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Abstract
of the Thesis of

Rami Kamil Slim for Master of Science
Major: Physics

Title: Supergravity One Variable Solutions

The thesis deals mainly with one-parameter families of exact solutions for gravita-
tional theories coupled to Maxwell and scalar fields with various signatures. We first
obtain four families of metrics for a generic D-dimensional gravity theory coupled to
scalars and Maxwell fields. The spacetime metrics of these families are all expressed
in terms of a single function and constrained matrices. As an application, we con-
sider four families of solutions of the general N = 2, D = 4 supergravity theories
coupled to vector multiplets, where the function in the metric can be fixed from the
knowledge of the geometry of the scalar fields which is governed by special geometry
in the case of N = 2 supergravity. Also, solutions of supergravity theories where
the scalar fields parametrize the coset spaces SL(N,R)/SO(N,R) are considered for
N = 8, 6 and 5, corresponding to D = 4, 5 and 7.
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Notation and Conventions

Greek indices µ, ν, ρ, . . . run over the D spacetime coordinates τ, x, y, . . . , corre-
sponding to µ = 0, 1, 2, . . . , D − 1 with τ (µ = 0) being the time coordinate.

Latin middle indices i, j, k, . . . run over the (D − 1) spatial coordinates x, y, . . .
(µ = 1, 2, . . . , D − 1).

Latin first indices a, b, c, . . . run over a range of spatial coordinates, which is indi-
cated when used.

Uppercase middle Latin indices I, J, K, . . . run over the components of the gauge
fields.

Uppercase first Latin indices A, B, C, . . . run over the components of the scalar
fields.

Einstein summation convention applies to repeated indices, unless otherwise in-
dicated: AµBµ = A0B0 + A1B1 + · · ·+ AD−1BD−1.

The Levi-Civita tensor is εαβγδ =
√

|g|[αβγδ] , and εαβγδ = g−1
√
|g|[αβγδ] =

− 1√
|g|
[αβγδ], where [αβγδ] is the completely antisymmetric symbol:

[αβγδ] ≡


+1 if αβγδ is an even permutation of 0123,

−1 if αβγδ is an odd permutation of 0123,

0 otherwise (if 2 or more indices are identical).

The Kronecker delta is:

δµν ≡ −1
6
εµρσλενρσλ =

{
+1 if µ = ν,

0 if µ ̸= ν.

The spacetime signature is arbitrary, unless specified in some sections to be (−,+,+,+).

Natural units are used, where: 8πG = c = 1.
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Partial derivatives are denoted by ∂xϕ = ϕ,x = ∂ϕ
∂x

and covariant derivatives by
∇xϕ = ϕ;x .

Time derivatives are denoted by dots: dϕ
dτ

= ϕ̇ and d(ϕψ)
dτ

= (ϕψ)̇ .

iϵ is the imaginary unit for (para-)complex numbers, where i2ϵ = ϵ = −1 corre-
sponds to complex numbers and i2ϵ = ϵ = +1 to the para-complex numbers. So,
if NIJ is a complex tensor, it can be written as: NIJ = ReNIJ + iϵ ImNIJ , where
ReNIJ is the real part and ImNIJ is the imaginary part of NIJ . Note that ImN IJ

is the inverse of ImNIJ and not the imaginary part of N IJ , the inverse of NIJ .

The determinant of the metric is g = det(gµν) .
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Chapter 1

Mathematical Structure of
General Relativity

This chapter provides an introduction to the mathematics of Einstein’s theory of
general relativity, focusing on the geometrical nature of gravity, the mathematical
formulation, and the extremely useful variational principle. This sets the stage for
obtaining the equations of motion in later chapters on supergravity and exploring
specific solutions.

1.1 The Principle of Equivalence and Spacetime Geometry

The starting point of general relativity is the equivalence principle, which states
that, locally, gravity and inertia are equivalent in nature and indistinguishable in
a free-fall frame of reference. Einstein deduced that the equality of inertial and
gravitational mass mi = mg suggests this close relation between inertia and gravity
itself, calling this “der Glücklichste Gedanke meines Lebens”, which translates to
“the happiest thought of my life”.

Many consequences follow from this principle, including the deflection of light
and the gravitational time dilation. This leads to the realization that gravity is
not a force as Newton has described it, but a spacetime curvature. Mathematically,
spacetime is modeled as a pseudo-Riemannian manifold, which is a Riemannian man-
ifold (a differentiable one with a positive-definite metric tensor that is everywhere
nondegenerate) with the condition of positive-definiteness being relaxed (Lorentzian
metric signature).

1.2 The Covariant Derivatives and Curvature

The need for a Lorentz-covariant formulation of the theory of general relativity
(physical theories that are consistent with the principle of relativity must have the
same form in all Lorentz frames) motivates the notion of a covariant derivative. The
covariant derivative is defined:
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• for (0,0) tensors (scalars):
∇αϕ = ∂αϕ; (1.1)

• for (1,0) tensors (vectors):

∇αV
β = ∂αV

β + ΓβαγV
γ; (1.2)

• for (0,1) tensors (dual vectors):

∇αVβ = ∂αVβ − ΓγαβVγ; (1.3)

• for general (p,q) tensors:

∇αT
µ1µ2...µp
ν1ν2...νq

= ∂αT
µ1µ2...µp
ν1ν2...νq

+ Γµ1αγT
γµ2...µp
ν1ν2...νq

+ Γµ2αγT
µ1γ...µp
ν1ν2...νq

+ . . .

− Γγαν1T
µ1µ2...µp
γν2...νq

− Γγαν2T
µ1µ2...µp
ν1γ...νq

− . . . ,

(1.4)

where

Γαβγ = gαδΓδβγ

=
1

2
gαδ
(
gδβ,γ + gδγ,β − gβγ,δ

) (1.5)

is the unique metric-compatible (∇αgµν = 0) torsion-free (Γαβγ = Γαγβ) Levi-Civita
connection. Its uniqueness is proved in Appendix 8.

Using this connection we define the Riemann curvature tensor:

Rλ
σµν = ∂µΓ

λ
σν − ∂νΓ

λ
σµ + ΓλµρΓ

ρ
νσ − ΓλνρΓ

ρ
µσ, (1.6)

which is obtained from its definition as a commutator of covariant derivatives:

[∇µ,∇ν ]V
λ = Rλ

σµνV
σ. (1.7)

This tensor has 44 = 256 components in D = 4, which simplify to 20 independent
components due to the symmetries of the Riemann tensor Rαβγδ = gαλR

λ
βγδ:

• Rαβγδ = −Rβαγδ;

• Rαβγδ = −Rαβδγ;

• Rαβγδ = Rγδαβ;

• Rα[βγδ] = 0.
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By contracting the first and third indices of the Riemann tensor, we obtain the Ricci
tensor:

Rµν ≡ gρσRρµσν

= Rρ
µρν

= ∂ρΓ
ρ
µν − ∂νΓ

ρ
µρ + ΓρµνΓ

σ
ρσ − ΓρµσΓ

σ
νρ,

(1.8)

and contracting again yields the Ricci scalar:

R ≡ gµνRµν . (1.9)

Finally, the Einstein tensor is defined as follows:

Gµν ≡ Rµν −
1

2
gµνR. (1.10)

1.3 The Einstein Field Equation

Einstein’s field equation equates the curvature of spacetime to the energy-momentum
content:

Gµν =
8πG

c4
Tµν . (1.11)

The equation was obtained as a generalization of Newton’s gravitational potential
equation ∇2Φ = 4πGρ, in a covariant framework.

This equation constitutes a set of 10 second-order nonlinear partial differential
equations for the metric gµν in D = 4 spacetime. It is often summarized in words
as follows: “matter tells spacetime how to curve, and curved spacetime tells matter
how to move”.

1.4 The Geodesics

Geodesics are the paths that free particles (or light) follow when they are moving
under gravity alone, with no other forces acting on them. It is the generalization of
a straight line in a flat Euclidean space. Mathematically, the equation of a geodesic
is given by:

d2xµ

dτ 2
+ Γµνρ

dxν

dτ

dxρ

dτ
= 0, (1.12)

where τ is an affine parameter (like the proper time in the case of a time-like curve).

1.5 The Action Principle

The equations in general relativity, whether equations of motion or geodesics, can
be obtained from a variational principle. The dynamics are governed by an ac-
tion functional, which is stationary under variations. This principle is crucial when
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generalizing gravity to include additional fields, such as scalar and gauge fields in
supergravity.

The Einstein-Hilbert action is the one governing the gravity in D = 4:

SEH =
1

16πG

∫
d4x
√
|g|R , (1.13)

where g = det(gµν) and R is the Ricci scalar.

To derive the Einstein field equation, we vary the action with respect to the
metric

δSEH = 0∫
d4xδ

(√
|g|gµνRµν

)
= 0∫

d4x
(
δ
(√

|g|
)
R +

√
|g|δ
(
gµν
)
Rµν +

√
|g|gµνδ

(
Rµν

))
= 0

Using the variation of
√
|g|:

δ
√

|g| = −1

2

√
|g|gµν δgµν , (1.14)

which is proved in Appendix 8, and writing the variation of Rµν as the divergence
of a vector:

gµνδRµν = ∇µJ
µ (1.15)

where
Jµ = ∇ν

(
gµνgαβ δg

αβ − δgµν
)

which is proved in Appendix 8.

The variation of the action becomes:∫
d4x
√
|g|
(
− 1

2
gµνRδg

µν +Rµν δg
µν +∇µJ

µ

)
= 0

Using Gauss’ theorem at infinity:∫
d4x
√
|g|∇µJ

µ = 0 , (1.16)

the variation yields: ∫
d4x
√

|g|
(
Rµν −

1

2
gµνR

)
δgµν = 0 (1.17)

which gives the equation of motion in vacuum:

Gµν = 0. (1.18)
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To take into consideration the content (energy, matter, radiation...), we add the
appropriate matter action:

S = SEH + Smatter . (1.19)

Defining the stress-energy-momentum tensor to be:

Tµν ≡ − 2√
|g|
δSmatter

δgµν

= − 2√
|g|

δ
(√

|g|Lmatter

)
δgµν

= − 2√
|g|
δ
√
|g|

δgµν
Lmatter − 2

δLmatter

δgµν

= −2
δLmatter

δgµν
+ gµνLmatter,

(1.20)

we get the Einstein field equation (1.11) from the variational principle.

It is possible to describe the interaction of gravity with other fields, such as
the electromagnetic and scalar fields, by coupling them to gravity, so that Maxwell’s
and Klein-Gordon’s equations become linked to the dynamics of the spacetime.
Mathematically, the action becomes:

S = SEH + SMaxwell + SKG

=

∫
d4x
√

|g|
[

1

16πG
R− 1

4
F µνFµν −

1

2
gµν∇µϕ∇νϕ− 1

2
m2ϕ2

]
,

(1.21)

where
Fµν = ∂µAν − ∂νAµ (1.22)

is the electromagnetic field strength tensor, Aµ is the electromagnetic 4-potential,
and ϕ is the massive scalar field, which appears in a kinetic energy term and a mass
potential energy one.

The equations of motions are obtained from the variational principle, according
to what we’re varying the action with respect to (gµν , Aµ, and ϕ). The variation with
respect to gµν gives the Einstein’s field equations, with the stress-energy-momentum
tensors of the electromagnetic and scalar fields:

Gµν = 8πG

[
gµν

(
−1

4
FαβFαβ −

1

2
∇αϕ∇αϕ− 1

2
m2ϕ2

)
+ FµαFν

α +∇µϕ∇νϕ

]
.

(1.23)
Repeating the variation with respect to Aµ yields Maxwell’s equations (the ones
related to the sources):

∇νF
νµ = 0. (1.24)

In addition to this equation, we have the homogeneous one, which is automatically
obtained from the definition (1.22):

∂[µFνσ] = 0. (1.25)
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Finally, with respect to ϕ, Klein-Gordon’s scalar equation is obtained by:(
2−m2

)
ϕ = 0, (1.26)

where the d’Alembertian is defined to be 2 ≡ gαβ∇α∇β.

This action allows us to describe the dynamics of the three fields and their inter-
action, providing the mathematics of many phenomena such as gravitational lensing
of light, the behavior of electromagnetic fields in strong gravity (near black holes),
cosmological models...
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Chapter 2

From Supersymmetry to
Supergravity

This chapter introduces a brief overview of some ideas of supersymmetry and super-
gravity that will be useful for the progress of the thesis. Building upon the theory of
general relativity from Chapter 1, we explore how these theories extend the standard
model, by introducing a symmetry between bosons and fermions. We will present
the Lagrangian which we will be working with in the next chapters.

2.1 The Mathematical Formulation of Supersymmetry

Supersymmetry is a theoretical framework that extends the symmetries of the
spacetime (Poincaré invariance), and postulates a relationship between bosons and
fermions. Each fermion should have a superpartner boson (sfermion), and each bo-
son should have a superpartner fermion (bosino).

In particle physics, bosons are particles that have integer spin (0, 1, 2,...), can
occupy the same state, and follow Bose-Einstein statistics. Fermions are particles
that have half-integer spin (1/2, 3/2,...), cannot occupy the same state (obey the
Pauli exclusion principle), and follow Fermi-Dirac statistics.

In relativistic quantum field theories, fermions are matter particles and bosons
are force carriers.

2.1.1 The Algebra

In addition to the 10 Poincaré generators (3 boosts, 3 rotations, 4 translations),
supersymmetry introduces a supercharge operator Q, which changes spin by 1/2:
transforms bosonic states into fermionic states and vice versa. The set of all gener-
ators is called the super-Poincaré algebra. The additional anti-commutators to the
algebra is the following:

{QA
α , Q̄

B
β̇
} = 2σµ

αβ̇
δABPµ , (2.1)

{QA
α , Q̄

B
β } = εαβX

AB, (2.2)

14



where A, B = 1, 2 . . . ,N , σµ is the Pauli matrix, Pµ is the translation generator,
εαβ is the completely antisymmetric Levi-Civita symbol, and XAB are the central
charges (Lorentz antisymmetric scalars).

2.1.2 Global and Local Supersymmetry

Supersymmetry can be realized in two ways: globally and locally. The difference
lies in the dependence of the transformation parameters ε on the spacetime coordi-
nates: when dealing with local supersymmetry, it becomes a local function of the
coordinates ε(x). In the construction of local supersymmetries, the gauging of su-
persymmetry requires the introduction of a fundamental ingredient: the gravitino.
Being the superpartner of the metric field of spin-2, the gravitino field should propa-
gate with a spin-3/2. The local invariance necessitates the introduction of covariant
derivative that include the gravitino connection. So the local supersymmetry couples
matter and gauge fields to spacetime metric, making gravity inseparable from the
theory, and providing a framework unifying general relativity and supersymmetry,
giving rise to supergravity.

2.2 Emergence of Supergravity

Supergravity, as discussed in the previous section, rises naturally from the local su-
persymmetry. It’s a theory of gravity which has a supersymmetry. While classical
general relativity is studied in 4 spacetime dimensions, supergravity is not restricted
to D = 4; gravity can be coupled to gauge and scalar fields in D dimensions.

Here, we consider the D-dimensional case in Chapter 4 where we find the general
equations of motion and metric, then specialize to N = 2 in D = 4 supergravity in
Chapter 5. N = 2 theories, which correspond to 8 supercharges, occupy a special
place in the atlas of supergravities: they lead to interesting geometries called “spe-
cial manifolds”. In our case, D = 4, the geometry described by the scalar fields is
the special Kähler one. The special geometry is discussed in Appendix 8.

2.2.1 The Lagrangians

Supersymmetry constrains the form of the Lagrangian: structure of kinetic terms,
scalar and vector ones, and scalar potential. The theory is characterized by a bosonic
and a fermionic sector. However, once the bosonic is given, supersymmetry fixes the
fermionic completely, without any freedom left. We will only consider the bosonic
part of the Lagrangians that we will encounter.

15



The D-dimensional gravitational theory coupled to Abelian gauge fields and
scalar fields is described by the general Lagrangian consisting of the graviton field
gµν , nV vector fieldsAI

µ (I = 1, 2, . . . , nV ), and nS scalar fields ϕ
A (A = 1, 2, . . . , nS):

e−1LD = R−MAB̄∂µϕ
A∂µϕ̄B − ε

2
GIJF I

µνFJµν − V, (2.3)

where it is the sum of:

• the Einstein-Hilbert term describing the gravitational sector of the theory

e−1LD, EH = R ; (2.4)

• the scalar term describing the scalar fields, V (ϕC) being the scalar potential
and MAB̄(ϕ

C) the metric of a scalar manifold

e−1LD, scalar = −MAB̄∂µϕ
A∂µϕ̄B − V ; (2.5)

• the vector term consisting of a Maxwell term with the gauge coupling metric
GIJ(ϕ

C) and ε = ±1

e−1LD, vector = −ε
2
GIJF I

µνFJµν . (2.6)

In the case of ungauged N = 2, D = 4 supergravity which has n+1 gauge fields AI

and n complex scalar fields zA, where the structure is governed by special geometry,
the bosonic part of the Lagrangian describing the theories is given by:

e−1L4 = R− 2gAB̄∂µz
A∂µz̄B − ε

2

(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)
, (2.7)

where, in addition to the Einstein-Hilbert term and the scalar one, we have the
vector kinetic term that split into:

• a Maxwell term, with ImNIJ being negative definite, generalizing the standard
−1/g2 factor in Yang-Mills theories

e−1L4 = −ε
2
ImNIJF I

µνFJµν ; (2.8)

• a topological term, with ReNIJ playing the role of the θ-angle

e−1L4 = −ε
2
ReNIJF I

µνF̃Jµν . (2.9)
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Chapter 3

Few of the Exact Solutions in
General Relativity and

Extended Theories

This chapter reviews four of the fundamental exact solutions to Einstein’s field equa-
tions, which are essential pillars for gravitational physics: the static Schwarzschild
solution, the anisotropic Kasner universe, the isotropic FLRW cosmological met-
ric, and the cylindrically symmetric Melvin magnetic universe. The chapter then
presents an analysis of the missed solutions within the Kasner family, and explores
advanced solutions in extended theories where gravity is coupled to scalar and gauge
fields.

3.1 Fundamental Solutions to the Einstein Field Equations

Taking different assumptions and solving the Einstein field equations in different
contexts historically, many solutions started to be found shortly after the theory’s
formulation in 1915.

3.1.1 1916: The Schwarzschild Solution

This metric was the first exact solution of the theory [1]. It describes the static,
spherically symmetric, asymptotically flat spacetime geometry outside a spherical
mass (in vacuum). The metric is given by:

ds2 = −
(
1− rs

r

)
c2dτ 2 +

(
1− rs

r

)−1

dr2 + r2(dθ2 + sin2 θdϕ2), (3.1)

where the Schwarzschild radius is rs =
2GM
c2

.
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3.1.2 1921: The Kasner Solution

Few years later, Kasner [2] found a solution that represents a homogeneous, anisotropic,
dynamic vacuum universe. The obtained metric is:

ds2 = −c2dτ 2 + τ 2p1dx2 + τ 2p2dy2 + τ 2p3dz2, (3.2)

with the conditions: p1 + p2 + p3 = p21 + p22 + p23 = 1. As a consequence of these 2
conditions, this solution describes a universe that expands in some spatial directions
while contracting in others.

3.1.3 1922: The FLRW Solution

The Friedmann-Lemâıtre-Robertson-Walker (FLRW) solution describes a spacetime
filled with matter and radiation. Its primary assumptions are homogeneity and
isotropy, resulting in a dynamic solution. The metric is the following:

ds2 = −c2dτ 2 + a2(τ)

(
dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

)
, (3.3)

where k = {0,±1}, depending on the geometry (curvature) of space. The four
authors made distinct contributions over a span of 15 years [3][4][5][6].

3.1.4 1964: The Melvin Solution

The Melvin solution [7] describes a “magnetic universe”: a cylindrically symmetrical
electro-vacuum solution. Here, the gravitational field is generated by the energy
density of a magnetic field alone, with no mass involved. The metric is expressed
as:

ds2 = f(r)2(−c2dτ 2 + dr2 + dz2) +
r2

f(r)2
dϕ2, (3.4)

where f(r) = 1 +
GB2

0r
2

4c4
.

3.2 Analysis of Kasner Missed Solutions

The metric (3.2) presented in Section 3.1.2, which is commonly referred to as the
Kasner metric in most of the literature, can be obtained by starting with the syn-
chronous metric, or equivalently, by a change of variable performed on the metric
that was originally presented by Kasner:

ds2 = ϵ1x
2a1
1 dx21 + ϵ2x

2a2
1 dx22 + ϵ3x

2a3
1 dx23 + ϵ4x

2a4
1 dx24, (3.5)

where, for m = 1, . . . , 4, ϵm = ±1 and the constants am satisfy the conditions
a2 + a3 + a4 = a1 + 1 and a22 + a23 + a24 = (a1 + 1)2, where by setting a1 = 0, we
obtain the previously mentioned solution.
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Generalizing the metric (3.2) to D-dimensional gravity in arbitrary spacetime
signature, we can write it as [8]:

ds2 = ϵ0dτ
2 +

D−1∑
i=1

ϵiτ
2pi(dxi)2, (3.6)

where the Kasner components satisfy:
∑D−1

i=1 pi =
∑D−1

i=1 p2i = 1. These correspond
to p0 = 0.

A more general (non-diagonal) and systematic derivation was done in [9], by
obtaining the first family of solution corresponding to ω = τ (ω is defined to be√
|g|):

ds2 = ϵ0dτ
2 + hik(e

2λ ln τ )kjdx
idxj, (3.7)

where hij are symmetric constants and λijλ
j
i = λii = 1, hikλ

k
j = hjkλ

k
i .

ω̈ = 0 has another solution ω = 1 [10], which was ignored in [2] and [9] (corre-
sponding to a1 = −1). The obtained metric:

ds2 = ϵ0dτ
2 + hik(e

θτ )kjdx
idxj (3.8)

where hij are symmetric constants as well and θijθ
j
i = θii = 0, hikθ

k
j = hjkθ

k
i .

3.3 Advanced Solutions in Extended Theories

The natural units are used in what follows.

Coupling the gravity to a scalar field ϕ in four dimensions, the Kasner solutions
were investigated in [11]:

L4 =
√

|g| (R−∇µϕ∇µϕ) , (3.9)

from which we can obtain the solution:

ds2 = −dτ 2 + τ 2p1dx2 + τ 2p2dy2 + τ 2p3dz2,

ϕ = q ln τ,

p1 + p2 + p3 = 1, p21 + p22 + p23 = 1− q2. (3.10)

Using generating techniques [12][13], Kasner and Kasner coupled to a scalar met-
rics, Melvin spaces discussed in Section 3.1.4 were obtained in [14][15]:

L4 =
√

|g|
(
R− 2∇µϕ∇µϕ− e−2aϕFµνF

µν
)
, (3.11)
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which leads to

ds2 = Λ
2

1+a2 (−dτ 2 + dr2 + dz2) + Λ
− 2

1+a2 r2dϕ2, (3.12)

e−2aϕ = Λ
2a2

1+a2 , Aϕ = − 2

(1 + a2)BΛ
, (3.13)

Λ = 1 +
1 + a2

4
B2r2. (3.14)

More recent studies have explored the generalized Kasner-type metrics and one-
parameter solutions for many theories. Beginning with [16], in 2020, the one-
parameter solutions for a D-dimensional theory with an arbitrary spacetime sig-
nature, coupled to a dilaton field and an arbitrary rank antisymmetric tensor field
were derived. Then, in 2022, solutions for the N = 2, D = 5 supergravity cou-
pled to Abelian vector multiplets and scalar fields in arbitrary spacetime signature
were found as general charged Kasner-like solutions [17], using the framework of
the very special geometry. In 2023, the D = 4 case was addressed with Melvin-like
cosmological and static solutions [18]. Furthermore, few families of solutions were
discovered in 2024, for the one-variable D-dimensional Einstein-Maxwell theory for
all spacetime signatures [19]. In 2025, one-parameter solutions in D-dimensional
string theory, coupled to a dilaton field and an m-form were obtained for a syn-
chronous metric [20], then the same metric ansatz was used to find new solutions
for N = 2, D = 5 supergravity [21].
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Chapter 4

Analytic Solutions Depending
on One Variable in

D-dimensional Supergravity with
Scalar and Gauge Fields

In this chapter, we study four families of one-variable solutions withinD-dimensional
supergravity theories that include couplings to scalar and gauge fields. Our analysis
begins with the presentation of the bosonic part of the action, from which we derive
the equations of motion: the Einstein field equation, the Maxwell equation, and
the scalar field equation. We make suitable gauge choices consistent with the metric
ansatz (synchronous), perform a change of variables, and solve exactly for the metric.

4.1 The Lagrangian and Equations of Motion

We start with a D-dimensional gravitational theory coupled to gauge and scalar
fields, described by the general Lagrangian introduced previously:

e−1LD = R−MAB̄∂µϕ
A∂µϕ̄B − ε

2
GIJF I

µνFJµν − V, (4.1)

where the scalar and gauge couplings MAB̄, GIJ , and the potential V are functions
of the complex scalar fields ϕA, and ε = ±1.

Varying the Lagrangian density (4.1) with respect to the inverse metric gµν yields
the Einstein equations.
This variation leads to:

δLD = 0
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δ(
√

|g|)
(
R−MAB̄∂ρϕ

A∂ρϕ̄B − ε

2
GIJF I

ρσFJρσ − V

)
+
√

|g| δ
(
gµνRµν − gµνMAB̄∂µϕ

A∂νϕ̄
B − ε

2
GIJg

µνgρσF I
µρFJ

νσ − V

)
= 0

−1

2

√
|g|gµνδgµν

(
R−MAB̄∂ρϕ

A∂ρϕ̄B − ε

2
GIJF I

ρσFJρσ − V

)
+
√

|g|
(
δgµνRµν − δgµνMAB̄∂µϕ

A∂νϕ̄
B − ε

2
GIJ 2δg

µνgρσF I
µρFJ

νσ − 0

)
= 0.

Dividing by
√

|g|δgµν , we obtain:

Rµν−MAB̄∂µϕ
A∂νϕ̄

B − εGIJF I
µλFJ

ν
λ − 1

2
gµνR

+
1

2
MAB̄gµν∂λϕ

A∂λϕ̄B +
ε

4
gµνGIJF I

ρσFJρσ +
1

2
gµνV = 0.

Then by contracting with the inverse metric gµν , we find the Ricci scalar:

R = MAB̄∂µϕ
A∂µϕ̄B +

1

2

D − 4

D − 2
εGIJF I

µνFJµν +
D

D − 2
V,

where we have used gµνgµν = D. Substituting this expression back, we reach the
Einstein field equation:

Rµν = MAB̄∂µϕ
A∂νϕ̄

B + εGIJ

(
F I
µλFJ

ν
λ − 1

2(D − 2)
gµνF I

ρσFJρσ

)
+

1

D − 2
gµνV.

(4.2)
Next, we consider the Euler-Lagrange equations for the gauge fields. Varying the

Lagrangian with respect to the gauge potentials AI
ν , we obtain:

∇µ

(
δLD

δ(∇µAI
ν)

)
− δLD
δAI

ν

= 0.

The first term gives:

δLD
δ(∇µAI

ν)
= −ε

2
GKJg

αβgρσ 2(δµαδ
ν
ρ − δµρ δ

ν
α)δ

K
I FJ

βσ,

while the second vanishes:
δLD
δAI

ν

= 0.

Hence, the equation reduces to:

∇µ

(
GIJFJµν

)
= 0,

22



or equivalently, using the expression for the divergence of a vector, which is proved
in Appendix 8:

∇µV
µ =

1√
|g|
∂µ

(√
|g|V µ

)
, (4.3)

we obtain Maxwell equation:

∂µ

(√
|g|GIJFJµν

)
= 0.

Similarly, the Euler-Lagrange equation for the scalar fields ϕA are obtained from
the variation:

∇µ

(
δLD

δ(∇µϕA)

)
− δLD
δϕA

= 0.

The functional derivative with respect to the covariant derivative of ϕA is:

δLD
δ(∇µϕA)

= −MCB̄g
λνδµλδ

C
A∂νϕ̄

B = −MAB̄g
µν∂νϕ̄

B,

and with respect to ϕA is:

δLD
δϕA

= −∂AMCB̄∂µϕ
C∂µϕ̄B − ε

2
∂AGIJF I

µνFJµν − ∂AV.

Again, combining the terms, and using the vector divergence expression (4.3), we
obtain the scalar equation:

1√
|g|
∂µ

(√
|g|gµνMAB̄∂νϕ̄

B
)
− ∂AMCB̄∂µϕ

C∂µϕ̄B − ε

2
∂AGIJF I

µνFJµν − ∂AV = 0.

Defining ω =
√
|g|, we can express Maxwell and scalar equations as:

∂µ
(
ωGIJFJµν

)
= 0, (4.4)

1

ω
∂µ
(
ωgµνMAB̄∂νϕ̄

B
)
− ∂AMCB̄∂µϕ

C∂µϕ̄B − ε

2
∂AGIJF I

µνFJµν − ∂AV = 0. (4.5)

4.2 The D-dimensional Synchronous Metric

The synchronous generic metric depending on one variable τ with arbitrary signature
is given by:

ds2 = ϵ0dτ
2 + gij(τ)dx

idxj , i, j = 1, 2, ..., D − 1, (4.6)

with ϵ0 = ±1. The metric is termed synchronous because of the possibility of syn-
chronization of all “clocks” over all space in this reference frame, where the cross
terms vanish g0i = 0, since the worldlines orthogonal to the xi-hypersurfaces are
geodesics, allowing τ to serve as a universal coordinate for comoving observers.
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We define
κij = ġij and κij = gikκkj. (4.7)

The trace is given by:

κii = gikκki =
ġ

g
= 2

ω̇

ω
, where g = det(gij), (4.8)

κ̇ii = 2
ω̈

ω
− 2

(
ω̇

ω

)2

. (4.9)

Noting that all spatial derivatives vanish, the Christoffel symbols Γµνλ for this
metric can be computed using (1.5):

Γ0
00 =

1

2
g0λ(g0λ,0 + g0λ,0 − g00,λ)

= 0,

Γ0
0i =

1

2
g0λ(g0λ,i + giλ,0 − g0i,λ)

=
1

2
g00(g00,i + gi0,0 − 0)

= 0,

Γi00 =
1

2
giλ(g0λ,0 + g0λ,0 − g00,λ)

=
1

2
gij(g0j,0 + g0j,0 − g00,j)

= 0,

Γ0
ij =

1

2
g0λ(giλ,j + gjλ,i − gij,λ)

=
1

2
g00(gi0,j + gj0,i − gij,0)

= −ϵ0
2
κij,

Γi0j =
1

2
giλ(g0λ,j + gjλ,0 − g0j,λ)

=
1

2
gik(g0k,j + gjk,0 − g0j,k)

=
1

2
gikκjk

=
1

2
κij,
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Γijk =
1

2
giλ(gjλ,k + gkλ,j − gjk,λ)

=
1

2
gil(0 + 0− gjk,l)

= 0.

From these results, and using (4.8) and (4.9), we can compute the components of
the Ricci tensor Rµν :

R00 = ∂λΓ
λ
00 − ∂0Γ

λ
0λ + ΓλλρΓ

ρ
00 − Γλ0ρΓ

ρ
0λ

= −∂0Γi0i − Γi0jΓ
j
0i

= −∂0
(
1

2
κii

)
−
(
1

2
κij

)(
1

2
κji

)
= −1

2

(
κ̇ii +

1

2
κijκ

j
i

)
= −

(
ω̈

ω
−
(
ω̇

ω

)2

+
1

4
κijκ

j
i

)
,

Ri0 = ∂λΓ
λ
i0 − ∂iΓ

λ
0λ + ΓλλρΓ

ρ
i0 − ΓλiρΓ

ρ
0λ

= ∂jΓ
j
i0 − ∂iΓ

j
0j + ΓλλjΓ

j
i0 − ΓjikΓ

k
0j

=
1

2
(∂jκ

j
i − ∂iκ

j
j)

= 0,

Rij = ∂λΓ
λ
ij − ∂jΓ

λ
iλ + ΓλλρΓ

ρ
ij − ΓλiρΓ

ρ
jλ

= ∂0Γ
0
ij + Γkk0Γ

0
ij − Γ0

ikΓ
k
j0 − Γki0Γ

0
jk

= ∂0

(
−ϵ0

2
κij

)
+

(
1

2
κkk

)(
−ϵ0

2
κij

)
−
(
−ϵ0

2
κjk

)(1

2
κki

)
−
(
1

2
κkj

)(
−ϵ0

2
κik

)
= −ϵ0

2

(
κ̇ij +

ω̇

ω
κij − κkjκik

)
.

Raising an index using the inverse metric gµν , we find:

R0
0 = g0αRα0

= g00R00 + g0iRi0

= −ϵ0

(
ω̈

ω
−
(
ω̇

ω

)2

+
1

4
κijκ

j
i

)
,

(4.10)
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and

Ri
j = giαRαj

= gi0R0j + gikRkj

= −ϵ0
2

(
gikκ̇kj +

ω̇

ω
κij − gikκljκkl

)
= −ϵ0

2

(
κ̇ij +

ω̇

ω
κij

)
,

(4.11)

where we have used

κ̇ij = (gikκkj )̇ = ġikκkj + gikκ̇kj = −gikκljκkl + gikκ̇kj,

since
0 = δ̇ij = (gikgkj )̇ = ġikgkj + gikġkj ⇒ ġik = −gklgikκkl.

4.3 Class 1 Solution

We consider the first class of solutions corresponding to the following spacetime
metric, which has an arbitrary signature:

ds2 = ϵ0dτ
2 + gzz(τ)dz

2 + gab(τ)dx
adxb , a, b = 1, ..., D − 2, (4.12)

and choose a non-trivial gauge field component of (τz). Satisfying the equations
(4.4) and (1.25), we get:

GIJFJτz =
qI
ω
, (4.13)

where qI are constants.

Setting the scalar potential V = 0 in (4.1), the Einstein field equation (4.2)
for the above metric simplifies as follows for:

• µ = ν = 0 :

ω̈

ω
− ω̇2

ω2
+

1

4
κijκ

j
i +MAB̄ϕ̇

A ˙̄ϕB +
D − 3

D − 2

ε

ω2
gzzG

IJqIqJ = 0; (4.14)

• µ = ν = z :

κ̇zz +
ω̇

ω
κzz +

2(D − 3)

D − 2

ε

ω2
gzzG

IJqIqJ = 0; (4.15)

• µ = a and ν = b :

κ̇ab +
ω̇

ω
κab −

2

D − 2

ε

ω2
δab gzzG

IJqIqJ = 0, (4.16)
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where GIJ is the inverse of GIJ .
Taking the trace of (4.16):

κ̇aa +
ω̇

ω
κaa −

2

D − 2

ε

ω2
δaagzzG

IJqIqJ = 0,

and using δaa = D − 2, we get:

κ̇aa +
ω̇

ω
κaa − 2

ε

ω2
gzzG

IJqIqJ = 0.

Adding (4.15) to the trace of (4.16):

κ̇ii +
ω̇

ω
κii −

2

D − 2

ε

ω2
gzzG

IJqIqJ = 0,

and substituting (4.8) and (4.9):

2
ω̈

ω
− 2

D − 2

ε

ω2
gzzG

IJqIqJ = 0,

we obtain:
ω̈ =

ε

(D − 2)ω
gzzG

IJqIqJ . (4.17)

Plugging (4.17) into equations (4.14), (4.15) and (4.16), we eliminate the GIJqIqJ
term, and obtain the following simplified equations:

(D − 2)
ω̈

ω
− ω̇2

ω2
+

1

4
κijκ

j
i +MAB̄ϕ̇

A ˙̄ϕB = 0, (4.18)

κ̇zz +
ω̇

ω
κzz + 2(D − 3)

ω̈

ω
= 0, (4.19)

κ̇ab +
ω̇

ω
κab − 2δab

ω̈

ω
= 0. (4.20)

Multiplying equations (4.19) and (4.20) by ω yields the differential equations:

(ωκzz )̇ = −2(D − 3)ω̈,

(ωκab )̇ = 2δab ω̈.

Integrating these equations gives:

κzz =
1

ω
(θzz − 2(D − 3)ω̇), (4.21)

κab =
1

ω
(θab + 2δab ω̇), (4.22)

where θzz and θab are integration constants. From the trace condition (4.8), these
constants satisfy the condition:

θii = θzz + θaa = 0. (4.23)
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Using the definition (4.7), we can write (4.21) and (4.22) in the following form:

ġzz =
1

ω
(θzz − 2(D − 3)ω̇)gzz, (4.24)

ġab =
1

ω
(gacθ

c
b + 2ω̇gab). (4.25)

Substituting the expressions for κij from our equations (4.21) and (4.22), into the
equation (4.18), the following equation is obtained:

1

4
θijθ

j
i + (D − 2)

[
(D − 3)ω̇2 − θzz ω̇ + ω̈ω

]
+ ω2MAB̄ϕ̇

A ˙̄ϕB = 0. (4.26)

The scalar equation of motion (4.5) corresponding to this gauge field ansatz (4.13):

1

ω

(
ωMAB̄

˙̄ϕB
)
˙− ∂AMCB̄ϕ̇

C ˙̄ϕB + εgzz∂AG
IJ qIqJ

ω2
= 0, (4.27)

where we have used:

0 = δ̇IJ = (GIJGIJ )̇ = ĠIJGIJ +GIJĠIJ ⇒ ĠIJ = −GIKGJLĠ
KL.

4.3.1 The first family of solutions

To find the first family of solutions, we simplify our equations by introducing new
variables σ and H, via the transformation:

dσ

dτ
=

1

H(σ)
,

and ω = σH(σ).

(4.28)

Using the chain rule, the derivatives of ω transform as:

ω̇ =
dω

dσ

dσ

dτ
= ω′ 1

H
= 1 + σ

H ′

H
,

ω̈ =
d

dσ

(
dω

dσ

dσ

dτ

)
dσ

dτ
=

(
ω′ 1

H

)′
1

H
=
H ′

H
+ σ

H ′′

H
− σ

(
H ′

H

)2

,

(4.29)

where the prime denotes the derivative with respect to σ.

Applying the transformations (4.28) and (4.29) to the differential equation (4.24):

g′zz
1

H
=

1

σH

(
θzz − 2(D − 3)

(
1 + σ

H ′

H

))
gzz.

Rearranging:
g′zz
gzz

=
θzz − 2(D − 3)

σ
− 2(D − 3)

H ′

H
.
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This differential equation admits the solution:

gzz = hzzσ
2pH−2(D−3), (4.30)

where hzz = ±1, and p = λzz =
1
2
(θzz − 2(D − 3)).

Similarly, transforming (4.25):

g′ab
1

H
=

1

σH

(
θcb + 2δcb

(
1 + σ

H ′

H

))
gac,

rearranging:

gacg′ab =
θcb + 2δcb

σ
+ 2δcb

H ′

H
, (4.31)

and solving:
gab = hac(e

2λ lnσ)cbH
2, (4.32)

where hab is a constant symmetric matrix satisfying:

hacλ
c
b = hbcλ

c
a, (4.33)

for

λab =
1

2
(θab + 2δab ). (4.34)

The condition (4.33) is proved in Appendix 8. Here, (4.23) is expressed in the
condition:

λii = λzz + λaa = 1.

Combining (4.30) and (4.32), we obtain the full spacetime metric:

ds2 = H2(ϵ0dσ
2 + hac(e

2λ lnσ)cbdx
adxb) + hzzσ

2pH−2(D−3)dz2. (4.35)

Equation (4.26) becomes in terms of the variables introduced in (4.28), the trans-
formed derivatives (4.29), and the constants λij:

1

4

(
(2λab − 2δab )(2λ

b
a − 2δba) + (2p+ 2(D − 3))2

)
+(D − 2)

[
(D − 3)

(
1 + σ

H ′

H

)2

−(2p+ 2(D − 3))

(
1 + σ

H ′

H

)
+

(
H ′

H
+ σ

H ′′

H
− σ

(
H ′

H

)2
)
σH

]
+ (σH)2MAB̄ϕ

′Aϕ̄′B 1

H2
= 0,

which, after arranging the terms, leads to:

MAB̄

dϕA

dσ

dϕ̄B

dσ
=

1− λijλ
j
i

σ2
− D − 2

H2

[
(D − 4)

(
dH

dσ

)2

+ (1− 2p)
H

σ

dH

dσ
+H

d2H

dσ2

]
,

(4.36)
and equation (4.17) becomes:

GIJqIqJ = (D − 2)εhzzσ
1−2pH2D−7

[
dH

dσ
+ σ

d2H

dσ2
− σ

H

(
dH

dσ

)2
]
. (4.37)
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4.3.2 The second family of solutions

For the same class of solutions: metric and gauge field, another family of solutions
can be found using the following change of variables:

dρ

dτ
=

1

ω(ρ)
, (4.38)

so that the derivatives of ω transform as:

ω̇ =
ω′

ω
,

ω̈ =
ω′′

ω2
− ω′2

ω3
,

(4.39)

where the prime in this section denotes the derivative with respect to ρ.

With the new variables, the differential equations for the metric (4.24) and (4.25)
become:

g′zz =

(
θzz − 2(D − 3)

ω′

ω

)
gzz, (4.40)

g′ab =

(
θcb + 2δcb

ω′

ω

)
gac, (4.41)

the solutions of which are given by:

gzz = hzze
θzzρω−2(D−3), (4.42)

gab = hac(e
θρ)cbω

2, (4.43)

where hzz = ±1, hab is a constant symmetric matrix satisfying

hacθ
c
b = hbcθ

c
a. (4.44)

The condition (4.44) is proved as well in Appendix 8.

The resulting spacetime metric becomes:

ds2 = ω2(ϵ0dρ
2 + hac(e

θρ)cbdx
adxb) + hzze

θzzρω−2(D−3)dz2. (4.45)

Applying the change of variables (4.38) and the transformations (4.39) to the equa-
tions (4.26) and (4.17):

MAB̄

dϕA

dρ

dϕ̄B

dρ
= −1

4
θijθ

j
i −

D − 2

ω2

[
(D − 4)

(
dω

dρ

)2

− θzzω
dω

dρ
+ ω

d2ω

dρ2

]
, (4.46)

GIJqIqJ = (D − 2)εhzze
−θzzρω2D−7

[
d2ω

dρ2
− 1

ω

(
dω

dρ

)2
]
. (4.47)
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4.4 Class 2 Solution

We now examine a second class of solutions described by the spacetime metric:

ds2 = ϵ0dτ
2 + gxxdx

2 + gyydy
2 + gabdx

adxb a, b = 1, . . . , D − 3, (4.48)

with the (xy) component of the gauge field being non-trivial, solution of Maxwell
equations (4.4) and (1.25):

F I
xy = pI , (4.49)

where pI are constants.

Assuming again that the scalar potential V = 0 in (4.1), the Einstein field equa-
tion (4.2) reduces to these components:

• µ = ν = 0 :

ω̈

ω
− ω̇2

ω2
+

1

4
κijκ

j
i +MAB̄ϕ̇

A ˙̄ϕB − 1

D − 2
εϵ0g

xxgyyGIJp
IpJ = 0; (4.50)

• µ = ν = x :

κ̇xx +
ω̇

ω
κxx +

2(D − 3)

D − 2
εϵ0g

xxgyyGIJp
IpJ = 0; (4.51)

• µ = ν = y :

κ̇yy +
ω̇

ω
κyy +

2(D − 3)

D − 2
εϵ0g

xxgyyGIJp
IpJ = 0; (4.52)

• µ = a and ν = b :

κ̇ab +
ω̇

ω
κab −

2

D − 2
εϵ0δ

a
b g

xxgyyGIJp
IpJ = 0. (4.53)

Following the same procedure, we start by taking the trace of (4.53):

κ̇aa +
ω̇

ω
κaa −

2

D − 2
εϵ0δ

a
ag

xxgyyGIJp
IpJ = 0,

and using δaa = D − 3, so that the trace becomes:

κ̇aa +
ω̇

ω
κaa −

2(D − 3)

D − 2
εϵ0g

xxgyyGIJp
IpJ = 0.

Now, adding the equations (4.51), (4.52) and the trace of (4.53), and using (4.8),
(4.9), we then get:

ω̈ = −D − 3

D − 2
εϵ0g

xxgyyGIJp
IpJω. (4.54)

We use equation (4.54) to eliminate the term GIJp
IpJ from (4.50), (4.51), (4.52)

and (4.53):
D − 2

D − 3

ω̈

ω
− ω̇2

ω2
+

1

4
κijκ

j
i +MAB̄ϕ̇

A ˙̄ϕB = 0, (4.55)
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κ̇xx +
ω̇

ω
κxx − 2

ω̈

ω
= 0, (4.56)

κ̇yy +
ω̇

ω
κyy − 2

ω̈

ω
= 0, (4.57)

κ̇ab +
ω̇

ω
κab +

2

D − 3

ω̈

ω
δab = 0. (4.58)

Multiplying by ω, we can rewrite (4.56), (4.57) and (4.58) in the integrable form:

(ωκxx)̇ = 2ω̈,

(ωκyy )̇ = 2ω̈,

(ωκab )̇ = − 2

D − 3
ω̈δab .

After integration, we find:

κxx =
1

ω
(θxx + 2ω̇), (4.59)

κyy =
1

ω
(θyy + 2ω̇), (4.60)

κab =
1

ω

(
θab −

2

D − 3
δab ω̇

)
. (4.61)

where the constants of integration θxx, θ
y
y and θab are constrained by:

θii = θxx + θyy + θaa = 0. (4.62)

Using the definition (4.7), the differential equations governing the metric components
(4.59), (4.60) and (4.61) become:

ġxx =
1

ω
(θxx + 2ω̇)gxx, (4.63)

ġyy =
1

ω
(θyy + 2ω̇)gyy, (4.64)

ġab =
1

ω

(
gacθ

c
b −

2

D − 3
ω̇gab

)
. (4.65)

Equation (4.55) can be rewritten using the results (4.59), (4.60) and (4.61):

1

4
θijθ

j
i +

D − 2

D − 3
(ω̇2 − θaaω̇ + ω̈ω) + ω2MAB̄ϕ̇

A ˙̄ϕB = 0. (4.66)

And the scalar equation of motion (4.5) for the gauge field (4.49):

1

ω

(
ωMAB̄

˙̄ϕB
)
˙− ∂AMCB̄ϕ̇

C ˙̄ϕB − εϵ0g
xxgyy∂AGIJp

IpJ = 0. (4.67)
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4.4.1 The third family of solutions

To find the third family of solutions, we will use the change of variables intro-
duced earlier (4.28). Applying the transformation to the differential equations (4.63),
(4.64), and (4.65), we obtain:

g′xx =
1

σ

(
θxx + 2

(
1 + σ

H ′

H

))
gxx,

g′yy =
1

σ

(
θyy + 2

(
1 + σ

H ′

H

))
gyy,

g′ab =
1

σ

(
θcb −

2

D − 3
δbc

(
1 + σ

H ′

H

))
gac,

which admit the solutions:
gxx = hxxσ

2pH2, (4.68)

gyy = hyyσ
2rH2, (4.69)

gab = hac(e
2λ lnσ)cbH

− 2
D−3 , (4.70)

where hxx, hyy = ±1, hab is a constant symmetric matrix and subject to the condition
hacλ

c
b = hbcλ

c
a (similar proof to that in Appendix 8), for

λxx = p =
1

2
(θxx + 2), (4.71)

λyy = r =
1

2
(θyy + 2), (4.72)

λab =
1

2

(
θab −

2

D − 3
δab

)
. (4.73)

The trace condition for the matrix λij:

λii = λxx + λyy + λaa = 1, (4.74)

which ensures the consistency with the constraint (4.62).

Thus, the full metric for the third family of solutions takes the form:

ds2 = H2(ϵ0dσ
2 + hxxσ

2pdx2 + hyyσ
2rdy2) + hac(e

2λ lnσ)cbH
− 2

D−3dxadxb. (4.75)

And the equations (4.66) and (4.54) transform to:

MAB̄

dϕA

dσ

dϕ̄B

dσ
=

1− λijλ
j
i

σ2
− D − 2

(D − 3)σ2

[
(1− 2λaa)

σ

H

dH

dσ
+
σ2

H

d2H

dσ2

]
, (4.76)

GIJp
IpJ = −D − 2

D − 3
εϵ0hxxhyyσ

1−2λaaH

[
dH

dσ
+ σ

d2H

dσ2
− σ

H

(
dH

dσ

)2
]
. (4.77)
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4.4.2 The fourth family of solutions

The fourth family of solutions arises from applying the change of variables introduced
in (4.38). Under this transformation, the differential equations (4.63), (4.64), and
(4.65) become:

g′xx =

(
θxx + 2

ω′

ω

)
gxx,

g′yy =

(
θyy + 2

ω′

ω

)
gyy,

g′ab =

(
θcb −

2

D − 3

ω′

ω
δcb

)
gac.

These equations integrate to give the solutions:

gxx = hxxe
θxxρω2, (4.78)

gyy = hyye
θyyρω2, (4.79)

gab = hac(e
θρ)cbω

− 2
D−3 , (4.80)

which, combined, give the full metric for this family of solutions:

ds2 = ω2(ϵ0dρ
2 + hxxe

θxxρdx2 + hyye
θyyρdy2) + hac(e

θρ)cbω
−2

D−3dxadxb, (4.81)

where hxx, hyy = ±1, hab is also a constant symmetric matrix and satisfy hacθ
c
b =

hbcθ
c
a, which follows from the same reasoning discussed in Appendix 8.

Applying (4.38) and (4.39) to equations (4.66) and (4.54):

MAB̄

dϕA

dρ

dϕ̄B

dρ
= −1

4
θijθ

j
i +

D − 2

(D − 3)ω

(
θaa

dω

dρ
− d2ω

dρ2

)
, (4.82)

GIJp
IpJ =

D − 2

D − 3
εϵ0hxxhyye

−θaaρ

[(
dω

dρ

)2

− ω
d2ω

dρ2

]
. (4.83)
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Chapter 5

Analytic Solutions Depending
on One Variable in D = 4, N = 2
Supergravity with Scalar and

Gauge Fields

The objective of this chapter is to find four families of exact solutions for the D = 4,
N = 2 supergravity theory. Following a procedure similar to that of the previous
chapter, we first derive the equations of motion from the Lagrangian and then
solve them for suitable gauge field choices. In the 4-dimensional case, the scalar
fields parameterize a special Kähler manifold; consequently, the relations of special
geometry prove essential in finding the four families of solutions for the metric, the
gauge and scalar fields.

5.1 The Lagrangian and Equations of Motion

We start with the bosonic part of the general Lagrangian introduced earlier, de-
scribing ungauged N = 2, D = 4 supergravity theories:

e−1L4 = R− 2gAB̄∂µz
A∂µz̄B − ε

2

(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)
, (5.1)

where F I = dAI are n+ 1 gauge fields, F̃ Iµν = 1
2
εµνρσF I

ρσ, z
A are n complex scalar

fields, and the parameter ε = ±1, fixing the sign of the gauge kinetic term.

We begin by computing the Einstein field equation by varying the Lagrangian
density (5.1) with respect to gµν .
The variation yields:

δL4 = 0
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δ(
√

|g|)
(
R− 2gAB̄∂µz

A∂µz̄B − ε

2
ImNIJF I

µνFJµν

)
+
√

|g| δ
(
gµνRµν − 2gAB̄g

µν∂µz
A∂ν z̄

B − ε

2
ImNIJg

µνgρσF I
µρFJ

νσ

)
+ δ

(
− ε

4
ReNIJ

√
|g|εµνρσF I

µνFJ
ρσ

)
= 0.

Note that the third line vanishes because the covariant Levi-Civita tensor depends
inversely on the square root of the absolute value of the determinant of the space-
time metric

√
|g|. Thus, its variation is zero:

δ
(√

|g|εµνρσ
)
= δ
(
− [µνρσ]

)
= 0,

so the variation simplifies accordingly:

−1

2

√
|g|gµνδgµν

(
R− 2gAB̄∂µz

A∂µz̄B − ε

2
ImNIJF I

µνFJµν

)
+
√

|g|
(
δgµνRµν − 2gAB̄δg

µν∂µz
A∂ν z̄

B − ε ImNIJδg
µνgρσF I

µρFJ
νσ

)
= 0,

then we divide by
√

|g|δgµν to obtain:

Rµν−2gAB̄∂µz
A∂ν z̄

B − ε ImNIJF I
µλFJ

ν
λ − 1

2
gµνR

+ gµνgAB̄∂ρz
A∂ρz̄B +

ε

4
gµν ImNIJF I

ρσFJρσ = 0.

And using the inverse metric gµν to contract the expression, we reach the Ricci
scalar:

R = 2gAB̄∂ρz
A∂ρz̄B,

where the 4-dimensional identity gµνgµν = 4 has been used. Substituting this ex-
pression back into the previous equation yields the Einstein field equation:

Rµν = 2gAB̄∂µz
A∂ν z̄

B + ε ImNIJ

(
F I
µλFJ

ν
λ − 1

4
gµνF I

αβFJαβ

)
. (5.2)

Next, we continue with the Euler-Lagrange equations for the gauge fields, which are
obtained by varying the action with respect to the gauge potentials AI

ν :

∇µ

(
δL4

δ(∇µAI
ν)

)
− δL4

δAI
ν

= 0.

The first term evaluates to:

δL4

δ(∇µAI
ν)

= −ε
2

(
ImNKJg

αβgρσFJ
βσ +ReNKJ

1

2
εαρλγFJ

λγ

)
2(δµαδ

ν
ρ − δµρ δ

ν
α)δ

K
I ,
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and the second term vanishes due to gauge invariance:

δL4

δAI
ν

= 0.

Combined, the Maxwell equation reduces to:

∇µ

(
ImNIJFJµν +ReNIJF̃Jµν

)
= 0,

or equivalently, using (4.3), it can be written as:

∂µ

[√
|g|
(
ImNIJFJµν +ReNIJF̃Jµν

)]
= 0.

We now derive the scalar field equation by varying (5.1) with respect to the complex
scalars zA and their conjugates z̄A:

δ
[
gAB̄∂µz

A∂µz̄B +
ε

4

(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)]
= 0.

Starting with zA:

∂AgCB̄∂µz
C∂µz̄BδzA + gAB̄∂µδz

A∂µz̄B

+
ε

4

(
∂A ImNIJF I

µνFJµν + ∂AReNIJF I
µνF̃Jµν

)
δzA = 0,

and using the integration by parts for the second term, then dividing by δzA:

−∇µ

(
gAB̄∂

µz̄B
)
+ ∂AgCB̄∂µz

C∂µz̄B

+
ε

4

(
∂A ImNIJF I

µνFJµν + ∂AReNIJF I
µνF̃Jµν

)
= 0,

and using the vector divergence expression (4.3), we obtain the scalar equation for
zA:

1√
|g|
∂µ
(√

|g|gAB̄∂µz̄B
)
− ∂AgCB̄∂µz

C∂µz̄B

− ε

4

(
∂A ImNIJF I

µνFJµν + ∂AReNIJF I
µνF̃Jµν

)
= 0.

(5.3)

Analogously, we repeat the same steps for the conjugate z̄B, and obtain the following
equation:

1√
|g|
∂µ
(√

|g|gAB̄∂µzA
)
− ∂B̄gAC̄∂µz

A∂µz̄C

− ε

4

(
∂B̄ ImNIJF I

µνFJµν + ∂B̄ ReNIJF I
µνF̃Jµν

)
= 0.

(5.4)

Adding and subtracting the equations for zA and z̄B, (5.3) and (5.4), according to
the relations between the derivatives discussed in Appendix 8, we obtain real and
imaginary components of the scalar field equations, respectively:

2√
|g|
∂µ
(√

|g|gAB∂µRe zA
)
− ∂Re zBgAC̄∂µz

A∂µz̄C

− ε

4

(
∂Re zB ImNIJF I

µνFJµν + ∂Re zB ReNIJF I
µνF̃Jµν

)
= 0,
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and

2√
|g|
∂µ
(√

|g|gAB∂µ Im zA
)
− ∂Im zBgAC̄∂µz

A∂µz̄C

− ε

4

(
∂Im zB ImNIJF I

µνFJµν + ∂Im zB ReNIJF I
µνF̃Jµν

)
= 0.

Now using the chain rule, we express these equations in terms of XI(zA) and their
conjugates X̄I(z̄A):[

2√
|g|
∂µ
(√

|g|QLJ̄∂
µX̄J

)
− ∂LQIJ̄∂µX

I∂µX̄J

− ε

4

(
∂L ImNIJF I

µνFJµν + ∂LReNIJF I
µνF̃Jµν

)]
∂AX

L = 0,

and [
2√
|g|
∂µ
(√

|g|QL̄J∂
µXJ

)
− ∂L̄QIJ̄∂µX

I∂µX̄J

− ε

4

(
∂L̄ ImNIJF I

µνFJµν + ∂L̄ReNIJF I
µνF̃Jµν

)]
∂ĀX̄

L = 0.

We also define here ω =
√

|g| for notational convenience, and express Maxwell and
scalar equations as:

∂µ

[
ω
(
ImNIJFJµν +ReNIJF̃Jµν

)]
= 0, (5.5)

[
2

ω
∂µ
(
ωQLJ̄∂

µX̄J
)
− ∂LQIJ̄∂µX

I∂µX̄J

− ε

4

(
∂L ImNIJF I

µνFJµν + ∂LReNIJF I
µνF̃Jµν

)]
∂AX

L = 0,

[
2

ω
∂µ
(
ωQL̄J∂

µXJ
)
− ∂L̄QIJ̄∂µX

I∂µX̄J

− ε

4

(
∂L̄ ImNIJF I

µνFJµν + ∂L̄ReNIJF I
µνF̃Jµν

)]
∂ĀX̄

L = 0.

(5.6)

5.2 The 4D Synchronous Metric

For our analysis in this chapter, we will also adopt the synchronous metric that
depends on a single variable τ , with arbitrary spacetime signature, and the Ricci
tensor components that follow, which were computed in section 4.2. We set D = 4,
and fix ReNIJ = 0 to simplify the equations of motion, so that

NIJ = iϵ ImNIJ
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and
N IJ = iϵϵ ImN IJ

where ImN IJ is the inverse of ImNIJ .
With this simplification, the equations of motion reduce to:

∂µ
[
ω ImNIJFJµν

]
= 0, (5.7)

[
2

ω
∂µ
(
ωQLJ̄∂

µX̄J
)
− ∂LQIJ̄∂µX

I∂µX̄J − ε

4
∂L ImNIJF I

µνFJµν

]
∂AX

L = 0,

[
2

ω
∂µ
(
ωQL̄J∂

µXJ
)
− ∂L̄QIJ̄∂µX

I∂µX̄J − ε

4
∂L̄ ImNIJF I

µνFJµν

]
∂ĀX̄

L = 0.

(5.8)

5.3 Class 1 Solution

The first class of solutions we will consider here corresponds to the following space-
time metric:

ds2 = ϵ0dτ
2 + gzz(τ)dz

2 + gab(τ)dx
adxb , a, b = 1, 2, (5.9)

and the non-zero (τz) gauge field, solution to equations (5.7) and (1.25):

ImNIJF Iτz =
qJ
ω
, (5.10)

where qI are constants. In this case, XI are real scalars.

Writing the components of the Einstein field equation (5.2) using this metric
gives for:

• µ = ν = 0 :

ω̈

ω
− ω̇2

ω2
+

1

4
κijκ

j
i + 2QIJẊ

IẊJ +
ε

2ω2
gzz ImN IJqIqJ = 0; (5.11)

• µ = ν = z :

κ̇zz +
ω̇

ω
κzz +

ε

ω2
gzz ImN IJqIqJ = 0; (5.12)

• µ = a and ν = b :

κ̇ab +
ω̇

ω
κab −

ε

ω2
δab gzz ImN IJqIqJ = 0. (5.13)
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Tracing equation (5.13):

κ̇aa +
ω̇

ω
κaa −

ε

ω2
δaagzz ImN IJqIqJ = 0,

and substituting δaa = 2, we get:

κ̇aa +
ω̇

ω
κaa − 2

ε

ω2
gzz ImN IJqIqJ = 0.

Adding (5.12) to the trace of (5.13) gives:

κ̇ii +
ω̇

ω
κii −

ε

ω2
gzz ImN IJqIqJ = 0,

and using the expression for the trace of κij and its derivative in (4.8) and (4.9):

2
ω̈

ω
− ε

ω2
gzz ImN IJqIqJ = 0,

or, equivalently:

ω̈ =
ε

2ω
gzz ImN IJqIqJ . (5.14)

To simplify our Einstein field equations, we get rid of the term ImN IJqIqJ by
substituting (5.14) into equations (5.11), (5.12) and (5.13) and obtain:

2
ω̈

ω
− ω̇2

ω2
+

1

4
κijκ

j
i + 2QIJẊ

IẊJ = 0, (5.15)

κ̇zz +
ω̇

ω
κzz + 2

ω̈

ω
= 0, (5.16)

κ̇ab +
ω̇

ω
κab − 2δab

ω̈

ω
= 0. (5.17)

We now rewrite equations (5.16) and (5.17) in integrable form by multiplying each
equation by ω which gives the following differential equations:

(ωκzz )̇ = −2ω̈,

(ωκab )̇ = 2δab ω̈.

The integral of these equations gives the explicit expressions for the components of
κij:

κzz =
1

ω
(θzz − 2ω̇), (5.18)

κab =
1

ω
(θab + 2δab ω̇), (5.19)

where θzz and θab are constants of integration satisfying:

θii = θzz + θaa = 0, (5.20)
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in order to be consistent with the trace condition (4.8).

Next, using the definition of κij from equation (4.7), the differential equations
(5.18) and (5.19) can equivalently be expressed in terms of the metric components
and its derivatives:

ġzz =
1

ω
(θzz − 2ω̇)gzz, (5.21)

ġab =
1

ω
(gacθ

c
b + 2ω̇gab). (5.22)

Equation (5.15) can also be further simplified by substituting the expressions for κij
obtained from equations (5.18) and (5.19):

1

4
θijθ

j
i + 2(ω̇2 − θzz ω̇ + ω̈ω) + 2ω2QIJẊ

IẊJ = 0. (5.23)

Finally, the reduced scalar equation of motion (5.8), corresponding to the gauge field
ansatz (5.10), becomes:

2
ω̇

ω
QLJẊ

LẊJ + 2
(
QLJẊ

J
)̇
ẊL − ∂LQIJẊ

IẊJẊL

+ iϵϵ0
ε

4
gµρgνσṄ LJ ImNLIF Iµν ImNJKFKρσ = 0,

where we have used the identity:(
ImNIJ

)̇
F I
µνFJµν =

(
iϵϵNIJ

)̇
δILFL

µνFJµν

= iϵϵṄIJN IMNMLFL
µνFJµν

= −iϵϵṄ IMNIJNMLFL
µνFJµν

= −iϵṄ IM ImNMLFL
µν ImNIJFJµν .

Substituting the gauge field expression, we find:

2
ω̇

ω
QLJẊ

LẊJ + 2
(
QLJẊ

J
)̇
ẊL − ∂LQIJẊ

IẊJẊL + iϵ
ε

2
gzzṄ LJ qLqJ

ω2
= 0. (5.24)

5.3.1 The special geometry relations

To simplify and solve the equations, we need to employ the relations of special ge-
ometry disussed in Appendix 8. For real scalar fields XI , the prepotential F and all
its derivatives FI , FIJ , FIJK , ... are purely imaginary.

The special geometry relations can be reduced to the following:

NIJ = iϵ(F̄IJ − FIJ)

= −2iϵFIJ ; (5.25)
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e−K = iϵ(X̄
IFI −XIF̄I)

= iϵ(X
IFI +XIFI)

= 2iϵX
IFI

= 4iϵF ; (5.26)

NIJ = F̄IJ − ϵ
iϵ

NKLXKXL
NIMX

MNJNX
N

= −FIJ − iϵϵ
(−2iϵFIMX

M)(−2iϵFJNX
N)

−2iϵFKLXKXL

= −FIJ − iϵϵ
−2iϵFIFJ

2F

=
FIFJ
F

− FIJ ; (5.27)

NIJẊ
J =

(
FIFJ
F

− FIJ

)
ẊJ

=
Ḟ

F
FI − ḞI ; (5.28)

ẊJ =
Ḟ

F
N IJFI −N IJ ḞI

=
Ḟ

F
XJ −N IJ ḞI ; (5.29)

ẊJ ḞJ =
Ḟ

F
XJ ḞJ −N IJ ḞIḞJ

=
Ḟ 2

F
−N IJ ḞIḞJ

=
Ḟ 2

F
−NIJẊ

IẊJ , (5.30)

since

NIJẊ
IẊJ = NIJ

(
Ḟ

F
XI −N IKḞK

)(
Ḟ

F
XI −N JLḞL

)

=
2Ḟ 2

F
− Ḟ 2

F
− Ḟ 2

F
+N IJ ḞIḞJ

= N IJ ḞIḞJ ; (5.31)
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QIJ = eKNIJ + e2KNIKX̄
KNJLX

L

=
−2iϵFIJ
4iϵF

+
(−2iϵFIKX

K)(−2iϵFJLX
L)

(4iϵF )2

= −FIJ
2F

+
FIFJ
4F 2

=
1

2F

(
FIFJ
2F

− FIJ

)
=

1

2F

(
NIJ −

FIFJ
2F

)
; (5.32)

QIJẊ
IẊJ =

1

2F

(
FIFJ
2F

− FIJ

)
ẊIẊJ

=
1

2F

(
Ḟ 2

2F
− ḞIẊ

I

)
=

1

2F

(
Ḟ 2

2F
− F̈ +XIF̈I

)
, (5.33)

where we have used the relations:

Ḟ = FIẊ
I = ḞIX

I ,

F̈ = F̈IX
I + ḞIẊ

I .

Using these identities, we can further simplify the scalar equation (5.24):

• first term:

2
ω̇

ω
QLJẊ

LẊJ = 2
ω̇

ω

1

2F

(
Ḟ 2

2F
− ḞLẊ

L

)
= 2

ω̇

ω

1

2F

(
− Ḟ 2

2F
+N LJ ḞLḞJ

)
= − ω̇

ω

1

2F
Ṅ LJ ḞLFJ ,

where, from the first to the second line, we have used identity (5.30), and from
the second to the third, we applied the following manipulation:

A = − Ḟ 2

2F
+N LJ ḞLḞJ = αṄ LJFJ ḞL

= α
[(
N LJFJ

)̇
−N LJ ḞJ

]
ḞL

= α
(
ẊL −N LJ ḞJ

)
ḞL

= α

(
Ḟ 2

F
− 2N LJ ḞJ ḞL

)
⇒ α = −1

2
;
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• second term:

2
(
QLJẊ

J
)̇
ẊL = 2

(
1

2F

(
FLḞ

2F
− ḞL

))̇
ẊL

= − Ḟ

F 2

(
Ḟ 2

2F
− ḞLẊ

L

)
+

1

F

(
ḞLḞ

2F
+
FLF̈

2F
− FLḞ

2

2F 2
− F̈L

)
ẊL

= − Ḟ

F 2

(
− Ḟ 2

2F
+N LJ ḞLḞJ

)
+

Ḟ

2F 2

(
Ḟ 2

F
−N LJ ḞLḞJ

)
+

Ḟ

2F 2

(
F̈JX

J +
Ḟ 2

F
−N IJ ḞIḞJ

)
− Ḟ 3

2F 3
− F̈L

F

(
Ḟ

F
XL −N LJ ḞJ

)
=
Ḟ 3

F 3
− 2N LJ ḞLḞJ

Ḟ

F 2
− Ḟ

2F 2
N LJ F̈JFL +

1

F
N LJ ḞLF̈J

=
Ḟ

F 2
Ṅ LJ ḞLFJ −

1

2F
Ṅ LJ F̈LFJ ,

where, the last line was obtained using:

−2A =
Ḟ 2

F
− 2N LJ ḞLḞJ = Ṅ LJ ḞLFJ ,

and

B = − Ḟ

2F
N LJ F̈JFL +N LJ ḞLF̈J = βṄ LJ F̈LFJ

= β
(
ẊL −N LJ ḞJ

)
F̈L

= β

(
Ḟ

F
XL − 2N LJ ḞJ

)
F̈L ⇒ β = −1

2
;

• third term:

∂LQIJẊ
IẊJ = ∂L

[
1

2F

(
NIJ −

FIFJ
2F

)]
ẊIẊJ

= − FL
2F 2

(
NIJ −

FIFJ
2F

)
ẊIẊJ

+
1

2F

(
∂LNIJ −

FILFJ
2F

− FIFLJ
2F

+
FLFIFJ
2F 2

)
ẊIẊJ

= − FL
2F 2

(
NIJẊ

IẊJ − Ḟ 2

2F

)
+

1

2F

(
∂LNIJẊ

IẊJ − ḞLḞ

2F
− Ḟ ḞL

2F
+
Ḟ 2FL
2F 2

)
=

FL
2F 2

(
Ḟ 2

F
−NIJẊ

IẊJ

)
− Ḟ ḞL

2F 2
+

1

2F
∂LNIJẊ

IẊJ

=
FL
2F 2

(
Ḟ 2

F
−N IJ ḞIḞJ

)
− Ḟ ḞL

2F 2
+

1

2F
∂LNIJẊ

IẊJ

=
FL
2F 2

(
ḞIẊ

I
)
− Ḟ ḞL

2F 2
+

1

2F
∂LNIJẊ

IẊJ ,
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multiplying this expression by ẊL, we find the third term to be:

∂LQIJẊ
IẊJẊL =

FLẊ
L

2F 2

(
ḞIẊ

I
)
− Ḟ ḞLẊ

L

2F 2
+

1

2F
∂LNIJẊ

IẊJẊL

=
1

2F
ṄIJ

(
Ḟ

F
XI −N IKḞK

)(
Ḟ

F
XJ −N JLḞL

)
=

1

2F
ṄIJ

(
− Ḟ

F
N JLḞLN IKFK − Ḟ

F
N IKḞKN JLFL +N IKḞKN JLḞL

)
=

1

2F

(
Ḟ

F
NIJṄ JLN IKḞLFK +

Ḟ

F
NIJṄ IKN JLḞKFL

−NIJṄ IKḞKN JLḞL

)
=

Ḟ

F 2
Ṅ LJ ḞLFJ −

1

2F
Ṅ LJ ḞLḞJ ,

since
ṄIJN IK = −NIJṄ IK ,

and

ṄIJX
IXJ = ḞJX

J −NIJẊ
IXJ

= ḞJX
J − FIẊ

I

= 0.

Combining all three terms, we arrive at the reduced scalar field equation derived
from (5.24):

− 1

2F
Ṅ LJ

(
ω̇

ω
ḞLFJ + F̈KFJ − ḞLḞJ

)
+ iϵ

ε

2
gzzṄ LJ qLqJ

ω2
= 0, (5.34)

multiplying by −2Fω and applying the chain rule, we obtain:

∂A ImN IJ

(
ω̇ḞIFJ + ω

(
F̈IFJ − ḞIḞJ

)
− ε

4ω
4iϵFgzzqIqJ

)
= 0. (5.35)

5.3.2 The first family of solutions

To solve the obtained equations, we perform the first change of variables, introduced
in (4.28), and derive the first family of solutions:

dσ

dτ
=

1

H(σ)
,

and ω = σH(σ).

(5.36)
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Transforming the differential equations (5.21) and (5.22) using the relations from
(4.28) and (4.29):

g′zz
1

H
=

1

σH

(
θzz − 2− 2σ

H ′

H

)
gzz,

g′ab
1

H
=

1

σH

(
θcb + 2δcb + 2δcbσ

H ′

H

)
gac.

Rearranging these, we get:
g′zz
gzz

=
θzz − 2

σ
− 2

H ′

H
,

gacg′ab =
θcb + 2δcb

σ
+ 2δcb

H ′

H
,

and solving leads to the following spacetime metric components:

gzz = hzzσ
2pH−2, (5.37)

gab = hac(e
2λ lnσ)cbH

2, (5.38)

where hzz = ±1, hab is a symmetric constant matrix satisfying the condition hacλ
c
b =

hbcλ
c
a (check Appendix 8). Here, λab =

1
2
(θab + 2δab ) and p = λzz =

1
2
(θzz − 2).

The trace condition (5.20) is satisfied by imposing:

λii = λzz + λaa = 1.

Combining the solutions (5.37) and (5.38), the spacetime metric becomes:

ds2 = H2(ϵ0dσ
2 + hac(e

2λ lnσ)cbdx
adxb) + hzzσ

2pH−2dz2. (5.39)

Transforming equation (5.23) into the new variables from (4.28) and what follows,
we arrive at:

1

4

(
(2λab − 2δab )(2λ

b
a − 2δba) + (2p+ 2)2

)
+2

[(
1 + σ

H ′

H

)2

−(2p+ 2)

(
1 + σ

H ′

H

)
+

(
H ′

H
+ σ

H ′′

H
− σ

(
H ′

H

)2
)
σH

]
+ 2(σH)2QIJX

′IX ′J 1

H2
= 0,

grouping similar terms leads to:

2QIJ
dXI

dσ

dXJ

dσ
=

1− λijλ
j
i

σ2
− 2

H2

[
(1− 2p)

H

σ

dH

dσ
+H

d2H

dσ2

]
. (5.40)

Additionally, equation (5.14) becomes:

ImN IJqIqJ = 2εhzzσ
1−2pH

[
dH

dσ
+ σ

d2H

dσ2
− σ

H

(
dH

dσ

)2
]
. (5.41)
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As an ansatz for the solution, we take:

H2 = 4iϵF. (5.42)

It follows that:

HḢ = 2iϵḞ ,

Ḣ

H
=

Ḟ

2F
,

Ḣ2

H2
+
Ḧ

H
=

F̈

2F
,

Ḟ = FIẊ
I = ḞIX

I = iϵϵ ImN IJFIḞJ .

(5.43)

Using the expression derived earlier in (5.33) and the ansatz, we find:

QIJẊ
IẊJ =

1

2F

(
Ḟ 2

2F
− F̈ +XIF̈I

)
=

(
Ḣ

H

)2

− Ḣ2

H2
− Ḧ

H
+

2iϵN IJFIF̈J
H2

= −Ḧ
H

+
2 ImN IJFIF̈J

H2
,

and this leads to the simplification of equation (5.40):

−H
′′

H
+

2 ImN IJFIF̈J
H2

=
1− λijλ

j
i

2σ2
− 1− 2p

σH
H ′ − H ′′

H

2 ImN IJFIF
′′
J =

1− λijλ
j
i

2σ2
H2 − (1− 2p)HH ′

σ

=
1− λijλ

j
i

2σ2
2iϵFIX

I − 2(1− 2p)

σ
iϵF

′,

obtaining:

ImN IJFI

[
d2FJ
dσ2

+
1− 2p

σ

dFJ
dσ

−
1− λijλ

j
i

2σ2
FJ

]
= 0. (5.44)

The general solution to this differential equation is:

FI =
1

2
iϵϵ (AIσ

p−s +BIσ
p+s), (5.45)

where AI , BI and s are constants.
Differentiating this solution gives:

dFI
dσ

=
1

2
iϵϵ
(
(p− s)AIσ

p−s−1 + (p+ s)BIσ
p+s−1

)
,

d2FI
dσ2

=
1

2
iϵϵ
(
(p− s)(p− s− 1)AIσ

p−s−2 + (p+ s)(p+ s− 1)BIσ
p+s−2

)
,
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and substituting these expressions back into (5.44):

AI(p− s)(p− s− 1) +BI(p+ s)(p+ s− 1) + (1− 2p)AI(p− s)

+(1− 2p)BI(p+ s)−
1− λijλ

j
i

2
AI −

1− λijλ
j
i

2
BI = 0,

which simplifies to the condition:

λijλ
j
i − 1 = 2(p2 − s2). (5.46)

Moving to equation (5.41), we make use of the following identities for simplifica-
tion:

• H dH
dσ

= 2 ImN IJFI
dFJ

dσ
,

• H d2H
dσ2 −

(
dH
dσ

)2
= H2 d

dσ

(
1
H

dH
dσ

)
= 4iϵF

d
dσ

(
1
2F

dF
dσ

)
= 2iϵ

[
d2F
dσ2 − 1

F

(
dF
dσ

)2]
= 2 ImN IJ

(
FI

d2FJ

dσ2 − dFI

dσ
dFJ

dσ

)
,

combined, gives:

ImN IJ

[
FI

dFJ
dσ

+ σFI
d2FJ
dσ2

− σ
dFI
dσ

dFJ
dσ

− ε

4
hzzσ

2p−1qIqJ

]
= 0. (5.47)

After substituting the solution (5.45) and its derivatives, we get the following con-
dition:

ImN IJ

[
s2AIBJ −

1

4
εϵhzzqIqJ

]
= 0 (5.48)

We apply the transformations and substitute the ansatz identities in equation (5.35):

∂A ImN IJ

[
FI

dFJ
dσ

+ σFI
d2FJ
dσ2

− σ
dFI
dσ

dFJ
dσ

− ε

4
hzzσ

2p−1qIqJ

]
= 0. (5.49)

And upon plugging the expressions of the solution (5.45), we reach a condition that
is similar to (5.48):

∂A ImN IJ

[
s2AIBJ −

1

4
εϵhzzqIqJ

]
= 0. (5.50)

5.3.3 The second family of solutions

The second change of variables mentioned in (4.38):

dρ

dτ
=

1

ω(ρ)
, (5.51)
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allows us to obtain a second family of solutions.

Applying the change of variables to the differential equations (5.21) and (5.22),
we get:

g′zz =

(
θzz − 2

ω′

ω

)
gzz,

g′ab =

(
θcb + 2δcb

ω′

ω

)
gac.

Solving these differential equations, we find the solutions to be:

gzz = hzze
θzzρω−2, (5.52)

gab = hac(e
θρ)cbω

2, (5.53)

where hzz = ±1, hab is a constant symmetric matrix satisfying hacθ
c
b = hbcθ

c
a (con-

dition proved in Appendix 8).

The resulting spacetime metric for this second family of solutions becomes:

ds2 = ω2(ϵ0dρ
2 + hac(e

θρ)cbdx
adxb) + hzze

θzzρω−2dz2. (5.54)

Applying the transformations due to (4.38) and (4.39) to equations (5.23) and (5.14),
we obtain:

QIJ
dXI

dρ

dXJ

dρ
= −1

8
θijθ

j
i +

1

ω

[
θzz
dω

dρ
− d2ω

dρ2

]
, (5.55)

ImN IJqIqJ = 2εhzze
−θzzρω

[
d2ω

dρ2
− 1

ω

(
dω

dρ

)2 ]
. (5.56)

Here, we adopt the following ansatz for our solution:

ω2 = 4iϵF, (5.57)

which implies the identities:

ωω̇ = 2iϵḞ ,

ω̇

ω
=

Ḟ

2F
,

ω̈

ω
=

F̈

2F
− Ḟ 2

4F 2
.

(5.58)

And (5.55) becomes:

QIJẊ
IẊJ = −1

8
θijθ

j
i +

1

ω
[θzz ω̇ − ω̈]

1

2F

(
Ḟ 2

2F
− F̈ +XIF̈I

)
= −1

8
θijθ

j
i + θzz

Ḟ

2F
− F̈

2F
+

Ḟ 2

4F 2

XIF̈I = −1

4
θijθ

j
iF + θzz Ḟ ,
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which can be written in the compact form:

ImN IJFJ

(
d2FI
dρ2

− θzz
dFI
dρ

+
1

8
θijθ

j
iFI

)
= 0, (5.59)

which admits the solution:

FI =
1

2
iεϵ
(
AIe

1
2
(θzz−s)ρ +BIe

1
2
(θzz+s)ρ

)
, (5.60)

where AI , BI and s are constants.
We differentiate FI twice:

dFI
dρ

=
1

4
iεϵ
(
AI(θ

z
z − s)e

1
2
(θzz−s)ρ +BI(θ

z
z + s)e

1
2
(θzz+s)ρ

)
,

d2FI
dρ2

=
1

8
iεϵ
(
AI(θ

z
z − s)2e

1
2
(θzz−s)ρ +BI(θ

z
z + s)2e

1
2
(θzz+s)ρ

)
,

and substitute to get the following condition:

θijθ
j
i = 2((θzz)

2 − s2). (5.61)

We now turn to equation (5.56). To simplify it, we use the identity:

ωω̈ − ω̇2 = ω2 d

dρ

(
1

ω

dω

dρ

)
= 4iϵF

d

dρ

(
1

2F

dF

dρ

)
= 2iϵ

(
F̈ − Ḟ 2

F

)
= 2 ImN IJ

(
F̈IFJ − ḞIḞJ

)
,

so that the equation becomes:

ImN IJ

[
FI

d2FJ
dρ2

− dFI
dρ

dFJ
dρ

− ε

4
hzze

θzzρqIqJ

]
= 0. (5.62)

Plugging the solution back, the above expression yields the condition:

ImN IJ
[
s2AIBJ − εϵhzzqIqJ

]
= 0. (5.63)

The final step for this family of solutions is to analyze the scalar field equation
(5.35), which, after the corresponding changes and simplifications, becomes:

∂A ImN IJ

[
FI

d2FJ
dρ2

− dFI
dρ

dFJ
dρ

− ε

4
hzze

θzzρqIqJ

]
= 0, (5.64)

and gives the following condition after substituting the explicit form of FI and its
derivatives:

∂A ImN IJ
[
s2AIBJ − εϵhzzqIqJ

]
= 0, (5.65)

which is similar to the one obtained in (5.63), which confirms consistency between
equations.
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5.4 Class 2 Solution

We now consider a second class of solutions characterized by the following diagonal
spacetime metric:

ds2 = ϵ0dτ
2 + gii(τ)(dx

i)2 , i = 1, 2, 3, (5.66)

with the corresponding gauge field satisfying (5.7) and (1.25):

F I
xy = pI , (5.67)

where pI are constants. The scalars XI are purely imaginary.

We now compute the components of the Einstein field equation (5.2) for this
metric:

• µ = ν = 0 :

ω̈

ω
− ω̇2

ω2
+

1

4
κijκ

j
i − 2QIJẊ

IẊJ − ε

2
ϵ0g

xxgyy ImNIJp
IpJ = 0; (5.68)

• µ = ν = x :

κ̇xx +
ω̇

ω
κxx + εϵ0g

xxgyy ImNIJp
IpJ = 0; (5.69)

• µ = ν = y :

κ̇yy +
ω̇

ω
κyy + εϵ0g

xxgyy ImNIJp
IpJ = 0; (5.70)

• µ = ν = z :

κ̇zz +
ω̇

ω
κzz − εϵ0g

xxgyy ImNIJp
IpJ = 0. (5.71)

Adding equations (5.69), (5.70) and (5.71), and using the trace relation from (4.8)
and (4.9), we get:

ω̈ = −ε
2
ϵ0g

xxgyy ImNIJp
IpJω. (5.72)

We then substitute equation (5.72) back into equations (5.68) through (5.71) elimi-
nating the explicit dependence on ImNIJp

IpJ , which leads to the simplified Einstein
equations:

2
ω̈

ω
− ω̇2

ω2
+

1

4
κijκ

j
i − 2QIJẊ

IẊJ = 0, (5.73)

κ̇xx +
ω̇

ω
κxx − 2

ω̈

ω
= 0, (5.74)

κ̇yy +
ω̇

ω
κyy − 2

ω̈

ω
= 0, (5.75)

κ̇zz +
ω̇

ω
κzz + 2

ω̈

ω
= 0. (5.76)
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We now multiply equations (5.74), (5.75) and (5.76) by ω which gives:

(ωκxx)̇ = 2ω̈,

(ωκyy )̇ = 2ω̈,

(ωκzz )̇ = −2ω̈.

Integrating these differential equations, we obtain the expressions for κij:

κxx =
1

ω
(θxx + 2ω̇), (5.77)

κyy =
1

ω
(θyy + 2ω̇), (5.78)

κzz =
1

ω
(θzz − 2ω̇). (5.79)

where the integration constants θxx, θ
y
y and θzz satisfy the condition:

θii = θxx + θyy + θzz = 0. (5.80)

Substituting the definition from (4.7) into the differential equations (5.77), (5.78)
and (5.79), we derive the corresponding first-order equations for the metric compo-
nents:

ġxx =
1

ω
(θxx + 2ω̇)gxx, (5.81)

ġyy =
1

ω
(θyy + 2ω̇)gyy, (5.82)

ġzz =
1

ω
(θzz − 2ω̇)gzz. (5.83)

We then simplify equation (5.73) using the expressions we obtained in (5.77), (5.78)
and (5.79):

1

4
θijθ

j
i + 2(ω̇2 − θzz ω̇ + ω̈ω)− 2ω2QIJẊ

IẊJ = 0. (5.84)

Turning to the scalar equation, we reduce it using the procedure applied previously:

−2
ω̇

ω
QLJẊ

LẊJ − 2
(
QLJẊ

J
)̇
ẊL + ∂LQIJẊ

IẊJẊL

+ iϵϵ0
ε

4
gµρgνσṄ LJ ImNLIF Iµν ImNJKFKρσ = 0.

(5.85)
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5.4.1 The special geometry relations

Here, we plan to simplify the scalar equation by converting FI terms into expressions
involving XI in equation (5.34).

Note that QIJ flips sign in this case:

QIJ = − 1

2F

(
NIJ −

FIFJ
2F

)
,

while NIJ retains the same expression found previously:

NIJ =
FIFJ
F

− FIJ .

We begin with:

• the first term:

−2
ω̇

ω
QLJẊ

LẊJ = 2
ω̇

ω

1

2F

(
NLJẊ

LẊJ − Ḟ 2

2F

)
= γṄLJẊ

LXJ

= γẊL
(
ḞL −NLJẊ

J
)

= γ

(
Ḟ 2

F
− 2NLJẊ

LẊJ

)
⇒ γ = − 1

2F

ω̇

ω
;

• the second and third terms:

− 1

2F
Ṅ LJFJ F̈L = − 1

2F
Ṅ LJFJ

((
Ḟ

F

)
˙FL +

Ḟ

F
ḞL − ṄLIẊ

I −NLIẌ
I

)
= − 1

2F
Ṅ LJ

(
ḞJ +NJIẊ

I
)
ḞL +

1

2F
ṄLI

(
ẊL −N LJ ḞJ

)
ẊI

− 1

2F
ṄLIX

LẌI

= − 1

2F
Ṅ LJ ḞJ ḞL +

1

2F
ṄLIẊ

LẊI − 1

2F
ṄLIX

LẌI ,

which allows us to perform the following substitution:

− 1

2F
Ṅ LJ

(
F̈JFL − ḞJ ḞL

)
= − 1

2F
ṄLJ

(
ẌJXL − ẊJẊL

)
;

• the gauge field term:

iϵϵ0
ε

4
gµρgνσṄ LJ ImNLIF Iµν ImNJKFKρσ = −ε

2
ϵ0∂A ImNIJg

xxgyypIpJ .

Putting everything together, we arrive at the scalar field equation:

∂A ImNLJ

(
ω̇ẊLXJ + ω

(
XLẌJ − ẊLẊJ

)
+
ε

4
ϵϵ0ω 4iϵFg

xxgyypIpJ
)

= 0. (5.86)
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5.4.2 The third family of solutions

To solve the equations and determine the third family of solutions, we perform the
change of variables given in (4.28). Applying this to the differential equations (5.81),
(5.82), and (5.83), we obtain:

g′xx =
1

σ

(
θxx + 2

(
1 + σ

H ′

H

))
gxx,

g′yy =
1

σ

(
θyy + 2

(
1 + σ

H ′

H

))
gyy,

g′zz =
1

σ

(
θzz − 2

(
1 + σ

H ′

H

))
gzz,

solving yields the general solutions:

gxx = hxxσ
2pH2, (5.87)

gyy = hyyσ
2rH2, (5.88)

gzz = hzzσ
2qH−2, (5.89)

where hxx, hyy, hzz = ±1, and the exponents p, r, q defined via:

λxx = p =
1

2
(θxx + 2), (5.90)

λyy = r =
1

2
(θyy + 2), (5.91)

λzz = q =
1

2
(θzz − 2). (5.92)

The matrix λij must satisfy the trace condition:

λii = λxx + λyy + λzz = p+ r + q = 1, (5.93)

which is required for consistency with the constraint (5.80).

The spacetime metric for the third family of solutions is then obtained:

ds2 = H2(ϵ0dσ
2 + hxxσ

2pdx2 + hyyσ
2rdy2) + hzzσ

2qH−2dz2. (5.94)

As for equation (5.84), it becomes after applying all the transformations:

−QIJ
dXI

dσ

dXJ

dσ
=

1− λijλ
j
i

2σ2
− 1

H2

[
(1− 2q)

H

σ

dH

dσ
+H

d2H

dσ2

]
. (5.95)

Likewise, equation (5.72) transforms into:

ImNIJp
IpJ = −2εϵ0hxxhyyσ

1−2qH

[
dH

dσ
+ σ

d2H

dσ2
− σ

H

(
dH

dσ

)2
]
. (5.96)
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The ansatz for our solution that we will take here is:

H2 = −4iϵF, (5.97)

from which these identities are deduced:

HḢ = −2iϵḞ = −2ε ImNIJX
IẊJ ,

Ḣ

H
=

Ḟ

2F
= − 2ϵ

H2
ImNIJX

JẊI ,

Ḣ2

H2
+
Ḧ

H
=

F̈

2F
,

HḦ − Ḣ2 = −2iϵ

(
F̈ − Ḟ 2

F

)
= −2ϵ ImNIJ

(
XJẌI − ẊIẊJ).

(5.98)

This allows us to simplify equation (5.95) even further, using the identity:

−QIJẊ
IẊJ =

1

2F

(
FIFJ
2F

− FIJ

)
ẊIẊJ

=
1

2F

(
Ḟ 2

2F
− ḞIẊ

I

)
=

(
Ḣ

H

)2

− 1

2F
ẊIḞI

=
F̈

2F
− Ḧ

H
− ḞIẊ

I

2F

=
1

2F
NIJX

IẌJ − Ḧ

H
,

rearranging, equation (5.95) becomes:

ImNIJX
I

(
d2XJ

dσ2
+

1− 2q

σ

dXJ

dσ
−

1− λijλ
j
i

2σ2
XJ

)
= 0. (5.99)

The above differential equation admits the following general solution:

XI =
1

2
iϵ(A

Iσq−s +BIσq+s), (5.100)

where AI , BI , and s are constants.

Differentiating the solution and substituting back yields the constraint:

λijλ
j
i − 1 = 2(q2 − s2). (5.101)

And equation (5.96) becomes:

ImNIJ

[
XI dX

J

dσ
+ σXI d

2XJ

dσ2
− σ

dXI

dσ

dXJ

dσ
− ε

4
ϵϵ0hxxhyyσ

2q−1pIpJ
]
= 0, (5.102)
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that gives, after substituting the solution, the condition:

ImNIJ

[
s2AIBJ − ε

4
ϵ0hxxhyyp

IpJ
]
= 0. (5.103)

Now we apply the same transformations for the scalar equation (5.86), and obtain:

∂A ImNIJ

[
XI dX

J

dσ
+σXI d

2XJ

dσ2
−σdX

I

dσ

dXJ

dσ
− ε

4
ϵϵ0hxxhyyσ

2q−1pIpJ
]
= 0, (5.104)

which gives a condition similar to (5.103), after plugging the solution and its deriva-
tives:

∂A ImNIJ

[
s2AIBJ − ε

4
ϵ0hxxhyyp

IpJ
]
= 0. (5.105)

5.4.3 The fourth family of solutions

We now consider the fourth family of solutions by applying the second change of
variables (4.38). The differential equations (5.81), (5.82), and (5.83) become:

g′xx =

(
θxx + 2

ω′

ω

)
gxx,

g′yy =

(
θyy + 2

ω′

ω

)
gyy,

g′zz =

(
θzz − 2

ω′

ω

)
gzz.

Solving these differential equations leads to the general solutions:

gxx = hxxe
θxxρω2, (5.106)

gyy = hyye
θyyρω2, (5.107)

gzz = hzze
θzzρω−2, (5.108)

where hii = ±1. These give the full spacetime metric for this family of solutions:

ds2 = ω2(ϵ0dρ
2 + hxxe

θxxρdx2 + hyye
θyyρdy2) + hzze

θzzρω−2dz2. (5.109)

Transforming equations (5.84) and (5.72) according to (4.38) and (4.38):

−QIJ
dXI

dρ

dXJ

dρ
= −1

8
θijθ

j
i +

1

ω

(
θzz
dω

dρ
− d2ω

dρ2

)
, (5.110)

ImNIJp
IpJ = −2εϵ0hxxhyye

−θzzρω

[
d2ω

dρ2
− 1

ω

(
dω

dρ

)2
]
. (5.111)

We now adopt the following ansatz for our solution:

ω2 = −4iϵF, (5.112)
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which gives us the following identities:

ωω̇ = −2iϵḞ ,

ω̇

ω
=

Ḟ

2F

=
1

2F
NIJX

IẊJ ,

ω̈

ω
=

F̈

2F
− Ḟ 2

4F 2

=
1

2F
NIJ(X

IẌJ − ẊIẊJ) +
Ḟ 2

4F 2
,

ωω̈ − ω̇2 = ω2 d

dρ

(
1

ω

dω

dρ

)
= −4iϵF

d

dρ

(
1

2F

dF

dρ

)
= −2iϵ

(
F̈ − Ḟ 2

F

)
= −2iϵNIJ

(
XIẌJ − ẊIẊJ

)
,

−QIJẊ
IẊJ = − Ḟ 2

4F 2
+

1

2F
NIJẊ

IẊJ .

(5.113)

Substituting these expressions in (5.110) leads to:

ImNIJX
I

(
d2XJ

dρ2
− θzz

dXJ

dρ
+

1

8
θijθ

j
iX

J

)
= 0, (5.114)

which can be solved to find:

XI =
1

2
iϵ

(
AIe

1
2
(θzz−s)ρ +BIe

1
2
(θzz+s)ρ

)
, (5.115)

where AI , BI , and s are constants. Plugging back gives the condition:

θijθ
j
i = 2((θzz)

2 − s2). (5.116)

Applying the same for equation (5.111), we reach:

ImNIJ

[
XI d

2XJ

dρ2
− dXI

dρ

dXJ

dρ
− ε

4
ϵ0ϵhxxhyye

θzzρpIpJ
]
= 0. (5.117)

When plugging the solution for XI , this equation gives the first of the two similar
conditions:

ImNIJ [s
2AIBJ − εϵ0hxxhyyp

IpJ ] = 0. (5.118)
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We still have to consider the scalar equation (5.86), where upon applying the corre-
sponding changes, gives:

∂A ImNIJ

[
XI d

2XJ

dρ2
− dXI

dρ

dXJ

dρ
− ε

4
ϵ0ϵhxxhyye

θzzρpIpJ
]
= 0, (5.119)

which gives the second of the two similar conditions:

∂A ImNIJ [s
2AIBJ − εϵ0hxxhyyp

IpJ ] = 0. (5.120)
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Chapter 6

Examples

In this chapter, we explore examples for the families of solutions discussed previously
in Chapter 5, where we apply an N = 2 supergravity model for these solutions, in
4 dimensions.

We make the following choice of parameters throughout all of the sections of
this chapter:

ϵ = ε = ϵ0 = −hij = −1 , (6.1)

which corresponds to Lorentzian signature models.

6.1 Example 1: The First Family of Solutions for N = 2,
D = 4 Supergravity

For N = 2 supergavity, we consider a model where we take the holomorphic prepo-
tential F to be (generalized Melvin cosmologies [15]):

F = −iX0X1, (6.2)

corresponding to a model where the scalar manifold is given by SL(2,R)/SO(2).
From the solution found in Section 5.3.2, we set AI = 1, and take s = p = λzz in
(5.48) and (5.50), we get:

BI =
q2I
4p2

, (6.3)

for I = 0, 1. This implies, due to (5.45), the following expression of FI :

FI = −1

2
i

(
1 +

q2I
4p2

σ2p

)
(6.4)

Differentiating F with respect to XI , we obtain:

F0 = −iX1,

F1 = −iX0,
(6.5)
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which we can write as:

FI =
F

XI
. (6.6)

Differentiating again, with respect to XJ , we obtain:

FIJ =
FJ
XI

− F

(XI)2
δIJ

=
F

XIXJ
− F

(XI)2
δIJ

(6.7)

Using (5.27), we can see that NIJ becomes:

NIJ =
FIFJ
F

− FIJ

=
F 2

XIXJF
− F

XIXJ
+

F

(XI)2
δIJ

=
F

(XI)2
δIJ ,

(6.8)

and
NIJX

J = FI (6.9)

gives, using (6.4) and (6.8):

F

(XI)2
XI =

−i
2
(1 +BIσ

2p)

−iX0X1

(XI)2
XI =

−i
2
(1 +BIσ

2p),

(6.10)

from which we can obtain the expressions of X0 and X1:

X0 =
1

2

(
1 +

q21
4p2

σ2p

)
,

X1 =
1

2

(
1 +

q20
4p2

σ2p

)
.

(6.11)

In order to obtain the final form of the metric, we need to compute H2 using the
ansatz (5.42):

H2 = 4iF

= 4X0X1

=

(
1 +

q21
4p2

σ2p

)(
1 +

q20
4p2

σ2p

)
,

(6.12)

which transforms the metric (5.39) into:

ds2 =

(
1 +

q21
4p2

σ2p

)(
1 +

q20
4p2

σ2p

)(
−dσ2 + (e2λ lnσ)abdx

adxb
)

+
σ2p(

1 +
q21
4p2
σ2p
)(

1 +
q20
4p2
σ2p
)dz2 . (6.13)
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The gauge field in this case (5.10) is found to be:

ImNIJFJσz =
qI
σH2

−X0X1

(XI)2
F Iσz =

qI
4σX0X1

,
(6.14)

so that:
F0σz = − q0

4σ(X1)2
, F1σz = − q1

4σ(X0)2
, (6.15)

F0
σz =

q0σ
2p−1(

1 +
q20
4p2
σ2p
)2 , F1

σz =
q1σ

2p−1(
1 +

q21
4p2
σ2p
)2 . (6.16)

6.2 Example 2: The Second Family of Solutions for N = 2,
D = 4 Supergravity

Here, we consider the same holomorphic prepotential (6.2), applied on the solution
discussed in Section 5.3.3, where we set AI = 1 and s = θzz , so that (5.63) and (5.65)
give:

BI =
q2I

(θzz)
2
, (6.17)

and (5.60) become:

FI = −1

2
i

(
1 +

q2I
(θzz)

2
eθ

z
zρ

)
. (6.18)

Substituting (6.18) and (6.8) in (6.9):

NIJX
J = FI

F

(XI)2
XI =

−i
2
(1 +BIe

θzzρ)

−iX0X1

(XI)2
XI =

−i
2
(1 +BIe

θzzρ) ,

(6.19)

which results in the expressions of X0 and X1:

X0 =
1

2

(
1 +

q21
(θzz)

2
eθ

z
zρ

)
,

X1 =
1

2

(
1 +

q20
(θzz)

2
eθ

z
zρ

)
.

(6.20)

Using the ansatz (5.57) to compute ω2 as a step towards finding the metric:

ω2 = 4iF

= 4X0X1

=

(
1 +

q21
(θzz)

2
eθ

z
zρ

)(
1 +

q20
(θzz)

2
eθ

z
zρ

)
,

(6.21)
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so the metric (5.54) becomes:

ds2 =

(
1 +

q21
(θzz)

2
eθ

z
zρ

)(
1 +

q20
(θzz)

2
eθ

z
zρ

)(
−dρ2 + (eθρ)abdx

adxb
)

+
eθ

z
zρ(

1 +
q21

(θzz)
2 eθ

z
zρ
)(

1 +
q20

(θzz)
2 eθ

z
zρ
)dz2 . (6.22)

And for the gauge field (5.10), we find:

ImNIJFJρz =
qI
ω2

−X0X1

(XI)2
F Iρz =

qI
4X0X1

,
(6.23)

which implies the following expressions:

F0ρz = − q0
4(X1)2

, F1ρz = − q1
4(X0)2

, (6.24)

F0
ρz =

q0e
θzzρ(

1 +
q20

(θzz)
2 eθ

z
zρ
)2 , F1

ρz =
q1e

θzzρ(
1 +

q21
(θzz)

2 eθ
z
zρ
)2 . (6.25)

6.3 Example 3: The Third Family of Solutions for N = 2,
D = 4 Supergravity

Taking the same starting point (6.2), we give an example of the solutions discussed
in Section 5.4.2. Setting AI = 1 and s = q = λzz in (5.103) and (5.105):

BI =
(pI)2

4q2
, (6.26)

which allows us to express XI from (5.100) as:

XI =
i

2
(1 +BIσ2q) , (6.27)

and hence:

X0 =
i

2

(
1 +

(p0)2

4q2
σ2q

)
,

X1 =
i

2

(
1 +

(p1)2

4q2
σ2q

)
.

(6.28)

Using the ansatz (5.97), we obtain:

H2 = −4iF

= −4X0X1

=

(
1 +

(p0)2

4q2
σ2q

)(
1 +

(p1)2

4q2
σ2q

)
.

(6.29)
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And the metric (5.94) becomes:

ds2 =

(
1 +

(p0)2

4q2
σ2q

)(
1 +

(p1)2

4q2
σ2q

)(
−dσ2 + σ2pdx2 + σ2rdy2

)
+

σ2q(
1 + (p0)2

4q2
σ2q
)(

1 + (p1)2

4q2
σ2q
)dz2 (6.30)

The gauge field (5.67) remains simply as follows:

F I
xy = pI (6.31)

F0
xy = p0, F1

xy = p1 . (6.32)

6.4 Example 4: The Fourth Family of Solutions for N = 2,
D = 4 Supergravity

Similarly, we start with (6.2), applied on the solutions discussed in Section 5.4.3.
Setting AI = 1 and s = θzz in (5.118) and (5.120):

BI =
(pI)2

(θzz)
2
, (6.33)

which updates (5.115) into:

XI =
i

2
(1 +BIeθ

z
zρ) , (6.34)

in components:

X0 =
i

2

(
1 +

(p0)2

(θzz)
2
eθ

z
zρ

)
,

X1 =
i

2

(
1 +

(p1)2

(θzz)
2
eθ

z
zρ

)
.

(6.35)

The ansatz (5.112) is expressed as:

ω2 = −4iF

= −4X0X1

=

(
1 +

(p0)2

(θzz)
2
eθ

z
zρ

)(
1 +

(p1)2

(θzz)
2
eθ

z
zρ

)
.

(6.36)

Then the metric (5.109) can be written as:

ds2 =

(
1 +

(p0)2

(θzz)
2
eθ

z
zρ

)(
1 +

(p1)2

(θzz)
2
eθ

z
zρ

)(
−dρ2 + eθ

x
xρdx2 + eθ

y
yρdy2

)
+

eθ
z
zρ(

1 + (p0)2

(θzz)
2 eθ

z
zρ
)(

1 + (p1)2

(θzz)
2 eθ

z
zρ
)dz2 . (6.37)
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Similarly to the previous example, the gauge field (5.67) remains the same:

F I
xy = pI (6.38)

F0
xy = p0, F1

xy = p1 . (6.39)
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Chapter 7

SL(N,R)/SO(N,R) Coset Model

In this chapter, we apply the results of our previous analysis from Chapter 4 to
a class of supergavity theories: models where the scalar fields parameterize the
symmetric subspace SL(N,R)/SO(N,R) of the coset manifold found in maximal
gauged supergravity. We use the specific relations of this coset model to simplify
the equations of motion. This approach allows us to solve the system and obtain
the four families of solutions.

7.1 The Lagrangian

We consider D-dimensional theories described by the following Lagrangian:

e−1LD = R− 1

2
(∂ϕ⃗)2 −

N∑
I=1

ε

4(XI)2
F I
µνF Iµν . (7.1)

Comparing with our general Lagrangian:

e−1LD = R−MAB∂µϕ
A∂µϕB − ε

2
GIJF I

µνFJµν , (7.2)

implies that:

GIJ =
1

2(XI)2
δIJ , MAB =

1

2
δAB, (7.3)

where the N scalar fields are subject to the condition:

N∏
I=1

XI = 1. (7.4)

The relation of the constrained scalars XI to the (N − 1) independent dilatonic

scalars ϕ⃗ is given by:

XI = e−
1
2
b⃗I ·ϕ⃗, (7.5)
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where b⃗I are the weight vectors of the fundamental representation of SL(N,R),
satisfying:

b⃗I · b⃗J = 8δIJ −
8

N
,

N∑
I=1

b⃗I = 0. (7.6)

We can express the scalars ϕ⃗ in terms of XI (proved in Appendix 8) by:

ϕ⃗ = −1

4

N∑
I=1

b⃗I lnXI . (7.7)

7.2 The First Family of Solutions

We start by considering the class of solutions with the spacetime metric:

ds2 = H2
(
ϵ0dσ

2 + hac(e
2λ lnσ)cbdx

adxb
)
+ hzzσ

2pH−2(D−3)dz2. (7.8)

For these solutions, the gauge field two-form is given by:

GIJF Iσz =
qJ
ω

=
qJ
σH2

. (7.9)

We also have for our theories the following equations:

MAB
dϕA

dσ

dϕB

dσ
=

1− λijλ
j
i

σ2
− D − 2

H2

[
(D − 4)

(
dH

dσ

)2

+ (1− 2p)
H

σ

dH

dσ
+H

d2H

dσ2

]
,

(7.10)

GIJqIqJ = (D − 2)εhzzσ
1−2pH2D−7

[
dH

dσ
+ σ

d2H

dσ2
− σ

H

(
dH

dσ

)2
]
. (7.11)

We start the analysis by making the following ansatz for the scalars:

XI =
HD−3

f I
, (7.12)

ẊI

XI

= − ḟ
I

f I
+

(D − 3)Ḣ

H
. (7.13)

From (7.7) we can find:

˙⃗
ϕ = −1

4

∑
I

b⃗I
ẊI

XI

= −1

4

∑
I

b⃗I

(
− ḟ I

f I
+

(D − 3)Ḣ

H

)
=

1

4

∑
I

b⃗I
ḟ I

f I
− 1

4

(D − 3)Ḣ

H

∑
I

b⃗I

=
1

4

∑
I

b⃗I
ḟ I

f I
,

(7.14)
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(
˙⃗
ϕ
)2

=

(
1

4

∑
I

b⃗I
ḟ I

f I

)
·
(
1

4

∑
J

b⃗J
ḟJ

fJ

)
=

1

16

∑
I,J

b⃗I · b⃗J
ḟ I ḟJ

f IfJ

=
1

16

∑
I,J

(
8δIJ −

8

N

)
ḟ I ḟJ

f IfJ

=
1

2

∑
I

(
ḟ I

f I

)2

− 1

N

(∑
I

ḟ I

f I

)2
 .

(7.15)

Using (7.4) we obtain (proved in Appendix 8):∏
I

f I = H(D−3)N , (7.16)

Ḣ

H
=

1

N(D − 3)

∑
I

ḟ I

f I
, (7.17)

Ḧ

H
=

1

N(D − 3)

∑
I

 f̈ I
f I

−

(
ḟ I

f I

)2
+

1

N2(D − 3)2

(∑
I

ḟ I

f I

)2

. (7.18)

Plugging all in the equation of motion (7.10) gives:

1− λijλ
j
i

σ2
− D − 2

N(D − 3)

∑
I

(
1− 2p

σ

ḟ I

f I
+
f̈ I

f I

)

+

(
4D − 8−N(D − 3)

4N(D − 3)

)∑
I

(
ḟ I

f I

)2

− 1

N

(∑
I

ḟ I

f I

)2
 = 0,

(7.19)

and in the equation of motion (7.11) gives:

2N(D − 3)

D − 2
εhzzσ

2p−1(qI)
2 = ḟ If I + σ(f̈ If I − (ḟ I)2), (7.20)

which admits a solution of the following form:

f I = AIσp−s +BIσp+s. (7.21)

Upon substitution in (7.20) we obtain:

AIBI =
N(D − 3)εhzz
2s2(D − 2)

(qI)
2, (7.22)

and in (7.19):

N =
4(D − 2)

D − 3
, (7.23)
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f̈ I +
1− 2p

σ
ḟ I + 4

λijλ
j
i − 1

σ2
f I = 0, (7.24)

λijλ
j
i − 1 =

1

4
(p2 − s2). (7.25)

Setting AI = 1 and s = p gives:

f I = 1 +BIσ2p, (7.26)

where:

BI =
2

p2
εhzz(qI)

2. (7.27)

Using (??), (7.12) and (7.16), we find:

HN(D−3) =
∏
I

(1 +BIσ2p), (7.28)

XI =
HD−3

1 +BIσ2p
. (7.29)

7.3 The Second Family of Solutions

We can also get a second class of solutions by making a different change of variables
and obtaining the following metric:

ds2 = ω2
(
ϵ0dρ

2 + hac(e
θρ)cbdx

adxb
)
+ hzze

θzzρω−2(D−3)dz2. (7.30)

The gauge field for this family of solutions:

GIJF Iρz =
qJ
ω
. (7.31)

The equations of motion become:

MAB
dϕA

dρ

dϕB

dρ
= −1

4
θijθ

j
i −

D − 2

ω2

[
(D − 4)

(
dω

dρ

)2

− θzzω
dω

dρ
+ ω

d2ω

dρ2

]
, (7.32)

GIJqIqJ = (D − 2)εhzze
−θzzρω2D−7

[
d2ω

dρ2
− 1

ω

(
dω

dρ

)2
]
, (7.33)

with the following ansatz:

XI =
ωD−3

f I
, (7.34)

give:

− 1

4
θijθ

j
i −

D − 2

N(D − 3)

∑
I

(
f̈ I

f I
− θzz

ḟ I

f I

)

+

(
4D − 8−N(D − 3)

4N(D − 3)

)∑
I

(
ḟ I

f I

)2

− 1

N

(∑
I

ḟ I

f I

)2
 = 0,

(7.35)
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2N(D − 3)

D − 2
εhzze

θzzρ(qI)
2 = f I f̈ I − (ḟ I)2, (7.36)

which admits a solution of the form:

f I = AIe
1
2
(θzz−s)ρ +BIe

1
2
(θzz+s)ρ, (7.37)

with the following conditions:

AIBI =
2N(D − 3)εhzz
s2(D − 2)

(qI)
2, (7.38)

f̈ I − θzz ḟ
I + θijθ

j
i f

I = 0, (7.39)

N =
4(D − 2)

D − 3
, (7.40)

θab θ
b
a = −3

4
(θzz)

2 − 1

4
s2. (7.41)

Setting AI = 1 and s = θzz we obtain the following:

f I = 1 +BIeθ
z
zρ, (7.42)

BI =
8

(θzz)
2
εhzz(qI)

2, (7.43)

ωN(D−3) =
∏
I

(1 +BIeθ
z
zρ), (7.44)

XI =
ωD−3

1 +BIeθzzρ
. (7.45)

7.4 The Third Family of Solutions

A third family of solutions can be obtained by considering the metric:

ds2 = H2(ϵ0dσ
2 + hxxσ

2pdx2 + hyyσ
2rdy2) + hac(e

2λ lnσ)cbH
− 2

D−3dxadxb. (7.46)

For these solutions, the gauge field is:

F I
xy = pI . (7.47)

Here, the equations of motion:

MAB
dϕA

dσ

dϕB

dσ
=

1− λijλ
j
i

σ2
− D − 2

(D − 3)σ2

[
(1− 2λaa)

σ

H

dH

dσ
+
σ2

H

d2H

dσ2

]
, (7.48)

GIJp
IpJ = −D − 2

D − 3
εϵ0hxxhyyσ

1−2λaaH

[
dH

dσ
+ σ

d2H

dσ2
− σ

H

(
dH

dσ

)2
]
, (7.49)
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with the following ansatz:

XI =
gI
H
, (7.50)

lead to:

1− λijλ
j
i

σ2
− D − 2

N(D − 3)

∑
I

(
1− 2λaa

σ

ġI
gI

+
g̈I
gI

)

+

(
4D − 8−N(D − 3)

4N(D − 3)

)∑
I

(
ġI
gI

)2

− 1

N

(∑
I

ġI
gI

)2
 = 0,

(7.51)

−N(D − 3)

2(D − 2)
εϵ0hxxhyyσ

2λaa−1(pI)2 = ġIgI + σ(g̈IgI − (ġI)
2). (7.52)

The solution of these equations is as follows:

gI = AIσ
λaa−s +BIσ

λaa+s, (7.53)

with

AIBI = − N(D − 3)

8s2(D − 2)
εϵ0hxxhyy(p

I)2, (7.54)

g̈I +
1− 2λaa

σ
ġI + 4

λµνλ
ν
µ − 1

σ2
gI = 0, (7.55)

N =
4(D − 2)

D − 3
, (7.56)

λijλ
j
i − 1 =

1

4
((λaa)

2 − s2). (7.57)

Again, setting AI = 0 and s = λaa will give the following:

gI = 1 +BIσ
2λaa , (7.58)

BI = − 1

2(λaa)
2
εϵ0hxxhyy(p

I)2, (7.59)

HN =
∏
I

(1 +BIσ2λaa), (7.60)

XI = H−1(1 +BIσ2λaa). (7.61)

7.5 The Fourth Family of Solutions

The fourth family of solutions can also be obtained by a different change of variables.
The metric:

ds2 = ω2(ϵ0dρ
2 + hxxe

θxxρdx2 + hyye
θyyρdy2) + hac(e

θρ)cbω
−2

D−3dxadxb. (7.62)

And the gauge fields:
F I
xy = pI . (7.63)
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Solving the following equations of motion:

MAB
dϕA

dρ

dϕB

dρ
= −1

4
θijθ

j
i +

D − 2

(D − 3)ω

(
θaa

dω

dρ
− d2ω

dρ2

)
, (7.64)

GIJp
IpJ =

D − 2

D − 3
εϵ0hxxhyye

−θaaρ

[(
dω

dρ

)2

− ω
d2ω

dρ2

]
, (7.65)

with the ansatz:
XI =

gI
ω
, (7.66)

gives:

− 1

4
θijθ

j
i −

D − 2

N(D − 3)

∑
I

(
g̈I
gI

− θaa
ġI
gI

)

+

(
4D − 8−N(D − 3)

4N(D − 3)

)∑
I

(
ġI
gI

)2

− 1

N

(∑
I

ġI
gI

)2
 = 0,

(7.67)

−N(D − 3)

2(D − 2)
εϵ0hxxhyye

θaaρ(pI)2 = g̈IgI − (ġI)
2, (7.68)

and results in:

gI = AIe
1
2
(θaa−s)ρ +BIe

1
2
(θaa+s)ρ, (7.69)

where:

AIBI = − N(D − 3)

2s2(D − 2)
εϵ0hxxhyy(p

I)2, (7.70)

g̈I − θaaġI + θijθ
j
i gI = 0, (7.71)

N =
4(D − 2)

D − 3
, (7.72)

θijθ
j
i =

1

4
((θaa)

2 − s2). (7.73)

Setting AI = 0 and s = θaa implies:

gI = 1 +BIe
θaaρ, (7.74)

BI = − 2

(θaa)
2
εϵ0hxxhyy(p

I)2, (7.75)

ωN =
∏
I

(1 +BIe
θaaρ), (7.76)

XI = ω−1(1 +BIe
θaaρ). (7.77)
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Chapter 8

Summary and Conclusion

In this thesis, we started with a generic D-dimensional Lagrangian (4.1) describing
the bosonic sector of a wide class of supergravity theories. We derived the equa-
tions of motion (4.2), (4.4), (4.5), and restricted our analysis to fields depending
on a single variable. This constraint significantly simplifies the coupled differential
equations, making them solvable analytically.

Using the synchronous one-variable metric (4.6) as our seed metric, we obtained
the most general one-variable metric ansatz, by considering two different non-trivial
components of the gauge fields (4.13), (4.49), and applying two distinct changes of
variables (4.28), (4.38), we derived a total of four families of solutions for gravita-
tional theories coupled to scalar and Abelian gauge fields.

Without specific knowledge of the scalar fields structure, the scalar equation
of motion remains difficult to solve. To address this, we applied our work to
N = 2, D = 4 supergravity, giving us the advantage of exploiting the very use-
ful relations of special geometry (discussed in Appendix 8), which played a crucial
role in simplifying the equations of motion. These simplified equations were then
solved to yield four distinct families of solutions for the metric, gauge fields and
scalar fields (5.45), (5.60), (5.100), (5.115).

From these general results, we constructed explicit solutions for an N = 2, D = 4
supergravity model with a Lorentzian signature, where the scalar manifold is given
by SL(2,R)/SO(2) (6.2). Additionally, we found explicit solutions for real scalars
parametrizing the coset manifold SL(N,R)/SO(N,R), where solutions can only ex-
ist in N = 8, 6 and 5 corresponding, respectively, to spacetime dimensions D = 4, 5
and 7 (7.23).

For future work, we can extend this analysis to find dyonic solutions, where
both electric and magnetic components of the gauge field coexist simultaneously.
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Uniqueness of the Levi-Civita
Connection

A connection is called a Levi-Civita connection if it:

1. preserves the metric: ∇λgµν ≡ ∂λgµν − Γρλµgρν − Γρλνgµρ = 0;

2. is torsion-free: Tαµν ≡ Γαµν − Γανµ = 0.

From the first condition, we can write

∇λgµν +∇µgνλ −∇νgλµ = 0

∂λgµν − Γρλµgρν − Γρλνgµρ + ∂µgνλ − Γρµνgρλ−Γρµλgνρ − ∂νgλµ + Γρνλgρµ + Γρνµgλρ = 0

The third and fifth terms cancel with the eighth and ninth ones respectively, accord-
ing to the second condition. The equation becomes

∂λgµν − Γρλµgρν + ∂µgνλ−Γρµλgνρ − ∂νgλµ = 0

Then multiplying by the inverse of the metric gρν , we get the unique expression of
the Christoffel symbols:

Γρλµ =
1

2
gρν
(
gµν,λ + gνλ,µ − gλµ,ν

)
(1)
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Variation of
√

|g|

Let g = det(gµν). We often encounter the coordinate volume element multiplied

by
√

|g| to obtain an invariant volume element that is independent of the choice of
coordinates. The reason is that d4x transforms like:

d4x′ =

∣∣∣∣ det(∂x′∂x

)∣∣∣∣d4x, (2)

and g like:

g′ =

∣∣∣∣ det(∂x′∂x

)∣∣∣∣2g, (3)

so that: ∣∣∣∣ det(∂x′∂x

)∣∣∣∣ = ( gg′
) 1

2

. (4)

We conclude that
d4x
√
|g| = d4x′

√
|g′| (5)

is an invariant quantity. This means that the factor
√
|g| is needed to compensate

for the way the metric distorts volume.

The variation of this factor is very useful for the action principle. To find the
variation, we start by assuming a symmetric matrix A. A is diagonalizable, so we
can write it in terms of its eigenvalues λi.

ln
(
det(A)

)
= ln

(∏
i

λi

)
=
∑
i

ln(λi)

= tr
(
ln (A)

)
(6)

Using this identity, we can vary g as follows:

δg

g
=
δgµν
gµν

= δgµν g
µν (7)

But

δ
(
gµνgµν

)
= 0

gµνδgµν = −gµνδgµν
(8)
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Now we can find:

δ
√
|g|

δgµν
= −

δ
√

|g|
δ − g

δg

δgµν

= − 1

2
√

|g|
(−ggµν)

= −1

2

√
|g|gµν

(9)

And the variation is found to be:

δ
√
|g| = −1

2

√
|g|gµν δgµν (10)
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Variation of Rµν

We start with the expression of Rµν :

Rµν = ∂ρΓ
ρ
µν − ∂νΓ

ρ
µρ + ΓρµνΓ

σ
ρσ − ΓρµσΓ

σ
νρ , (11)

and vary the terms:

δRµν = ∂ρδΓ
ρ
µν − ∂νδΓ

ρ
µρ + δΓρµνΓ

σ
ρσ + ΓρµνδΓ

σ
ρσ − δΓρµσΓ

σ
νρ − ΓρµσδΓ

σ
νρ

= ∇ρδΓ
ρ
µν −∇νδΓ

ρ
µρ

=
1

2
gρλ
(
∇ρ∇µδgλν +∇ρ∇νδgλµ −∇ρ∇λδgµν

−∇ν∇ρδgλµ −∇ν∇µδgλρ +∇ν∇λδgρµ
)
,

(12)

where, from the first to the second line we used:

∇ρδΓ
ρ
µν = ∂ρΓ

ρ
µν + ΓρρλδΓ

λ
µν − ΓλρµδΓ

ρ
λν − ΓλρνδΓ

ρ
µλ, (13)

since δΓµνλ is a tensor. And from the second to the third line:

δΓµνλ =
1

2
gµρ
(
∇νδgρλ +∇λδgρν −∇ρδgνλ

)
, (14)

since

1

2
gµρ
(
∇νδgρλ +∇λδgρν −∇ρδgνλ

)
=

1

2
gµρ
(
∂νδgρλ − Γσνρδgσλ − Γσνλδgρσ

+ ∂λδgρν − Γσλρδgσν − Γσλνδgρσ

− ∂ρδgνλ + Γσρνδgσλ + Γσρλδgνσ
)

= gµρδΓρνλ + Γρνλδg
µρ

= δΓµνλ.

(15)
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Contracting with gµν , we obtain:

gµνδRµν =
1

2

(
−∇λ∇µδg

λµ −∇λ∇νδg
λν + gλρ∇λ∇ρ

(
gµνδg

µν
)

+∇ν∇λδg
λν + gµν∇ν∇λ

(
gρλδg

ρλ
)
−∇ν∇ρδg

ρν

)
= ∇µ∇ν

(
gµνgαβδg

αβ − δgµν
)

= ∇µJ
µ ,

(16)

where we have used:

gαβgγδδgαγ = δ
(
gαβgγδgαγ

)
− δδαδg

αβ − δβγ δg
γδ

= −δgβδ
(17)
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The Divergence of a Vector

The divergence of a vector field on a pseudo-Riemannian manifold is defined as:

∇µV
µ ≡ ∂µV

µ + ΓµµνV
ν . (18)

Computing Γµµν gives:

Γµµν =
1

2
gµλ
(
gµλ,ν + gλν,µ − gµν,λ

)
=

1

2
gµλgµλ,ν

=
1√
|g|
∂ν
√
|g|,

where, from the first to the second line, we exchanged µ and λ in the last term due
to its contraction with gµλ, so it cancels with the second term. As for the third line,
we obtain it from:

∂ν ln
(√

|g|
)
=

1√
|g|
∂ν
√
|g|

= −1

2
gµλg

µλ
,ν

=
1

2
gµλgµλ,ν ,

where we used (10).

So the divergence becomes:

∇µV
µ = ∂µV

µ +
1√
|g|
∂µ
√

|g|V µ

=
1√
|g|
∂µ

(√
|g|V µ

) (19)

78



Proof of the Symmetry
Conditions of the Matrices h,

hλ, and hθ

Starting with the solution (4.32):

gab = hac(e
2λ lnσ)cbH

2, (20)

we differentiate with respect to σ using the identity proved in Appendix 8:

g′ab = hac
2λcd
σ

(e2λ lnσ)db H
2 + hac(e

2λ lnσ)cb 2HH
′, (21)

and substitute the expressions of gab and g
′
ab in (4.31):

g′ab =

(
θcb + 2δcb

σ
+ 2δcb

H ′

H

)
gac, (22)

which, due to the symmetry of gab and g
′
ab, can be written as:

g′ba =

(
θcb + 2δcb

σ
+ 2δcb

H ′

H

)
gca .

This gives:

hbc
2λcd
σ

(e2λ lnσ)daH
2 + hbc(e

2λ lnσ)ca 2HH
′ =

(
θcb + 2δcb

σ
+ 2δcb

H ′

H

)
hcd(e

2λ lnσ)daH
2.

The second term of the left-hand side cancels with the second term of the right-hand
side, leaving us with:

hbc
2λcd
σ

(e2λ lnσ)daH
2 =

θcb + 2δcb
σ

hcd(e
2λ lnσ)daH

2,

simplifying, we get:
hbcλ

c
d = hcdλ

c
b.

Using the symmetry condition for hab and renaming the dummy index, we obtain
the condition (4.33):

hacλ
c
b = hbcλ

c
a (23)
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Similarly for (4.44), we start with the solution (4.43):

gab = hac(e
θρ)cbω

2, (24)

differentiate it with respect to ρ:

g′ab = hacθ
c
d(e

θρ)dbω
2 + hac(e

θρ)cb 2ωω
′, (25)

and substituting back in (4.41):

g′ab =

(
θcb + 2δcb

ω′

ω

)
gac, (26)

we reach:

g′ba =

(
θcb + 2δcb

ω′

ω

)
gca

hbcθ
c
d(e

θρ)daω
2 + hbc(e

θρ)ca 2ωω
′ =

(
θcb + 2δcb

ω′

ω

)
hcd(e

θρ)daω
2

hbcθ
c
d = θcbhcd,

which leads to (4.44):
hacθ

c
b = hbcθ

c
a. (27)
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Proof of the Derivative of e2λ lnσ

By definition, the exponential of the square matrix A is given by:

eA =
∞∑
i=0

1

k!
Ak. (28)

We can expand the given exponential as follows:

e2λ lnσ = 1+ 2λ lnσ +
(2λ lnσ)2

2!
+

(2λ lnσ)3

3!
+ . . . (29)

Taking the derivative with respect to σ:

de2λ lnσ

dσ
= 0 +

2λ

σ
+ (2λ lnσ)

2λ

σ
+

(2λ lnσ)2

2!

2λ

σ
+ . . .

=
2λ

σ

(
1+ 2λ lnσ +

(2λ lnσ)2

2!
+ . . .

) (30)

Comparing the sum in the parentheses with the expansion of the exponential, we
get:

de2λ lnσ

dσ
=

2λ

σ
e2λ lnσ. (31)

Writing it in component form:(
de2λ lnσ

dσ

)a
b

=
2λac
σ

(
e2λ lnσ

)c
b

(32)
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Relations Among Derivatives

Let z = a+ ib be a complex variable, z̄ = a− ib its complex conjugate, and f(z, z̄)
a complex function depending on z and its conjugate z̄.

The complex partial derivatives are defined as follows:

∂f(z, z̄)

∂z
=

1

2

(
∂

∂a
− i

∂

∂b

)
f(z, z̄),

∂f(z, z̄)

∂z̄
=

1

2

(
∂

∂a
+ i

∂

∂b

)
f(z, z̄).

(33)

From these definitions, we can deduce the following:(
∂

∂z
+

∂

∂z̄

)
f(z, z̄) =

∂f(z, z̄)

∂a
,

(
∂

∂z
− ∂

∂z̄

)
f(z, z̄) = −i∂f(z, z̄)

∂b
.

(34)

We can use these identities to prove the result of addition and subtraction of equa-
tions (5.3) and (5.4):

• the first term

1√
|g|
∂µ
(√

|g|gAB̄∂µz̄B
)
+

1√
|g|
∂µ
(√

|g|gĀB∂µzB
)

=
2√
|g|
∂µ
(√

|g|gAB̄∂µRe zA
)
,

1√
|g|
∂µ
(√

|g|gAB̄∂µz̄B
)
− 1√

|g|
∂µ
(√

|g|gĀB∂µzB
)

=
−2i√
|g|
∂µ
(√

|g|gAB̄∂µ Im zA
)
;

• The second term

∂AgCB̄∂µz
C∂µz̄B + ∂ĀgCB̄∂µz

C∂µz̄B = ∂Re zAgCB̄∂µz
C∂µz̄B,

∂AgCB̄∂µz
C∂µz̄B − ∂ĀgCB̄∂µz

C∂µz̄B = −i∂Im zAgCB̄∂µz
C∂µz̄B;
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• The third term

∂A
(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)
+ ∂Ā

(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)
= ∂Re zA

(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)
,

∂A
(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)
− ∂Ā

(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)
= −i∂Im zA

(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)
;
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Special Geometry

InN = 2, D = 4 supergravity, the n complex scalar fields are coordinates parametriz-
ing a special Kähler manifold, which are Kähler-Hodge manifold satisfying the cur-
vature condition

RAB̄CD̄ = gAB̄gCD̄ + gAD̄gCB̄ − CACECB̄D̄Ēg
EĒ, (35)

where
gAB̄ = ∂A∂B̄K (36)

is the Kähler metric with K the Kähler potential and CABC is a completely sym-
metric covariantly holomorphic tensor.

Such systems can be described in terms of a potential function F [22][23], depend-
ing on complex fields XI with I = 0, 1, . . . , n, which must be homogeneous of the
second degree,

F (λXI) = λ2F (XI), (37)

so that the action can exist in a superconformal background, which is minimally
required to obtain the combined Yang-Mills-Einstein action.
This condition implies the following useful relations:

F =
1

2
FIX

I ,

FI = FIJX
J ,

FIJKX
K = 0,

FIJKLX
L = −FIJK ,

∂µFIX
I = FI∂µX

I ,

(38)

where FI =
∂F
∂XI , FIJ = ∂2F

∂XI∂XJ , ... for I = 0, ..., n.

A special Kähler manifold can be given by constructing a flat (2n+ 2)-dimensional
symplectic bundle on the Kähler–Hodge manifold whose generic sections [24]:

V =

(
LI

MI

)
(39)

are covariantly holomorphic

DĀV = (∂Ā − 1

2
∂ĀK)V = 0 (40)
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and satisfy the further constraint

iϵ⟨V, V̄ ⟩ ≡ iϵ(L̄
IMI − LIM̄I) = 1, (41)

where we defined the U(1)-covariant derivative on the bundle as:

DA = ∂A +
1

2
∂AK, DĀ = ∂Ā − 1

2
∂ĀK,

and the product ⟨·, ·⟩ as:

⟨U,W ⟩ ≡ UTCW

=
(
U1T U2T

)(0 −1
1 0

)(
W 1

W 2

)
= U2TW 1 − U1TW 2,

(42)

where W 1, W 2, U1 and U2 are (n+ 1)-dimensional each.
The Kähler potential can be computed as a symplectic invariant, by introducing the
holomorphic sections

Ω = e−
K
2 V =

(
XI

FI

)
, (43)

satisfying
∂ĀΩ = 0. (44)

From (41), we obtain the Kähler potential as

e−K = iϵ(X̄
IFI −XIF̄I), (45)

which can be written as

K = − ln
[
iϵ(X̄

IFI −XIF̄I)
]
. (46)

Introducing the complex symmetric (n + 1) × (n + 1) matrix NIJ defined by the
following relations:

MI = NIJL
J ,

DĀMI = NIJDĀL̄
J ,

(47)

so that (46) becomes

K = − ln
[
iϵ(X̄

INIJX
J −XIN̄IJX̄

J)
]

= − ln
[
iϵ(NIJ − N̄IJ)X

IX̄J
]

= − ln
[
2ϵ ImNIJX

IX̄J
] (48)

The bosonic part of the matter-coupled supergravity action [25]:

e−1Lbos, 4 = R + L0 + L1

= R− 2gAB̄∂µz
A∂µz̄B − V (z, z̄)− ε

2

(
ImNIJF I

µνFJµν +ReNIJF I
µνF̃Jµν

)
,

(49)

where,
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• R is the Ricci scalar constructing the Einstein-Hilbert term which governs pure
gravity dynamics.

• L0 = −2gAB̄∂µz
A∂µz̄B − V (z, z̄) is the kinetic energy of the scalar fields zA

which parameterize the special Kähler manifold, gAB̄ = ∂A∂B̄K(z, z̄) is the
Kähler metric, and V (z, z̄) is the scalar potential.

• L1 = − ε
2

(
ImNIJF I

µνFJµν + ReNIJF I
µνF̃Jµν

)
are the Maxwell kinetic term

and topological term for the gauge fields.

The effective (complexified) gauge coupling:

NIJ = F̄IJ − iϵϵ
(NX)I(NX)J

(XNX)
(50)

where,

(NX)I ≡ NIJX
J ,

(NX̄)I ≡ NIJX̄
J ,

(XNX) ≡ NIJX
IXJ ,

NIJ ≡ iϵ(F̄IJ − FIJ).

(51)

The second term in the Lagrangian can be written in terms of symplectic sections
XI(zA) and X̄I(z̄A) via the relation:

gAB̄∂µz
A∂µz̄B = QIJ∂µX

I∂µX̄J , (52)

where QIJ is the scalar coupling.
From relation (52), we can find an expression for QIJ . Starting with:

QIJ = gAB̄
∂zA

∂XI

∂z̄B

∂X̄J
.

Using (36), QIJ becomes:

QIJ = ∂A∂B̄K
∂zA

∂XI

∂z̄B

∂X̄J

= ∂I∂J̄K.

Substituting the expression of K from (46), we obtain:

QIJ = −∂I∂J̄ log
[
iϵ(X̄

LFL −XLF̄L)
]

= −∂I
[

iϵ(FJ −XLF̄LJ)

iϵ(X̄MFM −XM F̄M)

]
= − iϵ(FIJ − F̄IJ)

iϵ(X̄MFM −XM F̄M)
+
iϵ(FJ −XLF̄LJ)iϵ(X̄

MFMI − F̄I)[
iϵ(X̄NFN −XN F̄N)

]2
= − iϵ(FIJ − F̄IJ)

iϵ(X̄MFM −XM F̄M)
+
iϵ(FLJ − F̄LJ)X

L iϵ(FMI − F̄MI)X̄
M[

iϵ(X̄NFN −XN F̄N)
]2
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Now we can simplify the expression using (51) and (45), it becomes:

QIJ =
NIJ

e−K
+
NLJX

LNMIX̄
M

e−2K

= eKNIJ + e2K(NX̄)I(NX)J

(53)
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Proof of SL(N,R)/SO(N,R)
Relations

Starting with equation (7.7):

ϕ⃗ = −1

4

N∑
J=1

b⃗J lnXJ , (54)

we multiply by b⃗I :

b⃗I · ϕ⃗ = −1

4

N∑
J=1

b⃗I · b⃗J lnXJ ,

using the identity (7.6):

b⃗I · ϕ⃗ = −1

4

N∑
J=1

(
8δIJ −

8

N

)
lnXJ

= −2 lnXI +
2

N
ln

( N∏
J=1

XJ

)
,

and substituting the argument of the ln by (7.4):

b⃗I · ϕ⃗ = −2 lnXI +
2

N
ln 1

= −2 lnXI .

From this result, we apply e and obtain (7.5):

XI = e−
1
2
b⃗I .ϕ⃗. (55)

Moving to the proof of equations (7.16), (7.17), and (7.18), we start with equation
(7.12):

XI =
HD−3

f I
, (56)

we multiply: ∏
I

XI =
∏
I

HD−3

f I

1 =

∏
I H

D−3∏
I f

I
,
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which yields (7.16): ∏
I

f I = HN(D−3). (57)

Applying ln:

ln

(∏
I

f I
)

= ln
(
HN(D−3)

)
∑
I

ln f I = N(D − 3) lnH,

differentiating, we get:

∑
I

ḟ I

f I
= N(D − 3)

Ḣ

H
,

or, equivalently (7.17):

Ḣ

H
=

1

N(D − 3)

∑
I

ḟ I

f I
. (58)

Differentiating again:

Ḧ

H
−
(
Ḣ

H

)2

=
1

N(D − 3)

∑
I

 f̈ I
f I

−

(
ḟ I

f I

)2
 ,

This gives (7.18):

Ḧ

H
=

1

N(D − 3)

∑
I

 f̈ I
f I

−

(
ḟ I

f I

)2
+

1

N2(D − 3)2

(∑
I

ḟ I

f I

)2

. (59)
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