AMERICAN UNIVERSITY OF BEIRUT

ECONOMIC ORDERED QUANTITY MODEL WITH PARTIAL
DELAY IN PAYMENTS

by
PERLA JOSEPH BOU DAHER

A thesis
Submitted in partial fulfillment of the requirements
for the degree of Master of Engineering Management
to the Department of Industrial Engineering and Management
of Maroun Semaan Faculty of Engineering and Architecture
at the American University of Beirut

Beirut, Lebanon
September 2022



AMERICAN UNIVERSITY OF BEIRUT

ECONOMIC ORDERED QUANTITY MODEL WITH*
PARTIAL DELAY IN PAYMENTS ‘

by

PERLA JOSEPH BOU DAHER

Approved by:

e Signature
Prof, Moueen Salameh, Professor Advisor
Department of Industrial Engineering and Management
ﬁ% Signature
Prof. Bacel Maddah, Professor Co-Advisor
Department of Industrial Engineering and Management

Signature

Dr. Hussein Tarhini, Assistant Professor
Department of Industrial Engineering and Management

Date of thesis defense: September 5, 2022

Member of Committee


bm05
Pencil


AMERICAN UNIVERSITY OF BEIRUT

THESIS RELEASE FORM
Student Name; __ Dou Daher Perla Joseph
Last First Middle

I authorize the American University of Beirut, to: (a) reproduce hard or electronic
copies of my thesis; (b) include such copies in the archives and digital repositories of
the University; and (c) make freely available such copies to third parties for research or
educational purposes:

X As of the date of submission

[[] One year from the date of submission of my thesis.

[] Two years from the date of submission of my thesis.

[] Three years from the date of submission of my thesis.

<

W September 15, 2022

@)
Signature Date




ACKNOWLEDGMENTS

The words in this section cannot properly express the amount of gratitude | have
toward my thesis advisors Dr. Moueen Salameh and Dr. Bacel Maddah for their invaluable

support, feedback, advice, and experience. | would also like to thank Dr. Hussein Tarhini for
his help as a committee member.

Adding to that I would like to thank my family, friends, and everyone who stood by
my side during this phase.



AN ABSTRACT OF THE THESIS OF

Perla Joseph Bou Daher for Master of Engineering Management

Major: Financial and Industrial Engineering

Title: Economic Ordered Quantity Model with Partial Delay in Payments

The classical economic order quantity model assumes that the supplier is paid for the
items at the moment the order is received. However, often in practice, the supplier provides
the purchasers a permissible delay in payment for the items supplied. In this research, we
develop an economic order quantity model in which the supplier allows partial delay in
payment, whereby a fraction of the order cost is paid upon receipt, and the rest after a fixed
period of time, and subject to interest. An extension is developed, to reflect the real-life
business situations, where suppliers offer the credit terms in conjunction with a cash discount.
We derive the optimal ordering policy of both models. Furthermore, a comparison between
the classical and our partial trade credit EOQ models is done to identify the ideal interest
rates that favor adopting delay in payment for the retailer. Finally, numerical examples are
presented, the results are discussed, and managerial insights are presented.

Keywords. EOQ), trade credit, inventory, cash discount, permissible delay in payment.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

Nowadays, inventory management emerges to be an essential part and a core task for
the smooth functioning of any contemporary business (2020). Perfectly managed inventory
results in long-standing relationships with satisfied customers and monetary profits. For the
purpose of reaching these various organizational goals, and for addressing the fundamental
questions of when and how much to order, inventory theories are implemented. One the basic
models of inventory theory is the economic order quantity (EOQ) model, which was
introduced by Harris (1913). This model applies typically to fast-moving consumer goods

with steady demand.

The competitiveness of modern markets encourages many suppliers to provide
different schemes and adopt various promotional policies to increase their sales, attract new
retailers and satisfy their needs. One of the most popular promotional policies is the trade
credit facility, which is characterized by a delay in payments. In the classical EOQ model,
retailers are asked to pay for the purchased items at the time when items are received.
However, within the trade credit facility framework, suppliers offer the retailer a permissible
delay in payments. Such a policy can, in a way, be considered as a price discount since
delaying a payment can reduce the cost of holding and motivate the retailer to increase their

order quantity.



Over the years, considerable research work has been conducted in the area of inventory
management to treat different versions of inventory models under the trade credit facility.
Many researchers elaborated on this topic with a lot of extensions. For example, deterministic
inventory models under conditions of permissible delay in payments took a lot of attention
and Goyal (1985) was among the first authors to develop such models. He assumed that the
entire order cost is to be settled after a fixed period and considered that the unit purchase cost
and the selling price per unit are the same and concluded that the order quantity increases
and the annual cost decreases as a result delays in payment. Later, Chand and Ward (1987)
examined Goyal’s model under the capital cost concept, yielding various results. In other
words, their model differed from Goyal’s model by the way the cost of funds tied up in the
inventory is modeled. Shah (1993), Aggarwal and Jaggi (1995) and Chu et al. (1998) then
extended Goyal’s model to consider items that degrade in quality and utility with time and
known as deteriorating items. Then, Jamal et al. (1997) extended the deterioration criteria to
generalize the inventory model to allow for both deterioration and shortages. Furthermore,
such models were extended in other directions. For example, Hwang and Shinn (1997)
extended the same model to account for price-dependent demand and presented a model to
determine the retailer’s optimal price and order quantity. Abbad and Jaggi (2003) determined
the optimal item price under a credit period by developing a supplier-retailer model under
the trade credit facility, which considers the demand rate as a function of the selling price.
Other extensions assume that the selling price is not the same as the purchasing price (2002).
Additionally, Goyal et al. (2007) developed an EOQ model for a retailer that is based on
charging a progressive interest by the supplier every time the credit period is not respected,

and they generated an efficient solution procedure for such cases. Moreover, Chung and



Huang (2003) analyzed trade credit facility within the economic production quantity (EPQ)
framework and derived an efficient procedure to identify the ideal production and
replenishment cycles.

Research considering economic order quantity under permissible delays in payments
mostly assumed that the wholesaler offers the retailer full payments delays. However, in
reality this is considered an extreme case. Suppliers may require a payment when the
purchase occurs unless they set some conditions linked to order quantity as discussed by
Ouyang et al. (2003), Chung et al. (2005), and others. In other words, the supplier will accept
a full delay in payment if the retailer orders a quantity that is greater than or equal to a
predetermined amount. In practice, however, most of the time the supplier relaxes this
requirement by offering the retailer partial payments delay. That is, the retailer must pay part
of the purchase amount when the order is received, then the remaining balances must be paid
by the end of the permissible delay period. This option has received some attention in the
literature. For example, Wang et al. (2009) investigated retailers’ optimal lot-sizing decisions
under partial delays in payments within the EOQ framework by assuming that the unit
purchasing and selling price are not necessarily equal and shortages are not allowed.
Taleizadeh et al. (2013) assumed that shortages can be permitted and determined the order
and shortage quantities of an EOQ model that allows both partial delays in payment and
partial backordering. Annadurai and Uthayakumar (2012) analyzed the economic order
quantity model based on the partial trade credit financing for decaying items with shortages.
They assumed that the supplier may accept a partial delay in payments even if the ordered
quantity is less than an agreed quantity. Vandana and Sharma (2016) had similar conditions

to Annadurai and Uthayakumar’s (2012) research except that it was for non-decaying items.



Many other recent articles consider partial trade credit, e.g., Mahata (2012), Taleizadeh and
Nematollahi (2014), Ahmadi et al. (2015).

Based on the literature reviewed, little research has addressed charging interest by the
supplier over the delay period. In this thesis, we develop an economic order quantity model
in which the retailer has the option to delay part of the payment for an agreed period where
an interest will be charged by the supplier continuously over it. Another model, reflecting a
real business situation, is extended from the first where the supplier offers the retailer the
chance of obtaining a certain discount on the fraction of amount paid upon the receipt of
items. From the supplier's perspective, the supplier hopes to receive payment from the retailer
as soon as possible to avoid the possibility of bad debt occurrence. As a result, in most
business transactions, the supplier will offer the retailer credit terms that combine a cash
discount and trade credit. Such combination was the interest of some researchers as well.
Lieber and Orgler (1975) developed a model where they considered credit period and cash
discount as variables. Hill and Riener (1979) developed a model in which the cash discount
in the company’s credit facility can be determined.

The main purpose of this study is to investigate the optimal replenishment policy that
minimizes the total relevant cost. Furthermore, this study helps in identifying the maximum
value of the interest rate charged by the supplier, below which the retailer should adopt trade
credit model, and paying for all orders upon receipt. In addition, our research helps in
determining the optimal fraction of money to be paid upon receipt of the order, when the
supplier interest rate is fixed. This thesis can contribute to the business and inventory fields
by being a reference for retailers regarding when to accept the interest charged by the supplier

under such conditions.
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The remainder of the thesis is structured as follows: Chapter 2 presents our model
formulation methodology with an explanation of assumptions, notations, logic used in
deriving the model, and a comparison with the classical EOQ model. Chapter 3 presents the
same procedure to develop a model which consists of a combination of trade credit and cash
discount at the same time. Then Chapter 4 presents numerical examples and some motivating
numerical results and insights. Finally, Chapter 5 presents our conclusions and ideas for

future research.
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CHAPTER 2

MODEL AND ASSUMPTIONS

Before starting the development of the retailer’s inventory model under partial

permissible delay in payments, some terminologies and assumptions that will be used

throughout this thesis will be defined.

2.1.  Terminology

Parameters Definitions

o The fraction of the purchasing cost to be paid at the time of the receipt (0 < a <1)
K Fixed Setup Cost per order

B Demand quantity per unit time

C Unit purchase cost

p Unit selling price

i Inventory holding cost rate

r Interest earned by the retailer per year

j Interest charged by the supplier per year

to Length of an inventory cycle (time between orders)
T Permissible delay in settling the second payment

Decision Variable

Definitions

y

Order quantity

12



2.2.  Assumptions

When deriving the model, the following assumptions are made:

1. The demand rate, 3, for the items is deterministic.

2. Replenishments are instantaneous, i.e. the order quantity y to replenish inventory
arrives all at once when the inventory level drops to zero.

3. Shortages are not allowed.

4. Planning horizon is infinite.

5. The inventory system is only one type of inventory, single item inventory.

2.3.  The Model
The model of this study is defined as a constrained optimization problem. It consists on
finding the optimal replenishmenet policy that minimizes the total cost per unit time of the

retailer. The constraints are the non negativity and the boundaries set for the decision variable

y based on the chosen case. Two cases will be considered, (1) T < ¢t, = % (Figure 1), and

QT =ty= % (Figure 2).

Inventory Inventory
Level Level

v ¥

L ’ . ’
0 T fy Time 0 Ty T Time

Figure 1: Cycle of the instantaneous replenishments when T<t,  Figure 2: Cycle of the instantaneous replenishments when T > t,

13



Based on the defined assumptions, the total inventory cost is the sum of the procurement

and inventory holding cost.

The procurement costs consist of a variable component that depends on the number of
units purchased, and a fixed component which is independent of the purchased units. The
former is known by the “purchasing cost” and represents the amount of money paid to the
supplier from which the unit is purchased. However, the fixed cost known by the “setup cost”

or “ordering cost” is the cost associated with the procurement process.

The inventory holding costs consist of all the costs associated with the storage of the
inventory until it is used or sold. Such costs consist also of two components: the first one
associated with holding the items purchased in an inventory system, and the second one

associated with the funds tied in the inventory and known by the “opportunity cost”.

Thus, the general total inventory cost per cycle adopted in this study is obtained as

follows:

Total Inventory Cost = Purchasing Cost + Setup Cost + Holding Cost

2.3.1. Cash Flow per Period
Let’s simplify the total inventory cost and get into the cash flow per period of each

component.
Purchasing Cost
In a partial delay in payment inventory model, the retailer pays the purchasing amount

partially:

14



o At the moment the retailer receives the order quantity y, a partial payment of the

purchasing cost takes place. So,

At time O acy

o After aperiod of T, the remaining amount is paid with an additional amount which is

the interest charged by the supplier continuously all over the delayed period. So,

Attime T

Setup Cost

(1-a)cye/T

o The setup cost takes place at the beginning of each cycle whenever an order is placed.

So,

At time 0 K

At this phase, purchasing and setup costs are represented by the cash flow diagram below:

scy+K  (l-a)eyelT acy +K (1-o)cye’”
+ Il | f I I
0 T t 0 f T

Figure 3: Cash Flow Diagram for T <to

Holding Cost

Figure 4: Cash Flow Diagram for T >to

As mentioned previously, holding cost accounts for storage, insurance, tax, opportunity cost,

etc. For this model, the unit holding cost, h, will mainly be accounting for the opportunity

cost of capital tied up in inventory (i.e. the financing cost) where h = ic. At this moment,

15



the inventory per one cycle is considered, and to be more accurate, the inventory stored per

cycle will be equivalent to the average inventory per cycle.

To simplify the computation of this cost, two scenarios were generated. In the first scenario,
the holding cost is accounted for the partial payment paid at the moment the items are
received, as shown in Figure 5. In other words, the opportunity cost is accounted for the

fraction of amount paid for the whole cycle, and it’s the same for case (1) and (2) where T <

toand T > t,.
& &
1- -
N of e L
) » Time
» Time — >
T ty
1
Figure 5: Opportunity Cost of the Partial Payment Paid att = 0 Figure 6: Opportunity Cost of the Remaining Payment

In this scenario, the average inventory represents the whole area per cycle and is defined as

follows:

Average Inventory = a%

So,
. N A
Holding cost per cycle = ic > t,

However, the second scenario covers the opportunity cost tied when the remaining balance
is paid after a delayed period T. For case (1) where T < t,, the focus will be on the area

after the delayed period T, as shown in Figure 6. However, for case (2) where T > t,, the

16



opportunity cost of the delayed payment is null as it is not paid during the cycle, the remaining

balance was invested somewhere else.
So, the average inventory for the case where T < tois defined as follows:

[(] —a)y—(1 —(z)ﬁT](to -7)
210

Average Inventory =

And,

[(1-a)y- (1-) pT)(1,~T) ]
Holding cost=ic 1

210

Therefore, the total inventory cost per cycle for each period can be summarized as follows:

_ ay [(1—a)y—(1—a)ﬁf](t0—r)
K+acy + (l=a)cye T+icl — |t + ic if T<t,
TCU = 2 2
per cycle ay
K+acy + (1—a)cye fT+ic(7)t0 if T>r1,

Once all the elements of total inventory cost are obtained, it’s time to develop the

mathematical models for determining the optimal order quantities for the two cases.

2.3.2. Determination of the Optimal Order Quantity when T < t,
The first step of solving our model consists of deriving the total cost per unit time.
Since the total cost per unit time is required, then the total cost per cycle expression must be

divided by the length of an inventory cycle to.

TCU (y,) =—+
(v =7

0

acy + (I-a)cy e/l ay, ic[(]—a)yl—(J—a)ﬁT](fO—T)
; + ic > + >

0 0

17



.
=)y i . L —_ Ny —=(] —r L
K acy + (1 (x)c.\] el Sy, c [(l a))l (1 u)ﬁT]( 5 T)
= + +ic +

y Y1 2 Y
2—
B
Yy
(1'\/‘! ic [(1 —(1).‘:] —(] —(1){)’T] [T =T

3 _
=£ K+acf+(1 —a)cp el +ic +
Y 2 Y

2—
B
Hence,
@y (1-a)y ;
TC'U(yl)zﬂK'l'aCﬁ"- (1 —a)cﬁejT'f'f(’[ 2' + . 1(1_[37")2] (1)
Y, &

The main target of this model is to find the optimum value of the order quantity y;r
resulting in the minimum cost under some specific conditions. For this reason, the first-order
optimality conditions are applied where the TCU expression (1) is derived according to the

decision variable y; and set equal to zero.

. T2 :
dy Y, 2 2 a’yl Y,

d(TCU) _ B P ica . ic(l-a) d |:y (] _ﬁ_T)Z]
—_— E

After a series of calculations, the first derivative of TCU(y,) is obtained as:

aIe) P oo U0 P )
dyl y? 2 2 y?

The next step in deriving the optimal solution is to set the right hand of expression (2)
equal to zero when it’s the case of a convex function. To prove that the function is convex,

the second derivative of the TCU (y1) with respect to y» must be positive.

The second derivative is defined as follows:

18



3

d>(ICU) _ _d_(d(TCU) \_, p_ ic.(1—a) 272
i Yy v

> : K+
dy[ d\’ dy’,
d2(TCU) _ 25K + i.c.( - a) B2T2
2 - 3
d}'j y]

20

Having all the parameters positive, the second derivative is found to be positive and so

the derived solution is the minimum of this model.

After proving the convexity of the function and by assuming « is constant, the optimal

solution was found by setting ddT% = 0 and hence,
1

Yy, =

Ic

. \/ 28K+ ic( - a) .p2T?2

Since all analyses in this research will be based on the classical EOQ model, the
expressions of the optimal quantity and TCU will be derived with the same form of the

classical ones.

Starting by the optimal quantity expression,

c

y*_\/ZﬂK+ic(1—a).ﬂ2T2 _\/2;9[}0r ic(]—a)xﬂTZ]
1= N\ i 2

Hence,

2K’ ) ic. (11— T?
yf*= ﬁ where K =K+ fe. (21) all ©)
\ e

Since we’re dealing with the case where T < to, then the optimal solution y; must

always be higher than BT, then:

19



— 2K'p 4)
Yoy, =max (ﬁi”, -

i

Moving forward to the optimal total cost per unit time expression, y¢r ; is substituted

in equation (1) as follows:

TCU® = b K+acg+ (I —a)ep e T +ic [(z Yer + v er. I- AT 2}
cEl e acf ajch e ic 3 p =
T Cr, CF, I
Where
If yer = BT
" K P T
TCUC‘P‘,l=?+ acf+ (1—a) cPeiT+ zc( ag ) (5)
. 2K'B
If vy = i
TCU:;F,] =/ 2K'Bic +acB+ (1 —a)c[)’ (e/T —iT) (6)

Theorem 1: If T < t,, the annual cost function TCU (y,) is convex in y; with a unique

global minimum y¢r ; and its corresponding policy and expression is given by

1

, 2KP )
Y op. =max (ﬁ T, . ) units

And,

ica pT
2

V2K Bic + acp+ (1-aycp (e/T—iT) if yéF,lz\ﬂ %

K P
7+rxcﬁ+(1—(x)cﬁ el + ifyep =BT

TCU, -

20



Check the proof of Theorem 1 attached in Appendix.

2.3.3. Determination of the Optimal Order Quantity when T > ¢,
As mentioned before, the first step of solving this model is generating the total cost per

unit time. Hence,

acy, + (7 —a)cyz el” @y,
TCU (y,) = . +— +ic

t 2
o 0

Substituting t, by %

Xy
TCU (y,) :yi/m ach+ (1—a) cfeil+ icr((zz) (7
2

Just as explained before, the optimal quantity y; resulting in the minimum cost under
some specific conditions is obtained by deriving TCU expression (7) according to the

decision variable y, and setting it to zero. So the first-order optimality equality is obtained as

dIey) _ P g, K ®)

dy, yi 2
And the optimal quantity expression is found to be

2K p ”
y, = - where K = —
ic a

9)

Since we’re dealing with the case where T = t,, then the order size y must be less than
the demand during the delayed period (y < ST). In other words, when the delayed period is

higher than the length of the cycle, the amount on hand will be depleted to zero, at an annual

21



demand rate S, before the due date T of the remaining payment of the purchasing cost

payment as shown in Figure 2.

So, the optimal solution y; must always be smaller than ST. Therefore,

L 2K p (10)
Y cp o = min (ﬁ T, P

Moving forward to the optimal total cost per unit time expression, ycr , is substituted

in equation 7 as previously done and so the optimal total cost per unit time for each value of

y is obtained as follows.

Ifycp, =B.T
. K o dcafl
TcuU CF,2=F+(ICﬂ+(]—(I) cfe T+ (11)
* 2K"B
If yer, = ”
1CU?, = \J2K Bic +ach +(1=a)cp e (12)

Theorem 2: If T > t,, the annual cost function TCU(y,) is convex in y, with a unique

global minimum y¢r , and corresponding annual cost is given by:

i

2K B
y&f‘,z =min (/3 T, _ ; ) units

And,

22



ic a pr
2

K :
T+ ac+ (1-a) cf e+

2 . . 2K
a v 2K "pic + ach+ (I—a) ¢ el FYep2=4 ——

18

i Yep =BT

Check the proof of Theorem 2 attached in Appendix.

2.4.  Model Verification
To verify if the model is well formulated, the classical economic order quantity model

can be used.

The classical EOQ model is based on the same assumptions adopted in the derivation
of this model. However, it does not allow a partial delay in payment (T = 0), i.e. the full

purchasing amount is paid at the moment the items are received (a = 1).

The total cost per unit time of the Classical EOQ inventory model is given by
TCUpop = 2K + cf + hZ (13)
E0Q ~ |, 5

Substituting the value of alpha (i.e. « = 1) in the derived equations (1) and (7) of total

cost per, the following equation is obtained:
3 .
TCU (y) = il K+cp+ic %

}7

By comparing these two equations, it’s noticeable that the latter equation is same as the

classical EOQ equation. Hence, the formulated model is well derived.
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Another way to verify the formulated model, is to have the expressions of total cost
per unit time in case (1) and (2) equal when y = S.T. Based on expressions (5) and (11), it

is found that

K | afiT
= +ach + (1 —a)ep e +ic —

£

TCU® =TCU’
CF,1 CF,2

2.5.  Solution Algorithm
After deriving the optimal policy required when selecting the credit facility approach, it’s
time to identify how a retailer can use it. For every retailer who wants to adapt a partial delay

in payment, the following steps represent the right track to follow.

Step 1: Determine the optimal order quantity y¢r ; from expression (4), then calculate
its corresponding TCU¢r ; from equations (5) or (6).

Step 2: Determine the optimal order quantity ycr, from expression (10), then
calculate its corresponding TCU¢y , from equations (11) or (12).

Step 3: Compare TCU¢r, and TCU¢r,. Select the order quantity associated with

smaller total cost per unit time evaluated in step 1 and 2.

2.6.  Situations Favoring Credit Facility over Classical EOQ Model
In the previous part of this chapter, the optimal policy when selecting the credit facility
approach was identified, but this approach is not always the best one from a retailer

perspective. Sometimes, the classical approach might be the most attractive.
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To help the retailer in deciding whether to choose to pay immediately at the receipt of
items, or delay part of the purchasing cost and accept the interest charges at the rate j, we will
use the developed model for each case to generate an expression for the maximum value of
J- In this part of the study, we will start from the idea that the retailer must accept the interest
charged by the supplier as long as the total inventory cost per unit time of the credit facility

(TCU¢) is less than the one of the classical EOQ (TCUgqy).

2.6.1. Forcase (1) where T < t,
Lemma 1:

TCU¢pq < TCUjoq j< g (14)

i

1-a)B

where g(a) = % x In (iT + (EOQ —ygrs) + 1)

Note that for this expression to be acceptable, the argument of the log must be positive, i.e.:

i
iT + ——(E0Q — y; +1>0
(1 _ af)ﬁ( yCF,I)

Once this expression satisfies the positive condition, we can look to the value of j for a
specific value of alpha to identify where the credit facility is better than the classical EOQ.
However, if this expression is negative, then automatically the classical EOQ will be better

than the CF.
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2.6.2. For case (2) where T > t,

Lemma 2:

TCU¢r, < TCUgoq j<g(@) (15)

where g(a) = =X In (m /ZC—’;‘ +1)

2.6.3. Forcase (1) & (2) where T =t

Lemma 3:

TCU¢py = TCU¢ry < TCUgpq j<g(a) (16)

1 —
(1—a)[ cB BT 2

where g(a) = % X In (

Note that for this expression to be acceptable, the argument of the log must be positive, i.e.:

[ 2Ki K i.a.T]
- - +1 >0
cp cpT 2
So, for a fixed value of a, the g(a) expression represents the maximum value of j that

the retailer must accept when choosing credit facility over EOQ model. In other words, if the

supplier charges an interest higher than g(a), the retailer must reject the trade credit facility
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and choose to pay the purchase cost at the moment of the receipt and adopt the classic EOQ

model.

Furthermore, this expression can be used for another reason. If the supplier charges the
retailer a certain interest rate j, the later can refer to g(a) expression to identify the best
proportion of money to be paid at the beginning of the cycle (a) and which makes CF better

than EOQ.

2.7.  Model Formulation with Interest Earned during the Credit Period

Based on the literature review, some authors in their articles such as Goyal (1985)
accounted for the interested generated when depositing the generated sales revenues in an
interest-bearing account. In the model developed in the previous section, we assumed that
retailers do not deposit the revenues in an interest-bearing account. However, in this special
case, a sample of the model in which interest will be subtracted from the total cost per unit

time will be developed briefly in this section by following the same method as before.

For this special case, the general total inventory cost per cycle adopted is obtained as follows.

Total Inventory Cost = Purchasing Cost + Setup Cost + Holding Cost — Interest Earned

Purchasing, Setup, and Holding cost for both cases (T < t, and T = t, remains the same.

However, a new component enters the model which is interest earned.
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Interest Earned

All over the cycle, the retailer can deposit all the revenues generated from sales in an interest-

bearing account, and the interest earned is going to be considered as a negative cost.

o Forcase(1): T © t

The maximum number of units sold during the cycle, is the ordered quantity y required
in a cycle, i.e. Bt,. Hence, the interest earned on the total revenues generated from sales is

obtained as follows.
Interest earned per cycle =Revenues X Interest

B g pr

Interest earned per cycle =

Inventory
Level

>

Time

Figure 7: Variation of Inventory Level and Revenues over Time

o Forcase(2): T=to
The maximum number of units sold during the cycle and delay period T, is the
ordered quantity y required in a cycle, i.e. Bto. Hence, the interest earned on the total

revenues generated from sales during the permissible settlement period will be divided
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into two parts: the first part representing the interest earned on the average number of
items sold during one cycle, and the second part representing the interest earned on the
revenues deposited in the account for a period of (T- to) as shown in Figure 8. Note that

the dotted line in Figure 7 and 8, represents the variation of revenues all over time.

Inventory
Level

v

Figure 8: Variation of Inventory Level and Revenues for T > to

pr,)p

t
+ﬁt0p(1'—t0))r=ﬁtapr(]"— 70)

Interest earned per cycle = (
Once all the elements of total inventory cost are obtained, it’s time to develop the

mathematical models for determining the economic order quantities for the two cases similar

to the previous section.

Following the same procedure, the total cost per unit time and the optimal quantity for

each case was found and their respective theorem was generated and proved.

2.7.1. Determination of the Optimal Order Quantity when T < t,
As mentioned before, the first step of solving our model consists of deriving the total

cost per unit time.
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K acy+ (1 —a)ey e ay [(1 —a)y —(1 —a)ﬁT](rO -7 B ri pr

TCU (y )=—+ +ic — + -
1 1 t 2 2t 2t
0 0 0 0
Hence,
I . ATN27 Y
TCU (v ) =— K+oach + (7 —(1)(:ﬁ e /T +|(ica -p rFic (T —a)| 1 —— — (17)
oy Y 2

After deriving the optimality equation and set it equal to zero, the following expressions were

generated.
d(TCU) =—£K+ ica—pr+£c(f—a) (]_ /5’2T2) (18)
dy, v 2 2 vi
Therefore,
) 2K'p , ic (- BT? ,
y,; = h’/ where K =K+ fe ( 20[)/ andh =ic—pr (19)

Since we’re dealing with the case where T < to, then the optimal solution y; must always be

* | 2K'p
Y gy =rmax (ﬁ T, h—) (20)

Moving forward to the optimal total cost per unit time expression, ycr, is replaced in

higher than . T, then

equation (17) and the following expressions were obtained.

?4— acf+ (1—a)cfeil+ (ica— pr) [}TT if yZF,lzﬁT (21)
" era™ _— L 2K'p
J2K'ph' + ach+ (1—a) cB( el —iT) N (22)

h
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Theorem 3: The annual cost function TCU (y;) was found to be convex in y; with a unique

global minimum y¢r ; and the optimum inventory policy for the proposed model is

2KP
}‘CF,J' =max ﬁT; h’ Uunirs

Check the proof of Theorem 3 in the Appendix.

2.7.2. Determination of the Optimal Order Quantity when T > ¢,

For this case, the total variable cost per unit time is obtained as follows.

K acy + (I —a)ey e /T ay Ir)
TCU(yZ):I—+ i . Y +ic %—ﬁ])r -+
0 0

Hence,
i Y (23)
TCU (yz) =— K+acf+{I —a)ep e’ +(ica+pr) 5 —BTpr
Y
2
After deriving the optimality equation and set it equal to zero, the following expressions were
generated.
d( TCU 3 ic o+ 24
( )=_/_7K+wapr (24)
dy, ¥, 2
Therefore,

, f 2KpB .
y; = h'{ where h = ica+tpr (25)
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Since we’re dealing with the case where T > to, then the optimal solution y¢r , must always

be less than 5. T, then

s . / 2Kp (26)
Y cp o =min (ﬂT, T]

Moving forward to the optimal total cost per unit time expression, ycr, is replaced in

equation (23) and the following expressions were obtained.
(27)

£

K ; : r . -
?+acﬂ+(l—a) cpell+ (ica— pr) ﬁ? if y'Cm:/ﬂ

\/W-i- acf+ (1—a) cfelt— pTpr if yCF 2= \/ Zhﬁ @

TCUEFJ:

Theorem 4: The annual cost function TCU (y,) is convex in y, with a unique global

minimum y¢r, and the optimum inventory policy for the proposed model is

. 2Kp )
Y o, =min P, e units

Check the proof of Theorem 4 attached in the appendix.

2.7.3. Model with Earned Interest Verification

To verify if the model is well formulated, the model derived in the previous section can
be used. The previous model is based on the same assumptions adopted in the derivation of
this model. However, it does not account for the interest earned on the generated sales

revenues (r = 0).
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By substituting the value of r in equation (17) and (23), the following equations are obtained

and are similar to the ones generated in the previous section, i.e. expressions (1) and (7).

2.7.4. Situations Favoring Credit Facility over Classical EOQ Model
Same procedure was followed to identify when the credit facility approach is better than

EOQ model, and so the following expressions were generated.

2.7.4.1. Forcase (1) where T < t,

Lemma 4:
TCUEF‘1 < TCUEOQ Jj< g(a)
Where

—(E()Q
(l—a) p i

Nk )+ ]J 29)

1
j<— In|iT+
J - n(l
Note that for this expression to be acceptable, the argument of the log must be positive, i.e.

_ i ( 2K'ﬂh')
iT+ —— |Eog— Y= |4 150
(1-a) f ic

2.7.4.2. Forcase (2) where T > t,
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TCUcry < TCUgoq j<g(a)

where
o + 2Kp — ~ Tpr 30
j<3;Xhzzrjaa;mhc ,M1)+1+(1_@C (30)

2.7.4.3. Forcase (1) and (2) where T = t,

TCUcr, < TCUgoq j<g(a)

where

| L 2Ki K il prT
j<— In — - - + + 1 (31)
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CHAPTER 3

EOQ MODEL FORMULATION UNDER CASH

DISCOUNT AND TRADE CREDIT

As mentioned before, to reflect the real-life business situations, an extension of our model
is derived. In the previous chapter, the supplier offers the retailer a fixed delay period, which
is the trade credit period when settling the remaining accounts, with an additional interest
charged all over this period. However, from the supplier’s perspective, the supplier prefers
that the retailer pays the payment as soon as possible to avoid the possibility of resulting in
bad debt. For that reason, in most business transactions, the supplier offers both a trade credit
and a cash discount to the retailer. So, the retailer obtains the cash discount on the partial
payment paid at the receipt of items. Otherwise, the retailer will pay the desired partial
payment without any discount. This chapter deals with determining the optimal ordering
quantity under conditions of trade credit and cash discount and then comparing it to the

previous model to help the retailer in identifying the best scenario.

3.1.  Model Formulation
Before starting the development of the retailer’s inventory model under conditions of

cash discount and partial permissible delay in payments, same terminologies and assumptions
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that were defined in the previous chapter will be used throughout this thesis in addition to the

discount cash discount rate y where 0 <y <1.

So as mentioned previously, the model of this study is defined as a constrained
optimization problem. It consists on finding the optimal replenishmenet policy that
minimizes the total cost per unit time of the retailer. The constraints are the non negativity

and the boundaries set for the decision variable y based on the chosen case. Two cases will

be considered, (1) T < t, = % (Figure 1),and ) T > t, = % (Figure 2).

Following the same procedure as before, it is found that the cash flow per period of setup

and purchasing cost is respresented as follows.

— _ T
(1 y)clcy +K (1 Cfcye (1—y)acy + K (1 - a)cyel”
! | | i l
' ‘ [ | I
0 T t
! 0 to T

Figure 9: Cycle of the instantaneous replenishments when T<t,  Figure 10: Cycle of the instantaneous replenishments when T > t,

Moreover, the holding cost was derived the same way as before, by projecting the
opportunity cost through two scenarios. The holding cost generated from the first scenario
representing the fraction of purchasing amount paid at the beginning of the cycle is derived

to be

) e
( /)GUI

Holding cost per cycle = ic > 0
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And the one of the second scenario representing the remaining balance paid after a

certain delayed period is derived to be

[(1 =)y =(1 =a)pT](2 =T)

f
2t 0
0

Holding cost =ic

Therefore, the total inventory cost per cycle for each period can be summarized as

follows:

[(1-a)y= (1-a) pT](1,-T)
+ ic if T<1,

(1-y)ay
JrD
2

K+(l=-p)acy + (1—a)cye T+ ic

rcu

per el (U-pay

K+ (l—-p)acy + (1—a)cye T+ ic 0

if Izt

Once all the elements of total inventory cost are obtained, it’s time to develop the

mathematical models for determining the optimal order quantities for the two cases.

3.1.1. Determination of the Optimal Order Quantity when T < ¢t
As mentioned before, the first step of solving our model consists of deriving the total

cost per unit time.

To distinguish the two developed models, let’s represent our decision variable by yp:.

K D1 .
TCU (y, )=—+ +ic +
Pl t() I() 2 2?‘0

(1 —y)acym + (1 —a)c)' e T (1 —y)aym ic [(l —a)_\'m =(1 —a)ﬁT](rU—T)

Hence,

(l=p)ay (l—a)y 5
TCU(_VDI):LK+(1—y)acﬁ+(l—a) cfe IT+ ic bl bl (1_ pT ” (32)
Vb1 2 2 Y1
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This model is related to the partial delay in period model developed in Chapter 1 as follows:

ic.y.aym) (33)

TCU(yDl) =TCU(y1) - [y.acﬂ+ 5

After deriving the optimality equation and set it equal to zero, the following expressions

were generated.

(34)
. _ . _ 292
d({ TCthH __ Ji} K+ ic (1—y) a+lc(1 ) l_ﬂT
@y Vi 2 2 i

Therefore,

2pK’ , ] 11— T2
y;n:\f /h where K =K+ fe { Za) / and h' =ic (1l—y a) (35)

Since we’re dealing with the case where T < to, then the optimal solution y;,; must

always be higher than BT, then

2pK'
Y ep py =max (ﬁ T, f ) (36)
e f]

Moving forward to the optimal total cost per unit time expression, ycr p4 is replaced in

equation (32) and the following expressions were obtained.

ic (l=y) apr .

K .
TH(=p) acpt(1-a)cf e T+ ) ¥ =P T (37)
Ccu’_ =
CF,D1 . . 2Kn/)p
2K'ph + (1=y) acp+ (1—a)cp (e/T—iT) I o=y (38)
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Theorem 5: The annual cost function TCU is convex in yp, with a unique global minimum

yp1 and the optimum inventory policy for the proposed model is

. 2pK" :
Yep py =max |B T, X Units

Check proof of Theorem 5 attached in the appendix.

3.1.2. Determination of the Optimal Order Quantity when T > ¢,

For T = t,, the total cost per unit time is derived as follows.

K et ey e Dy,
TCU Vsl = . ) e 3
0 0
Hence,
g A (1=p)ay
TCU(ym) =/—K+ (l=p)achp+ (1—a)cfe -if:r+irsfn2 (39)
7 Ym

In other terms,

ic yay,, ) (40)

TCU(y,,,)=TCU(y,)~ (]} e+ ——

The TCU expression (41) is derived according to the decision variable yp as follows.

arcy) - p o dell-p) a (41)
dy])2 yf)z 2

Therefore,
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2K, ,
i b where h" =ic (1—%) «a (42)

Since we’re dealing with the case where T' > t,, then the order size y must be less than

the demand during the delayed period (y < ST).

’ . | 2Kp
Yer,p2 =M (ﬁ g h—) “

Moving forward to the optimal total cost per unit time expression, y¢r p, is replaced in

equation as follows.

K , - T .
=+ (1=7) acf+ (1-a)cp eJT+ir% i =P T (44)

ES

cr.p2™ 2Kp
\/W+(l—y) acf+ (1—a)cp el if'yéF-D?:\/h: (45)

Icy

Theorem 6: Another theorem can be generated from this study when T > t,,. The annual
cost function TCU (yp,) is convex in yp, with a unique global minimum y}, and the

optimum inventory policy for the proposed model is

2Kp Y cF.02

h”

Order yCF D2 =min (ﬁ T, ) units everyt,= time units

Check proof of Theorem 5 attached in the appendix.
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3.2.  Model Verification
As mentioned before, our developed model can be verified by using the classical

economic order quantity model.
The total cost per unit time of the Classical EOQ inventory model is given by

Substituting the value of alpha (i.e. « = 1) and gammay = 0 in the derived equations

(32) and (39) of total cost per, the following equation is obtained.

Y

TCU (y) = E.K +cf+ ic. >
)7

By comparing these two equations, it’s noticeable that the latter equation is same as the

classical EOQ equation. Hence, the formulated model is well derived.

Another way to verify the formulated model, is to have the expressions of total cost per
unit time in case (1) and (2) equal when y = BT. Comparing both expressions (37) and (44),

it is found that these two are similar. Hence, our model is well formulated.

3.3.  Model Algorithm
Similar to the algorithm derived in the previous section, this model requires retailers to
follow to following track to be able to identify the optimal order quantity when the supplier

offers both the trade credit and cash discount options.
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Step 1: Determine the optimal order quantity ycrp; from expression (36), then
calculate its corresponding TCU¢p p, from equations (37) or (38).
Step 2: Determine the optimal order quantity ycrp, from expression (43), then
calculate its corresponding TCU¢ p, from equations (44) or (45).
Step 3: Compare TCU¢r p, and TCU¢r pp,. Select the order quantity associated with

the smallest total cost per unit time evaluated in step 1 and 2.

3.4.  Situations Favoring Credit Facility over Classical EOQ Model

3.4.1. Forcase (1)whereT < t,

Lemma 7:
TCU¢p1 < TCUSoq j<g(@) (46)
Whereg(a)zixln(i“ [£00~ (1-ya)y; ]+1+L)
T (1-a)p D1 (1-a)
3.4.2. Forcase (2)whereT >t
Lemma 8:
TCU¢ppz < TCUgpq j<g(a) (47)
where

42



'<1x1( L . m[l (1 )]+1+ “ J
Lol 2K, _re
TN 0 N ’ (1-a)

3.4.3. ForcasewhereT =t

Lemma 9:

TCU¢rp1 = TCUERpz < TCUz0q j<g(a) (48)

where g(a) = 2% In (= a)[ /&_CB_TJF _ia-par Y)aT] o

Note that for this expression to be acceptable, the argument of the log must be positive, i.e.:

1 2Ki K N i(1—-y)aT 150
1-a)|.|cB BT ¥e 2
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CHAPTER 4

NUMERICAL ANALYSIS

4.1.  Numerical Analysis: Base Model 1

Consider the following situation: a purchased item is consumed at a fairly steady rate of
B = 1,200 units per year. The retailer pays ¢ = $25 per unit and estimates that fixed cost for
placing and receiving orders amount to about K = $100. Holding costs are based on an annual
interest rate of i = 10% and shortages are not allowed. The supplier charges a continuous

interest rate of j = 8% for a credit facility of 55 days (T = 0.15 year).

To help the retailer in choosing between credit facility or classical EOQ model, the
following steps of the defined algorithm in Chapter 11 will be followed. First, the three cases
described in credit facility approach must be evaluated to check whether the retailer must
delay the settlement for a period smaller, higher, or equal to the cycle length. Then, the result
of the latter approach must be compared to the classical EOQ model to decide whether to pay

immediately or delay the payment.

Let’s start first by the credit facility approach. If the retailer decides to have the delay
period less than cycle length, i.e. T < ¢4, then this is equivalent to the constraint yg-; > 180.
For this numerical example, if the retailer is allowed to pay half of the amount at the receipt
of items (a@ = 0.5), and the other half after time T = 55 days (0.15 years), then the optimal
policy would be ordering a quantity of units 334.963 every 0.28 years with a total cost of

$30,793.49 per year (TCU¢g ).
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However, if the retailer decides to have the delay period bigger than cycle length, i.e.
T = ty, then this is equivalent to the constraint y;, < 180. If the retailer is allowed to pay
half of the amount at the receipt of items (@« = 0.5), and the other half after T = 55 days, then
the optimal policy would be ordering a quantity of 438.18 units every 0.37 years with a total
cost of $ 30,728.81 per year. However, since the delayed period is extended, y;r must not
exceed its maximum value of 180. Based on this constraint, the optimal policy when selecting
credit facility approach is ordering an optimal quantity of 180 units every 0.15 years with a

total cost of $30,960.25 per year (TCU¢g ,).

TCUVSy TCUVsy
33000 33000
32500 32500
32000 32000
2 2
E B
31500 et 31500
TCU2
31000 31000
30500 30500

0 200 400 600 800 1000 0 200 400 600 800 1000 1200
Yy ¥

Figure 11: Variation of TCUs with y

To be able to compare these two illustrations of total cost per unit time, we combined
the two curves in the first figure to result in one curve which represent TCU when y is less

and more than 180.
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So, if we compare TCU¢gr, and TCU¢y , it is found that the retailer must choose to

delay the remaining settlement for a period less than ¢, since it has the smaller total variable

cost per unit time.

Now it is time to compare the CF with the classical EOQ model to check whether the

retailer must pay the purchasing amount immediately or delay it to a period less than t.

In this case, if the retailer decides to follow the classical economic order quantity
model, then the optimal policy would be ordering a quantity of 309.84 units every 0.26 years
with a total cost of $30,774.60 per year. However, if the retailer is allowed to pay half of the
amount at the receipt of items (a = 0.5), and the other half after time T = 55 days, then the
optimal policy would be ordering a quantity 334.963 every 0.28 years with a total cost of
$30,793.49 per year. As we notice, the optimal quantity obtained when choosing credit
facility, y7.., is significantly higher than the one obtained by the classical EOQ model. This
can be explained by the fact that under credit facility the inventory holding (opportunity) cost

is less. This is a well-known result.

In this case, the classical EOQ model seems to be economically attractive more than
the credit facility model due to smaller total cost. So, under these conditions, the retailer is

advised to pay the purchasing amount immediately at the receipt of items.

If the retailer insists on delaying part or the full amount of payment, the developed
model is used to derive a value of the interest rate j that makes the retailer prefers the credit
facility model over the classical EOQ model. To understand how the critical interest rate,

below which the retailer adopts credit facility, is affected by the partial credit terms, we plot
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g(a) and try to deduce the desired range of alpha. For this numerical example, g(«) plot
was found to be a decreasing function as shown in Figure 10. For example, if the supplier
charges the retailer an annual interest rate of j = 7.15%, the retailer must refer to g(«) plot
and deduce that any fraction of money paid at the receipt of items less than 0.5801, makes

the credit facility economically attractive.

g(alpha) VS alpha

0.073
0.0725

0.072

g(alpha)

0.0715
0.071
0.0705

Alpha

Figurel2: Variation of g(a) expression in function of

4.1.1. Sensitivity Analysis
To analyze the significant influence of different factors on the optimal policy, several

variants to the model input were studied.
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The first variable to be varied in this model is the interest rate j charged by the
supplier. By varying this value, we are able to observe its impact on the optimal order policy

and on the retailer’s decision.

It is known that, for a specific value of alpha, as j increases, y-r remains the same
since it is independent of j, and TCU increases. In other words, if the supplier increases the
interest charged for the late payments, then the retailer has to pay higher cost, and the credit
facility model becomes less attractive. This variation is shown in Table 1. Table 1 indicates
that in both cases (i.e. T < tyand T = t;), an increase in the total variable cost takes place.
However, it is shown that an increase in the value of the interest rate j does not affect the
retailer’s decision when choosing to pay half of the amount at the receipt of items in a credit
facility approach. As we notice, as long as j increases, TCU¢r , remains smaller than TCU . ,
which indicates that the retailer must always choose to delay the payment for a period less
than the cycle length. In addition to that, in the case where the retailer chooses the first case
as a credit facility approach, it is shown that for a value of j less than 7.169%, the credit
facility is more economically attractive than the classical EOQ model. This conclusion can

be used as a proof to validate what we noticed in Figure 9.
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Table 1: Effect of j on the optimal quantity and its TCU for « = 0.5

i Yera TCU¢p, YcF2 TCUcr,

0.01 334.963 30,634.92 180 30,801.68
0.03 334.963 30,680.06 180 30,846.82
0.05 334.963 30,725.33 180 30,892.09
0.07 334.963 30,770.74 180 30,937.50
0.07169 334.963 30,774.6 180 30,941.36
0.09 334.963 30,816.28 180 30,983.04
0.1 334.963 30,839.10 180 31,005.86
0.3 334.963 31,302.82 180 31,469.58
0.5 334.963 31,780.67 180 31,947.43
0.7 334.963 32,273.07 180 32,439.83
0.9 334.963 32,780.46 180 32,947.22

1 334.963 33,039.92 180 33,206.68

Moreover, to study the effect of another important input to the model, another analysis
is performed. Usually, retailers have, at each time placing an order, decide how much to pay
at the receipt of items. It is known that higher the amount paid at the receipt is, lower the
optimal ordered quantity is and smaller the total cost per unit time is because of ordering
smaller quantities. In other words, when retailers pay a high fraction of the purchasing
amount at the beginning of the cycle, they tend to order less in order to prevent paying high
amount of opportunity cost. This is illustrated in Table 2 where we considered j = 8% and

we varied the value of alpha to study its impact on yzr, TCUr and the optimal policy.
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Table 2: Effect of a on the optimal quantity and its TCU for j = 8%

a Ycra TCUcry  Yerz TCUcpp

358.33  30,807.99 - 31,051.34
0.1 353.78 30,80540 180 31,015.12
0.2 349.17 30,802.66 180 31,001.4
0.3 3445 30,799.77 180  30,987.68
0.4 339.76 30,796.71 180  30,973.97
05 33496 30,793.49 180  30,960.25
0.6 330.09 30,790.09 180  30,946.53
0.7 32515 30,786.52 180  30,932.82
0.8 320.12 30,782.75 180  30,919.10
09 315.02 30,778.78 180  30,905.38
1.0 309.84 30,7746 309.84 30,774.6

For this numerical example, we can say that for an annual interest rate of 8%, the
retailer must always choose to delay the payment for a period smaller than the cycle length
due to having the total variable cost TCU¢r, always smaller than TCU¢ , regardless of the
fraction of money the retailer desire to pay at the beginning of the cycle. In addition to that,
another conclusion can be observed from Table 2 which is that for an interest rate of 8%, the
retailer finds that the credit facility approach is not encouraged for any value of alpha since
for different values of alpha, the total cost per unit time is always higher than the one for the

classical EOQ model.

Note that when the retailer decides to pay the full amount at the receipt of items, there

IS no more the option to choose whether the delay payment is smaller or higher than the cycle
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length. Therefore, the constraints on the optimal order quantity are not considered anymore

and such case is equivalent to the classical EOQ model.

Investigating more in identifying the optimal value of alpha for a specific value of j,
we decided to link the three variables j, i, and alpha. So, we tried two different values of j,

other than j = 8%, one when j < i and another when j > i where i = 10% as illustrated in

Table 3.
Table 3: Effect of a for j = 7.17% and j = 17.17 %

a Yera TCU¢p, a Ycra TCU¢p,y
358.33 30,770.20 0 358.33 31,228.50

0.1 353.78 30,771.39 0.1 353.78 31,183.86
0.3 344.50 30,773.32 0.3 344.50 31,094.13
0.5 334.96 30,774.60 0.5 334.96 31,003.75
0.7 325.15 30,775.18 0.7 325.15 30,912.67
0.9 315.02 30,775.00 0.9 315.02 30,820.83
1.0 309.84 30,774.60 1.0 309.84 30,774.60

As illustrated in Table 3, for j =7.17% the credit facility approach is better than the
classical EOQ model as long as the retailer decides to pay an amount that range between 0
and 50 % of the purchasing amount at the receipt of items. However, the optimal value to be
paid when choosing the trade credit approach and for this specific value of j, is 0%. In other
words, for j < i, when retailers decide to delay all the purchase amount for a period T, they

are ordering the highest amount of items in the least cost compared to other values of alpha.
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Regarding the values illustrated in the second table where j > i, the optimal value to
be paid at the receipt of items is the full amount since it has the smallest cost compared to
other values of alpha. It is a well-known result since for a high value of interest charged by
the supplier, it is better to pay the opportunity cost instead of paying extra interest on each

delayed day.

To better observe the variation of y and TCU, a two-ways sensitivity analysis was
applied where the variables alpha and j were studied simultaneously as illustrated in Table

4.

Table 4: Effect of @ and j on the optimal policy

a=0.1 a=20.3
Jj YZFJ TCU*CF,l yZF,Z TCUZ‘F,Z y*CF,l TCUZF,I yZF,Z TCU*CF,Z

0.01 | 353.78 30,519.98 180 30,729.70 3445 30,577.77 180  30,765.69
0.03 | 353.78 30,601.22 180 30,810.94 344.5  30,640.96 180  30,828.88
0.05 | 353.78 30,682.71 180 30,892.43 3445 30,704.34 180 30,892.26
0.08 | 353.78 30,805.40 180 31,015.12 3445  30,799.77 180  30,987.68
0.1 | 353.78 30,887.50 180 31,097.22 3445 30,863.62 180  31,051.54
0.3 | 353.78 31,722.20 180 31,931.92 3445 31,512.83 180  31,700.75
0.5 | 353.78 32,582.32 180 32,792.04 3445 32,1841.82 180  32,369.73

a=20.8 a=1

0.01 | 320.13 30,719.32 180 30,855.67 309.84 307746 309.84 30774.6
0.03 | 320.13 30,737.37 180 30,864.73 309.84 307746 309.84 30774.6
0.05 | 320.13 30,755.48 180 30,891.84 309.84 307746 309.84 30774.6
0.08 | 320.13 30,782.75 180 30,919.10 309.84 307746 309.84 30774.6
0.1 | 320.13 30,800.99 180 30.937.35 309.84 307746 309.84 30774.6
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0.3 | 320.13 30,986.48 180 31,122.83 309.84 307746 309.84 30774.6
0.5 | 320.13 31,177.62 180 31,313.97 309.84 307746 309.84 30774.6

As a conclusion from this analysis, we can notice that for this numerical example, the
variation of interest charged by the supplier or alpha has no impact on the optimal policy.

For this reason, other variables were changed to study their effect on retailer’s decision.

Let’s start by the setup cost K.

Table 5: Impact of Setup Cost K on the Optimal Policy

K = $15 K = $50
J Ycra TCUcry  Ycry TCU¢r, J Yer1  TCUcpy Ycr:2 TCU¢r,
0.01 180 30,235.02 169.71 30,234.65 | 0.01 253.38 30,430.96 180 30,468.35
0.03 180 30,280.15 169.71 30,101.59 | 0.03 253.38 30,476.10 180 30,513.49
0.05 180 30,325.42 169.71 30,155.35 | 0.05 253.38 30,521.37 180 30,558.76
0.08 180 30,393.58 169.71 30,244.72 | 0.08 253.38 30,589.53 180 30,626.92
0.1 180 30,439.20 169.71 30,226.70 | 0.1 253.38 30,635.14 180 30,672.53
0.3 180 30,902.92 169.71 30,690.42 | 0.3 253.38 31,098.86 180 31,136.25
0.5 180 31,380.76 169.71 183,160.38 | 0.5 253.38 31,576.71 180 31,614.10
a Ycra TCUcry  Yery TCU¢r, a Yer1  TCUcpy Ycr:2 TCU¢r,
216.33  30,453.00 - - 283.55 30,621.04 - -

0.1 | 208.71 30,442.73 180 30,448.45 | 0.1 277.78 30,615.39 180 40,448.45
0.3 | 19256 30,419.92 180 30,155.35 | 0.3 265.86 30,603.16 180 30,421.02
0.5 180 30,393.58 169.71 30,393.22 | 0.5 253.38 30,589.53 180 30,393.58
0.8 180 30,352.43 134.16 30,340.76 | 0.8 233.41 30,565.96 180 30,352.43
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180 30,325.00 120 30,300 1 219.09 30,547.72 180 30,325

From the numbers illustrated in Table 5, different points were concluded. Setup cost
K was found to have a great impact on the optimal policy. As we notice in the first two
quarters of the table, as setup cost K increases, the retailer decisions might change, i.e. the
retailer might decide to change the delayed period from a large one to a smaller one compared
to the cycle length. This illustration can be explained as follows, for a small setup cost, the
retailer order smaller quantity due to the fact that the retailer can order frequently without
paying so much on each and every order. This fact reduces the holding cost and thus makes
the retailer afford a high cost generated from the interest charged by the supplier when

choosing to delay the payment after the cycle length.

The same point was being concluded when K increases at the same time where alpha

increases as well.

The second variable studied was the cost of capital i. As we know, an increase in the
cost of capital does not encourage retailers to order higher amount of items to prevent the

generation of high costs. This fact can be noticed in Table 6.

Table 6: Impact of Setup Cost K on the Optimal Policy

i Ycra TCUcr, Ycr2 TCUcr,
0.05 456.29 30,638.95 180 30,904.00
0.1 334.96 30,793.49 180 30,960.25
0.3 219.55 31,152.67 180 31,185.25

54



0.5 188.15 31,407.95

0.7 180 31,635.25
0.9 180 31,860.25
1 180 31,972.75

180
165.62
146.06
138.56

31,410.25
31,630.22
31,824.25
31,913.14

However, if we observe the values in Table 6, we notice that for values of i up to 0.5,

the first policy, which consists of delaying the payment for a period less than cycle length, is

better. For higher values of i, the optimal policy consists of delaying the payment for a period

higher than the cycle length. This can be illustrated in Figure 11. Therefore, we can deduce

that i have a good impact on retailers’ decision while managing their inventory.

TCU vsi
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32,000.00
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Figure 13: Variation of TCU in function of i

We decided as well to observe the variation of j in function of alpha. So as illustrated

in the Table 7 and Figure 14, we observe that as alpha increases, it means as the retailer settles

larger payments, a smaller percentage of j must be charged by the supplier since the retailer
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IS paying a big portion of the payment and the supplier is safe, and his risk of losing money

Is decreasing.

Table 7: Variation of j with

a ]

0 0.07266
0.1 0.07248
0.3 0.07210
0.5 0.07169
0.7 0.07127
0.9 0.07082

4.2.

j VS alpha

0.073
0.0725
0.072
0.0715
0.071
0.0705

alpha

B 4 : Variation of j with a

Numerical Example of Model with Earned Interest

In this example, we’re dealing with the same conditions as the first example except

that in this case, the interest earned when revenues generated from sales are invested in an

Interest-bearing account at a rate of r

= 2%. Note that the selling price of unitsisp = $45.

To help the retailer in choosing between credit facility or classical EOQ model, this example

will be treated the same way the previous one was solved. Let’s start first by the credit facility

approach. If the retailer decides to have the delay period less than cycle length, i.e. T < tg,

then the optimal policy would be ordering a quantity of 418.703 units every 0.35 years with

a total cost of $30,626.01 per year (TCU¢ ;).
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However, if the retailer decides to have the delay period bigger than cycle length, i.e.
T > t;, then the optimal policy would be ordering a quantity of 334.11 units every 0.28 years
with a total cost of $ 30,737.42 per year. However, since the delayed period is extended, ygg
must not exceed its maximum value of 180. Based on this constraint, the optimal policy when
selecting credit facility approach is ordering an optimal quantity of 180 units every 0.15 years

with a total cost of $30,879.251 per year (TCU¢z ,).

TCU VS y

TCU*

0 200 400 600 800 1000

Figure 15: Variation of TCU vs y when interest earned on revenues is accounted

So, if we compare TCU¢r, and TCU¢p , it is found that the retailer must choose to
delay the remaining settlement for a period less than t, since it has the smaller total variable

cost per unit time.

When comparing the CF with the classical EOQ model, it is found that if the retailer

decides to follow the classical EOQ model, then the optimal policy would be ordering a
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quantity of 309.84 units every 0.26 years with a total cost of $30,774.60 per year. However,
if the retailer is allowed to pay half of the amount at the receipt of items (¢ = 0.5), and the
other half after time T = 55 days, then the optimal policy would be ordering a quantity of
418.703 units every 0.35 years with a total cost of $30,626.01 per year. In this case, the credit
facility seems to be economically attractive more than the classical EOQ model due to
smaller total cost. So, under these conditions, the retailer is advised to pay the purchasing

amount partially.

As an observation, it is found that using the revenues generated from sales as an
investment makes the transactions more profitable where the retailer is ordering higher

amount at a small cost.

To help the retailer in identifying when a shift to the classical EOQ model must take
place, it is necessary to identify the maximum value of the interest rate j that makes the
retailer prefers the credit facility model over the classical EOQ model. To reach this aim,
g(a) of this special case was plotted where the maximum value of j and the desired range of
alpha were identified. For this numerical example, g(«) plot was found to be an increasing
function as shown in Figure 13. For example, if the supplier decides to pay half the amount
at the receipt of items, the maximum value of interest the retailer must accept the supplier to

charge for the delay in payment is 14.5 % as shown in the figure below.

Another way to read this curve, for an interest rate j = 14.5%, the credit facility
approach is better than EOQ model when the retailer decides to pay half the amount or more

at the receipt of items.
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Figure 16: Variation of g(«) vs alpha when interest earned on revenues is accounted

4.2.1. Sensitivity Analysis of Model with Interest

In this example, the same variables were changed to study their impact on the optimal
policy. As illustrated in Table 8, the variations of alpha and j has no impact on the optimal
policy. It means that whatever the supplier charges an interest to the retailer, or whatever
fraction the retailer decides to pay upon the receipt of items, the retailer would prefer delaying

the remaining balance for a period smaller than the cycle length.

Table 8: Effect of j and alpha on the optimal quantity and its TCU when interest earned on revenues is accounted

a=20.5 1 =0.08
] Yera  TCUgry  Yerz TCUgp, a« Yera  TCUgpy Yerz TCUgpp
0.01 418.703 30,467.44 180 30,720.68 0 44792 3062883 180 30,947.84
0.03 418.703 3051258 180 30,765.82 0.1 44222 3062831 180 30,934.12
0.08 418.703 30,626.01 180 30,879.25 0.3 43063 30,627.52 180 30,906.68
0.1 418703 30,671.62 180 30,924.86 05 418.703 30,626.01 180 30,879.25
03 418703 31,135.34 180 31,388.58 0.7 406.433 30,623.94 180 30,851.82
05 418.703 31,613.19 180 31,866.43 09 393780 30,621.26 180 30,824.38
1 418703 32,872.44 180 33,125.68 1.0 387.298 30,619.68 180 30,810.67
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In this special case, a new variable was studied which is the value of interest earned
on the generated revenues deposited in an interest-bearing account. As illustrated in Table 9,
an increase in the value of interest r motivates the retailer to order more items. However, this
increase does not affect the retailer decision when choosing the period to delay the payment

of the remaining balance.

Table 9: Effect of r on the optimal quantity and its TCU

r Yera TCU¢r, Ycr2 TCU¢r,

0 334.96 30,793.49 180 30,960.25
0.01 369.90 30,714.39 180 30,919.75
0.02 418.70 30,626.01 180 30,879.25
0.04 633.02 30,399.20 180 30,798.25
0.06 - - 180 30,717.25
0.08 - - 180 30,636.25
0.1 - - 180 30,555.251

As we can observe from Table 9, as r increases it is found it is better to choose the
policy where the delayed period is smaller than the cycle length. Note that the invalid values
in the first case is due to having a negative denominator which makes the earned revenues
higher than opportunity cost. The following equation is the one which explains these invalid

values when r increases.

. 2K'p , ic (1-a)pT? :
y, = h’/ where K =K+ te ( 20[)/ andh =ic—pr

60



4.3.  Numerical Example on Model with Mixture of Trade Credit and Discounts
Consider the same situation as the base example: numerical example 1, in which we add
a new parameter known by the discount rate. For this example, suppliers charge a continuous
interest rate of j = 8% for a credit facility of 55 days (T = 0.15 year) and offers a discount
rate of y = 5% to convince retailers to pay a high fraction of the purchase amount at the

receipt of items.

To help the retailer in choosing between credit facility or classical EOQ model, the
following steps of the defined algorithm in Chapter IV will be followed. If the retailer decides
to have the delay, then the optimal policy would be ordering a quantity of units 339.23 every
0.28 years with a total cost of $30,032.96 per year (TCU;r p,). However, if the retailer decides
to have the delay period bigger than cycle length, then the optimal policy would be ordering
a quantity of 449.56 units every 0.37 years with a total cost of $ 29,964.94 per year. However,
since the delayed period is extended, y;r must not exceed its maximum value of 180. Based
on this constraint, the optimal policy when selecting credit facility approach is ordering an

optimal quantity of 180 units every 0.15 years with a total cost of $30,204.63 per year

(TCUZ:F,DZ)'

61



TCU VS y

TCU

0 200 400 600 200 1000

Figure 17: Variation of TCU VSy

So, if we compare TCU¢r p, and TCU¢r p, it is found that the retailer must choose to

delay the remaining settlement for a period less than t, since it has the smaller total variable

cost per unit time.

Now it is time to compare the CF with the classical EOQ model to check whether the

retailer must pay the purchasing amount immediately or delay it to a period less than t,.

In this case, if the retailer decides to follow the classical economic order quantity
model, then the optimal policy would be ordering a quantity of 309.84 units every 0.26 years
with a total cost of $30,774.60 per year. As we notice, the optimal quantity obtained when

choosing the mix of discount and credit facility, is significantly higher than the one

yZF,Dl
obtained by the classical EOQ model. This can be explained by the fact that under this mix
of discount and credit facility model, the inventory holding (opportunity) cost is less. This

is a well-known result.
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In this case, the model under cash discount and trade credit seems to be economically
attractive more than the classical EOQ model due to smaller total cost. So, under these
conditions, the retailer is advised to pay half the purchasing amount immediately at the

receipt of items and delay the other half for a period of 0.15 years.

It is a must to compare results of the trade credit model alone with the model
accounting for cash discount and delay payment for the same numerical example and

investigate the impact on the retailer decision.

Table 10: Comparison of the Theorems' Results

Theorem 1 Theorem2 Theorem5 Theorem 6
y*(units) 334.963 180 339.23 180
TCU*($ per year) 30,793.49 30,960.25 30,032.96 30,204.63

As illustrated in Table 10, the best theorem used when the retailer is deciding on the
optimal quantity to be ordered, is theorem 5 having the lowest total cost per unit time and
hence resulting in the highest quantity to be ordered by the retailer. This is a very well knowns
result, since a discount is applied on the fraction paid at the receipt of items and the inventory

holding (opportunity) cost is less than the usual which motivates retailers to order more.

4.3.1. Sensitivity Analysis on Trade and Discount Mix Model
To analyze the significant influence of different factors on the optimal policy, several

variants to the model input were studied.

63



The first variable to be varied in this model is the discount rate 2 offered by the
supplier. By varying this value, we can observe its impact on the optimal order policy and on

the retailer’s decision.

It is known that, for a specific value of alpha and j, as the discount rate y increases,
ycr Increases since it is dependent of 9, and TCU - decreases. In other words, if the supplier
increases the discount rate applied on the cash paid at the receipt of items, then the retailer
must pay lower cost, hence order more, and the credit facility model becomes less attractive
and the model under cash discount and trade credit becomes preferable. This variation is
shown in Table 11. Table 11 indicates that in both cases (i.e. T < t,and T > t,), a decrease
in the total variable cost takes place. However, it is shown that an increase in the discount
rate 9 does not affect the retailer’s decision when choosing to pay half of the amount at the
receipt of items in a combination of cash discount and credit facility approach. As we notice,
as long as 9 increases, TCU¢p p, remains smaller than TCU¢r p, which indicates that the
retailer must always choose to delay the payment for a period less than the cycle length. In
addition to that, in the case where the retailer chooses the first case, it is shown that for any
value of vy, this model which is under the cash discount and the trade credit, is more
economically attractive than the classical EOQ model having a total cost less than $30,774.6

per year.

64



Table 11: Effect of ¥ on the Optimal Policy

O  Yerp1 TCUcppr Ycrpz TCUcrp2
0.01 335.803 30,641.39 180 30,809.13
0.03 337.504 30,337.19 180 30,506.88
0.05 339.230 30,032.96 180 30,204.63
0.08 341.870 29,576.57 180 29,751.25
0.1 343.664 29,272.29 180 29,449.00
0.3 363.318 26,228.25 180 26,426.50
0.5 386.782 23,181.30 180 23,404.00

TCU,D VS Gamma

35000
30000
25000
. 20000
15000 TCU,D1
10000
5000

TCU,D

TCU,D2

0.0 0.2 0.4 0.6 0.8 1.0

Gamma

Figure 18: Variation of TCU VS Y

Moreover, to study the effect of another important input to the model, another analysis
is performed. It is known that higher the amount paid at the receipt is, lower the optimal
ordered quantity is and smaller the total cost per unit time is because of ordering smaller

quantities. In this model, a discount is added as an extra variable to the model which makes
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us expect that the variable illustrated in the table below will be smaller than ones already

illustrated in Table 12.

Table 12: Effect of a on the optimal policy for j = 8% and y =5%

a Ycra TCU¢r, Ycr2 TCU¢r,
358.33 30,807.99 180 31,028.84
0.1 354.67 30,653.19 180 30,863.99
0.3 347.11 30,343.28 180 30,534.31
0.5 339.23 30,032.96 180 30,204.63
1.0 317.89 29,254.98 - 29,380.417

Another variable was studied in this analysis which is the interest rate j. As illustrated

in Table 13, as j increases, the same as the previous model occurs, the retailer’s decision is

not affected when choosing to pay half of the amount at the receipt of items in a credit facility

approach. However, TCU¢p ps decreases and TCU¢r p,remains smaller than TCU¢r p,

which indicates that the retailer must always choose to delay the payment for a period less

than the cycle length. In addition to that, in the case where the retailer chooses the first case

of this model, it is shown that there exists a critical value j which makes the model under

cash discount and trade credit more economically attractive than the classical EOQ model.

This conclusion can be used as a proof to validate what we noticed in Figure 2.
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Table 13: Effect of j on the optimal policy for « = 0.5 and y =5%

J Yera TCU¢p, Ycr2 TCUcr,
0.01 339.23 29,874.39 180 30,046.06
0.03 339.23 29,919.53 180 30,091.19
0.05 339.23 29,964.80 180 30,136.47
0.08 339.23 30,032.96 180 30,204.63

0.1 339.23 30,078.57 180 30,250.24
0.3 339.23 30,542.29 180 30,713.96
0.5 339.23 31,020.14 180 31,191.80
1.0 339.23 32,279.39 180 32,451.06

For such model, a search for the optimal fraction to be paid at the beginning of the
cycle (i.e. @) was held. For y = 0.05, it is found that the optimal value of alpha is 1 which is
a well-known result since retailers are motivated to pay the highest amount of money when
a discount is offered. We tried different values of discount rate, smaller and higher than the
interest j charged by the supplier, therefore the result did not change, i.e. the optimal value
of alpha remained 1. Hence, paying the full amount, when both trade credit and cash discount

are offered to the retailer, is the optimal policy a retailer can have to minimize the total cost

per unit time.
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CHAPTER 5

CONCLUSIONS AND FUTURE RESEARCH

Due to the intense competition on today’s market, many suppliers offer credit terms
to retailers to gain larger market shares and promote commodities. Such motivational policies
were considered as alternative incentive policies to quantity discounts. Many researchers
were interested in the impact of allowable payment delays on inventory policies. In this
thesis, we developed an EOQ model with a permissible partial delay in payments which is
subjected to an interest rate charged by the supplier continuously all over the delayed period.
Such models were developed to help retailers in identifying how much to order every cycle
in a way to result in the minimum total cost per unit time, in addition to be a reference for
retailers to know what’s the optimal value of interest i that they must accept or what’s the
optimal fraction of purchasing amount to be paid at the beginning of each cycle when
choosing trade credit approach. We also extended our derived model by deriving two other
models: one which takes into consideration the interest earned on revenues generated from
sales, and another one which consist of offering two approaches for retailers, i.e. trade credit
and cash discount of the fraction of amount paid at the beginning. A detailed sensitivity
analysis was done for all models to see the impact of each parameter on the optimal ordering

policy and retailer’s decision as well.

For the future work, it is recommended to include cost components of the supplier in

our model which helps us in identifying a win-win situation for both retailers and suppliers.
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In other words, an extension of our model must be derived to try to understand how things
can go between two parties, and what’s the optimal policy that makes retailers order the
highest quantity in the least cost, and that makes suppliers earn the highest profit in the least
risk of bad debt. Furthermore, our model can be extended by changing some characteristics
such as stochastic demand, multi-item, and multiple suppliers. These changes can be reflected
in the constraints of our optimization model, e.g. multi-item requires the addition of many
constraints such as storage space allocation constraint, budget constraint, etc. However,
multiple suppliers could add to our model the possibility of having different interest rates

charged by the supplier over the delayed period.
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APPENDIX

Proof of Theorem 1
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The second derivative of the TCU (y2) with respect to y- is defined as follows:

K 20

d*(TCY) _ d (dTCU) \_, B
dy3 dy,\ dy, 3

Having all the parameters positive, the second derivative is found to be positive and so the

derived solution is the minimum of this model.
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Proof of Lemma 2
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Proof of Theorem 3

To prove that the generated solution is the minimum, the second derivative of the TCU

with respect to y must be positive. The second derivative is defined as follows:
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Having all the parameters positive, the second derivative is found to be positive and so

the derived solution is the minimum of this model.
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Proof of Theorem 4

For the case where T > t,, the second derivative of the TCU (y2) with respect to y is

defined as follows.
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Having all the parameters positive, the second derivative is found to be positive and so

the derived solution is the minimum of this model.
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Proof of Lemma 5
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Proof of Theorem 5

To prove that the generated solution is the minimum, the second derivative of the TCU

(Yp1) with respect to yp1 must be positive.

The second derivative is defined as follows:
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Having all the parameters positive, the second derivative is found to be positive and so

the derived solution is the minimum of this model.

Proof of Theorem 6

For the case where T > t,,, the second derivative of the TCU (yp2) with respect to ypz is

defined as follows:
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Having all the parameters positive, the second derivative is found to be positive and so

the derived solution is the minimum of this model.
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Proof of Lemma 7
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