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Abstract—This paper presents a method for deriving circuit model
stamp equations from the characteristic equations of multiterminal
devices. The method is applied to the derivation of stamp equations of car-
bon nanotube and graphene nano-ribbon field-effect transistors (FETs)
for use in general-purpose circuit simulators. We first review existing
methods of modeling FETs for circuit simulation and point out some
of the weaknesses in these models. We then explain how to derive
model equation stamps directly from the device physical characteris-
tic equations without the need of eliminating internal device variables
and without having to construct equivalent circuits consisting of intercon-
nections of two-terminal resistors, controlled sources, and two-terminal
capacitors.

Index Terms—Carbon-nanotube FETs, circuit equation stamps,
circuit models, circuit simulation, extended nodal analysis,
graphene nano-ribbon FETs, MOSFETs, surface potential.

I. INTRODUCTION

Modeling of electronic devices for circuit simulation has been an
active area of research since the sixties and early seventies, espe-
cially when computer programs, such as SPICE and its derivatives [1],
became widely available. In this paper, we take a critical look at cir-
cuit modeling of field-effect transistor (FET) devices, in general, and
at recently proposed models of carbon nanotube and graphene nano-
ribbon FETs, in particular. The focus is not on deriving circuit models
of the transistors from the physics of the device, but rather on how
to properly incorporate the model equations into the overall circuit
equations in a general-purpose circuit simulator, without the need of
eliminating internal variables from the characteristic equations and
having to construct equivalent circuit models consisting of intercon-
nections of two-terminal resistors, capacitors, and controlled sources.
To understand the basis of circuit modeling of carbon nanotube and
graphene nano-ribbon FETs, one has to review circuit modeling of
MOSFETs. The FET is a three- or four-terminal device. The char-
acteristics are normally derived as currents and charges in terms of
terminal voltages as well as internal variables, such as the channel
surface-potential, often denoted by ψs [5], [6]. The current in the FET
channel consists of two components, a transport current (dc current)
and a charging current (ac current). Both are functions of terminal
voltages and internal variables. The charging current is often labeled
as capacitive characteristics. The capacitive characteristics of FETs
consist of overlap capacitances, junction capacitances, and intrinsic
or “quantum” capacitance. Overlap and junction capacitances depend
on device geometry and process parameters that are normally easily
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modeled. The focus in this paper, is on circuit equation modeling of
the intrinsic capacitances.

We consider four-terminal devices, where the terminals are labeled
G for gate, S for source, D for drain, and B bulk, body, backgate or
substrate, in the case of four-terminal devices. We denote the charge
in the channel, referred to as quantum charge, as QCNT or QCH inter-
changeably; and the surface potential as �S, �B, VCH, and vCH based
on the notation used by different authors. The surface-potential has
been found to be a key parameter in modeling the FET characteristics.
It is a nonlinear function of the terminal voltages and is an important
parameter in determining the dc current and the charge variations
in the channel [5], [6]. The general approach followed in all exist-
ing methods in circuit modeling of FETs, including MOSFETs, is to
first eliminate the surface-potential variable and express the charges
in terms of two-terminal (nonlinear) capacitor network connecting
the terminal nodes.

Raychowdhury et al. [7] considered the modeling of three-terminal
ballistic carbon nanotube field-effect transistors. They derive an equa-
tion for QCNT in term of vDS and �S, and an equation of �S in terms
of vGS and vDS using curve-fitting techniques. �S can then be elimi-
nated from the dc channel current IDS equation to give an expression
in terms of vGS and vDS only. The capacitance is found by differen-
tiating QCNT with respect to vGS. The capacitance CG is then split
into two capacitances CGS connecting G to S, and CGD connecting
G to D, in the same way that QCNT is split into QS and QD, as is
done in [3]. It is obvious that the circuit model is not complete. The
dependence of QCNT on vDS and �S is ignored.

Deng and Wong [8], [9] derived a circuit model of the intrinsic
channel region of a carbon-nanotube field-effect transistor. The cur-
rent in the channel is derived in terms of the terminal voltages and
��B, the channel surface-potential change in response to changes
in gate, source, and drain bias. ��B is determined by using charge
conservation equation

Qcap = QCNT (1)

where Qcap is the total charge in the gate to channel capacitance,
substrate to channel capacitance, and between the channel and the
external drain and source terminals. Both Qcap and QCNT are func-
tions of the terminal voltages and ��B. Equation (1) is solved
iteratively by using a “construct” or side circuit to find ��B for
given values of the terminal node voltages. The construct circuit
is connected to the D terminal. The solution of ��B of the con-
struct circuit is used to eliminate ��B from the IDS equation. The
capacitive model of the transistor is obtained by first partitioning
QCNT into QD + QS. The capacitive model is obtained by differ-
entiating the charge equations with respect to the terminal voltages,
Cij(v) = |∂Qi/∂vj|, where Cij is a two-terminal capacitor connecting
node i to node j, as proposed in [3] and [5]. No mention is given
about Cii = |∂Qi/∂vi|. There are some shortcomings in this circuit
model: 1) by connecting the construct circuit to the drain terminal
D will add an unwanted extra term in the KCL equation at D and
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2) representing ∂Qi/∂vj by a capacitance Cij(v) connecting nodes i
and j produces errors in the circuit equations, as we show in the next
section.

Chen et al. [10], [11] derived a SPICE model for graphene nano-
ribbon FET. They follow a method similar to the one proposed in [8].
The surface-potential VCH in the channel is represented by a node
connected to ground by a voltage-controlled voltage source equal to
VCH. VCH is found by solving a side circuit that implements the
equation QCAP = QCH, as is done in [8]. The complete SPICE
model consists of IDS, the voltage-controlled voltage source VCH
connecting the channel node to ground, the side circuit connected
to G, and four capacitances, CG, CB, CCH,S = ∂QCH/∂vS, and
CCH,D = ∂QCH/∂vD, connected from the terminals G, B, S, and
D to the channel node VCH, respectively. The shortcomings of the
model are as follows: 1) the side circuit is connected to gate ter-
minal G, which adds to the KCL equation at the gate terminal an
extra current component that does not exist in the original circuit;
2) the voltage-controlled voltage source connecting VCH to ground
introduces a current variable from the channel to ground that does
not exist in the original model; and 3) the dependence of the charge
QCH at S on vD and at D on vS are ignored.

Frégonèse et al. [12] and Najari et al. [13] proposed a compact
model of a three-terminal schottky barrier carbon nanotube transistor.
The surface potential voltage, denoted by vCH, is represented by a
separate node, which is connected to the terminal nodes by linear
capacitors and current sources dQD/dt and dQS/dt. The KCL equa-
tion at node vCH is used to determine vCH. Unfortunately, the circuit
model configuration produces a floating vCH node during dc analysis,
which results in a singular circuit matrix and an undefined value for
vCH. In addition, no SPICE compatible circuit model is given.

Thiele et al. [14] modeled the quantum capacitance at a point x
in the graphene FET channel as Cq = −dQsh/dVCH, where VCH is
the channel surface-potential at x and Qsh is the overall mobile sheet
charge density and is a function of VCH. Qsh is then approximated as
Qsh = −1/2CqVCH = 1/2(dQsh/dVCH)VCH. The linearized charge
conservation equation at a node x in the channel is expressed in terms
of V(x), VCH, vGS, and vBS, where V(x) is the voltage drop in the
graphene channel. By integrating from the source S to the drain D
over the channel, the current IDS and the net channel charge QCH are
obtained in terms of vGS, vBS, and vDS. The small-signal model given
includes two capacitances only, Cgd = −(∂QCH/∂vDS) connecting
G to D and Cgs = −(∂QCH/∂vGS) connecting G to S. The back
gate B and the capacitances CG and CB are ignored. It is obvious
that Cq is the second term of the Taylor series expansion of Qsh with
respect to VCH, and the value VCH obtained by a single solution of
a linearized charge equation may not be accurate. In addition, the
capacitive model in terms of Cgs and Cgd only is not complete.

Jiménez and Moldovan [15] and Jiménez [16] used a similar
model to the one proposed in [14], but they consider Cq as a lin-
ear function of VCH, Cq = k|VCH|, which may not be the case.
This gives an explicit solution of VCH in terms of vGS, vBS, and
V(x), and allows the elimination of VCH and V(x) from the cur-
rent and charge equations. A linearized capacitive model follows
the model proposed in [5], and the components are derived as par-
tial derivatives of QG and QD. No SPICE level circuit model is
included. The main shortcoming of the model is similar to [14] in
that the derivative of the charge in the channel, Cq, is not a linear
function of VCH.

It is clear from the above review that there is a large variation
in the derived circuit models and in many cases, the final capacitive
circuit model is different from the initial capacitive model used in
deriving the charge equations. In some cases, the derived models may
not be general enough to be suitable for dc, transient, and steady-state

(b)(a)

Fig. 1. (a) Three-terminal element. (b) Circuit model of a three-terminal
capacitor.

analyses. In addition, the circuit equations using the derived circuit
models may not satisfy the original model equations.

In the next section, we review a general method of deriving cir-
cuit equation “stamps” of general multiterminal capacitors from the
element characteristic equations for use in a general purpose circuit
simulator, and give some observations in Section III. In Section IV,
we explain how to derive circuit equation stamps of carbon nanotube
and graphene nano-ribbon FETs from the device basic equations with-
out the need to eliminate the internal surface potential variable �S
and without having to derive an equivalent circuit model consisting
of two-terminal circuit elements, such as resistors, capacitors, and
controlled sources. The conclusion is given in Section V.

II. MULTITERMINAL CAPACITORS

In this section, we review characteristic equations and circuit
models of multiterminal capacitors, which is relevant to the circuit
modeling of the intrinsic capacitance of transistors, before we address
the circuit modeling of carbon-nanotube and graphene nano-ribbon
FETs in Section III.

For simplicity, we consider a three-terminal capacitor, with
nodes n1, n2, and n3, as shown in Fig. 1(a). Extension to multiter-
minal capacitors with more than three terminals is straight-forward.
Let the capacitor be characterized by a relationship between charge q
and voltage v

q1 = f1(v1, v2), i1 = dq1
dt

(2)

q2 = f2(v1, v2), i2 = dq2
dt

(3)

where node n3 is chosen as a reference node. When performing tran-
sient analysis, if the Backward Euler (B.E.) formula is applied to
(2) and (3) at time tn, one gets1

i1(n) = 1

h

[
f1(v1(n), v2(n))− q1(n−1)

]
(4)

i2(n) = 1

h

[
f2(v1(n), v2(n))− q2(n−1)

]
(5)

where for j = 1, 2, ij(n) and fj(v1(n), v2(n)) are the values of ij and
fj(v1, v2) at time tn, respectively, qj(n−1) is the value of qj at time
tn−1, and h = tn − tn−1 is the timestep. If Newton iterative method is
applied to solve the circuit equations at time tn, the nonlinear equa-
tions are linearized at an iteration point x(k)n , where x represents the
circuit variables, using the first two terms of Taylor series expansion,

provided the equations are differentiable at x(k)n . The linearization
of (4) and (5) at v(k)1(n) and v(k)2(n) at iteration (k) yields equations of
the form

i1(n) = 1

h

(
a(k)1 v1(n) + b(k)1 v2(n) + c(k)1 − q1(n−1)

)
(6)

i2(n) = 1

h

(
a(k)2 v1(n) + b(k)2 v2(n) + c(k)2 − q2(n−1)

)
. (7)

1Other linear multistep formulas can be applied as well [18].
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If the circuit equations are constructed using the nodal equation
formulation method, the corresponding stamp of (6) and (7) would be

1

h

⎡

⎢
⎣

+a(k)1 +b(k)1 −d(k)1
+a(k)2 +b(k)2 −d(k)2
−a(k)3 −b(k)3 +d(k)3

⎤

⎥
⎦

⎡

⎣
vn1
vn2
vn3

⎤

⎦ (8)

where d(k)1 = (a(k)1 + b(k)1 ), d(k)2 = (a(k)2 + b(k)2 ), a(k)3 = (a(k)1 + a(k)2 )

b(k)3 = (b(k)1 + b(k)2 ), and d(k)3 = (d(k)1 + d(k)2 ). The contribution to the
right-hand side vector is given by

1

h

⎡

⎢
⎣

−c(k)1 + q1(n−1)

−c(k)2 + q2(n−1)

c(k)1 − q1(n−1) + c(k)2 − q2(n−1)

⎤

⎥
⎦. (9)

In small-signal steady-state analysis, (2) and (3) become

I1 = sC11V1 + sC12V2 (10)

I2 = sC21V1 + sC22V2 (11)

where s = jω, C11 = ∂f1/∂v1, C12 = ∂f1/∂v2, C21 = ∂f2/∂v1,
and C22 = ∂f2/∂v2, evaluated at an operating point, and the nodal
equation stamp becomes

s

⎡

⎣
+C11 +C12 −C13
+C21 +C22 −C23
−C31 −C32 +C33

⎤

⎦

⎡

⎣
Vn1
Vn2
Vn3

⎤

⎦ (12)

where C13 = (C11 + C12), C23 = (C21 + C22), C31 = (C11 + C21),
C32 = (C12 + C22), and C33 = (C13 + C23) = (C31 + C32) =
(C1 + C2 + C3 + C4). A circuit diagram representing (10) and (11)
will consist of the parallel connections of capacitors and “voltage-
controlled capacitive current sources,” as shown in Fig. 1(b). Such a
controlled source has been used in [5] in modeling the capacitance
of FETs at high frequency. However, such equivalent circuits are not
necessary to formulate the circuit equations.

III. OBSERVATIONS

A. Observation 1

The concept of modeling multiterminal resistors and inductors by
including controlled elements, namely, dependent sources and mutual
inductance, has been widely used, but the use of dependent capacitors
in modeling multiterminal capacitors has not caught on.

B. Observation 2

In formulating the characteristic equations (2) and (3), any node,
n1, n2, n3, or ground node, could have been chosen as the reference
node. Different reference nodes result in different equivalent circuits,
but it can be shown that the stamp remains the same, irrespective of
the reference node chosen.

C. Observation 3

This observation is concerned with the time-domain circuit mod-
eling of nonlinear capacitors and inductors, that is, elements with
differential operators in their characteristic equations. We will illus-
trate with a two-terminal nonlinear capacitor. The observation applies
to multiterminal elements as well. Given a nonlinear capacitor with
characteristics

q = f (v), i = dq

dt
(13)

i = df (v)

dt
= C(v)

dv

dt
(14)

where C(v) = df (v)/dv is a nonlinear function of v. Note that C(v) is
the second term of a Taylor series expansion of f (v). In many cases

in literature, the capacitance C(v) is specified rather than f (v). In this
case, the equations used for transient analysis will not be complete.
For example, if the B.E. formula is used in finding the transient
response, the discretized and linearized charge (13) becomes

i(n) = 1

h
C

(
v(k)
(n)

)
v(n) + 1

h

[
f
(

v(k)n

)
− C

(
v(k)
(n)

)
v(k)n − q(n−1)

]

(15)

while the discretized capacitor (14) becomes

i(n) = 1

h
C

(
v(n)

)
v(n) − 1

h
C

(
v(n)

)
v(n−1) (16)

which is different from (15).

D. Observation 4

Given a multiterminal capacitor that is characterized by an equation
of the form q = f (v). Let C = ∂q/∂v be the linearized capacitance
matrix. If Cij = ∂qi/∂vj is connected between nodes i and j, as is
done in [3], [5], [8], and [9], then the circuit equations will not be
correct. We will illustrate by using the equations of a three-terminal
capacitor given in (2) and (3). If Cij = ∂qi/∂vj is chosen as a two-
terminal capacitor connected between nodes i and j, then the small-
signal sinusoidal steady-state analysis circuit stamp would be

s

⎡

⎣
+Caa −Cab −Cac
−Cab +Cbb −Cbc
−Cac −Cbc +Cbb

⎤

⎦

⎡

⎣
V1
V2
V3

⎤

⎦ (17)

where Caa = (C12 + C21 + C13 + C31), Cab = (C12 + C21), Cac =
(C13 + C31), Cbb = (C12 + C21 + C23 + C32), Cbc = (C23 + C32),
and Ccc = (C13 + C31 + C23 + C32). Note that the matrix is sym-
metric and C11, C22, and C33 do not appear in the matrix; they have
been shorted out. On the other hand, the correct circuit stamp is given
in (12).

IV. MODELING OF CARBON-NANOTUBE AND GRAPHENE

NANO-RIBBON FETS FOR CIRCUIT SIMULATION

As mentioned in Section I, in circuit modeling of carbon-nanotube
and graphene nano-ribbon FETs, the current and charge equations
are derived in terms of vG, vD, vS, vB, and the channel potential �S.
Without loss of generality, we will ignore the series resistances in
the gate, source, and drain and the flatband voltage in the gate. We
will choose the source terminal S as the reference node. Any other
node can be selected as a reference node. The channel potential �S
is referenced to ground as in [8]–[11], although it can be referenced
to S or B or any other node as well. The equations are then of the
form (see [8])

iDS = fDS(vDS, �S) (18)

QG = CG(vGS −�S) (19)

QB = CB(vBS −�S) (20)

QD = fD(vDS, �S) (21)

QS = fS(vDS, �S) (22)

QG + QB + QD + QS = 0 (23)

where the quantum charge in the channel is QCH = QD +
QS = fCH(vDS, �S). Equation (23) is normally used to determine
�S [8]–[11]. Note that IDS, QD, and QS are also functions of vGS
and vBS through �S.

In the following, we will derive equation stamps to be used in
circuit equation formulation for dc, transient, and sinusoidal steady-
state analyses.
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A. DC Analysis

At the dc point dQ/dt = 0, and the equations then become (18)
and (23) only. The linearization of (18) and (23) at iteration (k) yields
linearized equations of the form

iDS = g(k)DSvDS + g(k)� �S + r(k)DS (24)

CG(vGS −�S)+ CB(vBS −�S)+ c(k)DSvDS + c(k)� �S + r(k)CH = 0.

(25)

The coefficients in (24) and (25) are given in the Appendix.
The corresponding stamp in an Extended Nodal Analysis (ENA)
formulation [17] is

⎡

⎢
⎢
⎢
⎢
⎢⎢
⎣

0 0 0 0 0
0 0 0 0 0

0 0 +g(k)DS −g(k)DS +g(k)�
0 0 −g(k)DS +g(k)DS −g(k)�

+CG +CB +c(k)DS −d(k)S +d(k)�

⎤

⎥
⎥
⎥
⎥
⎥⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎣

vG
vB
vD
vS
�S

⎤

⎥
⎥
⎥
⎥
⎦

(26)

where d(k)S = (c(k)DS + CG + CB) and d(k)� = (c(k)� − CG − CB). The
contribution to the right-hand side vector is given by

[
0 0 −r(k)DS +r(k)DS −r(k)CH

]T
. (27)

Note that the charge (23) is included in the computation of the dc
solution. Note also that �S is retained as a circuit variable.

B. Transient Analysis

In performing transient analysis and assuming B.E. formula is
applied to (19)–(22) at time tn, and linearizing the equations at an
iteration point x(k)n , yields linearized equations of the form

iDS(n) = g(k)DSvDS(n) + g(k)� �S(n) + r(k)DS (28)

iG(n) = 1

h

[
CG

(
vGS(n) −�S(n)

) − QG(n−1)
]

(29)

iB(n) = 1

h

[
CB

(
vBS(n) −�S(n)

) − QB(n−1)
]

(30)

iD(n) = 1

h

[(
c(k)D vDS(n) + e(k)D �S(n) + r(k)D(n)

)
− QD(n−1)

]
(31)

iS(n) = 1

h

[(
c(k)S vDS(n) + e(k)S �S(n) + r(k)S(n)

)
− QS(n−1)

]
(32)

CG(vGS(n) −�S(n))+ CB(vBS(n) −�S(n))+ c(k)DSvDS(n)

+ c(k)� �S(n) + r(k)CH = 0 (33)

where the coefficients of (28) and (33) are the same as in (24)
and (25), except that they are evaluated at x(k)

(n). The coefficients
of (31) and (32) are given in the Appendix. Note that from (23),
iS(n) = −(iG(n)+ iB(n)+ iD(n)). The corresponding stamp in an ENA
formulation [17] is of the form

[
G + 1

h
C

]
v, b (34)

where v = [vG, vB, vD, vS, �S], and where

G =

⎡

⎢
⎢
⎢⎢
⎢
⎢
⎣

0 0 0 0 0
0 0 0 0 0

0 0 +g(k)DS −g(k)DS +g(k)�
0 0 −g(k)DS +g(k)DS −g(k)�

+CG +CB +c(k)DS −d(k)S +d(k)�

⎤

⎥
⎥
⎥⎥
⎥
⎥
⎦

(35)

and

C =

⎡

⎢
⎢⎢
⎢
⎢
⎣

+CG 0 0 −CG −CG
0 +CB 0 −CB −CB

0 0 +c(k)D −c(k)D +e(k)D

0 0 +c(k)S −c(k)S +e(k)S
0 0 0 0 0

⎤

⎥
⎥⎥
⎥
⎥
⎦
. (36)

The contribution to the right-hand side vector is given by

b =

⎡

⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢
⎣

+QG(n−1)
h

+QB(n−1)
h

−r(k)DS + QD(n−1)
h − r(k)D

h

+r(k)DS + QS(n−1)
h − r(k)S

h
−r(k)CH

⎤

⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥
⎦

. (37)

Stamps (35)–(37) do not include the contributions of the extrinsic
capacitances of the device, which should be added.

C. Small-Signal Sinusoidal Steady-State Analysis

When performing small-signal analysis, the device characteristic
equations are linearized at an operating point to generate a stamp of
the form

[G + sC]v (38)

where G and C are given in (35) and (36) evaluated at the dc solution.

V. CONCLUSION

In this paper, we briefly reviewed existing methods of modeling
FETs for circuit simulation and pointed out some of the weaknesses
in these models, especially in the circuit modeling the FET channel
charges in general, and the circuit modeling of carbon nanotube and
graphene nano-ribbon FETs in particular. In many cases the derived
equivalent circuit models do not conform with the original device
equations. The proposed circuit model derived in this paper, is in
the form of stamp equations that can be obtained from the original
characteristic equations of the device without the need to eliminate
internal variables and without having to construct an equivalent circuit
model in terms of two-terminal resistors, capacitors, and controlled
sources. The stamps are derived for dc, transient, and sinusoidal
steady-state analyses. The stamps can be incorporated into the circuit
equations of a circuit simulator in a straightforward manner. The
method allows model developers to evaluate the performance of the
validity of the device model directly from the physical device equations.
Circuit designers can monitor internal device parameters since they
are part of the circuit variable set. Although we have focused on
circuit equation modeling of carbon nanotube and graphene nano-
ribbon FETs, the same observations and results apply to MOSFET
circuit modeling.

APPENDIX

Coefficients of (24): g(k)DS = ∂fDS/∂vDS, g(k)� = ∂fDS/∂�S, both

evaluated at x(k), and r(k)DS = fDS(v
(k)
DS, �

(k)
S ) − (g(k)DSv(k)DS+g(k)� �

(k)
S ).

Coefficients of (25): c(k)DS = ∂fCH/∂vDS, c(k)� = ∂fCH/∂�S, both

evaluated at x(k), and r(k)CH = fCH(v
(k)
DS, �

(k)
S )− c(k)CHv(k)D − c(k)� �

(k)
S .

Coefficients of (31) and (32): c(k)X = ∂fX/∂vDS, e(k)X = ∂fX/∂�S,

all evaluated at x(k)
(n), and r(k)X = fX(v

(k)
DS, �

(k)
S ) − (c(k)X v(k)DS +

e(k)X �
(k)
S ) − qX(n−1), X = D, or S. Note that c(k)� = e(k)D + e(k)S

since fCH = fD + fS.
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