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Abstract: A generalized lock-in detection method is proposed to extract
amplitude and phase from optical interferometers when an arbitrary periodic
phase or frequency modulation is used. The actual modulation function
is used to create the reference signals providing an optimal extraction
of the useful information, notably for sinusoidal phase modulation. This
simple and efficient approach has been tested and applied to phase sensitive
spectroscopy and near-field optical measurements. We analyze the case
where the signal amplitude is modulated and we show how to suppress the
contribution of unmodulated background field.
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1. Introduction

Precise, fast and cost effective phase measurement is an important issue for many optical in-
struments and sensors. Among the large number of interferometric modulation/demodulation
techniques [1], phase modulations based on optical mirror vibration or piezo-strecher are par-
ticularly interesting in the exciting context of phase-sensitive microscopy and near-field imag-
ing [2–4]. The advantages of mirror based modulation compared to acousto-optics frequency
modulators, also used in optical microscopy [5–7], include excellent achromaticity which is
needed for spectroscopic application, simplicity, low cost while keeping a low phase noise.

The general principle consists in modulating the phase in the reference arm of an interferome-
ter by adding a variable delay length and measuring the resulting interferences. When the phase
modulation is linear an harmonic beating with the signal arm occurs, and any phase change in
the signal arm produces a phase lead or delay which can be recorded with an electronic phase-
meter. Because a phase modulation can be described as a Doppler frequency modulation, such
methods are often referred to as pseudo-heterodyne although this term was initially used to
describe a detection scheme where the optical source itself is swept in frequency [8, 9] or in
phase [10] in unbalanced interferometers. Since it is much easier to obtain a sinusoidal phase
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modulation by vibrating a mirror or stretching a fiber, than a linear one, pseudo-heterodyne
methods have been generalized to such non linear periodic phase modulation. However, in
these cases the detected intensity presents multiple harmonics and the phase is not retrieved
with a conventional phase meter.

Different approaches have been proposed to tackle this issue, most notably in the context of
fiber optic sensors [11,12] and near-field optics [3,4,13] where the signal is particularly weak.
For a sinusoidal modulation function, lock-in amplifier (LIA) detections on two consecutive
harmonics [3] present in the detected signal have been used successfully. However, since the
useful signal is spread over a larger number of frequencies, more efficient or simpler methods
are considered [14,15]. In this paper, we propose a generalized LIA approach to recover ampli-
tude and phase with an optimum signal-to-noise ratio for any modulation function. Instead of
using multiple LIA at selected harmonic references (M-LIA), our lock-in detector is fed by ref-
erences having all the frequencies of interest. The basic operation principle of this Generalized
Lock-In Amplifier (G-LIA) is first presented and applied to phase sensitive spectroscopy. The
approach is then extended to the case where the signal field presents an additional amplitude
modulation. This extension is notably important in the context of near-field nanoscopy where a
nano-probe provides a weak modulated signal in the signal arm. The practical implementation
of the extended G-LIA in near-field nanoscopy is then detailed, and the method advantages are
presented. Some calculation details and a summary table for different modulation functions are
given in appendices.

2. Interferometry using G-LIA

2.1. Principle

We consider a monochromatic two-arm interferometer with a phase modulated reference field.
We denote byω the angular frequency of the light,ES(t) =

√
2ES cos(ωt +φS) is the signal

field with unknown amplitude termES and phaseφS, andER(t) =
√

2ER cos(ωt +φR) is the
reference field with a constant amplitude and a time-modulated phaseφR(t). In practiceφR(t)
can be produced by either a phase, or an equivalent frequency modulation [8, 9]. With these
notations the detected intensity proportional to

〈

(ES(t)+ER(t))2
〉

is:

Idet ∝ ES
2+ER

2+2ERES cos(φS −φR) . (1)

In order to determineES andφS, the phaseφR(t) is typically varied at a speed much higher than
the expected variation of these two quantities. The intensity measured on a sufficiently short
time can then be written as the sum of a constant or quasi-constant term and a modulated one :

Idet ∝ I0+ Imod, (2)

with I0 ≃ const. during a measurement, and

Imod = 2ERES [cos(φS)cos(φR)+ sin(φS)sin(φR)] . (3)

From Eq. (3), we see that the interesting termImod can be decomposed on the basis
(cos(φR) ,sin(φR)). An ideal way to determine amplitude and phase is then to achieve a lin-
ear phase variationφR = Ωt and perform a synchronous detection by multiplying the detected
signal by the two orthogonal harmonic references sin(Ωt) and cos(Ωt) and integrating over a
sufficient time period. Such operation is typically performed by a dual output LIA locked at the
angular frequencyΩ. The quantities(ES,φS) are directly inferred from the two signal outputs
(X,Y):
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XΩt (Idet) =
1

Ωtint

∫ Ωtint

0
Idetcos(Ωt)d(Ωt) = ERES cos(φS) (4)

YΩt (Idet) =
1

Ωtint

∫ Ωtint

0
Idetsin(Ωt)d(Ωt) = ERES sin(φS) . (5)

wheretint is the integration time. Unfortunately, achieving a purely linear phase variation using
phase modulators is not possible as they necessarily present a finite range of phase modulation.
A well-known approach to overcome this difficulty is to use serrodyne modulation, or in other
words, to use a sawtooth modulation of the optical path, e.g. in the reference arm. A quasi-
harmonic modulation ofIdet is then obtained if the full amplitude of the sawtooth corresponds to
an integer numberN times 2π (i.e. an optical path modulation ofNλ ). Although this approach
works, some errors are induced due to the non negligible “flyback” time at the end of the
sawtooth modulation. Therefore, serrodyne modulation is not highly recommended for fast or
precise experiments, and in many cases a sinusoidal functionφR = asinΩt is preferred. In
the latter case, the Fourier spectrum ofIdet presents harmonic sidebands at radial frequencies
mΩ. The amplitudes of these sidebands are obtained using Jacobi-Anger expansion of cos(φR)
(where m is only even) and sin(φR) (odd m only) [16]. Again, a synchronous detection at the
harmonicsmΩ provides:

XmΩt (Idet) = 2ERES cos(φS)

∣

∣

∣

∣

∣

Jm(a) f or meven
0 f or m odd

, (6)

YmΩt (Idet) = 2ERES sin(φS)

∣

∣

∣

∣

∣

0 f or m even
Jm(a) f or modd

, (7)

whereJm is the m-th Bessel function. As the signal is spread over several harmonics, we need
to perform a lock-in detection on at least 2 harmonics (odd and even) to recover amplitude and
phase information. We can note also that some care should be taken regarding the best value of
a, as a given amplitude of modulation can lead to a large signal value ofJm for m odd, but a
small value form even, andvice versa.

Here, we propose another approach where the detected intensity is not multiplied by consec-
utive single harmonic references such as in the M-LIA method [3]. Instead the signal is mul-
tiplied by two orthogonal references having the same set of harmonic frequencies thanImod ,
namely cos(φR) and sin(φR). As for the serrodyne modulation, this operation can be performed
with an electronic multiplier and integrator:

XφR (Idet) =
1

Ωtint

∫ Ωtint

0
Idetcos(φR)d(Ωt), (8)

YφR (Idet) =
1

Ωtint

∫ Ωtint

0
Idetsin(φR)d(Ωt). (9)

As long as the two references do not contain a DC term the contribution fromIo is filtered,
and according to Eq. (3)XφR andYφR are also proportional toESER cos(φS) andESER sin(φS)
respectively. To determine amplitude and phase from these two outputs, the two proportionality
constants(kX ,kY ) must be analytically or numerically evaluated for the considered modulation
functionφR.

In order to work with any modulation function, the DC terms inIdet can be simply filtered us-
ing a high pass filter. Amplitude and phase information are then obtained via the magnitude and
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angle of(XφR(Ĩdet)/k̃X + i ∗YφR(Ĩdet)/k̃Y ) whereĨdet denotes the filtered detected intensity and
(k̃X , k̃Y ) the associated proportionality constants. In this way, all the available modulated power
is used to recover the signal field information. Moreover, many phase modulation functions can
be considered: sinusoidal, symmetric or asymmetric triangular functions, etc., regardless of the
phase modulation amplitudea. For such simple modulation functions the constants have simple
analytical expressions and a proper choice ofa actually leads tokX = kY = 1 as for the perfect
serrodyne case. The expressions of these constants are given in appendices A and B for sine
and triangular modulation functions.

More generally, the actual phase modulationφR = φreal can deviate from the required drive
excitation. This real phase modulation induced by the modulator can usually be measured dur-
ing the experiment, for example, using piezoelectric modulator equipped with strain gauges
or other displacement sensors. Empirically, the same approach can also be used in this case:
the integrals (8-9) are numerically evaluated with the measuredφR in order to determine the
proportionality constants (k̃X , k̃y).

2.2. Test and application to phase resolved spectroscopy

The Michelson interferometer shown in Fig. 1(a) was built to assess the validity of the technique
for precise phase measurements in presence of arbitrary phase modulation. To create the phase
modulation, the reference mirror, mounted on a piezoelectric crystal was excited sinusoidally at
an angular frequency of 200π rad/s and an arbitrary amplitudea = 2.4 rad. For demonstration
purposes, the second mirror mounted on a piezoelectric crystal was used in the signal arm to
obtain controllable changes of the phaseφS, monitored via a capacitive displacement sensor.
The detected signalIdet containing many harmonics was filtered from its DC component by a
high pass filter and the resulting signalĨdet was sampled with a 16-bit acquisition card. The G-
LIA operation expressed by (8-9) was then performed numerically using LabVIEW [17], and
the phase and (constant) amplitude were retrieved using the expression of(k̃X , k̃Y ) given in the
appendix A.

Figure 1(b) shows the phase measurements obtained for a symmetric triangular displacement
of the signal mirror. A remarkable agreement is observed between the G-LIA based interfero-
metric measurement and the the actual phase change obtained through the displacement sensor.
With this approach similar results were obtained with sine phase modulation frequencies of few
kHz, only limited by the bandwidth of the loaded piezoelectric actuator.

Figure 1(c) shows a similar setup where a single-mode laser diode operating nearλ = 650.0
nm was used to perform phase-resolved spectroscopy. A gas cell of iodine was added in the sig-
nal arm and the wavelength was tuned over few picometers across an absorption line of the gas
with ramps of current. As for the previous experiment an arbitrary sine phase modulation was
created in the reference arm (2000π rad/s,a = 1.2 rad) and amplitude and phase were retrieved
through the G-LIA operation. The corresponding results are shown in Fig. 1(d). The observed
magnitude and phase spectra actually reflect the expected variation of the real and imaginary
parts of the gas refractive index across a Lorentzian absorption peak slightly convoluted with
the source linewidth.

3. Extension of the G-LIA to amplitude modulated signals

We consider now the situation where both the signal field amplitude and the phaseφR of the
reference field are modulated. An amplitude modulation is particularly interesting to recover
a weak modulated signal field, and to get rid of unwanted (and not modulated) coherent light
impinging on the detector in addition toES andER. This approach is notably used successfully
in near-field nanoscopy, where heterodyne and pseudo-heterodyne interferometric detection
schemes are used to determine the amplitude and phase of the field scattered by sharp oscillating
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Fig. 1. Test and application of the G-LIA technique. (a) Michelson interferometer operating
with arbitrary phase modulationφR in the reference arm. (b) Phase measurement obtained
with the setup (a) for a sine modulation of the reference mirror. The phase of the signal field
follows a triangular function monitored by capacitive sensors (thick line). The simultaneous
interferometric measurements obtained with an integration time of 0.05 s are marked with
circles. (c) Same setup as (2) with a gas cell in the signal arm and a tunable laser diode. (d)
Example of phase resolved spectroscopy obtained with setup (c).

nano-probes. In such experiments the angular frequencyΩA of the amplitude modulation is
typically one or few order of magnitudes higher than the characteristic angular frequencyΩ of
φR.

To simplify the mathematical description, we noteΩA=nΩ, wheren is typically much
greater than one. The part of the signal field modulated atΩA is then noted to beEP(t) =√

2EP cos(nΩt)cos(Ωt +φS) . With this expression, the useful modulated termImod of relation
(2) is now

Imod = 2EREP cos(nΩt)cos(φR −φS) , (10)

that can be expressed as

Imod = EREP cos(nΩt +φR −φS)+EREP cos(nΩt −φR +φS) , (11)

to emphasize the presence of sidebands at frequencies above and belownΩ, and to facilitate
the analytical integral calculations. On the other hand, the term

I0 = const.+Ep
2cos2(nΩt) (12)

in Eq. (2) carries no information on the phase, and exhibits a modulation at the frequency 2nΩ
only. Consequently, we can safely ignoreI0 as the reference signals that we will now consider
don’t have such frequencies in their spectrum. As before, we multiply the detected intensity
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by the two orthogonal reference signalsC(t) = 2cos(nΩt)cosφR andS(t) = 2cos(nΩt)sinφR

having the same set of frequencies asIdet, and we integrate to obtain:

XnΩt±φR (Idet) =
1

Ωtint

∫ Ωtint

0
IdetC(t)d(Ωt) ∝ ES cos(φS) , (13)

YnΩt ±φR (Idet) =
1

Ωtint

∫ Ωtint

0
IdetS(t)d(Ωt) ∝ ES sin(φS) . (14)

To determine an expression for the proportionality constants (kX andkY ), C(t) andS(t) can also
be expanded in cos(nΩt +φR)+ cos(Ωt −φR) and sin(Ωt +φR)− sin(Ωt −φR), respectively.
For the sinusoidal phase variation case, the two integrals then have simple analytical solutions
obtained from the integral representation of n-th Bessel functions:

XnΩt±asin(Ωt) (Idet) = EREP cosφ (1+ J2n(2a)+ J0(2a)) , (15)

YnΩt±asin(Ωt) (Idet) = EREP sinφ (1− J2n(2a)− J0(2a)) . (16)

Amplitude and phase are then retrieved directly from these two outputs for any phase modula-
tion amplitudea. We note thatJ2n(2a) is actually negligible for large values ofn and reasonable
phase modulation amplitudea (for example forn = 10 anda < π , or n = 20 anda < 6π). It is
therefore convenient in this case to choose a modest phase modulationa such thatJ0(2a)= 0,
so that the outputs are again identical to the perfect serrodyne case given by Eqs. (4-5). In ap-
pendix C, we show that in presence of an additional (unwanted) coherent background field, the
value ofa can be adjusted to cancel its contribution. This is typically obtained forJ0(a) = 0,
e.g. fora ≃ 2.404 rad.

4. Test and application to infrared nanoscopy

In the second configuration depicted in Fig. 2(a), the signal field is modulated in amplitude
which is particularly useful to extract a weak signal from noise. To test and assess the quality of
the phase measurement in this second mode, an amplitude modulation was achieved by placing
in the signal arm a tuning fork vibrating atΩT F . In this way the signal intensity< E2

S > is
sinusoidally modulated and therefore the signal field also presents modulation at the frequency
ΩT F (and harmonics). The signal mirror was then moved back and forth in a controlled triangu-
lar motion (±0.80µm corresponding to±1.0 rad). To recover the corresponding signal phase,
the sine phase modulationφR = acos(Ωt) and the tuning fork excitation signal proportional to
cos(ΩAt) were used to build the references C(t) and S(t) withΩA = ΩT F . The corresponding
phase measurement obtained with such extended G-LIA method is shown as an insert in Fig.
2(b), proving the validity of the approach.

The same setup (including the source) was then used in a near-field optics experiment where
the bare tuning fork and signal mirror were replaced by a scanning probe microscope. The
system is sketched in Fig. 2(c). In this case, the light periodically scattered by a nano-probe
produces the modulated signal field interfering with the phase-modulated reference field. As
for the previous experiment, shown in Fig. 2(a), an acquisition card featuring high resolution
(22 bits) was used for the G-LIA operation to offer the performance level of a high quality
digital LIA. A tunable infrared quantum cascade laser [18] emitting near 10.1µm with a rather
low but highly stable power of fewmW was used. The laser polarization was set along the probe
axis with an incident angle of about 60◦. More details on the optical system itself can be found
in [19].

An example of highly resolved phase sensitive nanoscopy measurement is shown in Fig.
2(d). The images were obtained on a highly sub-wavelength surface grating made of slightly
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Fig. 2. Extended G-LIA operation performed in the mid-IR. (a) Experimental setup used
for testing. (b) Phase recorded when a triangular phase modulation of about 1 rad is added
in the modulated signal arm. (c-f) Phase-sensitive infrared nanoscopy experiments. (c)
Schematic of the experimental setup and investigated samples. (d) Amplitude and phase
of the signal field scattered by the nano-probe on oxidized copper lines embedded in Si
(sample 1). The phase profile along the white dashed line is plotted below (raw signal aver-
aged on 5 lines). (e) Similar experiments performed with aCO2 laser for decreasing probe
sizes as shown in the inserts. (f) Amplitude (blue), phase (gray) and topography (dashes)
profiles obtained across the gold/polymer grating surface (sample 2) showing a fast signal
drop when the gold-probe distance increases.
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oxidized copper lines (native oxidation) embedded in silicon as depicted in the insert of Fig.
2(c). Two copper lines imaged in the mid-infrared are clearly visible, both in the amplitude
(dark lines) and in the phase (bright lines). While a higher signal is typically obtained above
metal structures in infrared near-field nanoscopy due to an increased effective polarizability of
the probe [20], very sharp probes are actually mostly sensitive to the firstnm of the sample
material (CuO2). Additional experiments were carried out on the same sample with a similar
setup using a more powerfulCO2 laser and different probe sizes [21]. A stronger amplitude
signal was indeed obtained for bigger probes as shown in Fig. 2(e). We point out also that
given the size of the probe, phonon confinement effects could also play an important role on
the permittivity of the sharpest probe and impact the observed signal [21, 22]. The description
of possible specific probe-sample interaction leading to the observed contrasts should be the
subject of a separate paper.

The extended G-LIA method was also tested on a second subwavelength grating made of
gold and polymer (S1813 photopolymer). This structure is referred assample2 in Fig. 2(c),
and the signal profiles are given in Fig. 2(f). The G-LIA amplitude signal exhibits an expected
higher signal on the gold material [23] compared the the polymer signal and a sharp drop as the
probe moves away from the metal surface.

Several precautions were taken to minimize any background contribution. Experimentally,
one of the remarkable advantages of the mounted setup is the implementation of an aberration-
corrected and diffraction limited Schwarzschild objective in the signal arm. This afforded the
ability to highly focus the beam to≈ λ 2 (as measured by an IR-camera) on the tip apex. The
probe was electrochemically etched from a straight tungsten wire [24], and was attached to a
tuning fork operating in tapping mode. The tip end diameter was smaller than 30 nm with an
angle of about 10◦. The small size of the probe body and the absence of cantilever was found
to be useful to strongly reduce eventual background light modulation. Another crucial issue,
was the usage of an ultra-small oscillation amplitude for the probe (≤ 5 nm, as measured by
interferometry). This unconstrained the necessity to use detection at the probe’s higher har-
monics frequencies [25, 26] often required to suppress modulated background light, the two
approaches being actually nearly equivalent [27]. The setup was built to operate in the mid-IR
range where the scattering cross-section is essentially low. The G-LIA method, however, can
be easily adapted if required to detect the signal at thekth harmonic of the probe oscillation
frequency by settingΩA = k×Ωtip, i.e. simply by multiplying the factorn by k.

In these experiments, the amplitude modulation frequency was imposed by the experimental
resonance frequency of the tuning fork (≃ 30kHz) on which the scattering nano-probe is glued
to operate in tapping mode (cf. Fig. 2(b)). The frequency of the vibrating reference mirror was
arbitrarily chosen equal to 1kHz leading to a frequency ratio ofn = ΩA/Ω ≃ 30. Although the
frequency ratio could be set to an integer value with high precision, we point out that the benefit
is actually negligible for such high values ofn, as exemplified in Fig. 3(a).

The two references signals C(t) and S(t) were built from the normalized modulation signals
ei(t):

C(t) = ēΩA(t)cos(aēΩ(t)) (17)

S(t) = ēΩA(t)sin(aēΩ(t)) , (18)

with ēi (t) = ei (t)/max(ei (t)) anda the theoretical phase modulation taken equal to 2.404 rad
to remove the background contribution cf. Fig. 3(b). The actual amplitude ofeΩ (t) was easily
adjusted to obtain this phase modulation with a precision of about 0.05 rad. The experimental
phase modulation amplitude could have been monitored with a position sensor but was here de-
termined from the form of the detected intensity signal. Fig. 3(c) shows a simulated comparison
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Fig. 3. (a) Example of simulated relative error on the phase using G-LIA detection for
increasing real values of n. The simulation was made withφS = π/4, Ωtint = 20π, a sam-
pling interval equals to 2π/1000, anda= 3. (b) Background field attenuation for increasing
values ofa and identical background and modulated signal fields values. In this simulation,
n = 30, Ωtint = 20π, and the sampling interval is equal to 2π/1000. The background con-
tribution drops to zero fora corresponding to a zero ofJ0(a) and largen. (c) Simulated
comparison of the signal level between G-LIA and a M-LIA approach where the two first
sideband harmonics are detected (ΩA +ΩR, ΩA +2∗ΩR)

of the signal-to-noise ratio (SNR) between G-LIA and M-LIA as a function of the modulation
amplitudea. As can be seen for the used amplitude modulation of 2.4 rad we are gaining more
than twice in terms of SNR.

Finally, it is important to note that the phase of the mechanical probe oscillation can be
strongly phase shifted with respect to the excitation signal, notably for cantilever probes. While
such shift does not affect the measured signal phase it attenuates the retrieved amplitude. There-
fore it is better to use the measured mechanical modulation signal rather the excitation one.
Alternately, it is clear that the G-LIA can be applied twice usingcos(ΩAt) and sin(ΩAt) as
modulation functions to recover the full amplitude signal whatever the mechanical phase shift.
This approach also provides the mechanical phase shift and is described in appendix D. A
general summary table is given in appendix E.

5. Conclusion

In conclusion we have described a modified lock-in detection method to recover amplitude and
phase in optical interferometers, where the reference beam can be non linearly modulated in
phase or frequency. This method is optimum in the sense that it fully exploits the detailed spec-
trum of the detected beating between signal and reference, thus providing the highest signal-to-
noise ratio possible. The principle was detailed for sinusoidal and triangular phase modulations
and was experimentally tested, showing high stability and reliability. The method was extended
to amplitude-modulated signals in the common case of a sinusoidal phase modulation. This
second approach, useful in the the case of very low signal experiments, was successfully tested
in mid-IR near-field nanoscopy, leading to a high signal to noise ratio under low illumination
power conditions. In addition, the conditions to obtain efficient background light suppression in
this second approach were derived. Although the tests were made using vibrating mirrors, much
faster phase modulation can be achieved, for example using a slight wavelength modulation of
the laser source in an unbalanced interferometer.
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Appendices

A. Sine wave phase modulation

We start from Eqs. (8-9) where the references cos(φR) and sin(φR) contain all the frequencies of
interest contained in the intensity. In the case of a sinusoidal modulationφR = asin(Ωt), the two
integrals have well known analytical solutions based on the integral representation of Bessel
functions [16]. Neglecting for now the contribution of the constant termI0, i.e. considering that
it can be subtracted, we have:

Xasin(Ωt) (Imod) = kX ERES cos(φS) with kX = (1+ J0(2a)) , (19)

Yasin(Ωt) (Imod) = kY ERES sin(φS) with kY = (1− J0(2a)) , (20)

whereJ0 is the 0− th Bessel function. Although the phase can be retrieved from these two Eqs.,
it is convenient to choose a phase modulationa such thatJ0(2a)= 0 (e.g. fora ≃1.20 rad, 2.76
rad, etc.). The outputs are then identical to the perfect serrodyne case cf. relations (4-5), i.e.
kX = kY = 1.

While it is possible to obtainImod by subtractingI0, such operation complicates the experi-
mental setup, unless the signal is small enough to considerI0 ≃< E2

R >. The constant termI0 is
easily filtered by a simple DC filter, but such filter can affectImod since the reference cos(φR)
may exhibit a non negligible DC component as can be seen in Fig. 4(c).

Fig. 4. Orthonormal reference signals (cosφR, sinφ R) and their Fourier transforms for se-
lected phase modulationsφR(t): (a) Sawtooth with an amplitude 2π, (b) Sinusoidal with a
phase amplitudea1 corresponding to the first zero ofJ0, and (c) Triangular with an ampli-
tude ofπ/2 rad.

This is also the case for a sinusoidal modulation if we consider an arbitrary amplitudea (cf.
Eqs. (6) withm = 0). For this reason we evaluate the signal outputs for a filtered detected signal
Ĩdet:

Xasin(Ωt)

(

Ĩdet
)

= k̃X ERES cos(φS) with k̃X =
(

1+ J0(2a)−2J2
0(a)

)

(21)

Yasin(Ωt)

(

Ĩdet
)

= k̃Y ERES sin(φS) with k̃Y = (1− J0(2a)) (22)
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from where(Es,φs) can again be retrieved directly. We note that for 2a corresponding to ak-th
zero ofJ0,the termJ2

0(a) is actually small fork even, and especially for large value ofk, so that
we can havẽkX ≃ k̃Y ≃ 1. The corresponding expressions for a triangular modulation are given
in appendix B hereafter. Examples of orthonormal references are given in Fig. 4 for serrodyne
4(a), sinusoidal 4(b) and triangular 4(c) modulation in direct and frequency space.

B. Triangle wave phase modulation

For a triangle wave modulationφR = aTr(Ωt), the modified lock-in operation performed on the
modulated intensity termImod = 2ERES cos(φS −φR) is

XaTr(Ωt) (Imod) = kX ERES cos(φS) with kX =

(

1+
sin(a)cos(a)

a

)

(23)

YaTr(Ωt) (Imod) = kY ERES sin(φS) with kY =

(

1−
sin(a)cos(a)

a

)

(24)

whereTr(Ωt) is the triangle wave ranging from -1 to 1 in phase with sin(Ωt). It is then conve-
nient to choose a phase modulationa equals to a positive integer number timesπ/2 in order to
obtain the same output as the ideal serrodyne given by (4-5), and simple reference signals cf.
Fig. 4(c). Since generallyImod can not be obtained by a DC filtering of the detected intensity I,
it is more convenient to consider a modified lock-in operation on the filtered detected intensity
Ĩdet :

XaTr(Ωt)

(

Ĩdet
)

= k̃X ERES cos(φS) with k̃X =

(

1+
sin(a)cos(a)

a
−

2sin2(a)
a2

)

(25)

YaTr(Ωt)
(

Ĩdet
)

= k̃Y ERES sin(φS) with k̃Y =

(

1−
sin(a)cos(a)

a

)

(26)

The additional term2sin2(a)
a2 is small for large values of the phase modulation amplitudea, or

values close to an integer number timesπ , so that we can also havek̃X ≃ k̃Y ≃ 1.

C. Background elimination for amplitude-modulated fields

In addition toER(t) andEP(t) we consider now that we may have a third additional (unwanted)
coherent background fieldEBg(t) =

√
2EBg cos(ωt +φBg), comparable or stronger than the

modulated signal fieldEP(t) =
√

2EP cos(nΩt)cos(ωt +φS). This constant background field
can interfere withEP(t) and gives an additional intensity term modulated at radial frequencies
nΩ:

IBg
mod = 2EBgEP cos(nΩt)cos(φBg −φS) . (27)

SinceC(t) andS(t) also have frequency components atnΩ, we have to evaluate the contribution
of this term in the extended G-LIA operation:

XnΩt±φR

(

IBg
mod

)

=
1

Ωtint

∫ Ωt int

0
IBg
modC (t) d(Ωt) (28)

YnΩt±φR

(

IBg
mod

)

=
1

Ωtint

∫ Ωt int

0
IBg
modS (t)d(Ωt). (29)

The contribution of these two integrals are found to be proportional toJ2n(a)+J0(a). From this
result we see that the contribution of the unwanted terms modulated atnΩ can be canceled out
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by setting a modulation amplitudea corresponding to a zero of the 0th Bessel function,J2n(a)
being extremely small for a sufficiently largen.
It is worth noting that the additional unwanted interference term betweenEBg(t) andER(t),
and the self interference term proportional toE2

Bg are not modulated atnΩ, and are therefore
efficiently filtered without special precaution.

D. Double generalized lock-in detection

We consider an amplitude modulated signal fieldEs(t) at an angular frequencynΩ, whereΩ is
still the phase modulation frequency. In general, the amplitude modulation of this field can be
phase shifted with respect to the excitation signal. We denote byEs(t) = E f ull

s (t)cos(ωt +φs)

the full signal field. A quite general expression for the modulated amplitude isE f ull
s (t) =

const.+Es cos(nΩt+ψ)+harmonics. The phaseψ accounts for the eventual phase shift exist-
ing between the fundamental term and the driving signal in phase with cos(nΩt). To obtain an
optimal determination of the amplitude and phase(ES,φS) without knowingψ , the G-LIA can
be applied twice as part of the fundamental term is modulated proportional to cos(nΩt) and the
other part proportional to sin(nΩt):

X =
∫ tmax

0
Idet cos(nΩt)cos(φR)dt and Y =

∫ tmax

0
Idet cos(nΩt)sin(φR)dt (30)

X ′ =

∫ tmax

0
Idet sin(nΩt)cos(φR)dt and Y ′ =

∫ tmax

0
Idet sin(nΩt)sin(φR)dt (31)

Evaluation of the terms gives:

X = kX EREs cos(ψ)cos(φs) and Y = kY EREs cos(ψ)sin(φs), (32)

X ′ =−kX EREs sin(ψ)cos(φs) and Y ′ =−kY EREs sin(ψ)sin(φs), (33)

wherekX ,kY are the already known proportionality constants corresponding to a sine phase
modulation in Eqs (15) and (16). The amplitude, the phaseφs but also the unknown phase shift
ψ are then calculated from these four outputs.
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E. Summary table

Fig. 5. Summary table

The values of all the proportionality constants(kX ,kY ) and(k̃X , k̃Y ) corresponding to the differ-
ent modulation functions mentioned in this paper are summarized in Fig. 5.
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