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ABSTRACT
We identify key characteristics of a correlated point process
which include moments of the time between arrivals as well
as measures of variability and correlation obtained from the
counting process over different time intervals. A computa-
tional framework to calculate these characteristics is presented
for the general MAP(n). We present simple closed-form-expres-
sions for the key characteristics and an efficient algorithm to
fit a MAP(2) to a point process. The contributions of this art-
icle include 1) developing a computational framework, in the
form of partial-moment differential equations (PMDEs) and lin-
ear equations to derive a compact matrix exponential expres-
sion for the count process moments of a MAP(n), 2)
developing an efficient and accurate algorithm to fit a MAP(2)
based on count and inter-arrival moments.
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1. Introduction

The Markovian arrival process (MAP), as presented by Neuts,[31] and the
special case of the Markovian modulated Poisson process (MMPP),[11] are
stochastic processes that have the flexibility to capture inter-arrival depend-
ence and have received attention due to their applicability in several fields.
The MAP notation commonly used in the recent literature and in this
work is based on the notation of Lucantoni et al.[24] The majority of the lit-
erature on fitting point processes via a Markovian process matches the first
two or three inter-arrival moments and the lag-k inter-arrival auto-correl-
ation for k¼ 1 or k> 1 (e.g. Bodrog et al.,[5] Diamond and Alfa[10] and
Horvath et al.[16]). Fitting moments of the count process to capture inter-
arrival variability and correlation is addressed in Whitt[41] and Gusella.[12]

The index of dispersion of counts (IDC) is utilized as a measure of variabil-
ity in the count process in Gusella,[12] Sriram and Whitt,[39] Heffes and
Lucantoni,[15] and Nasr and Taaffe[28] among others. Indexes of dispersion
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for inter-arrivals and counts have long been used in the analysis of point.[9]

Notice that Gusella[12] and Whitt[41] use count moments to fit MMPP and
Ph, phase-type (hyper-exponential and Erlang) which are special cases of
the MAP, to non-renewal processes. The work in Feldmann and Whitt[13]

examines the flexibility of the hyper-exponential distribution in fitting the
inter-arrival time where they show that every distribution with a completely
monotone probability distribution function can be accurately fitted by an
n � 1 phase hyper-exponential distribution. Fitting approaches which are a
hybrid combination of inter-arrival moments and the count process limit
characteristics are considered in Whitt[41] and Albin[1] and with applica-
tions in Whitt.[42]

In this article, we explore fitting inter-arrival moments as well as
moments of the count process. The characteristics of the count process
considered in this article include the behavior of the IDC over short and
long time intervals. We define a property of the count process which meas-
ures the asymptotic variance of the count process relative to that of a
renewal process with the same first two inter-arrival moments. We refer to
the measure as the coefficient of variation in the count process due to cor-
relation (CVC). The CVC is equal to zero for a renewal process and
approaches 1 or �1 for highly correlated processes.
A fitting approach which only matches inter-arrival moments does not

capture dependence, but would provide an accurate fit if the approximated
process is a renewal point process. Accounting for the moments of the
count process would result in more accurate approximations for correlated
point processes. This provides the intuition behind the fitting approach
presented in this article which minimizes a weighted sum based on the
CVC as follows. The fitting approach utilizes the CVC as a relative weight
for the IDC values relative to the inter-arrival moments. Although the min-
imal representation of a MAP(2) is four parameters, the fitting algorithm
fits a weighted combination of more than four characteristics where the
weights depend on the impact of the correlation on the point process as
measured by the CVC. Higher weights are assigned to the inter-arrival
moments for values of CVC which are close to 0. Similarly, higher weights
are assigned to the count moment measures as the CVC approaches 1
or �1.
It is well established in the literature on queuing theory that ignoring

third moments and only accounting for second order descriptors can lead
to inaccurate approximations, Sahin and Perrakis,[36] Whitt,[43] Johnson
and Luhman[19] and Begin and Brandwajn,[4] among others. The work in
Andersen et al.[2] illustrates that second-order descriptors of the counting
and the inter-arrival processes (although commonly used standard descrip-
tors) are not sufficient descriptors by themselves. This is illustrated by
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considering the time reversal of a MAP which is shown to have the same
descriptors for the counting and inter-arrival process, but each process
results in different queuing system measures. Only in special cases would it
be possible to match the entire set of chosen key characteristics of a point
process. Accordingly, the term “fitting” would not in general imply perfect
correspondence between the approximated point process and the “fitted”
point process. Instead, most of the work targets a chosen set of key charac-
teristics of the point process. In Section 1.1 we review the existing
approaches to calculate the count moments of a MAP(n) and in Section 1.2
we consider the literature which examines the characteristics and limita-
tions of a two-source MAP.

1.1. Approaches to calculate the count moments of a MAP(n)

The moment matrices as defined by Neuts[31] and Narayana and Neuts[25]

denote the partial moments of the count process over a time interval [0,t)
and the state of the MAP at time t conditioned on the state of the MAP at
time 0. The work in Neuts[31] presents a numerical approach to compute
the first two moment-matrices (mean matrix and second-moment matrix).
The computation of the first two moment matrices of the count process is
further investigated in Narayana and Neuts[25] for the more general Batch-
MAP (BMAP) case. Numerical approaches to calculate the kth moment
matrices for k> 2 are computationally extensive and are not presented in
Narayana and Neuts.[25] The work in Neuts and Li[32] presents numerical
approaches to calculate the probability distribution of the counting process
over a time interval t. Obtaining the moment matrices directly from the
probability distribution of the counting process can be computationally
extensive since over a time interval of duration t, the state space of the
number of counts is infinite. Consequently, an upper limit on the number
of counts has to be considered. The authors in Buchholz et al.[7] point out
that the first moment of the count process is easy to compute, unlike
higher order moments.
The work in Nielsen et al.[30] presents a homogeneous set of differential

equations to solve for the kth moment matrices of MAP of n. In this work,
we explicitly present the solution of the differential equations of Nielsen
et al.,[30] which calculate moment matrices, by a compact matrix exponen-
tial expression. Accordingly, the computational efficiency of solving for kth
moment matrix of a MAP of order n is dependent on the dimensions of
the corresponding matrix exponential, ðkþ 1Þ n� ðkþ 1Þ n. For the pur-
pose of this work, we consider relatively small problems where k � 2 and
n � 4, and the matrix exponential is a convenient approach which is read-
ily available in several mathematical software. This is further motivated by
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the attention MAPs of modest to low order are receiving in the literature.
The work in Kriege and Buchholz[22] conduct an empirical comparison of
different methods to fit a MAP to three different real traces where the fit-
ting approaches used MAPs of order 2 to 6. The work in Okamura
et al.[33] considers parameter estimation of MAPs with order 2, 3 and 6.
The authors in Kriege and Buchholz[23] utilize a MAP of order 5 to fit
internet traffic. Recently, the work in Zheng et al.[45] estimate MAP param-
eters based on data for arrival streams collected from a web server where
the fitted MAP was of order 2. Similarly, in the context of computer sys-
tems and network performance, MAPs of order 2 are utilized to fit real
data representing server cashing request epochs.[14] In the context of supply
chain systems, the recent work in Sivakumar and Arivarignan,[37] Nasr and
Maddah[27] and Nasr and Elshar,[26] among others, assume the demand
process follows a Markovian Process where the numerical investigations
account for MAPs of orders 2, 3 and 4.
In the case where higher moments and higher order MAPs are required,

an alternative is the uniformization approach presented in Narayana and
Neuts[25] for the calculating the second-moment matrices. This also applies
to the more recent extension in Nielsen et al.[30] to compute the kth
moment matrices. The computational approach of Narayana and Neuts[25]

and Nielsen et al.[30] is based on solving integrals of matrix exponentials
which can be traced back to Van Loan.[44]

1.2. Characteristics of MAP(2)

We review the relevant literature which identifies the characteristics which
define a MAP(2) as well as describes a range on these characteristics. The
work in Andersen and Nielsen[3] investigates the limitation of a MAP(2)
and shows that the rate, IDC, and the index of dispersion for intervals
(IDI) completely determines the MAP(2) process. The authors also indicate
the significance of identifying the limitation of the MAP(2) in order to
squeeze the maximum information at hand into the fitted process. The
work in Telek and Hovarth[40] on the minimal representation of MAPs
illustrates that the minimal representation of a MAP(2) is four characteris-
tics where for example a MAP(2) is fully defined by the first three inter-
arrival moments and the lag correlation. The work in Bodrog et al.[5] fur-
ther examines the limitation of the two-source MAP where they consider
the feasible space characterized by four characteristics (the first three inter-
arrival moments and lag correlation). In the case where the selected charac-
teristics of a point process fall outside the feasible space, then the authors
define a Euclidean distance as a measure of the fitting accuracy provided
by a two-state MAP. In the case where the Euclidean distance is zero, a
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two-state MAP provides an exact fit to the selected characteristics. The
recent work in Kim[20] also considers the moments of the MAP(2) as a
function of the four-parameter canonical representation and investigates
the feasible range on the parameters. The work in Heindl et al.[18] also
investigates the limitations of a MAP(2) and derives bounds on the correl-
ation parameters. The authors demonstrate the applicability of the findings
on the decomposition of queuing networks. The convergence of the auto-
correlation pattern of a MAP(2) is investigated in Ramirez-Cobo and
Carrizosa[34] and the authors argue for the inadequacy of a MAP(2) process
to model seasonal data. The work in Rodriguez et al.[35] explores the correl-
ation patterns for a two state MAP as well as the influence of the inter-
arrival correlation on the counting process.
The remainder of this article is organized as follows. The MAP(n) notation

and characteristics are presented in Section 2. Closed-form expressions of the
count process characteristics and the first three inter-arrival moments are
presented in Sections 3.1 and 3.2 respectively for the MAP(2) case. The fitting
algorithm is presented in Section 4. In Section 5, we use the algorithm pre-
sented in Section 4 to fit a MAP(2) to point processes, and we numerically
compare our fitting method to existing algorithms in the literature. Finally,
Section 6 concludes the article, and presents ideas for future research.

2. MAP(n) notation and characteristics

In this section, we present the notation for the MAP(n) and a computa-
tional framework for estimating its key characteristics. The MAP(n) nota-
tion is presented in Section 2.1. Partial-moment differential equations
(PMDEs) to estimate the moments of MAP(n) counts are developed in
Section 2.2. Related measures of count variability and correlation, including
the new CVC measure, are given in Section 2.3. Finally, linear equations to
estimate the inter-arrival time moments are presented in Section 2.4.

2.1. Notation – MAP(n)

A MAP(n) is commonly defined by an n phase continuous time Markov
chain (CTMC) where the non-diagonal entries of the (n�n) matrix, D0,
contain the transition rates within the CTMC that result in no arrivals. The
(n�n) matrix, D1, contains the transition rates within the CTMC that
result in an arrival. We refer to Lucantoni et al.[24] and Telek and
Horvath[40] for further information on the MAP(n) representation. Let
ki;j ¼ D1ði; jÞ for i; j ¼ 1; . . . ; n, and ai;j ¼ D0ði; jÞ for i; j ¼ 1; . . . ; n and
i 6¼ j. The diagonal entries of D0 are D0ði; iÞ ¼ �ri for i ¼ 1; . . . ; n
where ri ¼

Pn
j¼1;j 6¼i ai;j þ

Pn
j¼1 ki;j.

296 W. W. NASR ET AL.



2.2. Moments of the MAP(n) count process

Consider a MAP(n) with parameters defined in Section 2.1. and let CtðsÞ
represent the resulting count process, i.e. number of arrivals, over the time
interval ½t; t þ sÞ. Also, let A(t) be the state of the embedded CTMC at
time t; i.e., A(t)¼i if the MAP(n) is in Phase i at time t, i ¼ 1; 2; . . . ; n. At
time ðt þ sÞ, we define a joint phase-and-count state by the count during
time interval ½t; t þ sÞ;CtðsÞ, and the state of the MAP(n), Aðt þ sÞ. Let
P‘;c;tðsÞ ¼ PðAðt þ sÞ ¼ ‘;CtðsÞ ¼ cÞ be the probability of being in state (‘,
c) for ‘ ¼ 1; 2; . . . ; n and c ¼ 1; 2; . . . The Kolmogorov forward differential

equations (KFEs) for P‘;c;tðsÞ are given in Equation (1). Let P0‘;c;tðsÞ ¼
oP‘;c;tðsÞ

os and denote P‘;c;tðsÞ and P0‘;c;tðsÞ by P‘;c and P0
‘;c, respectively, to sim-

plify the presentation.

P0‘;c ¼ �r‘ P‘;c þ
Xn

i¼1;i 6¼‘

ai;‘ Pi;c þ
Xn
i¼1

ki;‘ Pi;c�1: (1)

The set of KFEs presented in Equation (1) is an infinite set of differential
equations since there is no upper limit on the count within a time interval.
In this article, we utilize the KFEs to derive a finite set of PMDEs to solve
for the moments of CtðsÞ. This is based on the fact the PMDE of the kth
moment of the count process CtðsÞ is given by,

E Ck
t sð Þ I A t þ sð Þ ¼ ‘ð Þ

h i
¼
X1
c¼1

ckP‘;c; for ‘ ¼ 1; . . . ; n: (2)

where the indicator function Ið:Þ is 1 if the expression in 1 is true and 0
otherwise. Let

E Ck
t sð Þ;A t þ sð Þ ¼ ‘

h i
¼ E Ck

t sð Þ I A t þ sð Þ ¼ ‘ð Þ
h i

;

i.e., E½Ck
t ðsÞ;Aðt þ sÞ ¼ ‘� ¼ E½Ck

t ðsÞjAðt þ sÞ ¼ ‘� ProbðAðt þ sÞ ¼ ‘Þ.
The finite set of PMDEs to solve for the kth moment of CtðsÞ is pre-

sented below in Equation (3) and expanded in Equation (4). The derivative
is with respect to s.

E0 Ck
t sð Þ;A t þ sð Þ ¼ ‘

h i
¼ E0 Ck

t sð Þ I A t þ sð Þ ¼ ‘ð Þ
h i

¼
X1
c¼1

ckP0‘;c; for ‘ ¼ 1; . . . ; n: (3)

The PMDEs of the kth moment of the count process CtðsÞ are,
E0 Ck

t sð Þ;A t þ sð Þ ¼ ‘
h i

¼ �r‘E Ck
t sð Þ;A t þ sð Þ ¼ ‘

h i
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þ
Xn
i 6¼‘
i¼1

ai;‘E Ck
t sð Þ;A t þ sð Þ ¼ i

h i

þ
Xn
i¼1

ki;‘
Xk
j¼1

k
j

� �
E Cj

t sð Þ;A t þ sð Þ ¼ i
h i 

þ P A t þ sð Þ ¼ ið Þ
!
; (4)

for ‘ ¼ 1; . . . ; n and k ¼ 1; 2; 3; . . . We refer to Nielsen et al.[30] for a com-
pact matrix representation of the differential equations in 4. Notice that
solving for Ck

t ðsÞ using Equation (4) requires solving the first k–1. Solving
for the second moment PMDEs requires solving the zeroth and first
PMDEs. The detailed derivation of Equation (4) is given in Appendix 1.
The zeroth PMDEs are obtained from Equation (3) for k¼ 0,

P0 A t þ sð Þ ¼ ‘ð Þ ¼
X1
c¼1

P0
‘;c

¼ �r‘ P A t þ sð Þ ¼ ‘ð Þ þ
Xn

i¼1;i 6¼‘

ai;‘ P A t þ sð Þ ¼ ið Þ

þ
Xn
i¼1

ki;‘P A t þ sð Þ ¼ ið Þ; for ‘ ¼ 1; . . . ; n; (5)

A matrix representation for the homogenous probability differential
equations in Equation (5) is presented below,

P0
tþs

n�1ð Þ
¼ Q0

n�nð Þ
Ptþs
n�1ð Þ

; (6)

where Ptþsð‘Þ ¼ PðAðt þ sÞ ¼ ‘Þ for ‘ ¼ 1; . . . ; n, and Q0 ¼ ðD0 þD1ÞT.
A matrix exponential solution to the homogenous probability differential
equations in Equations (5) and (6),

Ptþs ¼ eQ0s
� �

Pt: (7)

Solving for the first moment PMDEs requires solving Equation (4) (for
k¼ 1) and 5 concurrently, and can be calculated by solving the following
matrix exponential,

Ft sð Þ ¼ eQ1s
� �

Ft 0ð Þ; (8)

Q1
2n�2nð Þ

¼
Q0
n�nð Þ

0
n�nð Þ

DT
1

n�nð Þ
Q0
n�nð Þ

0BBBB@
1CCCCA: (9)
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The vector FtðsÞ is 2n� 1 where the first n entries correspond to the proba-
bilities in Ptþs and the entries nþ 1 to 2n represent the first partial-moments
E½CtðsÞ;Aðt þ sÞ ¼ ‘� for ‘ ¼ 1; . . . ; n. Similarly, solving for the second
PMDEs, k¼ 2 in Equation (4), also requires solving for the first PMDEs,

St sð Þ ¼ eQ2s
� �

St 0ð Þ; (10)

Q2
3n�3nð Þ

¼
Q1

2n�2nð Þ
0

2n�nð Þ

DT
1

n�nð Þ
2 DT

1
n�nð Þ

Q0
n�nð Þ

0BBBB@
1CCCCA: (11)

The vector StðsÞ is 3n� 1 where the first 2n entries correspond to FtðsÞ
and the entries 2nþ 1 to 3n represent the second partial-moments
E½C2

t ðsÞ;Aðt þ sÞ ¼ ‘� for ‘ ¼ 1; . . . ; n. In general, solving for the kth par-
tial-moments of the count process over the time interval ½t; t þ s) as well as
the jth partial-moments for j ¼ 0; . . . ; k�1,

C kð Þ
t sð Þ ¼ eQks

� �
C kð Þ

t 0ð Þ; (12)

The vector CðkÞ
tðsÞ is ðkþ 1Þn� 1 where the first ðk nÞ entries corres-

pond to Cðk�1Þ
tðsÞ and the entries ðk nþ 1Þ to ðkþ 1Þn represent the kth

partial-moments E½Ck
t ðsÞ;Aðt þ sÞ ¼ ‘� for ‘ ¼ 1; . . . ; n. The computational

efficiency of solving the matrix Qk is dependent on the dimen-
sions ðkþ 1Þ n� ðkþ 1Þ n.

2.3. Measures of variability and correlation in the count process

Here and throughout this work, CðsÞ is the stationary count process over
an interval of length s; i.e. CðsÞ ¼ limt!1 CtðsÞ. The index of dispersion
for count (IDC) over a time interval of length s is given by

IDC sð Þ ¼ Var C sð Þ½ �
E C sð Þ½ � : (14)

Qk
kþ1ð Þn� kþ1ð Þnð Þ

¼
Qk�1 kn�knð Þ 0

kn�nð Þ

DT
1

ðn�nÞ
k
1

� �
DT

1
n�nð Þ

��� k
i

� �
DT

1
n�nð Þ

��� k
k�1

� �
DT

1
n�nð Þ

Q0
n�nð Þ

0BBBB@
1CCCCA:

(13)
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We refer the reader to Gusella[12] for more details on IDCðsÞ. Fitting the
IDC or the second moment of a count process captures the correlation
between consecutive points, see Gusella[12] and Whitt.[41] Variability in the
count process of a point process can be due to the variability of the inter-
arrivals as well as the dependence between inter-arrivals. Here we introduce
a measure which is the coefficient of variability in the count process due to
correlation (CVC). For a count process CðsÞ with inter-arrival first two
moments m1 and m2, let CRðsÞ be the corresponding count of a renewal
process with the same inter-arrival first two moments m1 and m2. Notice
that for the case where the count process CðsÞ is generated from a MAP,
then the embedded Phase-type process can serve as the corresponding
CRðsÞ count process.
In the case where the variability of CðsÞ exceeds that of CRðsÞ as

s ! 1; lims!1 IDC½CðsÞ� � lims!1 IDC½CRðsÞ�, we define the CVC of a
point process,

CVC ¼ 1� lim
s!1

IDC CR sð Þ½ �
IDC C sð Þ½ � ¼ 1� lim

s!1
Var CR sð Þ½ �
Var C sð Þ½ � ; (15)

In the case where the variability of the correlated count process, CðsÞ, is
less than the corresponding renewal process,
CRðsÞ; lims!1 IDC½CðsÞ�< lims!1 IDC½CRðsÞ�,

CVC ¼ lim
s!1

IDC C sð Þ½ �
IDC CR sð Þ½ � �1 ¼ lim

s!1
Var C sð Þ½ �
Var CR sð Þ½ � �1: (16)

Combining Equations (15) and (16),

CVC ¼ lim
s!1

Var C sð Þ½ ��Var CR sð Þ½ �
max Var CR sð Þ½ �;Var C sð Þ½ �ð Þ ; (17)

The variance of the renewal process can be expressed as (see Smith[38]

and Whitt[41]),

Var CR sð Þ½ � ¼ m�3
1 m2�m2

1

� �
sþm�4

1 5=4ð Þm2
2� 2=3ð Þm3 m1

�
� 1=2ð Þm2 m2

1Þþo 1ð Þ; (18)

where mk is the kth moment of the inter-arrival process for k ¼ 1; 2; . . . The
value of the CVC as expressed in Equation (17) is 0 for a renewal process.
For the case where Var½CðsÞ� � Var½CRðsÞ�, the CVC approaches 1 which
can be clearly seen from Equation (15). Similarly, the CVC approaches –1
when Var½CðsÞ� 	 Var½CRðsÞ�. This results in a range of �1<CVC<1.
Correlation within a point process can result in a reduction in the variability
in the count process and is indicated by a negative CVC. As an illustrative
example on a case where the CVC approaches –1, consider a point process
(see example in Whitt[41]) where the ith inter-arrival time is Xi and let
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PfðXi;Xiþ1Þ ¼ ð1; 2Þ or ð2; 1Þg ¼ 1 for all i and PðX1 ¼ 1Þ ¼ PðX1 ¼ 2Þ ¼
1=2. The inter-arrival moments are calculated as mk ¼ ð0:5Þð1kÞ þ ð0:5Þð2kÞ.
The first three inter-arrival moments are m1 ¼ 1:5;m2 ¼ 2:5 and m3 ¼ 4:5.
The limit of the IDC for a renewal process with the same first three inter-
arrival moments results in lims!1 IDC½CRðsÞ� ¼ 0:111>0. The CVC ! �1,
since lims!1 IDC½CðsÞ� ! 0. In the numerical examples section we present
MAP(3) and MAP(4) cases where the CVC is varied to take on negative and
positive values. We utilize the CVC in our MAP(2) fitting algorithm in
Section 4 to assign weights to correlation-related characteristics as well as
inter-arrival characteristics. The weights are assigned such that they are
increasing for the characteristics that capture correlation as CVC approaches
–1 and 1, and decreasing as the CVC approaches 0. Similarly, the weights for
the inter-arrival moments are increasing as the CVC approaches 0.

2.4. MAP(n) stationary inter-arrival moments

Let mk be the kth moment of the inter-arrival process for k ¼ 1; 2; . . . Let
ni be the stationary probability that an arbitrary arrival epoch begins in
Phase i for i ¼ 1; . . . ; n and let n be the corresponding n� 1 vector. The
steady-state probabilities n can be calculated by solving the following sys-
tem of linear equations,

nT �D0ð Þ�1 D1 ¼ nT; and nT e ¼ 1; (19)

where e is an n� 1 vector of 1 s. The kth moment can be calculated as,

mk ¼ k! nT �D0ð Þ�k e for k ¼ 1; 2; . . . (20)

We refer the reader to Bodrog et al.[5] or Nelson and Gerhardt[29] for
further information on computing the inter-arrival moments. In Section
3.2, we present closed-form expressions to calculate the first three inter-
arrival moments for the MAP(2) special case.

3. The MAP(2) process

In this section, we present closed-form expressions for the count and inter-
arrival characteristics, as presented in Section 2, for the MAP(2) special
case. In Section 3.1 we consider the PMDEs of Section 2.2 for the MAP(2)
special case and present closed-form expressions for the IDC and CVC
characteristics. Closed-form expressions for the first three inter-arrival
moments of a MAP(2) are presented in Section 3.2. Following the notation
of Section 2.1, the MAP(2) special case is defined by the six parameters
which are the non diagonal entries of D0 and the entries of D1. Denote the
MAP(2) parameters by x ¼ ða12; a21; k11; k12;k21; k22Þ. A six parameter
notation is redundant, but is utilized in the equations presented in this
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section since the standard MAP notation based on D0 and D1 is the more
intuitive and commonly used notation in the literature. Since fitting over
six parameters in not a numerically efficient approach, we express the
MAP(2) in terms of a four parameter canonical representation as presented
in Bodrog et al.[6] in the fitting algorithm of Section 4.2.

3.1. The MAP(2) count process

The following theorem presented closed-form expressions for
count moments.

Theorem 1. The first two moments of count of a MAP(2) over an interval of
length s are

E C sð Þ; x½ � ¼ s
m1

¼ h2s
b

; (21)

E C2 sð Þ; x
� 	

¼ h1
b2

sþ h22
b2

s2� h1
b3

1� e�bs
� �

; (22)

where h1 ¼ 2ðc4�c3Þ ðc2 c6�c1 c5Þ þ ðc5 þ c6Þ b2; h2 ¼ ðc2 c3 þ c1 c4Þ;b ¼
c1 þ c2; c1 ¼ k12 þ a12; c2 ¼ k21 þ a21; c3 ¼ k11 þ k12; c4 ¼ k22 þ k21; c5 ¼
r1 P1� a21 P2; c6 ¼ r2 P2�a12 P1, and Pi is the stationary probability of
being in Phase i,

P1 ¼ c2
c1 þ c2

and P2 ¼ c1
c1 þ c2

: (23)

Proof. See Appendix 3. w

Notice that fitting the first moment of the inter-arrival process, m1, is
equivalent to fitting the first moment count process, E½CðsÞ� (Equation
(21)). A more computationally extensive alternative to calculate the count
moments presented in Theorem 1 is to numerically integrate the corre-
sponding differential equations (Equations (40–42). The following theorem
also presents closed-forms for the MAP(2) IDC as well as the asymptotic
case where s ! 1.

Theorem 2. The IDC for a MAP(2) is

IDC s; xð Þ ¼
h1
b
s� h1

b2
1� e�bs
� �
h2 s

:
(24)

where h1, h2 and b are given in Theorem 1. As s ! 1,
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IDC 1; xð Þ ¼ lim
s!1 IDC s; xð Þ ¼ h1

bh2
: (25)

Proof. See Appendix 3. w

Finally, for the CVC characteristic defined in Section 2.3, we also present
a closed-form expression.

Corollary 1. The CVC of a MAP(2),

CVC xð Þ ¼ h1 b�2� m2�m�2
1

� �
m�3

1

max h1 b�2
2 ; m2 �m2

1ð Þm�3
1

� � (26)

where m1 and m2 are the first two moments of the stationary inter-arrival
time, which are given in Equation (27) below, h1 and b are given in
Theorem 1.

Proof. Proof follows from Equation 17. w

3.2. MAP(2) stationary inter-arrival moments

The first three MAP(2) inter-arrival moments can be calculated by first
solving the system of linear equations in Equation (19), then solving
Equation (20) for k¼ 1, 2 and 3. In this section, we also present closed-
form expressions to calculate the first three inter-arrival moments that
exploit the parameters c1; c2; c3 and c4 (presented in Section 3.1). The closed
form inter-arrival characteristics are presented for completion and would
result in an efficient approach to calculate the count characteristics and
inter-arrival moments concurrently. The first three moments of the inter-
arrival time of a MAP(2) can be expressed as,

m1 xð Þ ¼ b
h2
; m2 xð Þ ¼ 2 r1þa21ð Þ c1þ2 r2þa12ð Þ c2

r1 r2�a12 a21ð Þ h2
;

m3 xð Þ¼6 r2
1þa21 r2þa21 r1þa12ð Þ� 	

c1þ6 r2
2þa12 r1þa12 r2þa21ð Þ� 	

c2
r1 r2�a12 a21ð Þ2 h2

;

(27)

where b, h2, c1, and c2 are given in Theorem 1. In the next section, we present
an algorithm to fit a MAP(2) to the count and inter-arrival key characteristics.

4. Counts and inter-arrival (moment) matching (CIM) algorithm

In Section 3, we presented closed-form expressions for the key characteris-
tics of a MAP(2). In this section, we present an algorithm that fits a
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MAP(2) to a point process by matching these characteristics. The key char-
acteristics of the point process include the first three moments of the inter-
arrival process as well as the IDC of the count process over intervals of dif-
ferent lengths. An estimate of the CVC metric of the point process, defined
in Section 2.3, is also used to assign weights for the count-related charac-
teristics in our fitting algorithm. We refer to our fitting algorithm by the
Counts and Inter-arrival (Moment) Matching (CIM) algorithm.

4.1. Computing the key characteristics

The CIM fits five characteristics where the first three are the inter-arrival
moments of the approximated/source process, fmi for i¼ 1, 2 and 3. The
fourth and fifth characteristics capture variability of the count process over
short and long time intervals, respectively. Denote gIDCðsÞ as the IDC of
the source count process over a time interval of length s. The variability of
the count process is captured by fitting the transient shape of the IDC
curve over k selected times ss;j for j ¼ 1; . . . ; k. The measure used for long-
term variability is gIDCðs‘Þ where s‘ is large enough such that
jgIDCðtÞ�gIDCðs‘Þj=gIDCðs‘Þ<e for every t>s‘ and for a given e>0. In the
numerical examples section we choose s‘ to be large enough to sat-
isfy e<0:001.
Capturing the behavior of the count process over short intervals is

achieved by minimizing the squared errors between the transient shape of
the source gIDC curve and the approximating IDC at the k selected points
at times ss;j for j ¼ 1; . . . ; k. The transient shape of the gIDC curve is cap-
tured by solving for the values of ss;j which satisfy,

gIDC ss;j
� � ¼ gIDCmin þ j

kþ 1
gIDCmax � gIDCmin

� �
; for j ¼ 1; . . . ; k; (28)

where gIDCmin and gIDCmax are the minimum and maximum values of the
IDC respectively. Let j ¼ t=m1 and ji ¼ ss;j=m1 for i ¼ 1; . . . ; k. Two
examples to illustrate the selection of ss;j ¼ jj m1, utilizing Equation (28)
are presented in Appendix 4.

4.2. The algorithm

The CIM algorithm calculates the MAP(2) parameters represented by the
vector x ¼ ða12; a21; k11;k12; k21; k22Þ that results in the best fit by minimiz-
ing a sum of weighted square errors (SSE),

U xð Þ ¼
X5
i¼1

wi !i xð Þ; (29)

where
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!i xð Þ ¼ mi xð Þ�emifmi

� �2

; for i ¼ 1; 2; 3 (30)

!4 xð Þ ¼ 1
k

Xk
j¼1

IDC ss;j; x
� ��gIDC ss;j

� �
gIDC ss;j

� � !2

; (31)

!5 xð Þ ¼ IDC s‘; xð Þ�gIDC s‘ð ÞgIDC s‘ð Þ

 !2

; (32)

and miðxÞ, for i¼ 1, 2 and 3, are given in Equation (27). The IDCðs; xÞ is
given in Theorem 2, and wi are the corresponding weights for i ¼ 1; . . . ; 5.
A transformation between x and the canonical representation results in

xc ¼ ðek1; ek2;ea; b̂Þ where,
a12 ¼ ek1 1�eað Þ; a21 ¼ 0; k11 ¼ Ib̂

ek1 ea;k22 ¼ 1�Ib̂ þ b̂
� � ek2;

k12 ¼ ek1�k11�a12; k21 ¼ ek2�k22; (33)

and the indicator function Ib̂ ¼ 1 if b̂ � 0, and Ib̂ ¼ 0 otherwise.
Additionally, 0<ek1 � ek2; 0 � ea � 1 and �1 � b̂ � 1. The details of this
transformation are presented in Appendix 2. Using the transformation in
Equation (33), the objective function in Equation (29) can be expressed as,

U xcð Þ ¼
X5
i¼1

wi !i x
cð Þ; (34)

where xc ¼ ðek1; ek2;ea; b̂Þ. To further simplify this complex nonlinear opti-
mization, CIM proceeds sequentially. Starting with a suitably selected random
solution, CIM first finds the best fit for m1. This is achieved by setting w1 ¼
1 and all other weights to 0. The resulting solution is used as a starting point
with w1 ¼ 1;w2 ¼ 1�jCVCj and all other weights set to 0 to fit m1 and m2.
The resulting solution is again used as the starting point of the next stage
where m3 is given a weight of w3 ¼ 1�jCVCj. Similarly, the new solution is
used as a starting point for the following stage where w4 ¼ jCVCj and then
again used as the starting point to the following stage where w5 ¼ jCVCj.
After the end of the sequential optimization, the termination conditions

of CIM are checked. These conditions are in three folds. First, to guarantee
a reasonable fit, a maximum tolerance em is imposed on the maximum per-
cent deviation of the first moment. Second, to improve the quality of the
fit, a maximum tolerance e on the value of the objective value, U
, is
imposed. Third, to limit the CPU time, especially in cases where a MAP(2)
does not provide an accurate fit to the selected characteristics, we impose a
limit, lmax, on the number of iterations of the algorithm. If either one of
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these three conditions are not met, the algorithm restarts with a new initial
solution generated randomly. Note that the complexity of the nonlinear
optimization at hand, which is inherited from the involved expressions for
miðxÞ; i ¼ 1; 2; 3, Equation (27) and IDCðs; xÞ in Theorem 2, makes the
quality of the CIM results dependent on the starting solution. The termin-
ation criteria based on em and e guarantee that a good solution is reached
despite this dependency on the initial solution.
The detailed CIM algorithm is presented below. Step 0 estimates the key

characteristics of the point process from raw data. Step 1 initializes the algo-
rithm as follows. The coefficient of variation, fscv, of the raw data is found. Iffscv>1, the transition rates, ek1 and ek2, are initialized based on sampling from
the hyper-exponential distribution. Otherwise, ek1 and ek2 are initialized based
on sampling from the exponential distribution. The other MAP(2) parameters,ea and b̂, are initialized based on uniform random numbers. Step 2 sets the
appropriate weights and performs one step of the sequential optimization pro-
cess described above. Step 3 checks whether the sequential optimization for
one starting solution is completed. Finally, Step 4 checks the termination cri-
teria in terms of meeting the tolerance level on both the first moment and
the objective value. If these criteria are not met, the algorithm restarts at Step
1. Otherwise, the algorithm terminates.

4.3. CIM Algorithm

Step 0 (Estimating point process characteristics from raw data and initi-
alizing the solution set X).
� Compute fm1 ;fm2 ;fm3 from the source process.
� Compute gIDCðss; jÞ for j ¼ 1; . . . ; k and gIDCðs‘Þ from source process.
� Compute gCVC from source process.
� Set l¼ 0.

Step 1 (Initialization)

� Set fscv ¼ em2�em2

1em2

1

(fscv is the squared coefficient of variation).

� If fscv>1, then set q ¼ ½1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðescv�1Þ=ðescvþ1Þ

p
�

2 ; r1 ¼ 2qem1
, and r2 ¼ 2ð1�qÞem1

.

� Else, set q¼ 0.5 and r1 ¼ r2 ¼ 1em1

� Generate two hyper-exponential random variates, H1 and H2, with
parameters (q,r1,r2).

� Generate one Uniform (0,1) random number U1, and another
Uniform(�1; 1) random number U2.

� Set ek1 ¼ 1=minðH1;H2Þ; ek2 ¼ 1=maxðH1;H2Þ;ea ¼ U1 and b̂ ¼ U2.
� Set x0 ¼ fek1; ek2;ea; b̂g.
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� Set U
 ¼ M, where M is a large number.
� Set w1 ¼ w2 ¼ w3 ¼ w4 ¼ w5 ¼ 0.
� Set l ¼ lþ 1.
� Set i¼ 1.

Step 2 (Set the weights and solve the corresponding sequential
optimization)
� If i¼ 1, then set wi¼ 1,
� If i¼ 2, 3, then set wi ¼ 1�jCVCj
� If i¼ 4, 5, then set wi ¼ jCVCj
� Solve for x1 ¼ argminxcUðxcÞ with x0 being the starting solution (the
transformation in Equation (33) is used to calculate the characteristics).

Step 3 (Check whether the sequential optimization is done)
� If i< 5, then set i ¼ i þ 1, x0 5 x1 and go to Step 2.

Step 4 (Save the best solution and check the termination conditions)
� If j m1ðx1Þ�em1em1

j>em, then go to Step 1.
� If Uðx1Þ<U
, then set x
 ¼ x1 and U
 ¼ Uðx1Þ.
� If U
>e and l � lmax, then go to Step 1,
� Else, return x
 and Uðx
Þ.

Note that the fitting algorithm presented in this work is tailored for the
MAP(2), but can be extended to the MAP(n) case by simply increasing the
number of decision variables as denoted by the MAP(n) parameters. This is
illustrated in Section 5.2.

5. Performance of the CIM algorithm

We compare our fitting algorithm against four existing approaches. The first
approach fits a phase-type distribution to the inter-arrival time and captures
the lag correlation by a MAP while maintaining the inter-arrival distribu-
tion.[16] We refer to this algorithm as the Ph-type to MAP (PM) algorithm.
The second approach fits a MAP to the inter-arrival mean and coefficient of
variation as well as the correlation decay coefficient (DC).[10] We refer to this
algorithm by the DC algorithm. The third approach fits a MAP(2) to the
inter-arrival moments and lag correlation.[5] We refer to this algorithm as the
Canonical or Euclidean Distance (CED) algorithm. The fourth approach uti-
lizes the expectation maximization algorithm to fit the parameters of a
MAP.[21] We refer to the estimation approach by the EM algorithm.
To test the accuracy of our fitting algorithm, we use the resulting approxi-

mate MAP(2) from each approach as an input to a queuing system with
exponential service time, one server and finite capacity, MAPð2Þ=M=1=k sys-
tem. We choose the MAPð2Þ=M=1=100 average-number-in-system as our
measure of accuracy. Numerical examples are presented in the following sec-
tions, wherein Section 5.1 we fit an approximate MAP(2), via CIM, PM, DC,
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CED and EM, to the characteristics of higher order MAPs (MAP(3) and
MAP(4)). In section 5.2, we investigate the applicability of the CIM algorithm
in fitting higher order MAPs, specifically MAP(3).

5.1. Numerical examples, fitting MAP(2)s to higher order MAPs

We consider two examples where the source process in Section 5.1.1 is
MAP(3) and the source process in Section 5.1.2 is MAP(4). The resulting
fitted MAP(2) processes are used as the arrival process to a
MAPð2Þ=M=1=k queuing node for k¼ 100. As a goodness of fit measure
we compute the absolute percentage error between the actual average num-
ber-in-system, NS, and the approximated, N̂S. The number-in-system
measures, NS and N̂S, are computed by solving the MAPð2Þ=M=1=k KFEs
at steady state. We also compute the absolute percentage error between the
standard deviation of the actual number-in-system, SD, and the approxi-
mated, ŜD. We refer to the absolute percentage errors for the mean and
standard deviations by APEm and APEs, respectively,

APEm ¼ jNS�N̂Sj
NS

� 100%;APEs ¼ jSD�ŜDj
SD

� 100%: (35)

We also consider characteristics of the point processes which are not dir-
ectly fitted by the optimization algorithms. We choose the fourth dimen-
sionless standardized inter-arrival moment (see Bodrog et al.[5]) as a
goodness of fit measure, nk ¼ m4

m3 m1
. Let APEn4 be the absolute percentage

error for the fourth standardized inter-arrival moment.

APEn4 ¼
jn4�n̂4 j

n4
� 100%: (36)

Figure 1. Numerical example – MAP(3) source process.
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We also consider the average absolute percentage error for the joint
moments, AAPEjm,

AAPEjm ¼ 1
h

Xh
i¼1

jE X0 Xi½ �� ^E X0 Xi½ �j
E X0 Xi½ � � 100%

 !
: (37)

In the numerical examples sections we calculate the AAPEjm over the first 10
joint moments, h¼ 10. The equations to calculate the count and inter-arrival
moments for a MAP(n) are presented in Sections 2.2 and 2.4. The inter-arrival
moments are calculated by solving Equations (19) and (20) for k ¼ 1; 2; 3; 4.
The count moments are calculated using Equations (7), (8) and (10).

5.1.1. Numerical examples with MAP(3) source process
We consider MAP(3) cases with a fixed structure (see Figure (1)), and
parameters stated below according to the following matrix representation,

D0 ¼
�40 8 0
0 �20 4
0 0:2 �1

0@ 1A and D1 ¼
32u 16 1�uð Þ 16 1�uð Þ
8 1�uð Þ 16u 8 1�uð Þ
0:4 1�uð Þ 0:4 1�uð Þ 0:8u

0@ 1A:

The parameter u is varied according to Table 1 where the resulting
characteristics are reported. Notice that increasing the value of the par-
ameter u (as shown in Figure 1) does not change the departure rate
from a state but impacts the one step probabilities. Specifically, increas-
ing the parameter u increases the one step transition probability of
returning to the departing state, Pi;i for i¼ 1, 2 and 3, which increases
the inter-arrival correlation. Consequently, as the parameter u increases,
the CVC increases.
The APEm is calculated in Tables 11 and 12 of Appendix 5, for the

MAP(3) cases using the CIM, PM, DC and CED algorithms, where the
traffic intensities (q) are 0.6 and 0.9. Tables 2 and 3 are a summary of the
results where the average absolute percentage error, Avg. APEm, of the
CIM over the MAP(3) cases for q ¼ 0:9 is 1.36% compared to 2.72% for

Table 1. MAP(3) cases.
IDC

Case u m1 m2 m3 lag-1 c2v j1 j2 j3 ss;1 ss;2 ss;3 s‘ CVC (%)

1 0.10 0.458 0.909 2.84 �0.092 3.33 0.09 0.25 0.62 1.46 1.93 2.39 2.85 �14.5
2 0.2 0.46 0.913 2.852 �0.052 3.32 0.10 0.27 0.68 1.5 2.01 2.51 3.02 �9.1
3 0.3 0.462 0.918 2.868 �0.013 3.3 0.11 0.29 0.74 1.55 2.11 2.66 3.21 �2.5
4 0.4 0.466 0.925 2.89 0.026 3.27 0.12 0.33 0.82 1.61 2.22 2.84 3.45 5.3
5 0.5 0.47 0.935 2.921 0.064 3.23 0.13 0.36 0.91 1.68 2.37 3.05 3.73 13.6
6 0.6 0.477 0.95 2.968 0.101 3.17 0.15 0.41 1.03 1.77 2.54 3.31 4.08 22.3
7 0.7 0.489 0.974 3.043 0.136 3.08 0.17 0.47 1.17 1.87 2.74 3.62 4.49 31.5
8 0.8 0.509 1.016 3.177 0.167 2.92 0.2 0.53 1.33 1.99 2.97 3.95 4.94 40.8
9 0.9 0.55 1.103 3.448 0.188 2.65 0.22 0.59 1.47 2.06 3.12 4.18 5.25 49.4
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PM, 22.18% for DC, 0.15% for CED and 5.94% for EM. Also, for q ¼ 0:9,
the average absolute error for the standard deviation, Avg. APEs, for the
CIM is 1.16% compared to 1.87, 17.16, 0.14 and 4.68% for the PM, DC,
CED and EM algorithms, respectively.
The nonlinear optimization algorithm of Step 5 is implemented using a

solver in MATLAB for the numerical examples presented in this article. The
solver is based on a line search via a Quasi-Newton approach. The average
convergence time of the optimization algorithm is 5.92 s over the 9 MAP(3)
cases. This convergence is based on error bounds on the mean and objective
value of em ¼ 0:001 and e ¼ 0:0001, respectively, and a maximum number of
allowable iterations lmax¼ 100. We point that the maximum number of itera-
tions lmax was not reached for the 9 MAP(3) cases. Next we consider an
example where the underlying distribution is a MAP(4).

5.1.2. Numerical examples with MAP(4) source process
Similarly, the MAP(4) cases considered have a fixed structure (see Figure
2), with the following parameters.

D0 ¼
�30 30 0 0
0 �30 30 0
0 0 �30 0
0 0 0 �4

0BB@
1CCA and D1 ¼

0 0 0 0
0 0 0 0
30u 0 0 30 1�uð Þ
4 1�uð Þ 0 0 4u

0BB@
1CCA:

Increasing the parameter u increases the inter-arrival correlation and
consequently increases the CVC.

Table 2. Summary of results for mean number-in-system – MAP(3).
APEm (q¼.6) APEm (q¼.9)

CIM (%) PM (%) DC (%) CED (%) EM (%) CIM (%) PM (%) DC (%) CED (%) EM (%)

AVG 1.70 2.98 23.96 0.31 3.76 1.36 2.72 22.18 0.15 5.94
MIN 0.11 0.33 0.07 0.00 0.42 0.09 0.31 0.08 0.00 0.39
MAX 4.38 6.83 92.26 1.50 8.19 3.79 7.44 87.66 0.74 22.16

Table 3. Summary of results for St. deviation of number-in-system - MAP(3).
APEs (q¼.6) APEs (q¼.9)

CIM (%) PM (%) DC (%) CED (%) EM (%) CIM (%) PM (%) DC (%) CED (%) EM (%)

AVG 2.15 2.92 26.21 0.45 4.37 1.16 1.87 17.16 0.14 4.68
MIN 0.12 0.33 0.08 0.00 0.38 0.08 0.22 0.06 0.00 0.63
MAX 5.26 6.84 100.8 2.20 10.57 3.27 5.15 61.87 0.66 19.69

Table 4. Summary of results for distribution characteristics - MAP(3).
APEn4 AAPEjm

CIM (%) PM (%) DC (%) CED (%) EM (%) CIM (%) PM (%) DC (%) CED (%) EM (%)

AVG 0.19 0.95 82.96 0.02 10.35 0.70 0.52 1.77 0.07 1.76
MIN 0.03 0.03 0.00 0.01 0.07 0.03 0.03 0.02 0.00 0.46
MAX 0.38 2.14 498.59 0.02 65.4 2.40 1.21 7.19 0.33 4.20
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The parameter u is varied according to Table 5 where the resulting char-
acteristics are reported. The values for the resulting inter-arrival moments
of the cases in Table 5 are m1 ¼ 0:175;m2 ¼ 0:069 and m3 ¼ 0:048 with
squared coefficient of variation c2v ¼ 1:259.
Tables 13 and 14 of Appendix 5 present the APEm for the considered

MAP(4) cases using the CIM, PM, DC,CED and EM algorithms. Tables 6
and 7 are a summary of the results. The average absolute percentage error
of the CIM over the MAP(4) cases for q ¼ 0:9 is 3.92% compared to
17.43% for PM, 4.56% for DC, 31.83% for CED and 25.58% for EM. Also,
the absolute percentage error, APEs, for the CIM is 4.15% which is lower
than the APEs for PM, DC, CED and EM (14.79, 4.80, 18.10 and 25.99%,
respectively). For the MAP(4) cases, the CIM algorithm converged to the
target limits of the error bounds, of em ¼ 0:001 and e ¼ 0:0001, in four
cases, with an average CPU time of around one minute. In the other cases,
the algorithm terminated after reaching the maximum number of iterations
lmax¼100, with an average CPU time of around 2 m.

5.1.3 MAP(3) and MAP(4) cases - Performance Summary
As reported in Tables 2–4, the most accurate fits are produced via the CED
algorithm, although the three algorithms CIM, PM and CED perform well
for the MAP(3) cases where the highest average APEm out of the three is
2.98% and the highest average APEs is 2.92%. The three algorithms also
perform well when fitting the distribution characteristics, n4, and the joint
moments as can be seen in Table 4. Although the EM did not provide
accurate results when utilizing the queuing node number in system as the
performance measure (Tables 6 and 7), it provided a better match than the
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Figure 2. Numerical example – MAP(4) source process.
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CIM algorithm for the fourth standardized inter-arrival moment character-
istic APEn4 as shown in Table 8. We also point out that while running the
EM algorithm, the convergence is very slow and highly dependent on the
starting solution. These observations are also stated in Kriege and
Buchholz,[23] Horvath and Okamura,[17] and Buchholz and Panchenko.[8]

In the MAP(4) set of examples, the CIM significantly outperforms the CED
and PM for high traffic intensities, see Tables 6 and 7. The four algorithms
perform well when fitting the joint moments as can be seen in Table 8.
The performance of the PM, DC and CED algorithms is similar for the
standardized characteristic n4 but the APEn4 is higher for the CIM algo-
rithm, 18%, as can be seen in Table 8.
To summarize the queuing performance of both sets of MAP(3) and

MAP(4) numerical examples, the CIM algorithm performed relatively well
with a maximum APEm of 7.44% overall cases. The DC algorithm per-
formed well in general except for a few MAP(3) cases (cases 1, 2 and 3).
The CED and PM algorithms performed well for all cases except for the
high traffic set of MAP(4) examples where the average APEm for the algo-
rithms is 18.10 and 14.79%, respectively.

Table 5. MAP(4) cases.
IDC

Case u lag-1 j1 j2 j3 ss;1 ss;2 ss;3 s‘ CVC (%)

1 0.1 �0.117 0.91 1.44 2.89 0.92 0.98 1.04 1.10 �13.0
2 0.2 �0.088 0.12 1.55 3.13 0.93 0.99 1.06 1.12 �10.9
3 0.3 �0.058 1.01 1.68 3.43 0.94 1.01 1.08 1.15 �8.3
4 0.4 �0.029 1.09 1.86 3.84 0.95 1.03 1.11 1.20 �4.9
5 0.5 0.000 1.19 2.09 4.39 0.96 1.06 1.16 1.26 0.0
6 0.6 0.029 1.33 2.44 5.21 0.99 1.11 1.23 1.35 6.8
7 0.7 0.058 1.56 3.01 6.57 1.02 1.18 1.34 1.50 16.3
8 0.8 0.088 2.01 4.13 9.26 1.10 1.34 1.57 1.81 30.5
9 0.9 0.117 3.29 7.41 17.29 1.33 1.80 2.26 2.73 53.9

Table 6. Summary of results for mean number-in-system - MAP(4).
APEm (q¼.6) APEm (q¼.9)

CIM (%) PM (%) DC (%) CED (%) EM (%) CIM (%) PM (%) DC (%) CED (%) EM (%)

AVG 3.02 4.14 4.99 4.82 13.27 3.92 17.43 4.56 31.83 28.58
MIN 0.13 0.54 0.11 0.59 2.42 0.20 0.05 0.96 0.06 2.24
MAX 5.21 7.76 11.44 9.84 41.15 6.94 108.3 10.93 249.0 76.1

Table 7. Summary of results for St. deviation of number-in-system - MAP(4).
APEs (q¼.6) APEs (q¼.9)

CIM (%) PM (%) DC (%) CED (%) EM (%) CIM (%) PM (%) DC (%) CED (%) EM (%)

AVG 3.95 4.69 6.46 5.72 15.5 4.15 14.79 4.80 18.10 25.99
MIN 0.76 0.31 0.61 0.36 3.03 0.21 0.03 0.91 0.04 2.65
MAX 7.44 8.57 16.81 11.04 45.18 7.15 85.15 11.61 125.1 68.68
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5.2. Applications of the CIM on the higher order MAP(3)

The CIM approach can be extended to fit higher-order MAPs by providing
efficient approaches to calculate the inter-arrival moments as well as the
moments of the counting process over any time interval of duration t. The
calculation of inter-arrival moments and the moments of the counting pro-
cess is done as discussed in Sections 2.4 and 2.2, respectively. In this work
we also present, in Section, a computationally efficient approach to calcu-
late Accordingly, the CIM approach can be efficiently extended to fit
higher-order MAPs. We reconsider the MAP(4) cases as presented in Table
5 and we fit the MAP(4) key characteristics to a MAP(3) by applying the
CIM approach. Tables 9 and 10 below summarize the performance of the
CIM algorithm where the approximating process is a MAP(3), CIM-
MAP(3), and the approximating process is a MAP(2), CIM-MAP(2) (Table
15 in Appendix 5 presents the detailed results).
As expected, the numerical examples illustrate that the CIM-MAP(3)

algorithm provides a superior fit over the CIM-MAP(2) approach.
Furthermore, the fitted MAP(3) provides the smallest approximation error
for all the performance measure criteria (APEm;APEs;APEm;APEn4 and
AAPEjm) and overall the MAP(3) fitting and estimation approaches consid-
ered in Tables 6 and 8 of this work.

Table 8. Summary of results for distribution characteristics - MAP(4).
APEn4 AAPEjm

CIM (%) PM (%) DC (%) CED (%) EM (%) CIM (%) PM (%) DC (%) CED (%) EM (%)

AVG 18.01 6.12 8.04 7.54 11.73 1.67 1.79 0.89 3.52 12.11
MIN 1.40 1.14 3.42 2.15 0.37 0.01 0.00 0.04 0.00 2.40
MAX 31.52 9.72 10.43 9.68 30.94 6.72 6.32 4.74 11.33 76.09

Table 9. Summary of results for mean and St. deviation of number-in-system.
q¼.6 q¼.9

APEm APEs APEm APEs

MAP(2) (%) MAP(3) (%) MAP(2) (%) MAP(3) (%) MAP(2) (%) MAP(3) (%) MAP(2) (%) MAP(3) (%)

AVG 3.02 1.99 3.95 2.68 3.92 1.36 4.15 1.50
MIN 0.13 0.26 0.76 0.57 0.20 0.37 0.21 0.55
MAX 5.21 3.66 7.44 4.89 6.94 3.45 7.15 3.98

Table 10. Summary of results for distribution characteristics.
APEn4 AAPEjm

MAP(2) (%) MAP(3) (%) MAP(2) (%) MAP(3) (%)

AVG 18.01 3.29 1.67 0.80
MIN 1.40 0.48 0.01 0.00
MAX 31.52 23.03 6.72 6.77

STOCHASTIC MODELS 313



6. Conclusion

This article develops and tests an algorithm that fits two phase MAP(2), to
correlated point processes by fitting moments of inter-arrivals and counts.
The fitted point processes are generated using the more general MAP(3)
and (4) distributions. The CIM algorithm yields superior fits when com-
pared to other algorithms in the literature that fit inter-arrival moments
and lag correlations. This illustrates that matching count characteristics
provides a good fit to a correlated point process.
This article serves as a starting point to efficiently fit higher-order MAPs

to point processes using count and inter-arrival moments, especially that
this paper presents an effective computational framework for evaluating the
moments of counts and inter-arrival times of the general MAP(n). We
illustrate that the approach presented in this article can be easily tailored to
higher order MAPs by fitting a MAP(3) in a set of numerical examples.
Our numerical examples focus on investigating and benchmarking the
goodness of fit of the CIM algorithm at different process correlation levels
as measured by the CVC.
We also note that the algorithm presented in this work allows for

fitting a weighted combination of the key characteristics which can be
adjusted to include third order or higher descriptors. For example, the
approach implemented in this article is not limited to a weighted
combination of the first two orders but includes the third inter-arrival
moment. Future work can include investigating the effectiveness of
using a weighted combination of higher order moments to fit MAP(n)
for n> 2. Such higher order moments can include cross moment
based on intervals/counts as defined in Andersen et al.[2] Finally, we
observe numerically that our moment matching algorithm performs
generally better than the EM method[21] especially in terms of accur-
ate estimation of performance measures for a queuing system. This is
contrast to the common belief that EM approaches provide better fits.
In future research, it will be interesting to investigate this observation
further. In particular, it is important to verify whether the unexpected
EM performance is due to the computational difficulty of finding the
maximum of the complex likelihood function, or to a more funda-
mental cause.1
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Appendix 1: Derivation of MAP(n) count PMDEs

Substituting the KFEs of Equation 1 in Equation 3,

E0 Ck
t sð Þ;A tþsð Þ¼‘

h i
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c¼1

ckP0‘;c
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(38)

The following term appearing on the right hand side of Equation (38) is expanded,Xn
i¼1
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c¼1

ck Pi;c�1

 !
¼
Xn
i¼1

ki;‘
X1
c¼0

cþ 1ð Þk Pi;c

 !
¼
Xn
i¼1

ki;‘
X1
c¼0

Xk
j¼0

k
j

� �
cj Pi;c

 !

¼
Xn
i¼1

ki;‘
Xk
j¼0

k
j

� �
E Cj

t sð Þ;A t þ sð Þ ¼ i
h i !

¼
Xn
i¼1

ki;‘
Xk
j¼1

k
j

� �
E Cj

t sð Þ;A t þ sð Þ ¼ i
h i

þ P A t þ sð Þ ¼ ið Þ
 !

:

(39)

Combining Equation (38) with Equation (39) results in Equation (4).

Appendix 2: MAP(2) transformation

We refer to Bodrog et al.[6] for details on the definition of the general canonical form. Two
representations of the canonical form are presented in Bodrog et al.[6] The first canonical
MAP(2) representation when ec>0,

D0 ¼ �ek1 1�eað Þek1
0 �ek2

� �
; and D1 ¼

ea ek1 0

1�eb� �ek2 eb ek2
 !

;

The second canonical MAP(2) representation when ec<0,

D0 ¼ �ek1 1�eað Þek1
0 �ek2

� �
; and D1 ¼

0 �ea ek1eb ek2 1�eb� � ek2
 !

:
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Also, 0<ek1 � ek2; 0 � ea � 1 and 0 � eb � 1. We refer the reader to Bodrog et al.[6] for
further information on the representation and the additional information on the bounda-
ries of the parameters. To further simplify the transformation we define the indicator func-
tion Jec ¼ 1 if ec � 0 and Jec ¼ �1 otherwise. Let b̂ ¼ eb Jec . Since, ec ¼ ea eb if ec � 0, andec ¼ �ea eb if ec<0, this results in ec ¼ ea b̂ and �1 � b̂ � 1. The resulting transformation
can be expressed in terms of ek1;ek2;ea and b̂ as,

a12 ¼ ek1 1�eað Þ; a21 ¼ 0; k11 ¼ Ib̂
ek1 ea; k22 ¼ 1�Ib̂ þ b̂

� � ek2; k12 ¼ ek1�k11�a12;

k21 ¼ ek2�k22

where the indicator function Ib̂ ¼ 1 if b̂ � 0, and Ib̂ ¼ 0 otherwise.

Appendix 3: MAP(2) count characteristics

Proof of Theorem 1. The special case where n¼ 2 for Equations (5) and (4) (for k¼ 1, 2)
results with the following PMDEs for the MAP(2) case,

P0 A t þ sð Þ ¼ 1ð Þ ¼ �c1 P A t þ sð Þ ¼ 1ð Þ þ c2 P A t þ sð Þ ¼ 2ð Þ;
P0 A t þ sð Þ ¼ 2ð Þ ¼ �c2 P A t þ sð Þ ¼ 2ð Þ þ c1 P A t þ sð Þ ¼ 1ð Þ; (40)

E0 Ct sð Þ; 1½ � ¼ �c1 E Ct sð Þ; 1½ � þ c2 E Ct sð Þ; 2½ �
þk11 P A t þ sð Þ ¼ 1ð Þ þ k21 P A t þ sð Þ ¼ 2ð Þ;

E0 Ct sð Þ; 2½ � ¼ �c2 E Ct sð Þ; 2½ � þ c1 E Ct sð Þ; 1½ �
þk22 P A t þ sð Þ ¼ 2ð Þ þ k12 P A t þ sð Þ ¼ 1ð Þ;

(41)

E0 C2
t sð Þ� 	 ¼ 2 c3 E Ct sð Þ; 1½ � þ 2 c4 E Ct sð Þ; 2½ �

þc3 P A t þ sð Þ ¼ 1ð Þ þ c4 P A t þ sð Þ ¼ 2ð Þ; (42)

where c1, c2, c3 and c4 are as given in Theorem 1. The PMDEs presented in Equations
40–42 result in a set of closed-form expressions of the first two moments of CðsÞ, which
are given in Theorem 1. Let P1 and P2 be the stationary probability of being in Phases 1
and 2 respectively. From Equation 40 we have

�c1 P1 þ c2 P2 ¼ 0:

Since P1þP2¼1, this results in

P1 ¼ c2
c1 þ c2

¼ c2
b
;P2 ¼ c1

c1 þ c2
¼ c1

b
: (43)

Let y1ðsÞ ¼ E½CðsÞ; 1�; y2ðsÞ ¼ E½CðsÞ; 2� and zðsÞ ¼ E½CðsÞ2� and let Y1ðsÞ;Y2ðsÞ and
Z(s) be the Laplace transforms of y1ðsÞ; y2ðsÞ and zðsÞ, respectively. The Laplace transfor-
mations of the equations in Equations (41) and (42),

sY1 sð Þ�y1 0ð Þ ¼ �c1Y1 sð Þ þ c2Y2 sð Þ þ w1s�1 (44)

sY2 sð Þ�y2 0ð Þ ¼ �c2Y2 sð Þ þ c1Y1 sð Þ þ w2s�1 (45)

sZ sð Þ�z 0ð Þ ¼ 2c3Y1 sð Þ þ 2c4Y2 sð Þ þ c3P1 þ c4P2ð Þs�1 (46)

where w1 ¼ k11P1 þ k21P2 and w2 ¼ k22P2 þ k12P1. It can be shown that
w1 þ w2 ¼ c5 þ c6 ¼ h2=b. Solving Equations (44–46) with y1ð0Þ ¼ y2ð0Þ ¼ zð0Þ ¼ 0,

Y1 sð Þ ¼ h2 P1 þ s w1

s2 sþ bð Þ ;Y2 sð Þ ¼ h2 P2 þ s w2

s2 sþ bð Þ ;Z sð Þ ¼ 2
h22=bþ s w
s3 sþ bð Þ

� �
þ h2
s2b

; (47)

where w is given by,
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w ¼ c3 w1 þ c4 w2: (48)

We invert the Laplace Transformations to get,

E C sð Þ; 1½ � ¼ �w1

b
þ P1 h2

b2

� �
e�bs þ w1

b
þ P1 h2 b s�1ð Þ

b2
; (49)

E C sð Þ; 2½ � ¼ �w2

b
þ P2 h2

b2

� �
e�bs þ w2

b
þ P2 h2 b s�1ð Þ

b2
; (50)

Adding Equations (49) and (50) and utilizing w1 þ w2 ¼ h2=b results in Equation 21. It
can be shown that w ¼ h22

b2
� h3

2b, and after inverting the Laplace Transformation Z(s),

E C2 sð Þ
� 	

¼ h1
b2

sþ h22
b2

s2 þ h3
b3

1� e�bs
� �

: (51)

This completes the proof of Theorem 1. w

Proof of Theorem 2. The first moment and second moments of the CðsÞ are presented in
Theorem 1. The variance of CðsÞ becomes,

Applying Equation (14), we

Var½CðsÞ� ¼ E½C2ðsÞ��E2½CðsÞ� ¼ h1
b2

sþ h3
b3

ð1� e�bsÞ: (52)

get Equation (24). Now, taking the limit as s tends to 1, we get Equation (25). w

Appendix 4: Examples on computing the count characteristics

Example 1. MAP Parameters

D0 ¼
�40 8 0
0 �20 4
0 0:2 �1

0@ 1A; and D1 ¼
28:8 1:6 1:6
0:8 14:4 0:8
0:04 0:04 0:72

0@ 1A:

A plot of the IDC vs j ¼ t=m1 is presented in Figure 3 for the MAP parameters of
Example 1. The IDC converges to a value of IDCðs‘Þ ¼ 5:25. Using Equation 28 for k¼ 3,
the corresponding points are represented by j1 ¼ 0:22;j2 ¼ 0:59 and j3 ¼ 1:47 which
results in IDCðj1 m1Þ ¼ 2:06; IDCðj2 m1Þ ¼ 3:12 and IDCðj3 m1Þ ¼ 4:18.

Example 2. MAP Parameters

D0 ¼
�30 30 0 0
0 �30 30 0
0 0 �30 0
0 0 0 �4

0BB@
1CCA and D1 ¼

0 0 0 0
0 0 0 0
27 0 0 3
0:4 0 0 3:6

0BB@
1CCA:

A plot of the IDC vs j is presented in Figure 4 for the MAP parameters of Example 2.
The IDC converges to a value of IDCðs‘Þ ¼ 2:73. Using Equation 28 for k¼ 3, the corre-
sponding points are represented by j1 ¼ 3:29;j2 ¼ 7:41 and j3 ¼ 17:29 which results in
IDCðj1 m1Þ ¼ 1:33; IDCðj2 m1Þ ¼ 1:80 and IDCðj3 m1Þ ¼ 2:26.
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Figure 4. Example 2: IDC vs. j.

Figure 3. Example 1: IDC vs. j.

Table 11. Fitting a MAP(2) to MAP(3), q¼.6, via CIM, PM, DC, CED and EM.

Case l
Actual
NS CIM-NS

CIM-APEm
(%) PM-NS

PM-APEm
(%) DC-NS

DC-APEm
(%) CED- NS

CED-APEm
(%) EM-NS

EM-APEm
(%)

1 3.6398 2.8068 2.7947 0.43 2.9236 4.16 4.2779 52.41 2.8068 0.00 3.0342 8.10
2 3.6252 2.9237 2.9204 0.11 3.0613 4.71 5.6210 92.26 2.9237 0.00 2.9114 0.42
3 3.6060 3.0622 3.0811 0.62 3.1140 1.69 5.1329 67.62 3.0620 0.01 3.0245 1.23
4 3.5800 3.2279 3.0865 4.38 3.2172 0.33 3.2302 0.07 3.2273 0.02 3.2599 0.99
5 3.5437 3.4282 3.3706 1.68 3.6622 6.83 3.4377 0.28 3.4262 0.06 3.4444 0.47
6 3.4908 3.6714 3.5341 3.74 3.6574 0.38 3.6866 0.41 3.6660 0.15 3.5916 2.17
7 3.4094 3.9627 3.9310 0.80 4.0728 2.78 3.9892 0.67 3.9495 0.33 4.1373 4.41
8 3.2752 4.2860 4.2266 1.39 4.5000 4.99 4.3262 0.94 4.2545 0.74 3.9349 8.19
9 3.0326 4.5105 4.4131 2.16 4.5541 0.97 4.5554 1.00 4.4429 1.50 4.1551 7.88

Appendix 5: Number-in-system performance by case
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Table 15. CIM-MAP(2) vs. CIM-MAP(3).
q¼.6 q¼.9

Case Actual NS MAP(2)-NIS

MAP(2)-
NIS-APE
(%) MAP(3)-NIS

MAP(3)-
NIS-APE
(%) Actual NS MAP(2)-NIS

MAP(2)-
NIS-APE
(%) MAP(3)-NIS

MAP(3)-
NIS-APE
(%)

1 1.4976 1.5582 4.05 1.5524 3.66 9.3283 9.736 4.37 9.6501 3.45
2 1.5069 1.5505 2.89 1.5496 2.83 9.4298 9.6522 2.36 9.6308 2.13
3 1.5187 1.5781 3.91 1.5357 1.12 9.56 9.894 3.49 9.5956 0.37
4 1.5339 1.5792 2.95 1.5287 0.34 9.7331 9.878 1.49 9.6248 1.11
5 1.5547 1.5948 2.58 1.5506 0.26 9.9743 9.9947 0.20 9.8249 1.50
6 1.5846 1.601 1.03 1.6108 1.65 10.3341 9.6174 6.94 10.4048 0.68
7 1.6319 1.717 5.21 1.6635 1.94 10.9286 10.3444 5.35 10.9786 0.46
8 1.7191 1.7169 0.13 1.7727 3.12 12.098 12.8672 6.36 12.2967 1.64
9 1.9446 1.8579 4.46 2.0031 3.01 15.4028 14.6687 4.77 15.5407 0.90

Table 12. Fitting a MAP(2) to MAP(3), q¼.9, via CIM, PM, DC, CED and EM.

Case l Actual NS CIM-NS
CIM-APEm

(%) PM-NS
PM-APEm

(%) DC-NS
DC-APEm

(%) CED-NS
CED-APEm

(%) EM-NS
EM-APEm

(%)

1 2.4265 16.8265 16.7558 0.42 17.3775 3.27 24.1026 43.24 16.8247 0.01 20.5548 22.16
2 2.4168 17.4504 17.4346 0.09 18.0775 3.59 28.9776 66.06 17.4498 0.00 17.3827 0.39
3 2.4040 18.1693 18.2763 0.59 18.3982 1.26 34.0968 87.66 18.1693 0.00 17.2582 5.01
4 2.3867 18.9958 18.2754 3.79 18.9257 0.37 19.0112 0.08 18.9951 0.00 18.6528 1.81
5 2.3625 19.9441 19.6427 1.51 21.4275 7.44 19.9900 0.23 19.9398 0.02 19.3327 3.07
6 2.3272 21.0189 20.3836 3.02 20.9546 0.31 21.0918 0.35 21.0048 0.07 20.5491 2.24
7 2.2730 22.1860 22.0354 0.68 22.7848 2.70 22.3067 0.54 22.1492 0.17 24.0111 8.23
8 2.1835 23.3347 23.1428 0.82 24.3522 4.36 23.5003 0.71 23.2491 0.37 21.9358 6.00
9 2.0217 23.9861 23.6666 1.33 24.2674 1.17 24.1631 0.74 23.8076 0.74 22.8815 4.61

Table 13. Fitting a MAP(2) to MAP(4), q¼.6, via CIM, PM, DC, CED and EM.

Case l Actual NS CIM-NS
CIM-APEm

(%) PM-NS
PM-APEm

(%) DC-NS
DC-APEm

(%) CED-NS
CED-APEm

(%) EM-NS
EM-APEm

(%)

1 9.5238 1.4976 1.5582 4.05 1.6138 7.76 1.6121 7.65 1.6011 6.91 2.1139 41.15
2 9.5238 1.5069 1.5505 2.89 1.6146 7.14 1.6138 7.09 1.6165 7.27 1.7193 14.1
3 9.5238 1.5187 1.5781 3.91 1.6124 6.17 1.6159 6.40 1.6682 9.84 1.3329 12.23
4 9.5238 1.5339 1.5792 2.95 1.6130 5.16 1.6029 4.50 1.6406 6.96 1.7035 11.06
5 9.5238 1.5547 1.5948 2.58 1.5944 2.55 1.5990 2.85 1.5944 2.56 1.5171 2.42
6 9.5238 1.5846 1.6010 1.03 1.6158 1.97 1.6092 1.55 1.6158 1.97 1.6394 3.46
7 9.5238 1.6319 1.7170 5.21 1.6518 1.22 1.6301 0.11 1.6518 1.22 1.4863 8.92
8 9.5238 1.7191 l.7169 0.13 1.7284 0.54 1.6627 3.28 1.7292 0.59 1.5069 12.34

Table 14. Fitting a MAP(2) to MAP(4), q¼ 0.9, via CIM, PM, DC, CED and EM.

Case l Actual NS CIM-NS
CIM-APEm

(%) PM-NS
PM-APEm

(%) DC-NS
DC-APEm

(%) CED-NS
CED-APEm

(%) EM-NS
EM-APEm

(%)

1 6.3492 9.3283 9.7360 4.37 10.2107 9.46 9.9346 6.50 9.7629 4.66 16.4271 76.1
2 6.3492 9.4298 9.6522 2.36 10.2047 8.22 9.9586 5.61 9.8594 4.56 8.9846 4.72
3 6.3492 9.5600 9.8940 3.49 10.1688 6.37 9.9998 4.60 10.1576 6.25 5.3713 43.81
4 6.3492 9.7331 9.8780 1.49 10.3098 5.93 9.9884 2.62 10.0563 3.32 12.3618 27.01
5 6.3492 9.9743 9.9947 0.20 9.9888 0.15 10.0696 0.96 9.9889 0.15 9.2322 7.44
6 6.3492 10.3341 9.6174 6.94 10.3393 0.05 10.2246 1.06 10.3403 0.06 10.1031 2.24
7 6.3492 10.9286 10.3444 5.35 11.0990 1.56 10.6130 2.89 11.0992 1.56 7.9968 26.83
8 6.3492 12.0980 12.8672 6.36 14.1375 16.8 11.3819 5.92 14.1400 16.88 9.1537 24.34
9 6.3492 15.4028 14.6687 4.77 32.0882 108.% 13.7196 10.93 53.7613 249.0 8.5055 44.78
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