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Abstract— In this letter, we compare the capacity of a massive
multiple-input multiple-output (MIMO) system using a low-
resolution analog-to-digital converter (ADC) and a linear detector
against a conventional MIMO system with higher order modu-
lation and near maximum likelihood (ML) detection. We show
that in the low-signal-to-noise ratio (SNR) regime, the quantized
massive MIMO system can outperform the conventional large
MIMO system; however, for high SNR, the conventional MIMO
system with a near ML detector can outperform the extreme 1-bit
quantized massive MIMO system. An analytical framework that
derives the achievable rate of a linear minimum mean-squared
error (MMSE)-based detector in a massive MIMO configuration,
with the assumptions that the front-end is limited to a low-
resolution ADC and channel estimation is imperfect, is presented.

Index Terms— Quantized massive MIMO, MMSE, detection.

I. INTRODUCTION

MASSIVE MIMO is an emerging technology that scales
up the number of antennas in a conventional MIMO

system by orders of magnitude and improves both spectral
and energy efficiency through simple linear signal processing
techniques [1], [2].

Equipping the base station (BS) with a large number of
antenna elements dramatically increases the associated hard-
ware cost and resulting power consumption of the radio-
frequency (RF) circuits and data converters. It is known
that the power consumption of ADCs grows significantly
with the number of quantization bits [3], [4] and with large
sampling rates. One potential solution is the use low-resolution
quantized massive MIMO (e.g., 1-bit ADCs) as a means of
reducing costs and power consumption, and improving com-
putational efficiency [4]–[10]. However the main drawback
of reducing the ADC resolution is the need to compensate
for the severe non-linearity introduced by coarse quantization,
which might render traditional detection schemes using high-
resolution ADCs highly sub-optimal.

Prior work has studied the case of uplink quantized massive
MIMO [4]–[7], and analyzed the non-linearity effects of
quantization. However, there has not been any comparison
of achievable rates of the quantized massive MIMO with
that of a conventional MIMO system employing higher-order
modulation (e.g., 1024-QAM) schemes. In addition, linear
detectors such as zero-forcing (ZF), and maximal ratio com-
bining (MRC) have been previously analyzed in [4] for the
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Fig. 1. Uplink quantized massive MIMO system model.

uplink massive MIMO with 1-bit ADCs. In [11] and [12]
the gradient projection algorithm is used to iteratively find
a precoder that minimizes the MSE between the transmitted
and the received signal for the downlink case, but [11] and
[12] contain no mathematical analysis of the achievable rate.

In this letter, we consider a quantized massive MIMO sys-
tem. We propose an MMSE-based detector that incorporates
the effects of coarse quantization in the ADC and channel
estimation. We analytically derive the achievable rate, and
compare it against the capacity of a large MIMO system with
higher order modulation. By using low resolution ADCs with
only few bits in massive MIMO, the same achievable rate
obtained in the conventional MIMO system can be attained
but with significantly less power consumption.

II. SYSTEM MODEL AND PROPOSED DETECTION SCHEME

We consider a single-cell uplink system as depicted
in Fig. 1, where K single-antenna users are served by a BS
that is equipped with an array of N � K antennas. The
sub-channels between each transmit-receive antenna pair is
modeled as a Rayleigh block-fading channel in which the
channel stays constant over the channel coherence time.

The discrete-time complex baseband received signal over
all antennas prior to quantization, is given as

y =
√

ρHs + w, (1)

where y ∈ CN is the received vector, ρ is the uplink SNR,
H ∈ CN×K is the channel matrix between the K users and the
N BS antennas, and s ∈ CK denotes the channel input from all
users. We assume that the channel gains [H]n,k ∼ CN (0, 1).
Similarly, the entries [w]n of the additive white gaussian
noise vector w ∈ CN are CN (0, 1) distributed. Moreover,
E
�
tr(ssH) ≤ Kρ

�
in which the average power constraint is

satisfied, and tr{·} represents the trace of a matrix.

A. Quantization in the ADC

The in-phase and quadrature components of the received
signal at each antenna are quantized separately by an ADC
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of b-bit resolution. Following the notation of [4], we define a
set of 2b + 1 quantization thresholds ζb = {υ0, · · · , υ2b} and
a set of 2b quantization labels Lb = {�0, · · · , �2b−1} where
�i ∈ (υi, υi+1]. Let Bb = Lb × Lb. The b-bit quantization
is modeled by the function Qb(·) : CN → BN

b that maps the
received complex vector y with entries yn to the quantized
output r with entries rn = �k + j�l if and only if �{yn} ∈
[υk, υk+1) and 	{yn} ∈ [υl, υl+1). �{·} and 	{·} denote the
real and imaginary parts of a complex scalar, respectively.

For simplicity, we consider the ADCs as symmetric uniform
quantizers with step size Δ. First, note that when a signal
is quantized, the average power in the received signal is not
preserved. Therefore, we further assume that the output of the
quantizer is scaled by a constant ϑ ∈ R as in [4], to ensure that
the variance of each entry of the quantized output r is Kρ+1.
The entries �i of the quantization labels L are defined as

�i = ϑΔ
�

i − L − 1
2

�
, i = 0, . . . , L − 1. (2)

where ϑ =
�

Kρ+1

2
L−1�
i=0

�2i

�
Φ

��
2υ2

i+1
Kρ+1

�
−Φ

��
2υ2

i
Kρ+1

�� and Φ(x) is

the CDF of a standard normal random variable.
Considering uniform quantizers, the quantization thresholds

are given by υi = Δ
�
i − L

2

�
, i = 1, . . . , L − 1, where

the step size Δ of the quantizers is chosen to minimize the
distortion between the quantized and unquantized signal and
can be found numerically (see [13] for details).

The b-bit quantized received signal can then be written as

r � Qb (y) = Qb (
√

ρHs + w). (3)

In the 1-bit case (i.e., b = 1), we can write the quantized
received signal rn at the nth antenna as follows:

Q1(yn) =
	

Kρ+1
2 (sgn(�{yn}) + jsgn(	{yn})), (4)

where sgn(·) is the signum function defined as sgn(x) =
−1 if x < 0 and sgn = 1 if x ≥ 0, and the quantized signal
Q1(yn) is scaled such that its variance is Kρ + 1.

Bussgang decomposition for Gaussian inputs: The crosscor-
relation of a Gaussian signal before and after applying a non-
linear operation (quantization) are equal up to a constant [14].
When the input to the quantizer is Gaussian, Bussgang’s
theorem [14] can be used to decompose the quantized signal
into a convenient form. Using Theorem 1 in [4] and assuming
y ∼ CN (0N ,Cy) where Cy ∈ C

N×N , the quantized vector
r is linearly related to y through some diagonal matrix Gb

r = Gby + d, (5)

where the excess quantization distortion d ∈ C
N

and y are uncorrelated. The entries of the diagonal
matrix Gb = GbIN are real and given by Gb =
2b−1


i=0

�i√
π (Kρ+1)

�

e
− ρ2

i

Kρ+1 − e
− ρ2

i+1
Kρ+1

�

, and the covariance

matrix of y satisfies Cy = (Kρ + 1)IN .
Both the Gaussian assumption and the diagonal structure

of Cy = (Kρ + 1)IN are accurate at low SNR or when
the number of UEs is large [4]. Moreover, due to the power
normalization in (4), the covariance matrix Cr of r becomes

Cr = (Kρ + 1)IN , and hence, the covariance matrix of the
distortion d is Cd = Cr − G2

bCy =
�
1 − G2

b

�
(Kρ + 1) IN .

For the infinite-resolution case (b = ∞), it can be deduced
that G∞ = 1, and that for the 1-bit-ADC case (b = 1), we have
G1 =



2/π, which is a well-known result from [15] used to

analyze the achievable rate with 1-bit ADCs.

B. Channel Estimation

In the channel estimation step, we assume that the coherence
interval is divided into two parts: one dedicated for training
and the other for data transmission. During the training phase,
all K users simultaneously transmit their (P ≥ K) sized pilot
sequences to the BS. All pilot sequences used by different
users are assumed to be pairwise orthogonal. Let Φ ∈ CK×P

denote the pilot matrix transmitted from the K users such
that ΦΦH = PρIK . Furthermore, let Yp = HΦ + Wp and
Rb = Qb(Yb), where Yp,Rp and Wp ∈ CN×P , denote
the unquantized pilot sequences, quantized pilots sequences
received from the K users at the BS during the training phase
and the additive noise, respectively. The linear MMSE channel
estimator [4] is given by

Ĥ =
GbRpΦH

G2
bPρ + G2

b + (1 − G2
b)(Kρ + 1)

. (6)

Let H = Ĥ + H̃ where H̃ represents the estimation error.
The variance of the channel estimate and of the estimation
error are given by: σ̂2 = G2

bPρ

G2
bPρ+G2

b+(1−G2
b)(Kρ+1)

and σ̂2 =
G2

bPρ

G2
bPρ+G2

b+(1−G2
b)(Kρ+1)

.
For the unquantized case (b = ∞, G∞ = 1), linear MMSE

channel estimation defaults back to its original form [16].

C. Data Detection

We consider the case when the BS employs an MMSE
receiver. A soft estimate ŝk of the transmitted symbol sk from
the kth user is obtained as ŝk = aH

k r, where ak ∈ CN denotes
the linear (MMSE) receive filter for the kth user. Using (5)
and assuming perfect CSI, we obtain

ŝk = aH
k (Gby + d) =

√
ρGbaH

k Hs + aH
k n, (7)

where we have defined n = Gbw + d . Note that the
noise n and the input vector s are uncorrelated such that
Cy = (Kρ + 1)IN holds.

We employ an MMSE-based receiver while considering the
b-quantization in which the detector matrix A is given by

AH =
�
ĤHĤ + β̃b

G2
bρ

IK

�−1

ĤH , (8)

where β̃b = G2
b + (1 − G2

b)(Kρ + 1) + KρG2
b σ̃

2 represents
the variance of n that accounts the additive noise, the quanti-
zation effect and the estimation error.

Therefore, the kth column of A can be written as

ak =
�
ĤĤH + β̃b

G2
bρ

IN

�−1

ĥk =
Υ−1

k ĥk

ĥH
k Υ−1

k ĥk + 1
, (9)

where, as shown in [17] but with low resolution quantization,

Υk �
K�

i=1,i�=k

ĥiĥH
i + β̃b

G2
bρ

IN .
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One can note that for the case of full resolution (b = ∞,
G∞ = 1), the detector matrix A for the linear MMSE defaults

back to its original form AH =
�
ĤHĤ + 1

ρIK

�−1

ĤH .

III. ANALYSIS OF ACHIEVABLE RATE

We characterize the rate achievable in a low-resolution
quantized massive MIMO uplink system for Gaussian inputs.

A. Sum-Rate Approximation for Gaussian Inputs

Using Bussgang’s decomposition, the achievable rate can be
approximated by treating the additive noise aH

k n in (7) and
the channel input as Gaussian random variables. We then have
the following general form for the achievable rate:

Rk(ρ) ≈ EĤ

⎡

⎢
⎣log2

⎛

⎜
⎝1 + ρ|aH

k ĥk|2

ρ
K�

j �=k

|aH
k ĥj |2+β̃b�ak�2

⎞

⎟
⎠

⎤

⎥
⎦ (10)

where the terms in the denominator correspond to the inter-
ference, the estimation error and the quantization distortion.

1) Achievable Rate of the Proposed MMSE-Based Detector:
Using (9), the signal-to-interference-plus-noise ratio can be
written SINRMMSE = ĥH

k Υ−1
k ĥk, and by applying some

straight-forward linear algebraic calculations, we obtain the
following approximation:

RMMSE
k (ρ) = −EĤ

⎡

⎣log2

��
IK +

G2
bρ

β̃b

ĤHĤ
�−1

�

k,k

⎤

⎦ (11)

Using Jensen’s inequality, we obtain the following lower
bound on the approximate achievable uplink rate in (10):

RMMSE
k (ρ) ≥ R̃MMSE

k (ρ) = log2

�
1 +

1
E [1/γk]

�
(12)

where γk = 1��
IK+

G2
b

ρ

β̃b
ĤHĤ

�−1�
k,k

− 1.

Using a similar methodology as in [18] while considering
the b-bit quantization, we approximate the exact distribution
of γk with a Gamma distribution which has an analytically
tractable form. Hence, the PDF of γk is given by [19]:

pγk
(γ) =

γα̂b−1e−γ/θ̂b

Γ(α̂b)θ̂b
α̂b

(13)

where α̂b = (N−K+1+(K−1)μ)2

N−K+1+(K−1)κ , θ̂b = N−K+1+(K−1)κ
N−K+1+(K−1)μ

G2
bρσ̂2

β̃b
,

and Γ(·) is the Gamma function. Moreover, μ and κ are
obtained by solving following equations:

μ = 1

N
G2

b
ρσ̂2

β̃b
(1−K−1

N + K−1
N μ)+1

κ
�
1+ (K−1)G2

bρσ̂2

β̃b
μ2

�
= (K−1)G2

bρσ̂2

β̃b
μ3 + (K − 1)μ2

Proposition 1: Using the approximate PDF of γk given
by (13), and the proposed linear MMSE-based detector,
the lower bound on the achievable rate for the kth user is

R̃MMSE
k (ρ) = log2(1 + (α̂b − 1)θ̂b). (14)

Fig. 2. Mutual information per user versus SNR for a K×N massive MIMO
system where K = 16 users and N = 128 BS antennas and b = {1, 2, 3}
quantization bits; analytical versus simulated for the proposed MMSE-based
detection with imperfect channel estimation.

Proof: Substituting (13) into (12) and using the identity
Γ(α̂b) = (α̂b − 1)Γ(α̂b − 1), the result follows. �

Remark: From (10), the achievable rate Rk(ρ) can be
rewritten as

Rk(ρ) = EĤ

�
log2

�
1 + |aH

k ĥk|2
aH

k Υkak

� 

≤ EĤ

!
log2

�
1 + �aH

k Υ
1/2
k �2�Υ−1/2

k ĥk�2

aH
k Υkak

�"

= EĤ

�
log2(1 + ĥH

k Υ−1
k ĥk)

 
= RMMSE

k (ρ). (15)

The inequality is obtained by using Cauchy-Schwarz’ inequal-
ity, which holds with equality when using the proposed detec-
tor in (11) with ak = αΥ−1

k ĥk, for any α ∈ C. Therefore,
the proposed MMSE-based linear detector is optimal in the
sense that it maximizes the achievable rate given by (10).

IV. EXPERIMENTAL SIMULATION RESULTS

For our simulation, we consider a single-cell b-bit massive
MIMO uplink with K = {16, 32} users and N = {128, 256}
BS antennas for QPSK and Gaussian inputs.

1) To compute the achievable rate for the QPSK inputs,
the achievable rate is Rk(ρ) = I(sk; ŝk |H) as shown
in [20]. We expand the mutual information I(sk; ŝk |H)
as follows:

I(sk; ŝk |H) = Esk,ŝk,H

!
log2

Pŝk|sk,H(ŝk|sk,H)

Pŝk|Ĥ(ŝk|H)

"
. (16)

Here, the conditional probability mass functions
Pŝk|sk,H(ŝk|sk,H) and Pŝk|H(ŝk|H) = Esk

[Pŝk|sk,H

(ŝk|sk,H)] are needed to compute (16). We use
Monte-Carlo simulations to estimate them since no
closed-form expressions are available for these quan-
tities. In particular, we simulate many noise and inter-
ference realizations, and map the resulting ŝk to points
over a rectangular grid in the complex plane.

2) A conventional MIMO system with higher-order modu-
lation can be developed that uses near ML detection and
achieves capacity that is upper bounded by [20]:

R(ρ) = EH

�
log2{det{IN + ρ

K HHH}}�, (17)

where det{·} represents the determinant of a matrix.
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Fig. 3. Comparison of total system throughput for a K × N quantized
b-bit massive MIMO with K = {16, 32} users and N = {128, 256} with
imperfect channel estimation, vs. two conventional 8×8 and 16×16 MIMO
systems.

The following simulations will address the attainability of
an equivalent performance in the uplink to that of conventional
MIMO using another less-complex system by adding more
low-cost antennas with low resolution ADCs in the RF front-
end at the receiver side, and employ linear processing for
MIMO detection in the baseband.

We evaluate the validity of our closed-form expression for
the achievable rate for the MMSE-based linear detector given
in (14) for Gaussian inputs with perfect and imperfect CSI.
In Fig. 2, we show the accuracy of the proposed closed form
of the MMSE-based detector (14) with the simulated form
(10) for low bit resolution ADCs (b = {1, 2, 3}). One can
notice that the closed form achievable rate perfectly matches
with Monte Carlo simulated rates for perfect and imperfect
CSI. This indicates that our derived expression (14) is a valid
predictor for the performance of b-bit massive MIMO system.

Figure 3 compares the sum rate between the b-bit quantized
massive MIMO with linear detection against the conventional
MIMO systems with near ML detection, assuming imperfect
channel estimation. For the b = 1 bit quantization case,
the SNR regimes are bifurcated into two regions: for the low
SNR regime, the massive MIMO system can outperform the
conventional MIMO even with imperfect channel estimation;
however, for high SNR, the conventional MIMO system with a
near-ML detector can outperform the massive MIMO system.
For instance, to achieve a sum rate of 62 bits/channel use for
the one bit massive MIMO case with N = 256 antennas at
BS and K = 32 users the needed SNR is −6 dB with just
QPSK modulation; however, for a large MIMO (e.g., 16×16)
system with near-ML detection the needed SNR is 15 dB, and
for an 8× 8 MIMO system the needed SNR is around 25 dB.
Furthermore, it can be seen that for few bits (i.e. 2 or 3 bits) of
quantization, the proposed MMSE-based detector with massive
MIMO deployment outperforms the conventional MIMO.

V. CONCLUSION

In this letter, an uplink massive MIMO system with low
resolution quantized ADCs is considered. Using the Bussgang
decomposition, a new MMSE-based linear detection scheme
that incorporates the non-linear effects of quantization has

been derived. A closed form expression for the uplink achiev-
able rate has been derived, and used to analyze and compare
the performance of a quantized massive MIMO system against
both a large MIMO system that employs higher-order modu-
lation. In particular, it has been shown that for a few bits of
quantization (e.g., 2 or 3 bits), the quantized massive MIMO
can outperform the conventional MIMO.
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