

Thus

IU(
[ e 0o )] 5 R RO s

for all f € L?(S) and R > 1. Inserting (R¢€) for f(€), the inequality becomes

o aane)) < g V)
[ReP©) 5 R

which is part (ii) of Corollary 3.1. O
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WEIGHTED RESTRICTION ESTIMATES 561

We now move to prove our result on exponential sums.

Proof of Corollary 4.1. Let p and 7 be as in the proof of Theorem 5.1. Since Co, r (1) < Co (1)
for all R > 1, parts (i) and (iii) of Theorem 1.1 together with Lemma 5.1 tell us that

€

R _
[ 1B# (RO Paue) S a7 115

for all f € L>(S). If F is an L function on the 1/R-neighbourhood of S, then the above
estimate implies that

~ _ RERY/2 _
/IF(Rw)I”du(w)SCa(w marp IF L= FIZS (16)

Proving this is a standard argument (for example, [18, see Proposition 4.3]). For example, if
S is the unit sphere, then

F(Rx) = e THTER(€)de

/1<1/R><£<1+<1/R>

1+(1/R) ]
/ /e_QT”R“'QF(rﬁ)da(@)err
1-(1/R) Js

1+(1/R)
= / E (F(r-)) (rRx)r*dr,
1—(1/R)

N

14+(1/R) )
[ B EE) (R g, e
1-(1/R)

LP(p)

Re/p 1+(1/R) -
< 1/p N/ P (7/p),.2
S Calp) P 5 /1<1/R> VE(r )7 1 F ) [

7/(2p)
Re/P R7/(2P) 1+(1/R) E
< 1/p (/p) 312 2
S Caw) "’ oz IF = 5 /1—(1/R) ()2 syr~dr

| RE/PIHG/ @)

1—(3/5
= Ca(p WHFHWPHFHLOC(WP),

where we have used Holder’s inequality and the fact that 5 < 2p.

Now suppose wy, ..., wy € S are such that |w; — wy| ~ R™1. Let ¢ be a C§° function on R?
with the property that |¢| > 1 on the unit ball. Then

/

p D

N
Zal6727rszl~:r d,LL(ZL')

=1

N
du(z) < / 3 w2 ROGT (Ry)

=1

d#)

:/Z¢l Rx)
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562 BASSAM SHAYYA

where ¢;(y) = aje 2™ Vg 1 (y), that is, () = @idp1 (€ — wi) = aR3G(R(E — wy)). Apply-
ing (16) with F = S/ 4, we get

/ E ae —2miw;-x

Since ¢ is compactly supported and the w; are R~'-separated, we have

R‘RY/
o) 5 L P

N
IFI7: S R®Y laf* and |[F|~ S R® max |a|.
=1

P R5R2p /2 =y
A(w) £ Cal1) e (leF) (mpxlal) - o

7. The wave packet decomposition

Thus

—2miwy-x

The wave packet decomposition is an important tool for studying the restriction problem. It
translates the geometric condition (having strictly positive second fundamental form) imposed
on the surface S into a way of writing a function f € L?(S) as a sum of simpler functions
which are are almost orthogonal to each other and whose Fourier transforms are essentially
supported on tubes. This idea was originated by Bourgain in [2] and was further developed
by several authors (see[8, 16, 17, 20]). Our presentation of this topic is tightly based on [8].
More precisely, we follow the proof of [8, Proposition 2.6], but we organize the arguments and
state the results in a slightly different manner.

PROPOSITION 7.1. Suppose that © is a closed ball in R™ of radius p < 1, 6 > 0, and {D} is
a countable collection of closed balls in R™ of radius p~ '~ satisfying

< ZX(3/4)D0 <C
D

for some constant C. Also, suppose ® € C*((4/3)0) satisfies |V'®| < Cpp~! for 0 <1 < L and
some constant Cp, N > n is a positive integer, and L > n(4+ 3§ +2/0) + N(1 + 2/6). Then
to every function f € L?(R") with suppf C © there is a sequence {fp} in L?(R") with the
following properties.

(i) Each fp is supported in (4/3)0, f =", fp in L'((4/3)0), and
> [ 1oPdw < e
D

(ii) We have
Y 12/ S AVIIf e

D:z¢D

for all z € R™, where the implicit constant depends only on L, Cp,, C, and n.
(iii) If Dy and Do are disjoint, then

[os7o: dw] <120,

where the implicit constant depends only on L, C, and n.
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WEIGHTED RESTRICTION ESTIMATES 563

Proof. We start by letting ¥ € C*°(R"™) be such that 0 < Yo < 1, Yo =1 on (5/4)0, v
has support in (4/3)0, and |Vi4e| < c;p~! for all [, where the ¢; are constants that depend
only on [ and n. We also let Vg = ® 1)g. Clearly,

Vel Sp
for 0 <! < L, and
19|
(L+ plz)-

for all z € R™, where the implicit constants depend only on L, C,, and n.
We then let {¢p} be a partition of unity of R” subordinate to the open cover {(3/4)D"},
and define the functions fp by

Wo(2)| S

fp =1ve(ep * f),

where pp is the inverse Fourier transform of ¢p; in other words, ¢p is given by ¢p(w) =

o(~w).
(i) We clearly have suppfp C (4/3)© for all D. Since ), ¢p =1, it follows that Y, ¢p f
converges to f in L*(R"), so >, ¢p * f converges to f in L*(R") (by Plancherel), and so

Y o= volep*f)=ve Y epx*f
D D D

converges to Yo f = f in L'(R") (by Cauchy-Schwarz). Also,

FplPdw <Y [ lop * fPdw = 3" [ [6p)?FI2dz
S a3 flene a3 o

< / @'%)2%2: / |fIdz = / |fdw,

where we have used Plancherel’s theorem.
(ii) We have

‘I%Z‘I/’\@*(¢DJ?)7

SO

Sl
: Zuppdm WWD(Z/H £l e)dy

£z o) 1©] |supp ¢p|
(1+ pdist(z, supp ¢p))”

for all z € R™. Since |0| ~ p™ and supp ¢p is contained in (3/4)D (which is a ball of radius
(3/4)p~179)), it follows that

£l @)™
(1 + pdist(z,supp ¢D))L

1 fn(2)| <
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564 BASSAM SHAYYA

for all z € R™. If z ¢ D, then dist(z,supp ¢p) > p~'~?/4, and it follows that

1 £llLi@yp™™

(p + pdist(z,supp ¢p))™ (1+ pp==0/4)" =
4L—N||fHL1(®)p—n6—N+6(L—N)
(1 + dist(z, supp ¢D))N

4L||f||L1(e)/J’N
= (1 + dist(z, supp qSD))N

18 fp(2)] <

(17)

provided L > n+ N 4 2N/§, where the implicit constants depend only on L, Cf, and n.
Letting

D; = {D:2p 7% < dist(z,supp ¢p) < 2771 p~ 170}
for j = —2,—1,..., we then see that

Z |‘5f\D(Z)|§PN||fHL1((—)) Z (1 + dist(z,supp ¢p))

D:z¢gD D:z¢D

<PIfllie) D D (1+dist(z,supp¢p))

Jj=—2D€D;
<A fle SN (t+2p 0"
J=—2D€D;

S PN||fHL1((—))7

where the implicit constants depend only on L, Cr, C, and n.
(iii) Suppose that D; and D5 are disjoint. Then, by Plancherel’s theorem,

[@soTo o= [@ 15,06 Ton s o= [ (¥0ass.) on.7 d=

~

The estimates in part (ii) that lead to (17) apply to (® e fp,) (since ® e has the same
smoothness and decay properties as ®), so (by (17))

SV Nl e

‘ (070f0.) ()

for all € D§ (and hence for all € D5) provided L > n + N’ 4+ 2N'/§, and so

[ @rFoade| < Wl [ lonal ot

supp ¢p,
’ ! _ 6
< PV o)1 D2l ~ PN 1120 " S NI F 2 o

provided N' > N 4+ n(1 +9). O
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We now consider a C'* function h : Q — R defined on some open set 2 C R”, and we assume
the following bounds on the first- and second-order partial derivatives of h:

1 <oh(w) <2 fori=1,...,n,
0:0;h(w)| < gy i #7, (18)
[Vh(w)| < §

for all w € Q.

We let B be a closed ball in © of center wy and radius r < 1/12, 6 be the graph of h over B,
and 36 be the graph of h over 3B. We are going to show that in an appropriate orthonormal
system of coordinates, @ is contained in the graph of a C* function hg, defined in a ball of
radius ~ r, such that both hy and Vhg vanish at the center of the ball, and the graph of hg is
contained in 36.

Let T(wo,n(wo))f be the tangent plane to 6 at (wo, h(wo)). If w is a point on the boundary of B
and (Aw, Ah) = (w — wo, h(w) — h(wyp)), then Pythagoras’ theorem shows that the projection
of (Aw, Ah) onto T h(w,))? has length

(Ah — Vh(w) - Aw)?\
T+ [Vhiwo)]? '

pPo = <T2 + (AR)? —

By (18), |Ah| < (7/4)r, so po < (V/65/4)r. On the other hand, Taylor’s theorem and (18) tell
us that

1 1
|Ah — Vh(wp) - Aw| < 3 <2Aw|2 + 4Aw|2> <r?,
s0 po > rv/1 —r2 and so V15 r < 4py < v/65 r (because r < 3r < 1/4). This shows that if we
let #" and (36)" be the projections of § and 36, respectively, onto 7. h(w,))0, and if we dilate
0" around (wo, h(wp)) by a factor of 4/3, then the resulting set will be contained in (36)’". More
precisely, letting © be the ball in (., x(we))f of center (wo, h(wo)) and radius p = (4/v'15)po

(note that r < p < 4/13/3 1), we have
0 cOc(4/3)0 c(30)

(because (4/3)p < (4/3)(1/13/3)r < (v/15/4)(3r)). Therefore, in an appropriate orthonormal
system of coordinates, @ is contained in the graph of a C* function hg : (4/3)© — R such that
both hy and Vhy vanish at the center of ©, and the graph of hg is contained in 36. For the
rest of this section, all the implicit constants will depend on the C* norm of hy.

Let Sp be the graph of hg. We know that 6 C Sy C 36. Let f be a function in L?(Sp) with
support in 6. We would now like to obtain the wave packet decomposition of f. We start
by replacing the function f(w) in Proposition 7.1 by the function f(w,ho(w))J(w), where
J(w) = y/1+ [Vho(w)|?. To each member of the collection { D}, we associate a tube 7' C R"*+!
defined by T'= D x R. We alert the reader that this definition of 7" is in the new system of
coordinates that comes with the function hg; in the original system of coordinates, the tube
T is perpendicular to the tangent plane (. n(w,))f- We then define the function fr € L?(Sp)
by

(FC0() D) ()

fT(w7h0(w)) = J(W)

Next, we apply parts (i) and (ii) of Proposition 7.1 with ®(w) = e~27*n+1M0(@) Since [d;hg| <
pforj=1,...,n, weneed |z, 1| < p~? in order to satisfy the requirement |V'®| < Crp~". To
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566 BASSAM SHAYYA

free the condition |2, 1| < p~2 from depending on the choice of the orthonormal coordinates,
we require |(2, 2,11)| < p 2 ~ 172,

We know that f(-,ho(:))J = > p(f(-,ho(:)) J)p in L'((4/3)0), so f =>4, fr in L*(Sp),

and
2 4 — [(fChoO) ) @I,

<y / (FCho()) ) p (@) do

D

We also have

Eg(z.2) = (® 0 10()) 1) (2)

for all g € L'(S), so

o~

Z |Efr (2, 2n41)| = Z ((I) (f("h‘)(')) J)D)

T:(z,2n+1)¢T D:2¢D

SPANNIFCho()) Tz = PN 11l oy = PV ILf I 22 (s0)-

The functions fr are almost orthogonal in L?(Sp). To see this, we apply part (iii) of
Proposition 7.1 with ®(w) = 1/J(w) to get

/ fr, T do = / B(w) (1 ho() ), @) T h0()) T, (@) dow

S PN||f(', ho(+)) J||2L1(®) = pNHf||2Ll(9) = pN||fH2L1(SO)'

We summarize the above discussion in the following proposition, which is a reformulation of
[8, Proposition 2.6].

PROPOSITION 7.2. Suppose that S is a compact C* surface in R"*" given as the graph of

a function h that satisfies (18), § > 0, N > n/2 is a positive integer, and
1 1
L>n<4+26+5> + (2N) <1+6>'

Let 6 be a cap on S of center &, and radius r = R~/ < 1/12, and v() be the unit normal
vector of S at &.

Then there is a countable collection T(#) = {T} of finitely overlapping tubes in R"! of
radius RY/2+8  which are parallel to v(f), such that the following holds. To every function
f € L*(S) with supp f C 0 there is a sequence {fr} in L*(S) with the following properties.

(i) Each fr is supported in 30, f = ZTeT(Q) fr in LY(S), and
> [lirldr S 151
TEeT(0)

where the implicit constant depends only on the C' norm of h.
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(ii) We have
> NEfr@I SRV s
TeT(): 2gT

for all x € R"*! with |x| < R, where the implicit constant depends only on L, N, n, and the
C* norm of h. ~
(i) If Ty, T € T(0) are disjoint, then

‘/lesz do

where the implicit constant depends only on L, N, n, and the C' norm of h.
(iv) Let T(6) ={T € T(9) : TN B(0,R) # 0}. Then

SRV s,

\Eﬂx)— S Efr(@)] € RVl

TET(0)

for all x € B(0, R).

We note that in applying Proposition 7.1 to get Proposition 7.2, we have replaced é by 26
and N by 2N. We also note that part (iv) of Proposition 7.2 is an immediate consequence of
part (ii).

For each T € 'ﬁ‘(@), the function fr is called a wave packet. The equality f = ZTe’ﬁ‘(G) fr
(which holds in L!(S)) is called the wave packet decomposition of f. The functions that we
will be dealing with for the rest of the paper are defined on a surface S C R3. This means that
we will be using Proposition 7.1 in R?, and Proposition 7.2 in R3.

8. Guth’s polynomial partitioning method

In this section, and for the rest of the paper, we make the following assumption on the surface
S.

AssUMPTION 8.1. The surface S is the graph of a function h : B?(0,1) — R that satisfies
the following conditions.

(i) There is an integer L > 3 such that h € C*(B?(0,1)).
(if) We have h(0) = V(0 )
(ili) For all w € B%(0,1), both eigenvalues of the Hessian 9*h(w) lie in the open interval
(3/4,5/4).
(iv) We have || V'R o (p2(0,1)) < 1079 for 3 < I < L.

Once we have proved that to every e > 0 there is a positive integer L. such that Theorem 1.1
holds for all surfaces that satisfy (i)—(iv) with L > L., the result for general C'* compact
surfaces with strictly positive second fundamental form would follow by a standard parabolic
scaling argument. We refer the reader to the last paragraph of [8, Subsection 2.3] for a very
nice outline of this argument.

The information we have about the eigenvalues of 82k give the following bounds on the
second-order partial derivatives of h:

1 <0h(w)< 2 fori=1,2,

10;0;h(w)| <+ ifi#j
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for all w € B?(0,1). These bounds tell us that ||9*h(w)|| < 7/4 for all w € B?(0,1), where
|0?h(w)|| is the operator norm of %h(w). Condition (ii) then implies that

|Vh(w)| < (7/4)|w| Y w € B*(0,1). (19)

Thus h satisfies (18) (with n =2) on some open set 2 that contains the closed unit ball
B2%(0,1). Thus Proposition 7.2 applies to functions on S. For this reason, in this and the next
four sections, we will let NV > 1 and § be, respectively, a positive integer and a positive number
that satisfy the standing hypothesis

L>2<4+26+(15>+(2N)<1+(1s>. (20)
At the end of the argument, it will be clear that to find the positive integer L. that was
mentioned above (following the statement of Assumption 8.1), we need to take N to be a large
absolute constant, say N = 1000, and § to be small relative to €, say 6 = €.

Let P be a polynomial in n real variables of degree D, and Z(P) be the zero set of P. A
connected component of R\ Z(P) is called a cell. If {O;} are all the cells of R™ \ Z(P), then
[{i}| < C,, D™ for some constant C,, that only depends on the dimension n. (For a proof of
this bound on the number of cells, we refer the reader to Milnor [13].) A line in R™, however,
can intersect at most D + 1 cells. This relationship between lines and polynomials lies at the
heart of what is now referred to in incidence geometry and harmonic analysis as the polynomial
method.

The polynomial method helped resolve a number of longstanding combinatorial problems
in incidence geometry concerning the intersection patterns of lines in Euclidean space as well
as in vector spaces over finite fields. In harmonic analysis, the combinatorial issues concern
the intersection pattern of tubes with a fixed radius p. A tube can enter much more than
D +1 of the cells {O;}. To go around this difficulty, Guth defined in [8] the cell-wall W as
the p-neighbourhood of Z(P) and considered the sets O, = O; \ W. Guth then observed that
if a tube enters O, then its core line will enter O;, so the tube can enter at most D + 1 of the
modified cells {O}}.

Another property of polynomials that lies at the heart of the polynomial method (when
working in Euclidean space rather than in vector spaces over finite fields) is that given a
degree D and a non-negative integrable function F', one can use the topology of R™ to find a
polynomial P of degree at most D such that the integrals f o, Fdzx are essentially equal.

THEOREM 8-A [8, Corollary 1.7]. Let F be a non-negative function in L'(R™). Then to
every D there is a non-zero polynomial P of degree at most D such that P is a product of
non-singular polynomials’, R" \ Z(P) is a disjoint union of ~ D" cells O;, and the integrals
Jo, F(x)dz agree up to a factor of 2.

Given a function f € L(S), our goal is to estimate the L?(Hdx) norm of E f over the ball Bg
in R? of center 0 and radius R. We will think of By as lying in physical space and of the surface
S as lying in frequency space. In physical space, Br inherits from R? a partition into cells O/
and a cell-wall W coming from a polynomial P, as described above. The only condition we
impose on P for now is that it is a product of non-singular polynomials in three real variables;
we will not use Theorem 8-A until we arrive at the proof of Theorem 9.1. In frequency space,
we cover S by a collection {6} of finitely overlapping caps each of radius R~'/2, and we write
=>4 fo with fy supported in § and such that (supp fg) N (supp for) = 0 if 6 % 6’. Applying

TRecall that a polynomial Q is non-singular if VQ(z) # 0 for all z € Z(Q).
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WEIGHTED RESTRICTION ESTIMATES 569

Proposition 7.2 of the previous section to each fy, we obtain a wave packet decomposition

of f:
F=323 or

0 TeT(o)

with the equality holding in L'(.9).

We point out that the covering {#} of S by R~'/? caps will be fixed throughout the argument,
so, in order to simplify the notation, we write fr for (fy)r.

Going back to physical space, applying part (iv) of Proposition 7.2 to each fy and summing
shows

Ef(x) = Efr(z) + O (RN|fr1s)) (21)

TET

for all x € Bg, where

T = UpT(6).
Recall from Proposition 7.2 that each T € T is a tube of radius R(!/?)*9, so the cell-wall is

W = Npas2+s Z(P).
If T; is a subset of T, we set
fi=> fr.
TET;

We will often denote a function on S which is supported in a cap 7 by f.. In this case, we will
write fr; for (f.); and f. p for (f;)r, so that

f'r,i = Z fT,T'
TeT;
If we happen to have f =Y__ f,, then'
L= =3 Fr=Y_Y frr=) fri (22)
TeT; TeT; T T TeET; T

Since the f;r are almost orthogonal (by part (iii) of Proposition 7.2), one expects
> rer, fT_’T||%2(S) to be smaller than ||fT||%2(S). The next lemma makes this precise.

LEMMA 8-A [8, Lemma 2.7]. Suppose {T;}icr is a family of subsets of T, k is a positive
integer, and T C S. If each tube T' € U;c;T; belongs to at most k of the subsets {T;};cr, then

S [ reaPaote) S [ irPaste)
o1 /30 100

for all 6. Also,

S [ Vfrldote) S [ 17 FPdoe).
ier VS 5

We now fix a specific family {T;};c; of subsets of T. We define
T,={T €T:TNO.+0}.

TOne can easily see from the proof of Proposition 7.1 that (f + g)r = fr + gr-
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Recalling Guth’s motivation for introducing the modified cells O}, we know that a tube T of
radius R('/219 can enter at most D + 1 of these cells. So, a tube T' € T can belong to at most
D + 1 of the sets T;. For later reference, we state this fact in the following lemma.

LEMMA 8-B [8, Lemma 3.2]. A tube T € T can belong to at most D + 1 of the sets T;.

The integral of |E'f|? H on the cells O, N Br will be controlled using induction. To control the
integral of |Ef|PH on W N Bp, we cover B with ~ R*® balls B; of radius R'=°. If B; N W # (),
then the tubes of T will be separated into two groups: the tubes that are tangent to Z(P) in
Bj, and the tubes that are transverse to Z(P) in B;. Here are the details.

Let Zy(P) be the set of all non-singular points of Z(P). We denote by T tang the set of all
T € T satisfying

TNWNB; #0
Angle(v(T), T.Z(P)) < R~/ ¥ » € Z,(P)N2B; N 10T,
where v(T') is the unit vector in the direction of the tube 7', and by T} tyans the set of all T € T
satisfying
TNWNB; #0
3z € Zy(P)N2B; N 10T such that Angle(v(T),T.Z(P)) > R~(1/2)+29,

Any tube T € T that intersects W N B; lies in exactly one of T, tang and T trans. For a proof
of this fact, we refer the reader to the paragraph immediately following [8, Definitions 3.3 and
3.4]. More importantly, we have the following two remarkable results of [8].

LEMMA 8-C [8, Lemma 3.5]. If P has degree at most D, then a tube T € T can belong to
at most Poly(D) different sets T} ivans-

LEMMA 8-D [8, Lemma 3.6]. If P has degree at most D, then, for each j, the number of
different 0 such that T, tang N T(6) # 0 is at most D2R(1/2)+0(0)

We let
fT,j,tang = Z fT,T and fj,tang = Z f‘r,j,tangv
T

TET; tang

and

f‘r,j,trans = Z fT,T and fj,trans = Z f‘r?j,trans-
T

TETj,trans

Recall that S is covered by ~ K2 caps 7 of diameter 1/K. If I is any subset of these caps, we
let

ij,trans = Z f‘r,j,trans~

Tel

The contribution to [, .. |Ef(z)[PH(z)dx coming from the transverse tubes will be controlled
J
using induction to estimate

Z/B - |Eff,j,t1'ans($)|pH($)d:L’,
I 30

where the sum runs over all I C {7}. To control the contribution coming from the tangential
tubes, we make a further definition.
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We say that two caps 71 and 75 are non-adjacent if the distance between them is > 1/K. We
define

Bilps E fjtang = > |E fr,jsang| /2| B fry g pang| /2

71,72 non—adjacent

We call the function BilpsE f;ane the tangential part of Ef with respect to the polynomial
P and the parameter §. Of course, this function also depends on R, the ball Bj, and the
decomposition {7} of S, but R, B; and {7} will often appear elsewhere in the estimates
involving Bilp s F f; tang, s0 to simplify the notation we only emphasize the dependence of this
function on P and ¢ (see the statement of Theorem 9.1).

It is not clear how controlling the tangential part of E'f on B; N W can lead to controlling
the contribution to meW |Ef(x)|PH(x)dx coming from the tangential tubes. One of the
important ideas of [8] is that controlling Bilp 5 E f; tang on B; N W actually leads to controlling
the contribution of the tangential tubes to the L” norm of the broad part of Ef on B; N W.

The definition of the broad part of E'f and its relation to Bilp s f; tane is the subject of our
next section.

Guth estimated the LP(dx) norm of Bilp s E f} tang over B; N W using Cérdoba’s L* argument
(see [8, Lemma 3.10], or Lemma 11-A), and used this estimate to derive an estimate on the
broad part of Ef, before going back to Ef itself.

In the next section, we formulate a general theorem, Theorem 9.1, saying that if one has
a favourable bound on the LP(Hdxz) norm of BilpsEf;ang over B; N W, then one gets a
favourable estimate on the broad part of Ff over Bg.

In Section 11, we establish bounds on various L?(Hdx) norms of BilpsE fj tang Over B; NW.
We then insert these bounds into Theorem 9.1 and arrive at our desired estimates on the
L?(Hdzx) norm of the broad part of Ef on Bpg.

9. The broad part and its interaction with the zero set of P

We are now in good shape to present Guth’s definition of the broad part of E f. We let m and
K be constants, and we think of K as being rather large. We consider a covering { B?(w, )} of
B?(0,1) such that the centers w are K ~!-separated, and the radius r satisfies the inequalities
1/K < r < y/m/K.If a point wy belongs to M of these balls, then the centers of the M balls lie
in B%(wp,/m/K). Since the w are 1/K-separated, it follows that M < ¢m for some absolute
constant c. Letting 7 be the graph of h over B(w,r) (that is, 7 is a cap on S of center (w, h(w))
and radius r), we obtain a covering of S by caps 7 such that each point of S lies in at most
cm different caps. We will refer to {7} as a decomposition of S of multiplicity m. We write
f=>, fr with supp f; C 7, but we do not insist that (supp f-) N (supp f-) =0 if 7 # 7/, as
we did with the decomposition f =", fs above.
Suppose 0 < 8 < 1. We say the point € R? is S-broad for Ef if

mTaX|EfT(x)| < BIEf(z)].

Since |Ef(z)| £ K?max, |Ef,(x)|, a necessary condition for the existence of 3-broad points
is that 3 > K 2. Also, if f = f, for some 7, then (since 8 < 1) no point of physical space can
satisfy the above inequality, so another necessary condition for the existence of S-broad points
is that f is not supported in just one of the caps 7.

We now define the 3-broad part of Ef to be the function BrgEf : R* — [0, 00) given by

[ |Ef(z)] ifxis B-broad for Ef,
BrgEf(z) = {0 otherwise.
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Clearly,
Ef(@) < BryEf(z)” + ﬂi SOIBS (@)

for all z € R? and p > 0. Guth’s strategy in [8] is to estimate fBR BrgE f(x)Pdz (for appropriate
f) using polynomial partitioning and induction, and estimate | B |E f-(x)|Pdx using parabolic
scaling and induction.

Recall from (21) that Ef ~ % .. Efr on Bg. Since Efr is essentially supported on the
tube T, to estimate ngﬁBR |Ef(x)|P H(z)dx, one may replace the function f by the function

fi= ZTeTi fr. We remind the reader that

The next lemma says that this is also true for the broad part of Ff. We include the proof
of this lemma, as well as the proof of Lemma 9-B, because of their importance to the flow of
the argument. Also, because of some minor differences between the statements here and the
corresponding statements in [8]; for example, the form of the error terms, and the conditions
on K and R.

LEMMA 9-A [8, Lemma 3.7]. Supposee, K >0, K < f<1,and R> CK®. Ifx € O} and
C is sufficiently large, then

BryEf(x) < BrogEfi(z) + O (R‘N“ > ||f7||m>> -

Proof [8]. From (21), we know that
Efr(z) = Efrr(@) +0 (R V| :lis)-
TeT

The point z is in O). If z € T, then T must intersect O}, and it follows that T € T;. If 2 ¢ T
and T € T(6), then part (i) of Proposition 7.2 tells us that |Ef; r(z)| S RV f+||11(), s0

SIEfr@ =" Y |Efr@] Y RV =R VIf L s),
T¢T; 6 TET(0)\T; 0

and so

Efr(x) =Y Efrr(@)+0 (RN frllis) = Efri(z) + O (RN frllzr(s)) -
TeT;

Summing over 7 and using (22), we get

Since we can assume |Ef(z)] > R™VT1 Y || £l 11(s), it follows that
1__
Efi(@)| > SR Dl fr ).

(We have R > CK*© > C, so for the last inequality we need C’/C < 1/2, where C’ is the implicit
constant in the error term in the last equality.) We can also assume that x is S-broad for Ef.
Under these assumptions, it remains to show that x is (243)-broad for Ef;. In other words, we
have to show that for each 7,

[Efri(@)] < 2B|E fi()]-
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The equality before the last tells us that
|Efri(@)] <IEfr (@) + O (BR™NIfrnies)) < BIEf(@)+0 (R frllois)) -
The last equality then tells us that

|Efr.i(x)| < BIEfi(z)| + O <R_N > ||f7'L1(S)>

(recall that 8 < 1). Thus

B24(0)| < BIES() + 350 (RN“ )» |f7||L1<s>>

< BIBS(@)| + 2 0 (R-N“ > |fT|L1<s>>

—€

< BIES@)] + o (20" ()

= 2B|Efi(x)]

provided C' is sufficiently large, where C”' is the implicit constant in the error term. O

The next lemma connects the broad part of Ef, BrgEf, to the tangential part of Ef,
Bilp s E fj tang. We remind the reader that N and ¢ satisfy (20).

LEMMA 9-B [8, Lemma 3.8]. Suppose 0 < e <2, K > V10, K <3< 1,8m <107°, and
R>CKe°. Ifx € B;NW and C is sufficiently large, then

5 .
BI‘ﬁEf(.’E) < Z Z BrQﬁEfI,j,trans(x) + KIOO BllP,JEfj,tang(x)
I

+ @) <R_N+1 Z ||fT||L1(S)> .

Proof [8]. We can assume |Ef(z)| > R™NTES" || f-]|11(s) and @ is S-broad for Ef. Let I
be the set of the caps 7 such that |Ef; j tang(z)| < K| Ef(x)|. We can also assume that /¢
does not contain two non-adjacent caps. Then I¢ consists of at most 10*m caps. In fact, since
the centers of the caps are K~ !-separated, and the radius of each cap is at most /mK 1!,
we have |I¢| < (vmK~1)?/(K~1)? = m. Since z is 3-broad for Ef, and m < 107°, it follows
that

S 1B (@) < 10mBIBf ()| < 16| EF @),

Tele

so that |Ef(x)| < (10/9)|Efr(x)|. If z € T, then T must intersect B; N W, and it follows that
T belongs to T trans OF Tjtang. If « € T and T € T(0), then |Ef. r(x)| S R_N||fT||L1(9), S0

Z |EfT,T(x)| = Z Z |EfT,T(x)|

Tg’]rj.trans UTj,tang 0 TET(G)\(Tj,trans UT_]‘,tang)

S RV
0

SRV frllns)
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and so (recall that T} tang N T trans = 0)

Ef (x)= Y Efrr@)+ Y. Efrr@+0 R V|flis)

TeTj.trans TeTj,tang

= Efr,j,trans(x) + EfT,j,tang(x) + @ (R7N||f‘f'||L1(S)) . (23)

Summing over 7 € I, we see that

Ef](ﬂf) - Ef],j,trans(x) + Ef[,j,tang(x) + (0] (R—N Z fT||L1(S)> .

By the definition of I,

B 1 ang ()] Y 1B frjrang(@)] < DK 'C|Ef(2)] < K| Ef(2)],
Tel Tel
SO

%|Ef(l‘)| g |Ef]($)‘ g ‘Efl,j,trans(-r” + K_98|Ef(x)| + @) (R_N Z ||fT||L1(S)> ’
and so
4 C/ —N+1
g'Ef(x)l < |Ef17j,tr'omS(m)| + R (R Z ”f'rHLl(S))

provided K98 < 107!, where C’ is the implicit constant in the error term of the inequality
before the last.

It remains to prove that x is (28)-broad for Efr;ans(x). Since |Ef(x)| >
RS | frlli(s), we see that

1
|Ef1jtrans(2)] > 5 R NN N £ llzigs)-

(We have R > CK*© > C, so for the last inequality we need C'/C < 3/10.) Also, for 7 € I,
|Efrjtang(x)| < K71 Ef(2)], so (23) tells us that

|Ef7',j,trans(z)| < |Ef7—(l’)‘ + |Ef7',j,tang(x)| +0 (RiNHfTHLl(S))
< (B+EK)Ef(@) + O (RN frllis))

where we have also used the fact that = is S-broad for E f. Since
4 ¢’ —N+1
3|Ef($)\ < \Efl,j,tmns(xﬂ + R R Z ||fTHL1(S) )

K=< B, and K~% < 1/10, we get

5 ﬁZ/e c B
‘Efr,jmrans(x)‘ < Z <ﬁ+ 10 > ‘Efl,j,trans(x)l + ﬁ (R N+1 Z ||f-r||L1(S)>

%) 20" K¢
< EB‘EfI,j,trans(m” + TlEfI,j,trans(x”
< 2ﬁ|EfI,j,trans(x)|
provided 2C" /C' < 25/40. Thus z is (2/3)-broad for |E fr j trans(x)|, as desired. O

85UB017 SUOWWOD BAIER.ID 8|qedljdde ay) Aq peusencb ae sejo1Le VO ‘88N JO S9INJ 10} A%Iq1T 8UIIUQ AB|IM UO (SUORIPUOD-PUR-SLUIBIALID 4B | 1M AIq 1 U1 |UO//Sd1IY) SUOTNIPUOD PUe SWLB | 8U) 88S " [7202/70/92] Uo ARiqiT8uliuo A1IM ‘NONYE3T-14 YN IH Aq 902T SWid/ZTTT 0T/I0p/wW0d A8 | im Aze.q i jpul|U0-d0sUeLpUO |//:Sdy Wwoly pepeoiumod ‘€ 2T0Z ‘Xy209T



WEIGHTED RESTRICTION ESTIMATES 575

We are now in position to state the main result of this section. For (R, K,m, ) [1,00)%,
we let A(R,K,m,b) be the set of all functions f € L'(S) such that f =73 _f, for some
decomposition {7} of S of multiplicity m with supp f, C 7 and

1
2
(6)2do(6) < ——— 24
Lo P4 < i (24)
for all & € S. Since S can be covered by ~ R of such balls B(&, R~'/?), (24) tells us that
1
2
18P0 $ 1 (25)

During the proof of Theorem 1.1 in the last section of the paper, we are going to use two
different values of b depending on whether we allow the final estimate to involve both || f||.2(s)
and || f||ze(s), or insist on only involving || f||z2(s)-

REMARK 9.1. It is important to note that all constants in the next theorem are allowed
to depend on L and «, but are uniform for all functions h satisfying conditions (i)—(iv) of
Assumption 8.1, and all weights H of dimension «. This fact will be crucial to the induction
argument that we will later use (see Theorem 12.1) to move from estimates on the broad part
of Ef to estimates on Ef itself.

THEOREM 9.1. Let3 < p < 4 b>1,¢ > 0,0 < q1 €1<2g0,0< g2 < qo,and H be a weight
of dimension «. Also, let § = €2, Odeg = e, and 5trdm =5,
Suppose
(3/2)+¢
/ Bil s Ef; tang (2)" H (2)dz < Ce 1c RO R™C A, (Z £l s) ) (26)
BjﬂW

whenever R > C, K > 100, m > 1, f € A(R,K,m,b), P is a polynomial of degree at most
D = R%e= and P is a product of non-singular polynomial on R®.

Then there is a constant ¢y, which is independent of qy, q1, b, and p, such that if € <
min[cy, (p — 3)/2], then there is a K = K (e) such that

(3/2)+e
/ BrsEf(x)"H(x)dr < C.R™ Ao (Z ||ff||Lz<s>> RPwens OEUT0M) - (27)
Br
forall B> K¢ m>=1, R>1, and f € A(R, K, m,b). Moreover, lim._,q K(€) =cc.
Our proof of Theorem 9.1, which is the subject of the next section, follows to a large extent

the proof of Theorem 3.1 in Guth’s paper [8]. There are three main differences between our
theorem and Guth’s theorem. First, we are working in the weighted setting. Second, in [8],

(24) is replaced by
/ £ (©)do(e) <
B(&o,R~1/2)NS

Third, the conclusion of Theorem 9.1 is conditional on (26): if (26) holds, then (27) holds.

10. Proof of Theorem 9.1

We alert the reader that in order to guarantee the independence of ¢y from qq, ¢1, b, and p, we
will be careful to check that all the constants (implicit and explicit) that appear in this proof
are independent of these parameters.
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We may assume that the constant C' is large enough to satisfy the requirements of
Lemmas 9-A and 9-B. Lemma 9-B also requires that Sm < 10~°. To meet this requirement,
we set

K =K(e) =e
and note that

ROtrans log(K*°sm) > REG log(K“107%) > R€_4

if Bm > 107%. So we can assume Bm < 1076, In fact,

q1 1—q1
H(xz)dx = ( H(as)dz) < H(x)dx)
Br Br Br
< A(){(H)‘h RO |B(O, 1)|17q1 R33n

< 5AL(H)"R?
(because |B(0,1)] <5,0< ¢ <1, and a < 3) and

1/2
I£llz2csy < D N fellzes) S K (Z ||fT|2L2(S)>

(because the cardinality of {7} is ~ K?), so

ZIIfTIILz

(3/2)+ (p—3)/2—e¢
(Z ||fT||L2(S)> (Z ||fr|%2<s>> R
R?

p/2

/ BrgEf(x)PH(x)dx S Ao R?
Br

(3/2)+e€
Z 11122 s ) Rprans log(K*fm) (28)

provided p > 3 + 2¢, Bm > , and <
(p—3)/2—e<1/2.

The theorem will be proved by induction. We see from (28) (and (25)) that (27) holds for
R < CKE€. So we assume R > CK€ and that the theorem is true for all radii in the interval

(1, R/2]. We also see from (28) that (27) holds if

— — —€ -1
ZHfrHQm(s) < R3(@=3)/2=97"

T

, where we have used (25) and the fact that

so we also assume that the theorem is true for all functions g € A(R, K, m,b) with
> el sy < (1/2) 2 M1f- 172 sy

In the discussion leading to the statement of Theorem 9.1, P was a general polynomial on
R? that was only required to be a product of non-singular polynomials (see the paragraph
following Theorem 8-A). Now we pick a specific polynomial P. We apply Theorem 8-A with
n=3, F=xp, BrgEf)’H, and D = RY%s to get a polynomial P of degree at most D such
that P is a product of non-singular polynomials, R?\ Z(P) is a disjoint union of ~ D? cells
07;, and

/ BrgEf(x)PH(z)dz ~ D™® [ BrgEf(z)PH(x)dx.
O,NBgr Br
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Let the modified cells O} and the cell-wall W be as defined above, that is, W = Npu/2)+5Z(P)
and O] = O; \ W. Then

/BRBrgEf(;E)pH(x)dx = ;/BRmO; BrBEf(ac)pH(x)dw—l—/BRmW BrgEf(z)?H(z)dx.

10.1. The cellular case
Suppose that the cellular term dominates. Then there are ~ D3 different cells O/ such that
/ BrgEf(x)PH(z)dx ~ D™® | BrgEf(x)PH(x)dx. (29)
BrNO! Br

We write f; =Y fri, as in (22), and use Lemma 8-A (applied to a single subset T; C T) to
see that

c

Frildo©) <c [ JA e ——
/3(5“’R1/2>“S B(¢0,R-1/%)NS RO+D/2

for some absolute constant c¢. Using part (i) of Proposition 7.2, we note that the supports of
the f,; are contained in neighbourhoods 7’ of 7, which, after choosing C sufficiently large (in
order for R™'/2 to be sufficiently small), define a decomposition {7’} of S of multiplicity 2m.
Letting g, ; = ¢ /2 f,; and g; = ¢ /2 f;, we now see that g; € A(R, K,2m,b).

By Lemmas 8-B and 8-A (applied with k = 2D), we know that

- [15.sPdo€) £ D [ £ dote),

i€l

so that

S5 [niiot©) s DY [ 15:Farte

i€l T

From among the ~ D? indices i € I that satisfy (29), we can therefore pick a particular index
1 that also satisfies

> [15ido© 5025 11 Paote)

For sufficiently large D, we therefore have

/|g”| do(8) < /|f7| do(e
Lemma 9-A now tells us that

/ BrgEf(x)PH(z)dx < D3/ BrgEf ()" H(z)dx
Br

BRﬂO£

P
S D3/ Brag Eg;(z)" H(x)dz + D* (RN“ > fTHLl(S)) Ao (H)" R?
Br T

(3/2)+e
§D3/ BrogEgi(w)” H (z)de + R™+T A, (H)" (Z ||ff||L2<S>> )
Br
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where we have used the assumption 3 < p < 4 as well as (25). By induction on Y__ ['| f[2do(€),
we can apply (27) to g;. We get

(3/2)
/ BrogEgi(x)"H(x)dr < CcR™ Ao ( ( /|9m| do (¢ ) R o),
Br
so that
/ BrsEf(2)PH(z)dx < D? / BrgEf () H(z)dx
Bgr BRQOQ

(3/2)+e

SO ql( ZZ / |- Pdo( > Rbtrans log(4K*fm)
(3/2)+¢
FORNTTAL( <Z|ff||L2(S)>

(3/2)+e
_ (Cl 2€R(10g4)5tr1n§) C R‘IoﬁA (Z/|f.r| dO’ )

(3/2)+e
3 Rowans log(K8m) 4 o p=N+7 4 ( <Z|f7||Lz ) '

To close the induction, it just suffices to prove that
C/D_2€R(10g4)5'm"5 + C/R—N+7 < 1.
Since

—2e p(log 4)8¢rans . P—2€040 log 4)0¢rans . p—2€>+(log4)e®
D—2¢ pllog4)s, =R deg R(10g4)3: - R (g)’

it follows that the exponent of R in both terms is negative and the induction closes.

10.2. The algebraic case

Returning to the decomposition
/ BraEf(a)’ H(z)ds =Y / Bry B f(a)” H(x)dz + / By Ef (x)? H (x)dz,
Br i BRQO; BrNW

we now assume that the contribution from the cell-wall W dominates. By Lemma 9-B, we
know that

/ BrsEf(x)P H(z d:c<z / Brog Ef7 j trans (€)P H (z)dz
Br

B;NW

4 K100p Z/ Bilp s E fj tang ()" H (z)dx

B;NnW

p
+0 (RN“ > ||fT|L1(S)> Aa(H)" R,

If the final O-term dominates, then the conclusion holds trivially (using the assumption
3 < p <4 and (25) as before).
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If the tangential term dominates, then, recalling that |{;j}| < R3?, we see that the conclusion
holds by (26).
So we may assume

/ BI‘f}Ef( pH d(E < Z/ BYQﬁEfI,j,trans(z)pH(x)dx' (30)
Br

B;NnW

Each ball B, has radius R'~°. By induction on the radius, we can therefore apply (27) to each
integral on the right-hand side as soon as we verify that fr; trans € AR, K,2m,b). (The
multiplicity of the new decomposition of S is 2m for the same reason given above concerning
the decomposition {7} associated with the function g;.) By Lemma 8-A (applied to a single
subset T; trans C T), we have

/ ) | fr,jrans|*dor (€) < / | f-2do(€)
B(&,R=(1=9/2)nS B(&o,R-(1-9)/2)N§

for all & € S. Using (24), we see that there is an absolute constant ¢ such that

RS R(b+1)5/2
/ |fT’j’“ans‘2da(£) S i Dz S : 11)/2  pd écb /2’
B(&0,R-(1=9/2)ns R(®+1)/ R(b+1)/ RA=8)(b+1)/

where we have used the assumption that b > 1. Therefore,
Cil/2fl,j,trans S A(R175, K, 27’)’L7 b)

and we may apply (27) to each of the integrals on the right-hand side of (30) to get

(3/2)
/ (Br2BEfI,j,trans($) ( )dl’ < CQC R(l 6)(10614 ( /|f7’] tran5| dU( ))

B;

X R(l_é)étrans log(4K€Bm) .

From Lemma 8-C, we know that a given tube in T lies in T trans for at most Poly (D) values
of j, so Lemma 8-A (applied with k = Poly(D)) implies that

| frjitrans|*do () < Poly(D) [ |f;[do(€)
2/ /

and hence

(3/2)+e

(3/2)+e¢
> / |+ trans| *dor(€) < Poly(D) (Z / fﬂm(&)) :

j T€el

and hence
(3/2)+e

(3/2)+¢
(Z / Fr g rans o€ >) < Poly(D (Z / A da>

Tel

with the implicit constant independent of the cardinality of {j}, and hence

(3/2)+e€
< /‘fT,] tr'}ns‘ dO’( )> <P01y ( /|f7_|2dg >
Tel

(3/2)+e

j, I
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with the implicit constant depending on the cardinality of {I} (which only depends on K,
which is acceptable). Thus

(3/2)+¢
[ BB P H @) < O Poly(D) CRO- A (1) (Z / f7|2do(€)>
Br -
X Rétrans log(4K56m)

= (c’ Poly(D)R—WR“"g4)‘“”“) CcR A, (H)™

(3/2)+e

To close the induction, we just have to prove that
C' Poly(D)R™%%0¢ RUos )durans 1,
But
C'Poly(D)R~040¢ R108 Ddirans ¢ RC"Sace—0a0e+ (108 )inane  RC"e"=(1/2)€" +(log a)e”

where we have used the assumption that ¢o > 1/2, so the induction closes provided e is
sufficiently small.

11. Estimates on the broad part

This section and the next form the bulk of the proof of Theorem 1.1. In this section, we use
Theorem 9.1 to estimate various LP norms of the broad part of Ef on the ball Br with respect
to the measure H(x)dx, where H is a weight of dimension «, as defined in the Introduction.
In view of the conditional formulation of Theorem 9.1, this will be achieved by estimating the
tangential part of Ef.

Following [8], we cover B; N W with cubes Q of side length R'/2. For each cube Q, we let
T; tang,@ be the set of tubes in T tang that intersect (). We know that

EfT,j,tang = E EfT,T = E Ef-nT + E Ef.,—’T.
TETj, sang TET; tang,Q TET) tang \Tj,tang, Q@

Let z € Q. If z € T, then T must intersect @), and it follows that T € T tang,@. If * ¢ T and
T € T(6), then |Ef,r(x)] S BN frl|Lr0), 50

> |Efrr(@)| = > \Efrr(z)]

TET tang\T} tang,Q 0 Te(T(O)NT; tang)\T} sang,Q

S ZRfNHfrHLl(e)
[

=R V| fllr ),
and so
Efr jtang(2) = Z Efrr(z)+0 (R frllLi(s)) -
TET; tang,Q

Because of the definition of T} tang, it turns out that all the tubes in Tj (ang,o are nearly
coplanar (provided ¢ is sufficiently small for the radius of the tubes to be smaller than the radius
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WEIGHTED RESTRICTION ESTIMATES 581

of Bj, that is, provided R(/2)+8 < R1=9) This led Guth to use the Cérdoba L* argument and
obtain the following bilinear estimate on Q.

LEMMA 11-A [8, Lemma 3.10]. Suppose 0 < 6 < 1/4. It 71 and 72 are non-adjacent caps,
then

/WEﬁmmwAﬂEﬁmea%m
Q

< ROWR1/2 Yo Ml >, Mnmliae

T1€Tj tang,Q T2€T; tang,Q

2
+O | R7V*? (Z ||f7’||%2(5)>

To upgrade the estimate in Lemma 11-A from an estimate on @) to an estimate on B; N W,
Guth then considered the square function

1/2

2
S‘r,j,tang = Z <X7TR_1/2||fT,T||L2(S)) )

Te’]rj‘tang

where 7T is the tube with the same core line as T but seven times the radius. If TN Q # (),
then @Q C 7T'. So

2
_ X
Sians > O (B ralliae) =32 Y Il

TET; tang,Q TET; tang,Q
and so
2 2 XQ 2 2
S‘rl,j,tangsrg,j,tang > R2 Z ”f‘Fl,Tl”LQ(S) Z ||f‘F2,T2||L2(S) ’
T1€Tj tang,Q T2€Tj tang,Q
which gives
SQ S2 dr > @ 2 2
71,7, tang 12,5, tang L Z R2 Z Hf‘l'l-,T1||L2(S) Z Hf‘l'2-,T2||L2(S)
Q@ T1 €T tang,Q T2€T; tang,Q

=R/? > fnmlies IR P R

T1E€Tj tang, @ T2€T; tang, @

Lemma 11-A now implies that

/ |Ef7'1,j,tang|2|Ef7—2,j,tang|2d$
Q

2
5 RO((;) A Szl,j,tangszg,j,tangdx +0 R7N+2 (Z ||f7’%2(5)>

85UB017 SUOLULLIOD AR 3]0 [dde 8y} Aq pauaA0b a1e Sajo e YO ‘8N JO'S3|n1 104 AIq1T BUIUO AB]IM UO (SUOTIPUOD-PUR-SLLLBYWD" A8 1M ARe1q1|BU1jUO//SANY) SUORIPUOD PUe SLWLB | 8U3 885 *[7202/70/92] U0 A%eiqi8uiuo A1IM ‘NONYE3 T[4 YNIH Ad 950ZT Swid/ZTTT 0T/10p/woo A8 |1m AReiq1puljuo"00syeLupuo //:sdny woJy papeojumoq ‘€ ‘LT0Z ‘XyvZ09vT
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Summing over all the @ covering B; N W, and expanding the definition of the square function,
this becomes

/ |E fr, i tang|*| B fra.j tang|” d
BjﬁW

2
S ROV /BﬂW 572'1,7,tdng57'277 tamgdm +0 R (Z HfTHB(S )

S RO®) Z R_2||f7’1’T1 ||%2(S)||f727T2||%2(S) / X71y X7T, A%
Ty, T2€T;,¢ B;nw
; j.tang

2
+O | RV <Z ||fT||i2(s>>

Since T comes from the wave packet decomposition of f, and T5 comes from the wave packet
decomposition of f.,, the angle between v(T;) and v(T3) is = K~ *. So

R(/2)+6
/]RS X771y X7T2d1‘ ,S T

Inserting this bound in the last inequality, Guth obtained

| 1B S siansP A s
B;nW

R(/2+8 g(1/2)+6 _ ¢ p(3/2)+35

SROOR ST | fnmllzas) Y fnmlis (31)

T1€T; tang T2€T; tang

2
+O | RV (Z ”f‘rl%?(S))

We are now in position to state our first estimate on the broad part of Ef.

THEOREM 11.1. Suppose 3/2 < « < 3, H is a weight of dimension «, b > 1, and p = 2(4da +
3b)/(2ac+2b+1).

Then there is a constant ¢q, which is independent of b, such that to every 0 < e < min|cg, (p —
3)/2] there are constants K = K (e) and C, so that lim._,o K (¢) = oo and

/ Bri— Ef(x)"H(x)de < Cc RUTD2 AL (H)' =@ | 1352
Br

whenever R > 1, f € L?(S), and

/ F©)Pdo(e) <
o
B(&,R-1/2)nS ROTD/2

for all §y € S.

Proof. In view of Theorem 9.1, we have to establish (26). To guarantee the independence
of ¢y from b, we will again be careful to check that all constants appearing in this proof are
independent of this parameter.
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Starting with (31) and noting that 3 < p < 4, we see by Holder’s inequality that
/ Bilp s E f; tang (z)P H (z)dx
B;NnW

> / Efry ssangl?/2 B fro cong P2 H (2)da
BjﬂW

71,72 non—adjacent

= ([

71,72 non—adjacent J

< RO A, (H) = w/4) g=w/8)ta=alp/4) Z Jr/4

T1,7T2

p/4
Efn,j,mg|2|Ef72,j,mg|2dx> (Aa(H)R)'®/M (32)

p/2
+O (Aa(H)Ra)l—(p/4) R(*N+4)(p/4) (Z ||f7—||i2(s)> ’

where
J= I frrm |17 | frams |17
71,1111 L2(S) 72,12 11 L2(S)
T1€T tang T2€Tj tang

Following [8], we will bound J in two different ways.
By part (i) of Proposition 7.2, we have

Z Hle,T1||%2(S) = Z Z Hf7'1~,T1||%2(S') S Z ”leH%?(O) S ||f7'1||%2(5')'
0

T1E€T; tang 0 Ty €T(0)NT; tang

Likewise, > 7, o

Jj,tang

| fra.1 ||2L2(S) < | fr ”%2(5)' This gives the bound

T S 325 frallEa ) -

On the other hand, Lemma 8-D tells us that T, ¢ang contains tubes in only R R'/2 different
directions, so

Z ||fT17T1||%2(S) S Z Z ||fT17T1||%2(S)

T1ET; tang R(/2)+0) caps 9 T1€T(0)

< ¥ / (o Pdo(€)

R(1/2)+0() caps 6

1/2)40(8
< BOPHOO s
~ T RO+D/2 )

where on the second line we used part (i) of Proposition 7.2 and on the third line the fact that
Jo 1+ ?do(€) S R~(FD/2, Likewise with 71, Ty replaced by 72, Tb. Thus

J < ROWR?,
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Putting the two bounds we now have on J together, we see that

S g (Z J) p/4 ) (Z J) (p—3—2¢)/4 <Z J) (3+2¢)/4

71,72 71,72 71,72 71,72

(3+2¢€)/4
< ROV R-Hr=3=2a/t (Z ||fT1|2L?(S)||fT2||%2(S)>

71,72

(3/2)+€
= ROWR-tlrms=2a/t (Z ||frliz<s>>

provided p — 3 — 2¢ > 0. We note that since p —3 — 2e < 1 — 2¢, all the implicit constants
remain independent of b. Therefore,

/ Bilp s E f; tang (z)P H (z)dx
B_jﬂW

~

(3/2)+e€
< RO((;)AG(H)17(;0/4)R—(p/8)+a7a(p/4)R*b((P*3726)/4) <Z||f.,-||%2(5)>

p/2
+0 [ (Au(H)R*)' ™ /Y RENFO@/Y (Z |fT|iz<S)>

T

Recalling from (25) that [ |f,|>do < R=(®=1/2 <1, we have

p/2 (p—3—2¢)/2 (3/2)+e
(Z fr||2L2(S)> = <Z |fr|2L2(S)> (Z ||fr||%2(5)>
(3/2)+e€
S <Z |fr|2L2(S)>

T

provided p — 3 — 2¢ > 0. Thus

/ BilpsE fj tang (x)P H (2)dx
Bj nW

(3/2)+e
5 RO((S)Aa(H)1—(p/4)Rbs/QRa+(3b/4)R—(p/S)(1+2a+2b) (Z ”fT”QLZ(S))

(3/2)+e
= RO Rbe/2 4 (F)1= /) (Z ||f¢||%2(s)> '

We note that the implicit constant in the R°(®) factor does not depend on b.

Invoking Theorem 9.1 (with g2 = /2, ¢ =1 — (p/4), and qo = (1/4) + (b/2)), we conclude
that to every sufficiently small e there are constants K = K (e) and C, such that lim._,o K (€) =
oo and

(3/2)+e
[ BuaBf@rH@) s < 0 RIR A (1) 0 (Z ||ff||iz<s>) Rfvene lo8LIC0m)
BR T

85UB017 SUOLULLIOD AR 3]0 [dde 8y} Aq pauaA0b a1e Sajo e YO ‘8N JO'S3|n1 104 AIq1T BUIUO AB]IM UO (SUOTIPUOD-PUR-SLLLBYWD" A8 1M ARe1q1|BU1jUO//SANY) SUORIPUOD PUe SLWLB | 8U3 885 *[7202/70/92] U0 A%eiqi8uiuo A1IM ‘NONYE3 T[4 YNIH Ad 950ZT Swid/ZTTT 0T/10p/woo A8 |1m AReiq1puljuo"00syeLupuo //:sdny woJy papeojumoq ‘€ ‘LT0Z ‘XyvZ09vT



WEIGHTED RESTRICTION ESTIMATES 585

foral >K ¢ m>1, R>1,and f € A(R,K,m,b).
Now suppose f € L?(S) satisfies

1
2d < -
/B(&;,R—l/z)ms () do(e) R(+1)/2

for all § € S. Writing f =" _ f; with supp f- C 7 and (supp f;) N (supp f~) =0 if 7 # 7/,
we see that f € A(R, K,m,b) and ) _ ||fT||%2<S) = ||f||%2(s). Applying the above estimate with

8 = K~¢, we obtain the desired result. O

REMARK 11.1. In dimension n =2, one needs to bound the broad part of Ef by
(O \|%2(S))2+6 rather than (3 ||f7,||%2(5))(3/2)Jré for the induction argument in the proof of
Theorem 9.1 to work. In view of the argument leading to (32), however, one sees that replacing
(3/2) 4+ € by 2+ € requires p/4 > 1. But when p/4 > 1, one will not have the right exponent
to apply Holder’s inequality in the second paragraph of the proof of Theorem 11.1, and as a
result will not be able to exploit the dimensionality of H and arrive at the desired estimate.

During the proof of the next theorem, we will need an estimate on

/ ‘ |EfT,j,tang(-T)|2H(.T)dl‘.

J

In [8], where the function H was not present, this was obtained via the standard local restriction
estimate

[ IBf@Pde S RIS

B(0,R)

which holds for all f € L%(.S). One could still use this estimate here, because ||H||z~ < 1, but
then one would be repeating word for word the argument from [8] and would end up with
the same estimate on the broad part of Ef as in that paper. In order to improve matters —
via the induction argument of the next section — we have to involve the factor A, (H) in our

estimate, and we, therefore, have to update the above local restriction estimate accordingly.

LEMMA 11.1. Suppose 0 < o < 3 and H is a weight of dimension «. Then

[ IBf@P @ S AR
B(0,R)

for all R > 1 and f € L*(S).

Proof. We let 11 be a C5° function on R? such that || > 1 on B(0,1). Then

[ EfePH@s < [ Bf@R @ P @) = [ @R @,
B(0,R)

where F' = ng-1 % fdo. Since 7 is compactly supported and R > 1, F' % F is supported in a ball

B(0,C). We let ¢ be a Schwartz function on R? such that ¢ =1 on B(0,C). Then F % F =
¢ (F = F), and, accordingly,

[ IFwrH@a= [ ] [ - y)ﬁ@)dy\ H(z)ds

< [IF5Fw) [ 166 - piH@)dsdy.
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To estimate the inner integral, we let B; = B(y,2'), and observe that

[ 16t~ )l )iz - / B~ IH( da:+z / (z — | H(z)do

Bi\B; -1

CnH (x)dx = / CnH(z)dx
| 7/t e
/Bo (1+ [z —yN ; BB, (L+ ]z —y)V

S Aa(H).

Therefore,

/B(O,R) |Ef(2)|"H (z)dr S Ao /|F*F )|dy = a(H)/|F(§)| de.

By the definition of F', and the Cauchy—Schwarz inequality, we have

0 < ([ 1nmt6 = 01ao(@)) ([ Inas = Ollr@Pa0 )

Clearly,
/m (€~ O)ldo (¢ R3/|n (€ — O)ldo(() < Ro(B(E,R) < R,
SO
/ [F(e)Pde < R / FOP / g1 (€ — Oldgdo(C) = Rlnllr 1 26,
and so
/ Bf () 2H(@)dz < Aa(H)R[f]2206)
B(0,R)
as claimed. O

This brings us to our second estimate on the broad part of Ef.
THEOREM 11.2. Suppose 0 < a < 3, H is a weight of dimension «, and p = 13/4.
Then there is a constant ¢, with 0 < ¢ < (p — 3)/2, such that to every 0 < € < ¢ there are
constants K = K (e) and C, so that lim._,o K(e) = oo and
[ Bric Ef(ay Hyds < € RAL(H) 03
Br
whenever R > 1, f € L?(S), and
1
/ F(©Pdo(e) < &
B(&0,R-1/2)NS
for all §y € S.

Proof. The argument we use here is very close to the one presented in [8, Section 3.4]. Our
starting point is again (31), which gives the following L* bound on the bilinear term

/ Bilp s Efj tang () H(z)dz < / Bilp s Ef; tang(7)*dz
B;NnW B;NW

N > / |Efr, jsangl*|Efr jiangl *dz S ROVRTVIM + €,
B,NW

71,72 non—adjacent
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where

M = Z Z ||f7'1-,T1||2L2(S) Z ||fT27T2||2L2(S)

71,72 \T1E€T; tang T2€T) tang

_ 2
and € = OBV, || 2205))").
On the other hand, Lemma 11.1 tells us that

/ Bil s E f; g ()2 H () d

B]‘ﬁW

< ¥ / (Efon congl | B Fra. s comg  H ()
B]'ﬂW

71,72 non—adjacent

< Z | E fry jtangll22(B; 1 (2)de) | B fra jtang | L2(B,, H (2)dx)

T1,7T2

,S Aa(H)Rlié Z an,j,tangHLQ(S)”ng,j,tang”L?(S)

T1,T2

2
= Aa(H)Rlié (Z ||f7—,j,tang|L2(S)> ,S Aa (H)RZ ||f7',j,tang||2L2(5)-
Interpolating between the L? estimate and the L* estimate, we get for all 2 < p < 4,

/ Bilp s E f; tang (x)" H(z)dz
B;NW
= / Bilp s Efj tang (7) P/ 2@ Bilp s Ef; tang (2) TP H(2)dx
B]‘QW
2—(p/2)
< / Bilp s Ef; tang (v)? H (z)dz
BjﬂW
—1+(p/2)
X / Bilps Ef, ang () H(z)dz
B]‘ﬁW
(p/2)—1

2—(p/2)
S <Aa (H)RZ ”f‘r,j,tang”%z(s)) (RO(6)R_1/2M + g)

2—(p/2)
< RO(é)Aa(H)27(p/2)R(5/2)7(3/4)p (Z ||f7',j,tang|%2(5)> M(p/2)71

2—(p/2)
+ AQ(H)2—(P/2)R2—(P/2) (Z ”f‘r,j,tang”%’z(s)) gp/2)-1
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i - B . - i i 7, tan, )
(since (p/2) —1<1). By Lemma 8-A (applied to a single subset T, ang C T), we have
2— 2 2— 2
1 frjams 2205y S 12205y 50 (2, 1 frgnanslZags)’ P2 S (0, 1 1320s))" ", and so

2 (/2)
Ao (HY2=(#/2) 2=/ (Z IIfT,j,tanglliz(a) gwrmt

2 (p/2)-1

2—(p/2)
5 AQ(H)Q—(P/Q)RQ—(P/@ (Z ||fT||%2(S)> R—N+4 <Z ||f‘r||%2(s)>

p/2
= AL () ORIV (Z |ff||%z<s>> .

Thus the error term can be handled with the aid of (25) as in the proof of the previous theorem.
We write the main term as

2—(p/2)
Ro(&)Aa(H)2—(p/2)R(5/2)—(3/4)p (Z ||ijtang||2LQ(S)> MVM(p/2)—1_V’

where v is a positive number that will be determined later. Following [8], we will estimate M
in two different ways. As we saw during the proof of Theorem 11.1, part (i) of Proposition 7.2
tells us that

Yo Wnmlliae Sallies and D Ifnmlizs S 1nlis),
T1€Tj tang T2€T; tang

so M S (ZT ||f‘rH%2(s))27 and so

2—(p/2) 2—(p/2)+2v
(z ||fT,j,mg|z2<S)> < (zmw) .

T

In order to estimate M#/2)~1=% e use Lemma 8-D as in the proof of the previous theorem

to get > er, . 1frm ||2L2(S) < ROGIR=1/2 (recall that b = 1 in this theorem), and likewise

with 7y, T} replaced by 75, T5. Therefore,

(/21— o (1 (p/2)-1-v
M@ v < ROO) =

provided p > 2(1 + v).
Putting the bounds together, we arrive at

/ Bﬂp_’(SEfj,tang(I)pH(x)dx
Bj nw

2—(p/2)+2v (p/2)—1—v
/S Ro((;)A(X(H)27(p/2)R(5/2)*(3/4)P (Z ||fT||2L2(S)> (R>

p/2
bR =9@-2)/24 (fy2-(0/2) (Z ||fflli2(5>>

) (p)2)—1—v 2—(p/2)+2v
< ROG) A (H)?~ /D RO/D=(3/0p (R> (Z IfT%2<s)>

T

provided p > 2(1 + v).
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WEIGHTED RESTRICTION ESTIMATES 589

We now determine v. We need to have 2 — £ 4 2v = % +esov="~1— % + 5. Then
P p 3 €
T l—-—py== - - __ > >
5 1—v 11 2/0<:>p/3+26,
and
1\ P/2)-1-v 1\ P/2)=B/4)=(e/2)
RG/2)=@/4p [ = RG/2)=6/4p ( — — R/2R(3/4)—p _ Re/2.
R R
Thus
(3/2)+e
Bilp 5B fj cang ()" H (2)dz < RO RV2 Ao (H)*~ (/2 Z 1f 1172 s) :
B;NW

We note that the implicit constant in the RO factor does not depend on b.

Invoking Theorem 9.1 (with ¢ =1/2, ¢ =2 — (p/2), and qp = 3/4), we conclude that to
every sufficiently small e there are constants K = K(e) and C. such that lim. o K(e) = oo
and

(3/2)+e
/ BI“BEf(.’E)pH(JJ)dI < CeR3€/4Aa(H)2_(p/2) (Z ||f7—||%2(5’)> R(S"‘ms log(K* Am)
Br T

for all 8 > >1,R>1,and f € A(R,K,m,1).
Given a functlon f € LQ(S) that satisfies

/ FOPdo(e) < &
B(&0,R-1/2)NS

for all § € S, then, writing f =" f; with supp f C 7 and (supp f) N (supp fr) = 0 if 7 #
7', we see that f € A(R, K,m,1) and }__ ||fTHL2(S) Hf||L2(S) Applying the above estimate

with 8 = K¢, we obtain the desired result. O

12. Parabolic scaling and the main induction argument

Suppose 7 is a cap in S of center (wp, h(wp)) and radius r < 1. Following [8], for w € B?(wo, ),
we define

h(w) = h(w) — h(wy) — (w — wo) - Vh(wp).
Also, for |n| < 1, we define
hi(n) = r2h(wo + ) = r2h(w)

and we let S; be the graph of hy over B2(0,1).
To every function f on 7 we associate a function g on S; defined by

9(n, hi(n)) = r?f(wo + rn, h(wo + 1)) (wo + rn)Jn, ()",

where Jj, = /1 + |Vh|? and J, = /1 + |[Vhi|?. Then

/Bz( ) f(o.), h(w))e—%ri((:l;l,w2)~w+:1:3h(w))Jh(w)dw
wo,T

- ‘/ F(@, h(w))e~ 27 (01,202 Th(w0))-(wm0) +zarha (@ =wn) /)
B2 (wq,r)

X Jh(w)dw‘
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- ‘ / flwo +rn, h(wo + 7“77))8_2”(((“ w2)+3Vh(wo)):(rn)+w37*ha (n))
B2(0,1)
X Jp(wo + rn)ern

. 2
/132(0 | (e (s e ) g, Gy

where we have applied the change of variables n = (w — wp)/r. Thus
|Esf(x)] = |E51g ((r;z:l, ras) + resVh(wy), r2x3)|
for all z € R3. Also,

/ l9(n, ha () [* Tn, (n)dn = TQ/ |f(wo +rn, h(wo + 1)) |* n(wo +r17) Jn, ()~ rdn,
B2(0,1) B2(0,1)

so applying the change of variables w = wy + 7, we see that

[ g @) =r® [ b @) @) (@ - w0 /) d
B2(0,1) B

2(wo,7)

Clearly, Jp,, ((w — wo)/r)) = 1 and (by (19)) Ji(w) < 3 for all w € B%(wp, 1), so

/ (901, B ()21, () < 31 / (@, h(@))2 T (@)dw.
B2(0,1)

B2 (wo,r)
Define the linear map T : R? — R? by
Tx = ((mchrxg) + T$3Vh(wO)77‘2$3) .
As we saw above, we have
|Es f(z)] = |Es,9(Tx)],
so that

/ |Es f(z)|PH(z)dx = / |Es,g(Tz)|PH(x)dx.
B(0,R) B(0,R)

Applying the change of variables u = Tz, this becomes

/ |Es f ()" H{x)dw = / |Es,g(u)|”H (T~ u)r~"du.
B(0,R) T(B(0,R))

Since (by (19))
7
2] < rltar, )]+ laal (VG| + loal < (1+ o] + 1) rla,

it follows that T'(B(0, R)) C B(0,4rR), and hence

/ |Es f(z)|"H(z)dx < / |Es,g(u)["H(T™ u)r~du. (33)
B(0,R) B(0,4rR)

Let H = H o T~'. We need to study

/ H'(u)du = / H(T 'u)du
B(uo,t) B(uo,t)

for ug € R and t > 1. We begin by noting that

u € B(ug,t) <= |[Tv| <t <= v-Av <t
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WEIGHTED RESTRICTION ESTIMATES 591

where v = T~y — T~ ug and

T2 0 T281h(WQ)
A=T'T = 0 r? 7205 h(wo)
r201h(wo) 120:h(wo) T2 Vh(wo)|? +rt

The characteristic polynomial of this matrix is
JA = X[ = (r? = X) (A\* = (r®Jn(wo)? + 1) A+ 79).
Since Jp,(wp) > 1, we have
(2T (wo)> + 7% —4r® > (P2 + 7?2 =4S =t 418 — 20 = (2 =112 > 0,

so the eigenvalues of A are

5 276
AL=717 Ae= )
P2 Tn(@0)? + 70+ /PRI T T — 470
and
N 2 Jn(wo)? + 14 + /(12 Jh(wo)? + 1%)2 — 416
3= 3 .
Since 1 < Jp(wo) < 3, it follows that
6 6 A 2
Ao > = = — d 3> —.
272 R+t oty a 10 MY BE Y

Therefore, the image of B(ug,t) under T~ is contained in an ellipsoid of center zy = T 'uyg,
two short principal axes of length 2\/515/ r, and long principal axis of length 2v/10 0t/r%. This
ellipsoid can be covered by balls B(x1,4t/r),..., B(xy,4t/r) with N < 3/r, so after applying
the change of variables = T~ 'u we see that

/ H'(u)du = / H(z)r'dz
Bluo,t) T-1(B(uo,t))

/ (z)dr < r*NA,(H) <4t) < (3)(43)r3 A, (H)t™
B(w1,4t/r)

\3%
M=

”
j=1
for all uy € R3 and ¢ > 1. Thus
Ao (H') < (192)r3 A, (H). (34)
THEOREM 12.1. Let 0 < a<3,3<p<4,2<v<3,0<¢1<1,¢>0,andc>0.

Suppose that we have the following estimate on the broad part of Ef: to every € € (0,c)
there are constants K (¢) and C, such that lim._,o K (€) = co and

/mmmKENMmesawmﬂmwmu|@wuﬂﬁ

for all radii R > 1, weights H of dimension «, functions h satisfying conditions (i)—(iv) of
Assumption 8.1, and functions f € L*(S).

If 2p — o — 1 — v > 0, then there is a constant ¢’, which only depends on «, p, and vy, such
that for 0 < € < ¢’ we have

/B(O " |Ef(@)|"H(x)de < C.R* (max [Aa(H), Aa(H)"]) R | f][]2 5 L F17 - 5):

85UB017 SUOWWOD BAIER.ID 8|qedljdde ay) Aq peusencb ae sejo1Le VO ‘88N JO S9INJ 10} A%Iq1T 8UIIUQ AB|IM UO (SUORIPUOD-PUR-SLUIBIALID 4B | 1M AIq 1 U1 |UO//Sd1IY) SUOTNIPUOD PUe SWLB | 8U) 88S " [7202/70/92] Uo ARiqiT8uliuo A1IM ‘NONYE3T-14 YN IH Aq 902T SWid/ZTTT 0T/I0p/wW0d A8 | im Aze.q i jpul|U0-d0sUeLpUO |//:Sdy Wwoly pepeoiumod ‘€ 2T0Z ‘Xy209T



592 BASSAM SHAYYA

with
C.=2(Cc+100(9)"),
for all radii R > 1, weights H of dimension «, functions h satisfying conditions (i)—(iv) of

Assumption 8.1, and functions f € L>(S).

Proof. We are going to prove the theorem by induction on R. The estimate is true for
1< R<10:

[ Bf@r @ < [ HE
B(0,R) B(0,10)

1—q1+q1
- ( / H(m)dx> {1
B(0,10)

< RE|B(0,10)[' 77 Ao (H)™ (10| FI171 ) 1F1I 1 s

< (5171107 (8) R A (H)" R%(| |72, 1 F 117 5

where we have used the fact that o(S) > 1 for all h.
Suppose R > 10 and our estimate is true for all functions h satisfying conditions (i)—(iv) of
Assumption 8.1, weights H of dimension «, and all radii in the interval [1, R/2]. Then

[ Er@pa@ s [ BBy H@ S [ B

B(0,R) B(0,R)

<@REAa(H)qu‘”IIfIIZz(S)IIfH’i;(S)+KEZ/ (B2 ()P H (2)do

B(0,R)

We have K functions f, each supported in a cap of diameter » = 1/K, and hence in a set of the
form B(&-,p) NS with r < p < 3r and &, € S. We are going to use parabolic scaling and the
induction hypothesis to bound >~ [’ B(O.R) |Ef-|PH(x)dz. We let ¢ be a non-negative Schwartz
function on R? such that ¢ > 1 on the umt ball and ¢ is supported in the unit ball, and we
observe that

1
|¢P(£7£T)‘>E on B(gﬂp)

We also define the function F, on B(&;, p) NS by the equation

fT(f) = d’ﬂ(& - fq—)Fr(f)
and we observe that |F,| < p®|f.|. Then

Ef(2) = (6,0 —€)) * EF(x) = [ ipta — ) EF )y,

so that

B < ([ 180t - ) 1BE |dy)

< / nee y))|dy>,,1 ([ 1EF WP - i)

= sl [1ER Pt — )i
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which gives
[ er@r@e < L6 [1BRGr [ bt - )@,
B(0,R) B(0,R)
We now define the function H on R? by
) =118 ,2AalE) 0" [ (3ol ) H o)z
B(0,R)
note that H is supported in the ball B(0, R+ p~!), and conclude that

[ IEf @@
B(0,R)

<[l At 310 [ R

Since q/b\ is supported in the unit ball, we have

111, < 1BO DS, <5S]],-
Thus

/ Bf @) H(x)de < 5%|3||" - Aa(H)p* / EF.(y)"H(y)dy  (35)
B(0,R) B(0,R+p~1)

(1]l > 1 because $(0) = [|g]| 1 > 1).

The function H is a weight on R? of the same dimension as H. In fact,

~—1
a1 | PR p 1"
Hy) < ————=—||¢ x/ H(z)dx < A(H)[-) =1
W<y 190 Jy, o, 1O S 2 A0
(provided 1/p > 1) for all y € R?, so ||H||z~ < 1. Also,

/ H(y)dy = / XB(yo.t) (V) H(y)dy
B(yo,t)

~i=1
s / / -
= XB(yo,t) () |[0(p(x — y))|dy H (z)dx
Aa(H)  Jp(o,r) (o0
Applying the change of variables v = p(z — y) to the inner integral, we get

a=3[| 21

PP ] e PPN
/ Hiway - 21 [ [ xsnte = o o) B0)dvt(@)do
B(yo,t) o(H) B(0,R)

) s [ B0 [ Xotnnte — vz
Au(H) B(0,R) oo

a=3[| 21
P ||¢||Loc/ "y
= = ¢’U /X o 1y, x)H (x)dxdv
i o PO Xt @ HE)

P e ~
< — 5 A, (H)t“d
< /B o A
<ol |0 ], o2t
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for all yo € R? and ¢ > 1, so that
Nz a— a—
H) <@gl p"? <5p"77 (36)
We know that 7 is the graph of h over B?(wo,r), so, by (33),

/ |EF (2)|PH(z)dx :/ |EsFyr(x)|PH(z)dx
B(0,R+p—1)

B(0,R+p~1)

- / | B, G (u)[PH (u) du
B(0,4rR+4)

(B(0,4rR + 4rp~') C B(0,4rR + 4) because r < p), and so (choosing K large enough for
4rR + 4 < R/2) the induction hypothesis tells us that

/ |EF(z)|PH(z)dx
B(0,R+p~1)

<77 0 R + 4) (max [Aa ('), Aa(H)"]) (4rR +4) 1G5 IGIIT s, -

N

Since
G (1, h1(n)) = 17 Fr(wo + 11, h(wo + 1)) Jn (wo + r0) Jn, (1)
and 1 < J < 3, it follows that
Gl Lo (s1) < 32| Fr |l Los s)-

Also, since
/ (GO b () 2T, ()l < 372 / I (w0, (@) 2T, (w) o,
B2(0,1) B2(wo,r)

we have
G 22(s,) < 3r2 (171 22(s)-
Therefore,

/ \EF, (2)["H(z)dx
B(0,R+p~1)
R

B R € q2
<r o (2> (max [Aq (H'), Ao (H)"]) (2) ”GHZ%SQHG”L‘X’(SQ

< 3UHPTIICRS (max [Aa(H), Aa(H)]) R2||Fr |72 6) |17 < )
Since (by (34) and (36))
Ag(H') < (192)73 7% Ay (H) < (192)73~*(5p> %) < 960
and 0 < ¢ < 1, it follows that
max [Ay(H'), Ao (H)?] < 960.
So

/ B, ()P H(2)de < (3 x 960)r% =41 CR R || Fy |1 g 1P 17
B(0,R+p—1)
and so (using (35))

Ik —a— —4— € :
/B( B) \Efr($)|pH($)d$< 1O7H¢HLOQPS Spp2p—d TCeR Aa(H)RqZHFTH z(s)HF |Loo(s)
0,
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Recalling that |F,| < p?|f,|, this becomes
p 2|4 3—a, 2p—4—r € q2
/B(O R)IEfT(x)I H(z)dz <107(|¢[[ . p*r CR A(H)R® | fr |1 7206 12175

14 —a—1— € 2
< (107 x B)|[§|[} 20 I CR A ()R £ ) | £

(recall that p < 3r). Thus

Ky / \Ef, ()P H(z)de

B(0,R)
< 10°||B [} r?P =T T CLR A (H) R | fI[5 S)ZHfTHLz(S)'

Now
v/2

v/2
A IS (/fr|2d0> < (Z/|fT|2da> = 1f1}zs)
provided v > 2, and
10°(|6 || r? =711 Ce < Ce +10%0(8)*

provided
1073} e <
SO

K¢ Z/B ©) ‘Efr(l‘”pH(x)dl‘ < (Ce + 1040'(5’)4) REA(Y(H)quHf” (S)||f| LOO(S)

provided
pp—a—l-y—e < 10—10H$HZ:
Since lim,_,g K(€) = 0o, the induction closes if 2p — « — 1 — v > 0, and we obtain

/ o[BI H @) < O max (Ao (), Ao () RS 15

as desired. O

13. Proof of Theorem 1.1

(i) We let b=1 in Theorem 11.1. Then p=2(4da+3)/(2a+3), and to every 0 < e <
min[cy, (p — 3)/2] there are constants K = K (e) and C, such that lim. o K = oo and

/ Bryc— Ef ()" H(w)dx < C.R Ao (H)' =@/ £ 325
B(0,R)
for all functions f € L?(S) that satisfy the inequality

1
/ Pdo < L (37)
B(go,R-1/2)NS R

for all & € S.
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Given a non-zero function f € L°°(S), we see that the function ||f||z&o(s)f satisfies (37), and
the above estimate becomes

/ ( )BrK-gEﬂ:c)PH(:c)dw < C R ALH) P 117205 1F 1= s
B(0,R

Applying Theorem 12.1 with ¢; =1 — (p/4), g2 =0, and vy =3, we get the required result
provided 2p > « + 4. Solving this inequality for «, we get 3/2 < o < 5/2. We have thus proved
part (i) except for the case v = 3/2.

We remind the reader about what we mentioned in Section 1.2 concerning the case o = 3/2
of Theorem 1.1. When a = 3/2, parts (i) and (ii) of Theorem 1.1 agree, but the proof belongs
to part (ii).

(ii) We suppose first o > 3/2. We let

in Theorem 11.1. This requires some explanation. The conclusion of Theorem 11.1 holds for
0 < e < min|eg, (p — 3)/2]. Since b > 1, we have

p—3_1 8o + 6b _3 <a—(3/2)
2 2\2a+4+20+1 200+3

So we assume ¢y < (o — (3/2))/(2a + 3) and choose b to satisfy € = (p — 3)/2. Solving this
equation for b, we arrive at the solution b = b. as above.
We, therefore, have the following estimate on the broad part of Ef:

/B o Bric—« Ef(2)"H(z)dw < C.ROTD2 A (H) =0/ | £l747

whenever R > 1, f € L?(S), and
1
2
do < ——+= 38
/B(Eo,Rl/Q)ms |f de R(®+1)/2 (38)

for all &, € S.
Given a non-zero function f € L?(S), we see that the function R_(l”‘l)/‘l||f||];21
(38), and the above estimate becomes

(5) f satisfies

p 1=(p/4) Rp=3)(b+1)/4)| £P
/B(o,R) Bry-Ef(x)PH(z)dx < C.An(H) R ||fHL2(S).

By Holder’s inequality, we have

3/p
/ Bryc . Ef(2)*H(x)dz < (Aa(H)R®)'~C/7) ( / BrKEEf(x)”H(x)dx) ,
B(0,R) B

r(0)
and hence
1/3
/ Bry—Ef(z)*H(z)dx < Csl/pRa(p—S)/(?m)Aa(H)1/12R(p—3)(b+1)/(4p) £l 2 (s)-
B(0,R)
Inserting for b its value in term of €, we get

L e G
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so that

(because a < 3 < p), and hence
/ Bri—Ef(2)*H(z)dx < CcR AL (H)/*RV/DCG2I| 13, o).
(0,R)
Applying Theorem 12.1 with ¢; = 1/4, g2 = (1/4)(a — (3/2)), p = 3, and v = 3, we arrive at

the desired result provided 2p > a + 4, that is, provided a < 2.
We have proved part (ii) of Theorem 1.1 in the regime 3/2 < o < 2:

/ |Ef(x)]H(z)dz < Cc(a, S)R Ay 3(H)RW/ D= (3/2))||f||3

B(0,R)

for all f € L?(S) and R > 1. In particular, when o = (3/2) + ¢, this becomes
/B(() R) |Ef(x)|‘3H(1f)dl' < Ce(S)REA(3/2)+6,3(H)R€/4”f”iz(s).

But from the definition of A,(H), we see that Ag(H) < Ay (H) if 8 > a, so the same is true
for A, ,(H), and so

/ Bf @) H(w)de < C(S)R* A a5 (H)| 1325
B(0,R)

(iii) In this part we use Theorem 11.2. We have the following estimate on the broad part of
Ef:

/ o R Bl @) H@)dr < CR Aa(H)* 12| I35 I £ sy
B(0,R

for all f € L>°(S), where p = 13/4. Of course,
112205y = 112 ) 1 F 17205y S 120 I 1)

whenever 0 < v < 3, so the above estimate implies that
/mmmKﬂﬂWH@M<awm<> O £ 115

Applying Theorem 12.1 with ¢1 =2 — (p/2), g2 =0, and 2 < v < 3, we arrive at the desired
conclusion provided 2p — o — 1 — v > 0, that is, provided v < (11/2) — .
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