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A Near-ML MIMO Subspace Detection Algorithm

Mohammad M. Mansour, Senior Member, IEEE

Abstract—A low-complexity MIMO detection scheme is pre-
sented that decomposes a MIMO channel into multiple decoupled
subsets of streams that can be detected separately. The scheme
employs QL decomposition followed by elementary matrix op-
erations to transform the channel matrix into a generalized
elementary structure matching the subsets of streams to be de-
tected. The proposed scheme avoids matrix inversion operations,
and allows subsets to overlap thus achieving better diversity gain.
Simulations demonstrate that this approach performs to within a
few tenths of a dB from the optimum detection algorithm.

Index Terms—Log-likelihood ratios (LLRs), maximum likeli-
hood (ML), MIMO detection, subspace detection.

I. INTRODUCTION

ULTIPLE-INPUT MULTIPLE-OUTPUT (MIMO) an-

tenna systems have become mainstream technology for
achieving high spectral efficiency in modern wireless commu-
nications standards. Detection of spatially multiplexed MIMO
streams plays a key role in receiver design in terms of perfor-
mance and complexity [1], and has remained an active area of
research. MIMO detection schemes are either based on joint-
stream detection to separate the streams, such as ML detection
[2]-[4], or subset-stream detection such as those employed in
successive interference cancellation (SIC), interference coordi-
nation, transmit beamforming, network MIMO, and coordinated
multi-point transmission and reception [5]-[9].

A host of MIMO detectors have appeared in the literature,
offering various performance-complexity tradeoffs. Suboptimal
zero-forcing and MMSE detectors, as well as the nonlinear par-
allel and SIC schemes, require relatively low complexity but sac-
rifice performance. Sphere detectors require substantially higher
complexity, but achieve ML performance [2]-[4], [10].

Subspace detection based on channel decomposition offers
a good compromise between performance and complexity. In
[6], [7], a method was presented in which the effective MIMO
channel matrix H is uniformly decomposed into identical par-
allel subchannels using geometric mean decomposition (GMD).
In [8], a related scheme was presented in which H is block-wise
diagonalized to reduce the number of jointly detected streams to
two, and then GMD is applied to balance capacity within each
pair of subchannels. The scheme was generalized in [9] to allow
joint detection of several overlapping subchannels using QR de-
composition (QRD). By allowing subspaces to overlap, addi-
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tional diversity can be gathered by putting a low reliable data
stream into several detection sets.

The LORD algorithm [11], [12] can be viewed as a special
class of subspace MIMO detectors. It achieves log-max [13] op-
timal performance on 2-transmit antennas, but its performance
degrades for larger number of antennas. In [14], the LORD al-
gorithm was generalized to 4-transmit antennas by using matrix
inversion to decompose H into single streams.

Contributions: In this letter, we propose an efficient MIMO
detector that jointly detects subsets of decoupled streams by
transforming H into a generalized elementary matrix. This is
achieved by applying QL decomposition followed by elemen-
tary matrix operations on H, thus avoiding the need for matrix
inversion. The streams in the subsets can be detected in parallel,
and are allowed to overlap, resulting in additional diversity
gain. For 2 streams, the algorithm is optimal and reduces to the
LORD algorithm. When the subsets include single streams only,
the algorithm reduces to that of [14].

The rest of the letter is organized as follows. Section II intro-
duces the system model, and Section III reviews ML detection
for 2 streams. Sections IV, V present the proposed matrix de-
composition scheme and a simplified construction using QLD.
The detection algorithm is detailed in Section IV. Section VII
presents simulation results.

II. SYSTEM MODEL

Consider a MIMO system with NV transmit antennas and M >
N receive antennas. Assuming perfect channel knowledge at the
receiver, the equivalent complex baseband input-output system
relation is y = Hx + n, where y € ¢**? is the received com-
plex signal vector, H € C**¥ is the complex channel matrix,
and x = [r1a2-an]f € X = A1 x--- x Ay is the N x 1
transmitted complex symbol vector. Each symbol «,, belongs to
a complex constellation ¥, of size (2, = 29~ and normalized so
that E[z},z,.] = 1, and is formed from a set of ¢,, coded bit-inter-
leaved sequence b, = (b,,.1,b,. 2, .b. q, ) Over the binary field
F>. Thermal noise is modeled as a zero-mean complex Gaussian
circularly symmetric random vector n € ¢***! with covariance
matrix E[nn*] = ¢2Iss. The signal-to-noise ratio (SNR) is de-
fined as SNR. = N/sZ. E[] stands for the expected value, (-)”
and (-)" for the transpose and conjugate transpose, and I; for
the M x M identity matrix.

ML MIMO detection algorithms achieve optimum perfor-
mance by finding the symbol vector x in .V that is closest to the
received vector y under the Euclidean distance metric

d(x) = |ly - Hx|* = |y - Lx|]*. (M

where H = QL is the QL decomposition (QLD) of H into a
unitary matrix Q € C**** and a lower triangular matrix (LTM)
L € ¢¥*¥ with positive real diagonal elements, andy = Q*y =
Lx 4+ Q*n € C¥*!. Since Q is unitary, it preserves Euclidean
norm and noise statistics. For equiprobable symbols, a “hard-
decision” ML MIMO detector finds x*"™ € .t such that Hx™™"
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is closest to y in CV** (or Lx*™ is closest to ¥ in ¢ **). This
is an integer least-squares problem [4] of the form

M = min ||y — Lx|*. x"
xeX

=argmin ||y — Lx||*. (2)
xEeX
In MIMO systems employing soft-input channel decoders
however, ML MIMO detectors generate soft-outputs (SO) in
the form of LLRs by finding other “closest” symbol vectors to
v. The (unscaled) LLR associated with bit b, ;. is given by
AMEY = min d(x)— min d(x), 3
gt xén‘lyoz d(x) xén\%z d(x), 3)
n=1, N, k=1 ¢, where X'} = {x € X : b s = i},
i = 0,1, are the subsets of symbol vectors in X’ that have their
corresponding %th bit in the nth symbol 0 and 1, respectively.

III. OPTIMUM 2 x 2 SOFT-OUTPUT MIMO DETECTION

The ML solution requires computing H’::l @, distance met-
rics. For N = 2, a simplification [11] can be applied to reduce
the number of computations from @, Q2 to Q@ + Q2 by triangu-
larizing H as H = Q;L; with Q; being unitary:

S B ) [

92 c 22

where y1 = Qly, withai,b; € RY and ¢y € C. Then

min ||y — le||2 = min (|g]1 — (11171|2—|—|g7«_7 —crxy —b1;172|2)
xEX 16X

xoEX2

= min (|gj1—al;m|2 + |g2—c1;vl—bl;i~2|2)
n]EX)

L e

_xlilelﬂlfll dy (.Ll) (5)

where &- is obtained by slicing (§2 — ¢121)/b1 € C to the nearest
point in X5 using the operator |« x, 2., argmin|a — z|:

B2 = [(F2 — 121 ) /b1 ]wy € Ao (6)
Hence (5) requires only |.X,| = @ distance computations. The
LLRs of the bits in symbol =, can simply be obtained as

A = di(z1) —

min
1€ )L'l( 0,3

min di{z1),k=1,---,q.. (7)

1€ A‘l( 113

To obtain the LLRs of the bits in =2 however, we triangularize
H as Q.L. so that a zero appears in the upper left corner:

o 1[0 ) ]

Yo c2 0

where now y, = Q5y, and 22, b, € RT and ¢, € C. Then

min ||¥2 —Lgx||2 = min (|g7l —a2;1?2|2—|— |g2 —coae —bady |2)
XEX r2EXs

£ min dz(z3) 9

wEXs

where &, = [ (2 — c222)/b2]x, . The bit LLRs for =2 are

k=1,--,¢. (10)

\]ZW{ = min do(xy) —
’ (0) -

min dy(rs),
epexf’) )

N

Since Q.,Q- are unitary, the ML solutions in (5), (9) are
identical. To find the hard-decision ML solution, only 1-sided
QLD is needed on either layer 1 or 2. A list of @,. distances
{d.(z),Va € X,,} is generated by enumerating all symbols
z € X,,,n =1 or 2, and the minimum is selected. However, to
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Fig. 1. 4 x 4 structures: (a) Full; (b)-(e) punctured structures for every layer.

generate soft LLRs, 2-sided decompositions are needed, and 2
lists of distances for » = 1 and 2 must be computed to select the
appropriate minima in (7) and (10).

IV. EXTENSIONS TO HIGHER-ORDER LAYERS

The previous optimization cannot be extended to N > 3
layers because L includes off-diagonal terms that prevent com-
puting the ML solution by enumerating symbols on one layer
and finding the minima through slicing individually on all other
layers in parallel. In Fig. 1(a), the red-marked entries in L imply
that the ML solution requires enumerating symbols on N — 1
layers and slicing only on the last layer, as is done in tree-based
detectors, hence still requiring O(]],, @») complexity.

A desirable structure of H for a 4-layer MIMO system is
shown in Fig. 1(b), where the red-marked entries are zeroed-out.
By enumerating symbols on layer 1, the minimum distances on
layers 2 to 4 can be searched for in parallel through slicing only
on the corresponding layers, similar to the 2-layer system. This
suffices to compute the LLRs associated with the layer-1 bits.
A similar process is repeated by decomposing H according to
Figs. 1(c)—(e) [14] to compute the LLRs for bits associated with
layers 2 to 4.

Fig. 2 shows other possible 4 x 4 “punctured” structures. They
differ in 1) the number of layers over which symbols are enu-
merated (enumeration set of size S), 2) the submatrix struc-
ture used to propagate these enumerated symbols and cancel
their interference effect from other layers (interference cancel-
lation set of size E), and 3) the number of layers in which the
minimum distance and associated symbol can be obtained by
slicing after interference cancelation (s/icer set of size S x E'). We
refer to this structure using the triplet (£, S x E, S). LLR values
are generated for bits in symbols included in the enumeration
set only. Complementary structures that enumerate symbols on
other layers are required to generate their respective LLRs.

A. Preliminaries

Let H = [hyhs --- hy], and assume H has full column rank.
For simplicity, we assume N = M. We seek a matrix W =
[wiws -+ wa] € CV*Y that transforms H into a punctured LTM
L = [l;;] € ¢¥*Y with I;; € RY, such that W*H = L. The
aim is to induce a specific pattern of zeros below the main diag-
onal of L by appropriately choosing the columns of W. Setting
W = (H"H) 'H* to be the left Moore-Penrose pseudo-inverse
of H would zero-out all entries in L below the main diagonal,
resulting in L = Ix. On the other hand, choosing W to be an
orthonormal basis of the column space of H, would transform H
into an unpunctured LTM, with W being unitary.

In general, if L is punctured, then W is non-unitary. However,
we impose the condition on the column vectors of W to have unit
length, i.e., w,w, =1forn=1,---,N, or

diag (W*'W) = [11---1]], . (11)
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Fig. 2. (a)(1,3 x1,3),(b) (2.2 x2,2),(c) (3,1 x 3,1) punctured structure.

This guarantees that the transformed noise vector W*n has an
unaltered covariance matrix E[W*nn* W] = o21y.

B. Proposed WL Decomposition (WLD) Scheme

Let P = H(H"H) 'H* be the orthogonal projection onto
the column space of H, and P+ = T — H(H*H)~'H" be the
orthogonal projection onto the left nullspace of H. Let Hr be the
submatrix formed by the columns of H whose index » € Z. For
example, if H = [hyhohshy] and 7 = {1. 2}, then Hz = [hyhs].

Let Z,, be column index set of the entries in the nth row of H
to be zeroed out. Define w,, = Pz, h,,, where

P7, =Iv —H;, (H; Hr,) 'Hi,
and Hz, = {h,,|m € I, }. To satisfy (11), first note that

(12)

w!'%,=h'(P+ ) P h,=h P+ h, =w'h
w, W, = h, I, Iy, W — W7 1n = W,h,.

where the second equality follows since Pz, is a projection ma-
trix, and hence (P7 )" = P7_ and P7, P7_= Pz . Hence the

normalized vector w, = W, /||W,| with |[w,|| = \/hiPz h,,
has unit length. We have the following result:

Theorem 1: Let Z,.n = 1,.--,N, be the column index
sets where puncturing is desired in each row n of H. Form
the submatrices Hz, and their projection matrices Pz, . Let
D = [d,] € R" be a diagonal matrix whose entries are given by
dn =1/, /h:“;/P%nhn, n =1,---,N. Then the matrix

hiPy,
hiP7,
W=D (13)
hiP7,
when right multiplied by H, zeros out the entries in the rows of
H at column positions given in Z,,, for all », and satisfies (11).
Proof: Consider the product of w;, with Hz, :

wiHz, =d,h" (IN — H,, (H) Hy, )‘IHL) Hr,
=d,h; (Hz, —~Hz,)=0

1x|Hz,

Also, wyh,, # 0 forallm ¢ Z,,,1 < m < N. Hence w,, nulls
the nth row of H only at the column indices given in Z,, . ]
For example, in a4 x4 MIMO system, choosing the puncturing

sets as 71 = {2,3.4}.7> = {3,4}.7s = {2.4}.Z, = {2,3},
results in a LTM L with entries I3 = L.y = 143 = 0 as (Fig. 2(a)):
hiPs; X
ey hiPi, Ix x _
WH=D hiPL, H= < , =L
h;P3 X X

The W, L pair that punctures H into a given lower triangular
structure is not unique since W is non-unitary. But any other pair
that generates the same structure is related to W. L by a matrix
transformation as the next lemma shows.

Lemma 1: Let W1, W, be two distinct matrices that trans-
form H into two distinct but identically punctured LTMs L; and
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L,. Then the orthonormal bases of the column space of W, and
‘W, are both identical to that of H, and
L, =Ri(R3) Lo,

W, =R,R;'W, (14)

The proof is omitted due to lack of space.

V. REDUCED-COMPLEXITY WL DECOMPOSITION

A brute force approach for computing W involves extensive
matrix inversion, which is computationally expensive and prone
to numerical error when implemented with finite precision. We
develop an efficient scheme to determine W using the modified
Gram-Schmidt orthogonalization procedure [15] and elementary
matrix operations. From lemma 1, any other W that produces an
identical structure is related by (14).

Assume that H is decomposed into a unitary matrix Q; =
[@19= - - - qn] and a lower triangular matrix L1 = [I;;] v x & With
real and positive diagonal elements. We then have QTH = L.
Obviously, gfq; = 1 and qfh,, = 0 forallm = 2,--- N,
Hence, w, = q,. Now consider row 1 < n < N of L;, and
assume the mth entry l,,,., m < n, is to be nulled. We have
a:h, = lim € Cand g hy, = L € RT, from which it
follows that (a;, — a}, 722~ h,,, = 0. Therefore

(15)
(16)

puncture the required entry and update Q; accordingly. These
operations are repeated for all other entries m < n to be punc-
tured in row n. Finally, q., is normalized to have unit length, and
the non-zero entries in row » of L, are updated:

Qn = Qn — qnzl;kzm /lmm

Zn] - lnj - lmjlnm/lm?n-,forj = ]- R

(17)
(18)

The operations in (15)—(16) followed by the normalization steps
(17)—(18) are repeated for all rows » where puncturing is re-
quired. The resulting Q. is W, and L; is the desired L.

In matrix form, we can write (15)—(16) using elementary ma-
trices E,, = [en;], 1 < m < N, which differ from Iy by a single
elementary row operation, and defined as follows:

lnj =lnj/ llanl forj =1,---.n
qn = qn/an”

1, ifj =n;
_ln.m,/17n7n~ if] = 7n5j EInw
0, otherwise.

(19)

€nj =

The product of these elementary matrices forms the unscaled
matrices L. = (E,, ---E )L, and Q} = (E}, -- - E7)Q7.

The scaling operations (17)—(18) can be written using the di-
agonal matrix D = [d,] € RT, where d, = 1/,/[Q:Qz],,, and
[]nn denotes the nth diagonal element. The desired (scaled) ma-
trices are given by W* = DQ; and L = DL,.

For detection, the product W*y must be formed as well. This
is handled by first left-augmenting y to H, and then performing
QLD on the augmented matrix to form QL = [y|H]. When
carrying out the orthogonalization procedure, the same opera-
tions applied to the columns of H are applied to the augmented
column. This results in Q = [O~nx.|Q] and L = [y|L], where
QL = Hand y = Q"y, with ¥ essentially generated as a
by-product.. Next, when carrying out operations (15)—(16) fol-
lowed by (17)—(18) to puncture a given entry, these operations
are also applied on the leftmost column of L.

We next analyze the complexity in terms of floating-point
operations (flops) based on real multiplication (RMUL) and
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addition (RADD). Assume that real division and square-root
opertions are equivalent to a RMUL. Also, complex mul-
tiplication requires 4 RMUL and 2 RADD, while com-
plex addition requires 2 RADD. Augmented QLD requires
i, = (4N® — N? — N)RADD + (4N? + 3N?)RMUL,
while puncturing requires 6. = 2(8N® — 15N + 4N —
12)RADD + (£2N° —7N° 4 LN —20)RMUL, assuming a
(1.(¥ = 1) x 1, N — 1) structure. In comparison, [14] requires
(16N* — 4N%) RMUL and (16¥* — 4N*) RADD.

VI. OPTIMIZED DETECTION ALGORITHM

We decompose H into 7 punctured LTMs having identical
structure (E.,S x E,S) where T = N/E as follows. The N
streams are decoupled E at a time in T steps by cyclically
shifting the columns of H using the permutation

m(i)=mod(i+ (t—1)E—-1,N)+1l,i=1,---

N, (20)

fort =1,---,T. Each permuted H is then WL-decomposed into
W L® | wherein the E leftmost columns of L™ correspond
to E distinct decoupled streams. For example, to decouple all 4
streams of a 4 x 4 MIMO system using Fig. 2(b), 7" = 2 such
decompositions are required, one on [hy hy hy hs] to decouple
streams 1 and 2, and one on [h; hy h; hy] to decouple streams 3
and 4. Subsets can overlap by altering = to place a low reliability
stream in several detection sets. For simplicity, we assume .Y, =
O for all n.

For detection, we enumerate all symbol vectors in ¥ and
then slice to find the closest symbols in the other S layers, pop-
ulating the Euclidean distance of the resulting symbol vectors
along the way. First partition ¥, LY, and x as

) (’) ()
¥ = { m} L = [ A 0 ] x = Eﬂ @21

#BW o
VNVhere ?E” c CF]XL’ ?gt) c CSXL’ A(z) € Rﬁxﬁy E(L) € RSXF’
C e R%% x, € ©F, and xo € ©. Then the symbol vector
with minimum distance for partitioned structure ¢ is given by

2

SWI A . ~(1 (¢ -

X; ' = argmin Hy( P )XH
xcX

9
= arg min (Hym A(t)xl H

x1COF

2
+ |5 - B %1 - € )

=l -5 e,

The first argument of the slicing operator in (23) is a vector of
length S since C'" is a diagonal matrix. Slicing is applied to the
individual vector elements over @. The symbols in X} -

(22)

(23)

are re-
arranged back to their normal order using (20), and the permuted
vector is denoted as x/' . The minimum distance &}'" itself is
computed as the distance of y from Hx;"" (rather than the dis-
tance of ¥ from LVx¥L):
. . 2 . 2

aML = Hy - Hx}‘LH . Hym - L”&}“H L 24
To compute the LLRs, we expand distances similar to (22) when
taking arg min to determine the symbol vector

gW FO LmXHQ

/L
U, j, = argmin

(0)
e/\n 13
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2
. t
= argmin (Hy( ) Amxl
X1 GO(O)‘
S0 _ g g |I?
=+ H —B X — C XQH (25)

where Ofl 3\ = {x1 € OF : b, = 0}, and %> is defined as in (23)
but with x; € 0,(0) A similar computation is needed for the

other hypothesis in the set X,Slk) to determine:
~WI. H
V, . = argmin ||y

(1
xE- in N3

L(’i>xH2. (26)

Then (20) is applied to permute the symbols in 4"}, and 2\’ %,

and form the reordered symbol vectors u'*t, and v} ,. The
LLR values are then computed as

2
AWL WT. wr. ||*
Ape= Hy - Hu,,.m Hy Hv. i,

@7

forn =1, ,N,k=1---log, |O,andt = 1,---.T.
One simple way to approximate the ML distance and LLRs is
by selecting the minimum over all ¢ in (24) and (27):

ML . WL . WL
d &= min (dt ) . min (A,, px ,) .
t=1L,---.T ’ =1L, T o

Tighter LLRs are produced by tracking the global minimum dis-
tances across ¢ rather than minimizing over the per stream LLRs.
For N = 2, the algorithm is optimal and reduces to [11] since the
‘W’s are unitary. When E = 1 and distances in (24) are computed
based on L, the algorithm reduces to [14].

ML
A

Ap g &

(28

VII. PERFORMANCE SIMULATION RESULTS

The bit-error rate (BER) of the proposed detection algorithm
is evaluated through simulations of a 4 x 4 MIMO system. The
channel encoder is an LTE turbo encoder [16] with interleaver
length 1024, and 16-QAM modulation is assumed. The channel
entries are assumed to be i.i.d. complex Gaussian random vari-
ables. At the receiver, we assume perfect channel knowledge.
The turbo decoder performs 4 decoding iterations. Fig. 3 com-
pares the BER of the proposed WLD scheme with £ = 1 and
2 structures, versus ML, ZF, and [14]. Both overlapping and
non-overlapping subsets are considered. Two scenarios for dis-
tance computations in (24) are followed; one based on H and
one on L. The plots demonstrate that WLD with £ = 2 using
H distances with overlapping subsets performs virtually as ML,
and is < 0.1 dB away from ML with no overlapping subsets. For
single streams, L distances perform better than H distances.
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