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Abstract: There exist three vector fields with complete polynomial flows on C", n > 2, which generate the
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holomorphic setting.
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1 Introduction

We will need the following two notions of flexibility and infinite transitivity introduced by Arzhantsev et
al. [5], and the so-called density property introduced by Varolin [13, 14]. These notions describe in a precise
way that the group of automorphisms Aut(X) of a complex variety X is “large”. The subgroup SAut(X) gen-
erated by unipotent one-parameter subgroups, i.e., complete polynomial flows of polynomial vector fields,
is called the special automorphism group of X. The Lie algebra of all holomorphic vector fields on X will be
denoted by X(X) and the Lie algebra of all holomorphic vector fields on X preserving a closed form w will be
denoted by X (X). The group of w-preserving holomorphic automorphisms is denoted by Aut,, (X).

Definition 1. (1) Let X be a complex algebraic variety. A point x € X;g is called flexible if the tangent space
T, X is spanned by the orbits of unipotent one-parameter subgroups of SAut(X). The variety X is called
flexible if every point x € X, is flexible.

(2) Let X be a reduced Stein space. A point x € X is called holomorphically flexible if the completely inte-
grable holomorphic vector fields on X span the tangent space Ty X. The space X is called holomorphically
flexible if every point x € X is flexible.

Definition 2. Let X be a complex manifold and let G be a group. The action of G on X is said to be infinitely
transitive if it acts m-transitively on X for any m € IN.

A vector field is called complete or completely integrable if its flow map exists for all complex times. Note that
the flow of a complete algebraic vector field is not necessarily algebraic, e.g., the flow of zw* % for (z, w) e C?
is complete and given by ¢(z, w) = (exp(tw") -z, W), which is not algebraic.

Definition 3. (1) Let X be a complex algebraic manifold. If the Lie algebra generated by the complete alge-
braic vector fields on X coincides with the Lie algebra of all algebraic vector fields on X, we say that X has
the algebraic density property.
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(2) Let X be a complex manifold. If the Lie algebra generated by the complete holomorphic vector fields on
X is dense (with respect to local uniform convergence) in the Lie algebra of all holomorphic vector fields
on X, we say that X has the density property.

Definition 4. (1) Let X be a complex algebraic manifold with an algebraic volume form w, i.e., a nowhere
vanishing section of the canonical bundle. If the Lie algebra generated by the complete w-preserving
algebraic vector fields on X coincides with the Lie algebra of all w-preserving algebraic vector fields on X,
we say that (X, w) has the algebraic volume density property.

(2) Let X be a complex manifold with a holomorphic volume form w, i.e., a nowhere vanishing section of the
canonical bundle. If the Lie algebra generated by the complete w-preserving holomorphic vector fields on
X is dense (with respect to local uniform convergence) in the Lie algebra of all w-preserving holomorphic
vector fields on X, we say that (X, w) has the volume density property.

Remark 5. Note that Lie combinations of complete vector fields are in general not complete. However, we
have the following approximation result [14, Proposition 2.4]: Let V, W be complete vector fields with flows
@t, P, respectively. Then for ¢ > 0, the following hold:

(1) An algorithm? for V + W is given by y; o @¢.

(2) Analgorithm for [V, W]is given by $_ ;0 @_ 7Y 50 @5

This can be generalized [14] to show that any flow of a finite Lie combination of complete vector fields can be
approximated uniformly on compacts of its maximal domain by compositions of these complete vector fields.

The main implication of the density property is the so-called Andersén—Lempert theorem:

Theorem 6 ([2, 9, 10, 14]). Let X be a Stein manifold with the density property (resp. (X, w) a Stein mani-
fold with the volume density property). Let Q € X be a Stein open subset (and resp. H""1(Q, C) = 0) and let
@: [0,1] x Q — X be a @'-smooth map such that
(1) @o: Q — X is the natural embedding,
(2) @¢: Q — Xis holomorphic and injective (and resp. w-preserving) for every t € [0, 1],
(3) @¢(Q) is a Runge subset of X for every t € [0, 1].
Then for every € > 0 and for every compact K c Q, there exists a continuous family ®: [0, 1] — Aut(X) (resp.
@: [0, 1] — Auty (X)) such that ®q = idx and ||p; — O¢l|x < € forevery t € [0, 1].

Moreover, these automorphisms can be chosen to be compositions of flows of completely integrable gener-
ators of any dense Lie subalgebra g of X(X) (resp. X4 (X)).

The following Lemma goes back to Varolin. It is stated originally for jet interpolation and with approximation
on a compact [13, Theorem 2 and Lemma 3.2]. For our application, a simpler version is sufficient, but we
emphasize that the automorphism can be constructed using only finite compositions of flows of completely
integrable generators of a dense Lie subalgebra g.

Lemma 7. Let X be a Stein manifold with the density property (resp. (X, w) a Stein manifold with the volume
density property) with dimc X > 2. Let g be the Lie algebra generated by certain complete holomorphic vector
fields on X such that g is dense in X(X) (resp. X, (X)). Let x1, ..., Xm, Xm+1 € X be pairwise distinct points.
Then there exists a neighborhood U of xpn+1 with the property that for all y € U, there exists a holomorphic
automorphism of X such that F(x1) = X1, ..., F(xmn) = xm and F(xm+1) = y. Moreover, F can be chosen to be a
finite composition of flows of completely integrable generators of g.

The simplified statement of this lemma allows us to give a relatively short and straightforward proof.

Proof. Around each point xj where j € {1, ..., m + 1}, we choose a sufficiently small compact ball K; inside
a coordinate neighborhood such that K; n Kj = 0 for j #j' and such that the union K = J[*}' K; is O(X)-

convex. In case of the volume-density property, these coordinate neighborhoods have to be chosen so that

1 Analgorithm y; for a vector field U satisfies weaker properties than a flow map, but lim,_,, X‘;;'n converges locally uniformly to
the flow of U.
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w becomes the standard volume form in the respective coordinates, see, e.g., [3, Lemma 3.6]. For each point
je{l,...,m+ 1} and for each € € {1, ..., n}, let V¢ be the holomorphic vector field defined on K which
vanisheson K1, ..., Kj_1, Kj.1, . . . , Km+1 and agrees with the partial derivative aize on Kj in the chosen coor-
dinate neighborhood. The O(X)-convex set K in the Stein manifold X admits an arbitrarily small Stein and
Runge neighborhood Q. For the volume-preserving case, note that H*"1(Q, C) = 0, since n > 2. For small
enough time, the flow of V¢ exists on Q and can be approximated arbitrarily well by a finite composition
F];’e of flows of completely integrable generators of g thanks to the Andersén-Lempert theorem. Consider the
map @: (C")™*1 — X" given by

m+1,n m+1,1 1,n 1,1
(t1,1, Ce, tl,n) th+1,n 0.v0 th+1,1 PRI Ftl,n ) Ftl,l(xl)

m+1,n 0o m+1,1 o oFl,n 0eino F1,1

tme1,n o tmet,1 e tin tlvl(xm+1)

(tm+1,1, ceey tm+1,n)

For a sufficiently close approximation, this map is submersive in 0 € (C")™*1. Now by the implicit func-

tion theorem, there exists a neighborhood Uj x - -+ X Upy1 of (X1, ..., Xms1) € X™1 and a neighborhood
Vix-x Vet of (0,...,0) € (CH™1 such that @: Vi x - x Vipeq — Up x--- x Upy1 is a surjective (in
fact, bijective) holomorphic map. In particular, for each y € Up41 =: U, we find (t1,1,...,t1,n) € Vi,...,
(tm+1,15 « + +» tms1,n) € Viny1 such that
m+1,n m+1,1 1,n 1,1
th+l,n o'qufmn,l OH'OFh,n O'HOth(Xl) X1
m+1,n m+1,1 1,n 1,1 = ’
th+1,n ere th+1,1 oo Ftl.n oo Ftl,l(xm) Xm
m+1,n m+1,1 1,n 1,1
th+1,n o"'oF[m+1,1 o“.oFtl‘non.oFtl,1(Xm+1) y

Note that the choice of the times depends holomorphically on y without any further control, but the map
F:=F Z":lln" oo F er:llll o---oF tll': o--oF tlli : X — Xisa finite composition of flows of completely integrable

generators of g. O

Corollary 8. Let X be a Stein manifold with the density property (resp. (X, w) a Stein manifold with the vol-
ume density property) with dimc X > 2. Let g be as in the preceding lemma. Then the group of holomorphic
automorphisms generated by the flows of completely integrable generators of g acts infinitely transitively on X.

Proof. 1t is sufficient to prove that we can construct a holomorphic automorphism F of X such that for any
pairwise distinct points x1, . . ., Xm, P, q € X, we find an automorphism which fixes x4, . . . , x,, pointwise and
maps p to q. To this extent, we choose a path y in X with startpoint p and endpoint g which avoids the points
X1, ..., Xm. Now we apply the preceding lemma repeatedly and move p to g along y. Since the trace of the
path y is compact, this can be achieved in finitely many steps. O

Remark 9. The following implications are well known (see [11]):

algebraic (volume) density property = (volume) density property

= holomorphic flexibility A holomorphic infinite transitivity.

However, the algebraic density property may not necessarily imply (algebraic) flexibility or (algebraic) infinite
transitivity. The results of [5] for irreducible algebraic varieties show that

flexible < SAut infinitely transitive.

In [7, Theorem 2.1], Arzhantsev, Kuyumzhiyan and Zaidenberg have shown that the smooth part of any non-
degenerate complex-affine toric variety of dimension at least 2 is a flexible manifold. More recently, they
showed [6] that finitely many unipotent subgroups are sufficient in order to generate a subgroup of SAut
which acts m-transitively for any m € N, provided the toric variety in question is smooth in codimension 2.
In particular, for X = C", they showed in the first available preprint of their paper that 4 unipotent sub-
groups are sufficient. In case of n = 2, even 3 unipotent subgroups are sufficient, see [6, Theorem 5.17].
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Meanwhile, they have independently improved the result and show that 3 unipotent subgroups are sufficient
forC", n > 2.

In this short article we sharpen this result for C", n > 2, and generalize it further to the holomorphic
situation. We show that 3 explicitly given unipotent subgroups are always sufficient, and moreover gener-
ate the whole Lie algebra of volume-preserving algebraic vector fields. The result also holds in an algebro-
holomorphic situation: 3 complete algebraic vector fields, one of them with necessarily non-algebraic flow,
can be chosen so that they generate the Lie algebra of all polynomial vector fields on C", n > 2.

2 Three generators

The following lemma is well known.

Lemma 10. A triangular derivation

D—i (Z z )i— i+ (Z )i+...+ (Z z )i
_k=1pk 1seeesZk-1 azk_plazl p2(z1 3z, Pn(Z1,...52n1 3z,

of the polynomial ring C[z1, . . ., zy] is locally nilpotent.

Proof. We prove the claim by induction in n € IN. The case n = 1 with D = pla—‘zl, p1 € C, is obvious. Since
eachactionof Don f € C[z4, ..., zn-1, 2n] decreases the degree in z,, eventually in DX(f) e Clz1, . .., Zn-1]
for k large enough. The restriction of D to C[z1, ..., z,-1] is locally nilpotent by the induction hypothesis. [

Theorem 11. The Lie algebra of polynomial vector fields on C", n > 2, is generated by the following three
complete polynomial vector fields:

0
U=—,
0Zn
0 0 0 0
V=—+2z vz —— 4z ezl —
aZn ny 1 n“n-1 azn_z n“n-1 3 Zazl’

W=z...23 | g,
Proof. By Lemma 10, the derivations U and V are locally nilpotent and hence complete vector fields. The flow
of Wis given by ¢(z1,...,2n) = (21, ..., 2n-1, €Xp(t- zi .- -22_1)2,,) and complete as well.
The polynomial vector fields will be constructed inductively in several steps. It is sufficient to construct
all monomial vector fields for each coordinate direction. We first need to take care of low degrees.
(1) By acting 4, 5, 6 and 7 times, respectively, with [U, -] on V, we obtain

d
ZZ2—— forp=0,1,2,3.

" 0Zn-1
(2) We now continue by inductionin k =n -1, ..., 2 by acting 4 times with [%H, -] on V and obtain
0
3 3 s 3 —
ZnZn1 Zk aZk—l ’
and finally
3 0 0
"0z 0zZker’
by acting on the previously obtained field with [a%, -] 3 times foreach ¢ = k, ..., n -1 (resp. n).

(3) Note that we can now get all lower degrees of already obtained monomials by forming a Lie bracket
with partial derivatives. The left-hand side contains only terms for which we have established that they can
be generated.
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Next, foreachk=1,...,n -1, we form
0 0 0 0
= Wz, — 2 wl=z2...23 —
[azn’[ ’Z"azkH+ [azk ] %1 Z"‘lazk’
[Zzi Z1++Z 'ZZ'Z 4 i]_ZZ .z Z a
nazks 1 k-1 k k+1 I’lflazk = 1° n-1"- naZ

One can get furtherziy foranyp € {0,1,2,3}and k € {1, ..., n — 1}. Using W, one can also getz’;%

foranyp € {0,1,2,3}and ke {1,...,n- 1}
Moreover, we also want to obtaln z2 y and z} <& a o

"oz Moz, e T Moz,
0 0 0 0

2 O 91,9529 _ 39
[Z" azk’ZkZ" azn] £Zkn dzZx Zn dZn

(4) We are now able to obtain all monomials by a two-step inductive process. First we get zi aizk for any
p=>3andk=1,...,nbyinductioninp € N:

[ o] = @ -podt

kazk’ kazk

Let p1,...,pn € No, and letnow k, € € {1, ..., n} with k # €. Let f be a monomial in all other variables
but z,, with power py in zx. Proceeding by induction in ¢, one gets

[Zpeaz ' Z ‘aik] :Z?Ea%’
[z” ) ] P+ 1) zpff(z)— 0

Corollary 12. The group of the holomorphic automorphisms generated by the flows of U, V and W acts infinitely
transitively on C".

Proof. This is a consequence of the preceding theorem and Corollary 8. O

Remark 13. One should compare this theorem and its corollary also to the result by Wold and the author [4]
that already 2 holomorphic automorphisms are sufficient to generate a dense subgroup of the holomorphic
automorphism group of C". However, one of these automorphisms was not obtained as a flow of a vector
field. The method of proof is not related and cannot be used to further reduce the number of complete vector
fields needed for generating the Lie algebra.

Theorem 14. The Lie algebra of volume-preserving polynomial vector fields on C", n > 2, is generated by the
following three complete vector fields:

0
v=-2,
0Zn
0 0 o 0
V=—+2z Y222 ——— 4 2o 22—
()Zn ny e n“n-1 azn_z n“n-1 3 2021’
0 0 0
V= — 42— +222—+- 42222220 —.
()Zl 1622 1 2623 1<2 n-2“n-1 azn

Proof. By Lemma 10 each of the derivations V' and V" is locally nilpotent and induces an algebraic C,-
action.

The polynomial vector fields will be constructed inductively in several steps. It is sufficient to construct
all monomial shear vector fields of the form f(z) <2 3o where f is a monomial with af = 0. We first need to take
care of low degrees.

(1) By acting 3-times (resp. 5-times) with [U, -] on V', we obtain

2 9 0
"0zn-1’  0zn-1
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(2) We now continue by inductionin k = n -1, ..., 2 by acting 3-times with [ Z’iil ,-] on V' and obtain
0
2.2 2
ZpZn1 2y Fr

Note again that we can now get all lower degrees of already obtained monomials by forming a Lie bracket
with a previously obtained partial derivative. We obtain, in particular, 2271 in the induction step.
Finally, we obtain, in particular, all partial derivatives a%k fork=1,...,n.

(3) By acting similarly on V"', we obtain also

2,2 2 0

z2125 - 'Zk’la_zk
for k = 2, ..., n. Lowering the degrees, we get z? aizk forany k, ¢ € {1,...,n}with € # k.
(4) For any indices k, £ € {1, ..., n} with k # ¢, any p € N and any polynomial f in all other variables

except z and z, the following holds:

— | Z2—|22—, 2 fo)— ||| =200 + 2" - flz) —.
[ oz [zk oz [Z‘f oz 2k A5, p+2)z @5

By taking linear combinations, this allows us to construct, by induction in p, every polynomial in the
variables z4, . .., z, except zy in front of aizk for each k. This is sufficient to obtain all the desired polynomial
vector fields according to the result of Andersén [1, Lemma 5.7] and the subsequent remark therein. See also
the textbook of Forstneri¢ [8, Proposition 4.9.7]. O

Remark 15. Note that this theorem does not claim that the group generated by the flows of U, V' and V"
contains the group of tame algebraic automorphisms of C". However, since U, V' and V"' generate at least
the corresponding Lie algebra, every tame algebraic automorphism of C" can be approximated uniformly on
compacts by compositions of flows of U, V' and V"', see Remark 5.

Corollary 16. The group generated by the (algebraic) flows of U, V' and V"' acts infinitely transitively on C",
i.e., the group generated by the three unipotent one-parameter subgroups arising as flows of U, V' and V" acts
infinitely transitively on C".

Proof. This is a consequence of the preceding theorem and Corollary 8 in the volume-preserving case. O

Given the initially discussed result [6, Theorem 2.1] of Arzhantsev, Kuyumzhiyan and Zaidenberg for finitely
generated, infinitely transitive actions on toric varieties and the positive results for the (relative) density prop-
erty for certain toric varieties [12] by Kutzschebauch, Leuenberger and Liendo, the following question arises
naturally:

Question 17. Can the Lie algebra of polynomial vector fields on a toric variety with the density property be
generated by finitely many complete polynomial vector fields, and by how many?
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