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ABSTRACT
OF THE 'THESIS OF

Rami Kamil Slim for Master of Science
Major: Physics

Title: Supergravity One Variable Solutions

The thesis deals mainly with one-parameter families of exact solutions for gravita-
tional theories coupled to Maxwell and scalar fields with various signatures. We first
obtain four families of metrics for a generic D-dimensional gravity theory coupled to
scalars and Maxwell fields. The spacetime metrics of these families are all expressed
in terms of a single function and constrained matrices. As an application, we con-
sider four families of solutions of the general N' = 2, D = 4 supergravity theories
coupled to vector multiplets, where the function in the metric can be fixed from the
knowledge of the geometry of the scalar fields which is governed by special geometry
in the case of N' = 2 supergravity. Also, solutions of supergravity theories where
the scalar fields parametrize the coset spaces SL(N,R)/SO(N,R) are considered for
N = 8,6 and 5, corresponding to D = 4,5 and 7.
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NOTATION AND CONVENTIONS

Greek indices pu, v, p, ... run over the D spacetime coordinates 7, x, y, ..., corre-
sponding to =0, 1, 2,..., D — 1 with 7 (z = 0) being the time coordinate.

Latin middle indices 4, j, k, ... run over the (D — 1) spatial coordinates z, y, ...
(u=1,2,....,D—1).

Latin first indices a, b, ¢, ... run over a range of spatial coordinates, which is indi-
cated when used.

Uppercase middle Latin indices I, J, K, ... run over the components of the gauge
fields.
Uppercase first Latin indices A, B, C, ... run over the components of the scalar
fields.

Einstein summation convention applies to repeated indices, unless otherwise in-
dicated: A*B, = A°By+ A'B; +---+ AP7'Bp_;.

The Levi-Civita tensor is eap,6 = +/|gl[aByd], and £ = g1\ /|g|[aBvd] =
———[aBvd], where [a7d] is the completely antisymmetric symbol:

Vgl

+1 if afvd is an even permutation of 0123,
[afvd] = ¢ —1 if aByd is an odd permutation of 0123,

0  otherwise (if 2 or more indices are identical).

The Kronecker delta is:

+1 if p=v,

SH = _lgupw\gy —
v 6 po 0 if u#v.

The spacetime signature is arbitrary, unless specified in some sections to be (—, +, +, +).

Natural units are used, where: 87G = ¢ = 1.



Partial derivatives are denoted by 0,¢ = ¢, = % and covariant derivatives by

Vod = by . ’

Time derivatives are denoted by dots: % = ¢ and d(ff) = () .

ic is the imaginary unit for (para-)complex numbers, where i = ¢ = —1 corre-
sponds to complex numbers and 7> = € = +1 to the para-complex numbers. So,
if N7s is a complex tensor, it can be written as: N7y = Re N7y + i Im N7, where
Re N7 is the real part and Im N7 is the imaginary part of N7;. Note that Im N7/
is the inverse of Im A7; and not the imaginary part of A”?/, the inverse of N7;.

The determinant of the metric is g = det(g,,) -



CHAPTER 1

MATHEMATICAL STRUCTURE OF
(GENERAL RELATIVITY

This chapter provides an introduction to the mathematics of Einstein’s theory of
general relativity, focusing on the geometrical nature of gravity, the mathematical
formulation, and the extremely useful variational principle. This sets the stage for
obtaining the equations of motion in later chapters on supergravity and exploring
specific solutions.

1.1 The Principle of Equivalence and Spacetime Geometry

The starting point of general relativity is the equivalence principle, which states
that, locally, gravity and inertia are equivalent in nature and indistinguishable in
a free-fall frame of reference. Einstein deduced that the equality of inertial and
gravitational mass m; = mg, suggests this close relation between inertia and gravity
itself, calling this “der Gliicklichste Gedanke meines Lebens”, which translates to
“the happiest thought of my life”.

Many consequences follow from this principle, including the deflection of light
and the gravitational time dilation. This leads to the realization that gravity is
not a force as Newton has described it, but a spacetime curvature. Mathematically,
spacetime is modeled as a pseudo-Riemannian manifold, which is a Riemannian man-
ifold (a differentiable one with a positive-definite metric tensor that is everywhere
nondegenerate) with the condition of positive-definiteness being relaxed (Lorentzian
metric signature).

1.2 The Covariant Derivatives and Curvature

The need for a Lorentz-covariant formulation of the theory of general relativity
(physical theories that are consistent with the principle of relativity must have the
same form in all Lorentz frames) motivates the notion of a covariant derivative. The
covariant derivative is defined:



e for (0,0) tensors (scalars):
Va¢ = 0a; (1.1)
e for (1,0) tensors (vectors):
VoV =0,VP +T5 V7, (1.2)
e for (0,1) tensors (dual vectors):
VoV = 8uVs — T7,Vy; (1.3)

for general (p,q) tensors:

vaTuluznﬂp — aaTmmmﬂp

V1V2..qg V1V2...Vq
K1 Y2 M2 LY
+ Fa’yTllll/z...l/q + FO[’)/TI/:[Z/Q‘..Z/(I + Tt (14)

—_ T HIp2.Hp T H1p2- - Hp
FalllT’yllg...l/q Fallngjl'y...l/q R

where

By = ga5F557
(1.5)

1
= 590‘6 (9884 + 9sv.8 — 9v.8)

is the unique metric-compatible (V,g,, = 0) torsion-free (I'y, = I'S5) Levi-Civita
connection. Its uniqueness is proved in Appendix 8.

Using this connection we define the Riemann curvature tensor:

Ry, =0, -0,y +T 0, —T) 1% (1.6)

ouv up- vo vpT puo?

which is obtained from its definition as a commutator of covariant derivatives:

V., V,JV}=R) V. (1.7)

ouy

This tensor has 4* = 256 components in D = 4, which simplify to 20 independent
components due to the symmetries of the Riemann tensor Ragys = ga/\ng&

4 Ra,@’yé = _Rﬁa'yd;
b Raﬁ"/é = _Raﬂdw;
L4 Ra675 = R’yéaﬁ;

* Rajpre) = 0.



By contracting the first and third indices of the Riemann tensor, we obtain the Ricci
tensor:

Rm/ = gpa Rpucn/

=Ry, (1.8)
= 0,1, — o1, + 1 10 —T0 17,

and contracting again yields the Ricci scalar:
R=¢"R,. (1.9)

Finally, the Einstein tensor is defined as follows:

1
G = Ry = 50 R (1.10)

1.3 The Einstein Field Equation

Einstein’s field equation equates the curvature of spacetime to the energy-momentum
content:

8rG
Guy = A T,ul/- (111)
The equation was obtained as a generalization of Newton’s gravitational potential
equation V2® = 47Gp, in a covariant framework.

This equation constitutes a set of 10 second-order nonlinear partial differential
equations for the metric g,, in D = 4 spacetime. It is often summarized in words
as follows: “matter tells spacetime how to curve, and curved spacetime tells matter
how to move”.

1.4 The Geodesics

Geodesics are the paths that free particles (or light) follow when they are moving
under gravity alone, with no other forces acting on them. It is the generalization of
a straight line in a flat Euclidean space. Mathematically, the equation of a geodesic
is given by: )

g S, (1.12)
dr? o dr dr

where 7 is an affine parameter (like the proper time in the case of a time-like curve).

1.5 The Action Principle

The equations in general relativity, whether equations of motion or geodesics, can
be obtained from a variational principle. The dynamics are governed by an ac-
tion functional, which is stationary under variations. This principle is crucial when

10



generalizing gravity to include additional fields, such as scalar and gauge fields in
supergravity.

The Einstein-Hilbert action is the one governing the gravity in D = 4:

— 1 4 /

where g = det(g,,) and R is the Ricci scalar.

To derive the Einstein field equation, we vary the action with respect to the
metric

0Segn =0

/d4x5< \g|g””RW> =0
[t (S(/Ial) Bt VIgl3(9") By -+ VIglg 8(Ro) ) =0

Using the variation of /|g|:

1
V9l = =5 V1919 59", (1.14)

which is proved in Appendix 8, and writing the variation of R, as the divergence

of a vector:
gﬂy(ng/ - VMJM (115)

where
I =V, (9" gap 69°° — 5g™)

which is proved in Appendix 8.

The variation of the action becomes:

1
/d4x g] < — §9WR59W + R, 0" + V“J“) =0

Using Gauss’ theorem at infinity:

/d4x\/|g]V“J“ =0, (1.16)

the variation yields:

1
/d4x lg] (wa — §gw,R> g =0 (1.17)

which gives the equation of motion in vacuum:

G = 0. (1.18)

11



To take into consideration the content (energy, matter, radiation...), we add the
appropriate matter action:

S = SEH + Smatter . (119)
Defining the stress-energy-momentum tensor to be:
2 5Smatter

T, =-—

v \/m Sghv
2 0 (V1o maer)

varl ogh” (1.20)
2 5\/@ 5£matter

- - Cm r
\/m 5gl“/ atte: 5guy

(s‘cmatter
= —QW + Guv Lrnatter,

we get the Einstein field equation (1.11) from the variational principle.

It is possible to describe the interaction of gravity with other fields, such as
the electromagnetic and scalar fields, by coupling them to gravity, so that Maxwell’s
and Klein-Gordon’s equations become linked to the dynamics of the spacetime.
Mathematically, the action becomes:

S = Sen + SMaxwen + SkG

1 1 1 1 (1.21)
— 4 I /122 Y 2% 242
/d X |g| {167TGR 4F F;Ll/ 29 vy¢vu¢ 2m ¢ )
where
Fl = 0,4, — 0,4, (1.22)

is the electromagnetic field strength tensor, A, is the electromagnetic 4-potential,
and ¢ is the massive scalar field, which appears in a kinetic energy term and a mass
potential energy one.

The equations of motions are obtained from the variational principle, according
to what we’re varying the action with respect to (g,., A,, and ¢). The variation with
respect to g, gives the Einstein’s field equations, with the stress-energy-momentum
tensors of the electromagnetic and scalar fields:

1 1 1
G, = 871G {g,ﬂ, <——F°‘5Fa5 — 5V Ve - §m2¢2) + FuoF* + qusqus] :

4

(1.23)

Repeating the variation with respect to A, yields Maxwell’s equations (the ones
related to the sources):

vV, F* = 0. (1.24)

In addition to this equation, we have the homogeneous one, which is automatically
obtained from the definition (1.22):

O Fyo) = 0. (1.25)

12



Finally, with respect to ¢, Klein-Gordon’s scalar equation is obtained by:
(O—m?) ¢ =0, (1.26)
where the d’Alembertian is defined to be O = ¢**V, V.

This action allows us to describe the dynamics of the three fields and their inter-
action, providing the mathematics of many phenomena such as gravitational lensing
of light, the behavior of electromagnetic fields in strong gravity (near black holes),
cosmological models...

13



CHAPTER 2

FROM SUPERSYMMETRY TO
SUPERGRAVITY

This chapter introduces a brief overview of some ideas of supersymmetry and super-
gravity that will be useful for the progress of the thesis. Building upon the theory of
general relativity from Chapter 1, we explore how these theories extend the standard
model, by introducing a symmetry between bosons and fermions. We will present
the Lagrangian which we will be working with in the next chapters.

2.1 The Mathematical Formulation of Supersymmetry

Supersymmetry is a theoretical framework that extends the symmetries of the
spacetime (Poincaré invariance), and postulates a relationship between bosons and
fermions. Each fermion should have a superpartner boson (sfermion), and each bo-
son should have a superpartner fermion (bosino).

In particle physics, bosons are particles that have integer spin (0, 1, 2,...), can
occupy the same state, and follow Bose-Einstein statistics. Fermions are particles
that have half-integer spin (1/2, 3/2,...), cannot occupy the same state (obey the
Pauli exclusion principle), and follow Fermi-Dirac statistics.

In relativistic quantum field theories, fermions are matter particles and bosons
are force carriers.

2.1.1 The Algebra

In addition to the 10 Poincaré generators (3 boosts, 3 rotations, 4 translations),
supersymmetry introduces a supercharge operator (), which changes spin by 1/2:
transforms bosonic states into fermionic states and vice versa. The set of all gener-
ators is called the super-Poincaré algebra. The additional anti-commutators to the
algebra is the following:

[Q1,Q8) = 20" 647, 21)
{Q, QF} = easX™”, (2.2)
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where A, B=1,2...,N, ¢" is the Pauli matrix, P, is the translation generator,
€ap is the completely antisymmetric Levi-Civita symbol, and X4P are the central
charges (Lorentz antisymmetric scalars).

2.1.2 Global and Local Supersymmetry

Supersymmetry can be realized in two ways: globally and locally. The difference
lies in the dependence of the transformation parameters € on the spacetime coordi-
nates: when dealing with local supersymmetry, it becomes a local function of the
coordinates £(z). In the construction of local supersymmetries, the gauging of su-
persymmetry requires the introduction of a fundamental ingredient: the gravitino.
Being the superpartner of the metric field of spin-2, the gravitino field should propa-
gate with a spin-3/2. The local invariance necessitates the introduction of covariant
derivative that include the gravitino connection. So the local supersymmetry couples
matter and gauge fields to spacetime metric, making gravity inseparable from the
theory, and providing a framework unifying general relativity and supersymmetry,
giving rise to supergravity.

2.2 Emergence of Supergravity

Supergravity, as discussed in the previous section, rises naturally from the local su-
persymmetry. It’s a theory of gravity which has a supersymmetry. While classical
general relativity is studied in 4 spacetime dimensions, supergravity is not restricted
to D = 4; gravity can be coupled to gauge and scalar fields in D dimensions.

Here, we consider the D-dimensional case in Chapter 4 where we find the general
equations of motion and metric, then specialize to N’ = 2 in D = 4 supergravity in
Chapter 5. N = 2 theories, which correspond to 8 supercharges, occupy a special
place in the atlas of supergravities: they lead to interesting geometries called “spe-
cial manifolds”. In our case, D = 4, the geometry described by the scalar fields is
the special Kahler one. The special geometry is discussed in Appendix 8.

2.2.1 The Lagrangians

Supersymmetry constrains the form of the Lagrangian: structure of kinetic terms,
scalar and vector ones, and scalar potential. The theory is characterized by a bosonic
and a fermionic sector. However, once the bosonic is given, supersymmetry fixes the
fermionic completely, without any freedom left. We will only consider the bosonic
part of the Lagrangians that we will encounter.

15



The D-dimensional gravitational theory coupled to Abelian gauge fields and
scalar fields is described by the general Lagrangian consisting of the graviton field
Gy, 1y vector fields Ai (I=1,2,..., ny), and ng scalar fields o (A =1, 2, ..., ng):

e 1Lp = R — M,p0,d"9" 3P — gGUf/fVF‘]"” _v, (2.3)

where it is the sum of:

e the Einstein-Hilbert term describing the gravitational sector of the theory

6_1,CD7 EH — R; (24)

e the scalar term describing the scalar fields, V(¢“) being the scalar potential
and M ,45(¢%) the metric of a scalar manifold

6_1‘CD, scalar — _MAéaugbAaquB - V7 (25)

e the vector term consisting of a Maxwell term with the gauge coupling metric
G17(¢°) and € = £1

G_IED, vector — _%GIJFLIWJT:J“V . (26)

In the case of ungauged N' = 2, D = 4 supergravity which has n 4 1 gauge fields A’
and n complex scalar fields 24, where the structure is governed by special geometry,
the bosonic part of the Lagrangian describing the theories is given by:

e Ly = R — 29,50,29"55 — % (ImNIJf;VfJ“” + ReNU}'[L,,]:“"“”> @)

where, in addition to the Einstein-Hilbert term and the scalar one, we have the
vector kinetic term that split into:

e a Maxwell term, with Im N7; being negative definite, generalizing the standard
—1/¢? factor in Yang-Mills theories

6_1£4 = —g ImN[JFinJMV; (28)

e a topological term, with Re N7; playing the role of the #-angle

671£4 = —g Re/\fu}"lfyﬁ‘]“”. (29)

16



CHAPTER 3

FEw OF THE EXACT SOLUTIONS IN
(GENERAL RELATIVITY AND
EXTENDED THEORIES

This chapter reviews four of the fundamental exact solutions to Einstein’s field equa-
tions, which are essential pillars for gravitational physics: the static Schwarzschild
solution, the anisotropic Kasner universe, the isotropic FLRW cosmological met-
ric, and the cylindrically symmetric Melvin magnetic universe. The chapter then
presents an analysis of the missed solutions within the Kasner family, and explores

advanced solutions in extended theories where gravity is coupled to scalar and gauge
fields.

3.1 Fundamental Solutions to the Einstein Field Equations

Taking different assumptions and solving the KEinstein field equations in different
contexts historically, many solutions started to be found shortly after the theory’s
formulation in 1915.

3.1.1 1916: The Schwarzschild Solution

This metric was the first exact solution of the theory [I]. It describes the static,
spherically symmetric, asymptotically flat spacetime geometry outside a spherical
mass (in vacuum). The metric is given by:

—1
ds® = — (1 — %) Adr? + (1 - %) dr® + r*(d6? + sin? 0d¢?), (3.1)

where the Schwarzschild radius is r, = 264

17



3.1.2 1921: The Kasner Solution

Few years later, Kasner [2] found a solution that represents a homogeneous, anisotropic,
dynamic vacuum universe. The obtained metric is:

ds® = —c2dr? + P d2® + TP dy? + TP d2P, (3.2)

with the conditions: p; + ps + p3 = p? + p3 + p2 = 1. As a consequence of these 2
conditions, this solution describes a universe that expands in some spatial directions
while contracting in others.

3.1.3 1922: The FLRW Solution

The Friedmann-Lemaitre-Robertson-Walker (FLRW) solution describes a spacetime
filled with matter and radiation. Its primary assumptions are homogeneity and
isotropy, resulting in a dynamic solution. The metric is the following:

dr?
1—kr?

ds* = —cdr? + a*(1) ( + r%(df? + sin? 9d¢2)) , (3.3)
where & = {0,£1}, depending on the geometry (curvature) of space. The four
authors made distinct contributions over a span of 15 years [3][1][5][0].

3.1.4 1964: The Melvin Solution

The Melvin solution [7] describes a “magnetic universe”: a cylindrically symmetrical
electro-vacuum solution. Here, the gravitational field is generated by the energy
density of a magnetic field alone, with no mass involved. The metric is expressed
as:

T2

fr)?

ds* = f(r)*(—c2d* + dr* + dz*) + de?, (3.4)

GB(Q)’I‘2
4ct

where f(r) =1+

3.2 Analysis of Kasner Missed Solutions

The metric (3.2) presented in Section 3.1.2, which is commonly referred to as the
Kasner metric in most of the literature, can be obtained by starting with the syn-
chronous metric, or equivalently, by a change of variable performed on the metric
that was originally presented by Kasner:

ds® = e;x7" da? 4 €072 drk + e3x7dad + ey da?, (3.5)
where, for m = 1,...,4, ¢, = +1 and the constants a,, satisfy the conditions

as + az +ay = a; + 1 and a3 + a3 + a3 = (a; + 1)?, where by setting a; = 0, we
obtain the previously mentioned solution.

18



Generalizing the metric (3.2) to D-dimensional gravity in arbitrary spacetime
signature, we can write it as [3]:

D1
ds® = epdT?* + Z ;7P (dx")?, (3.6)

=1

where the Kasner components satisfy: Zfz_ll pi = Zfz_ll p? = 1. These correspond

to pg = 0.

A more general (non-diagonal) and systematic derivation was done in [9], by
obtaining the first family of solution corresponding to w = 7 (w is defined to be

VgD

ds® = eodr® 4 hi (e 7)hda' da? (3.7)
where h;; are symmetric constants and /\;'»)\g = A =1, haAF = hy A}

& = 0 has another solution w = 1 [10], which was ignored in [2] and [9] (corre-
sponding to a; = —1). The obtained metric:

ds® = egdr? + hik(eaT);?da:id:L‘j (3.8)

where h;; are symmetric constants as well and «9;-0{ =60!=0, hikﬁf = h;.0F.

3.3 Advanced Solutions in Extended Theories

The natural units are used in what follows.

Coupling the gravity to a scalar field ¢ in four dimensions, the Kasner solutions
were investigated in [11]:

Ly=+/|g|(R—V,.pV"9), (3.9)
from which we can obtain the solution:

ds? = —dr® + 7P da? + 72 dy? + T3 d22,

¢=qlnr,
pitpetps=1 pi+p+p;=1-¢" (3.10)
Using generating techniques [12][13], Kasner and Kasner coupled to a scalar met-

rics, Melvin spaces discussed in Section 3.1.4 were obtained in [14][15]:

Ly=/1g9] (R —2V,6V"¢ — e 2°F, ™) (3.11)

19



which leads to

ds® = ATa? (—dr? + dr® + d2?) + A~ T2 r2dg?, (3.12)
2 2
—2a¢:A12a2 A, =—— = 1
€ + 9 ¢ (1 + a2>BA7 (3 3)
1 2
A=14 -9 p22 (3.14)

More recent studies have explored the generalized Kasner-type metrics and one-
parameter solutions for many theories. Beginning with [10], in 2020, the one-
parameter solutions for a D-dimensional theory with an arbitrary spacetime sig-
nature, coupled to a dilaton field and an arbitrary rank antisymmetric tensor field
were derived. Then, in 2022, solutions for the N’ = 2, D = 5 supergravity cou-
pled to Abelian vector multiplets and scalar fields in arbitrary spacetime signature
were found as general charged Kasner-like solutions [17], using the framework of
the very special geometry. In 2023, the D = 4 case was addressed with Melvin-like
cosmological and static solutions [18]. Furthermore, few families of solutions were
discovered in 2024, for the one-variable D-dimensional Einstein-Maxwell theory for
all spacetime signatures [19]. In 2025, one-parameter solutions in D-dimensional
string theory, coupled to a dilaton field and an m-form were obtained for a syn-
chronous metric [20], then the same metric ansatz was used to find new solutions
for N' =2, D = 5 supergravity [21].
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CHAPTER 4

ANALYTIC SOLUTIONS DEPENDING
ON ONE VARIABLE IN
D-DIMENSIONAL SUPERGRAVITY WITH
SCALAR AND (GAUGE FIELDS

In this chapter, we study four families of one-variable solutions within D-dimensional
supergravity theories that include couplings to scalar and gauge fields. Our analysis
begins with the presentation of the bosonic part of the action, from which we derive
the equations of motion: the Einstein field equation, the Maxwell equation, and
the scalar field equation. We make suitable gauge choices consistent with the metric
ansatz (synchronous), perform a change of variables, and solve exactly for the metric.

4.1 The Lagrangian and Equations of Motion

We start with a D-dimensional gravitational theory coupled to gauge and scalar
fields, described by the general Lagrangian introduced previously:

e 'Lp =R — M,p0,6"0" 65 — gclijny#” v, (4.1)

where the scalar and gauge couplings M 45, G, and the potential V' are functions
of the complex scalar fields ¢*, and ¢ = +1.

Varying the Lagrangian density (4.1) with respect to the inverse metric g" yields

the Einstein equations.
This variation leads to:

0Lp =0
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W) (R — Mg, 06" — gGuf,{UfJW - v)

—
+ /9] 5<9WR;W — ¢ Mup0,0"0,0" — §G”guygpa]:f£p]:’;]" V) -

1 . - . )
~3 V19l909" (R = Mup0,6"0°6" = S Gy F o F07 — v)

g1 (5g’“’R,w — 6" M 450,60, — —GU 25g" g** FL FI o) —0.

ppY vo

Dividing by 1/|g|0g"", we obtain:

1
§g,uz/R

1
+ MABg;U/a/\¢ a)\¢B + guVGIJ-FI -FJ'OU + ig,uuv = 0.

RW—MABansAan% — eGFF* -

Then by contracting with the inverse metric ¢g"”, we find the Ricci scalar:

1D -4 D
G 1 Juv V
2D 8 [J.F F +—D 9

R = My30,0"0" " +

where we have used ¢*’g,, = D. Substituting this expression back, we reach the
Einstein field equation:

- 1
R, = M,50,0°0,6" + eGyy (J—"’Af‘” G F g F‘“’") + 5 gmV
(4.2)
Next, we consider the Euler-Lagrange equations for the gauge fields. Varying the
Lagrangian with respect to the gauge potentials A!, we obtain:

5L SLp
V“(&wu)) “oap

2(D - 2)

The first term gives:

6£D € af  po v v\ K —J
m = —§GKJ9 g° 2(555p - 555a)51 f507
while the second vanishes:
0Lp _0
SAL

Hence, the equation reduces to:

VM (G]JJT"J/W) =0,
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or equivalently, using the expression for the divergence of a vector, which is proved
in Appendix 8:

V, V= \/%aﬂ (\/EV“) , (4.3)

we obtain Maxwell equation:

Ou (VIgIGLF™ ) = 0.

Similarly, the Euler-Lagrange equation for the scalar fields ¢* are obtained from
the variation:

0Lp 0Lp
\Y — =0.
“(5(VM¢A)) (o
The functional derivative with respect to the covariant derivative of ¢4 is:
D Meng 050,67 = Mg 0,6"
2V, M ’

and with respect to ¢? is:

0Lp

o1 = ~0aMendue 06" - SOAGLTLF — 0,4V,

Again, combining the terms, and using the vector divergence expression (4.3), we
obtain the scalar equation:

1

Vgl

Defining w = 1/|g|, we can express Maxwell and scalar equations as:

0. (V1alg" Map,i” ) = 0aMcp0,0°0"6" = Z0AG1 Fi F = 04 = 0.

D, (wGryFm) =0, (4.4)

1 - - €
a(‘?ﬂ (wg‘“’MAB&,gﬁB) — GAMCg(‘?#qﬁC@”QSB — §8AGU}"}L}“‘]W — 04V =0. (4.5)

4.2 The D-dimensional Synchronous Metric

The synchronous generic metric depending on one variable 7 with arbitrary signature
is given by:

ds® = eodr® + gij(T)dz'dx? | i,j=1,2,....,D—1, (4.6)

with ¢g = +1. The metric is termed synchronous because of the possibility of syn-
chronization of all “clocks” over all space in this reference frame, where the cross
terms vanish go; = 0, since the worldlines orthogonal to the z‘-hypersurfaces are
geodesics, allowing 7 to serve as a universal coordinate for comoving observers.
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We define

Kij = gij and /i;» = giknkj. (4.7)
The trace is given by:
K= g%k = J_ 28, where ¢ = det(g;5), (4.8)
g w
oW A
fi=22 —2(2) . (4.9)
w w

Noting that all spatial derivatives vanish, the Christoffel symbols I'/, for this
metric can be computed using (1.5):

1
Fgo = 59”(90,\70 + goro — Yoo,\)
=0,

1
ng = 590/\(90,\,1' + giro — Yoi\)

1
= 5900(900,1‘ + gioo — 0)
=0,

. 1 .
I = §QZA(90A,0 + gor0 — Yoo,\)

1.
= 59 (900 + 90j.0 — Gooj)

=0,

1
F?j = 590)‘(92-)\73' + gjri — gz‘jQ\)
1

=59

00
59 (

Gioj + 90 — Yijo)
€0

= _Eﬁijv

i ¥
Loy = 59 /\(90/\,7' +gix0 = 9ojA)

1

= §gik(90k,j + k0 — Gojk)

1 i

= —2(] k/ijk
1 i

= —I{j,
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L = 29 Mging + Ging — Gikn)
Ly
=59 (0+0— gjrs1)
= 0.

From these results, and using (4.8) and (4.9), we can compute the components of
the Ricci tensor R,

Roo = 9\ — Golgy + Fﬁprgo - F()]\pFSA
- _aOFéi - Féjréi

—-au(30) - (3%) (3+)

Rig = O\ — 0L, + Fiprfo - F?pFSA
= é)J'Fgo - air(])j + Fﬁjf‘fo - ngrgj
1 . .
= 5(@%{ — azli;)
= ()7

Rij = O\ — 0,1 + Iy, I — T I,

= aOF?j + FZOF% - F?kF% - FfoF?k
€ 1 €
“on () (3) (5
- () (374) - (304 (5)
€ . w
= _EO (I{i]‘ + ;/{ij — I{?Iiik> .

Raising an index using the inverse metric g*”, we find:

Rg — goaRaO
= 9" Roo + ¢" Rio



and
€ - w
=2 (g’kmkj + ali; — ng/@'l nkl) (4.11)

where we have used
. ik C ik ik - ik 1
Ky = (9" keg) = §" kg + 9" krg = — 9" K HkH‘Q Fv‘kg,

since

4.3 Class 1 Solution

We consider the first class of solutions corresponding to the following spacetime
metric, which has an arbitrary signature:

ds® = eodm* + g..(7)d2* + gap(T)dada® a,b=1,...,D — 2, (4.12)

and choose a non-trivial gauge field component of (7z). Satisfying the equations
(4.4) and (1.25), we get:
GFe =1, (4.13)
w

where ¢; are constants.

Setting the scalar potential V' = 0 in (4.1), the Einstein field equation (4.2)
for the above metric simplifies as follows for:

oot 1 i D=3c¢
; +4 7 z_'_MAB(b (b +m 2922G QIQJ—O (414)
./“L:V:Z:
L W 2(D—-3) ¢ 1
i —K; 7 a6 9 zzG :0, 4.15
/ﬁz—i_w/ﬁjz_‘_ D—9 w29 q14y ( )

e p=aandv=>=:

e W o, 2 e
Ry -+ ;de — mﬁfﬂ)gzzGuqqu = O, (416)

26



where G!7 is the inverse of G7;.
Taking the trace of (4.16):

e W o, 2 €,
Kg T o~ m?éagzzGquIQJ =0,

and using 02 = D — 2, we get:
) w €
HZ + —HZ — 2—2922G1Jq1qj =0.
w w

Adding (4.15) to the trace of (4.16):

W 2 ¢
I{z—i_wliz D_2w29 q14q5 3
and substituting (4.8) and (4.9):
w 2 €
p e ——— et =0

we obtain: -

v=—q..GYqq,. 4.17

YT (D2t N (4.17)

Plugging (4.17) into equations (4.14), (4.15) and (4.16), we eliminate the G*/q;q;
term, and obtain the following simplified equations:

oW1

i J _JAIB _
(D — 2)w E + Zlijlig + MABQS gb = O, (418)
R ki 2(D - 3)2 =0, (4.19)
W W
(8 — kS — 26— = 0. 4.20
Kp + o b (4.20)

Multiplying equations (4.19) and (4.20) by w yields the differential equations:
(wrZ) = =2(D — 3),
(wkp) = 26,0.

Integrating these equations gives:

KE = i(e; — oD - 3)a), (4.21)

1
R = = (05 + 207), (4.22)

where 62 and 6f are integration constants. From the trace condition (4.8), these
constants satisfy the condition:

0 = 0>+ 0% = 0. (4.23)
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Using the definition (4.7), we can write (4.21) and (4.22) in the following form:

1

R
Gab = ;(gaceb + 2Wgab)' (425)

Substituting the expressions for &} from our equations (4.21) and (4.22), into the
equation (4.18), the following equation is obtained:

1. , L. AT
10507+ (D = 2) [(D = 3)0% - 0200 + ] + WM,y *6” = 0. (4.26)

The scalar equation of motion (4.5) corresponding to this gauge field ansatz (4.13):
1 _IB\- _CIB 1749197
; WMAB¢ — aAMCB¢ Cb + €gzzaAG 7 = 0, (427)

where we have used:

0= (55 = (GIJG[(j). = GIJG[J + GIJG[J = G[J = —G[KGJLGKL.

4.3.1 The first family of solutions

To find the first family of solutions, we simplify our equations by introducing new
variables o and H, via the transformation:

do 1

dr ~ H(o)’ (4.28)
and w=ocH(o).
Using the chain rule, the derivatives of w transform as:

dw do , 1 H'

. d (dwdo\do [ ,1 ’1_H'+ H'  (H\*
““w\twoar)ar  \YH)EH H °H \Hw)

where the prime denotes the derivative with respect to o.

(4.29)

Applying the transformations (4.28) and (4.29) to the differential equation (4.24):

1 1 H'
L =—(0P=2(D=3)(1+0=) ] g...

g.. 62—2(D-3) H'
Jzz =z TV Y 9(D —3)—.
92z o ( )H

Rearranging:
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This differential equation admits the solution:
gZZ = hZZO-ZPHiZ(Dizs))

where h,, = +1, and p = A2 = (62 — 2(D — 3)).

Similarly, transforming (4.25):

11 0F +20° (14 "
gabH_aH b b UH Gacs

rearranging: b o i
& + C
b b c
= + 2(Sb T
H

ac ./

9 Gap =

and solving:
Gap = hac(62>\lna)gI_]Q7

where hg, is a constant symmetric matrix satisfying:
hac)\g = hbc)\ga

for .
Ay = 5(«91‘; + 247).

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

The condition (4.33) is proved in Appendix 8. Here, (4.23) is expressed in the

condition: .
A=A+ A =1
Combining (4.30) and (4.32), we obtain the full spacetime metric:

ds? = H?*(egdo® + hge(e2A9)edzda®) 4 h,.oP H*P=3d22,

(4.35)

Equation (4.26) becomes in terms of the variables introduced in (4.28), the trans-

formed derivatives (4.29), and the constants \’:
1

Z((2Ag — 265)(2X2 — 26%) + (2p + 2(D — 3))?)
!

H

+(D—2)[(D—3) (1+0%>2—(2p+2(D—3)) <1+o—£/) + <£/—|—0H—H—a

5 1
+ (UH)QMABWAWBﬁ =0,
which, after arranging the terms, leads to:

dpt dg? 1= NN D=2 [(D—4) (dH

Mas do do o2 H?

and equation (4.17) becomes:

2 2
GYg1qy = (D — 2)eh..o' P HPT [dH Lo dH o (dH ) ] |

do " de?  H\do

29

2
— 1—2p)————+ H
da) + p>0da+

(4.37)



4.3.2 The second family of solutions

For the same class of solutions: metric and gauge field, another family of solutions
can be found using the following change of variables:

dp = L (4.38)
dr  w(p)’
so that the derivatives of w transform as:
LW
w = )
S (4.39)
CEET

where the prime in this section denotes the derivative with respect to p.

With the new variables, the differential equations for the metric (4.24) and (4.25)
become:

/
w/
gry = (65 + 255;) Jacs (4.41)
the solutions of which are given by:
oz = hine®2 P08, (4.42)
Gab = hac(eep)gw27 (443)

where h,, = +1, hy, is a constant symmetric matrix satisfying
hacBy, = hicts. (4.44)
The condition (4.44) is proved as well in Appendix 8.
The resulting spacetime metric becomes:
ds? = w?(eodp? + hao(e?)sdxdab) + h,e% P 2P=3 22, (4.45)

Applying the change of variables (4.38) and the transformations (4.39) to the equa-
tions (4.26) and (4.17):

AdgB 1. . D-2 ? ’
MAB%% — iy [(D —4) (d—w> — ijd—w +wd7w] , (4.46)

dp 47 w? dp dp dp?
o 1 (dw)?
G"qrq; = (D — 2)eh, e P27 [d_p2 - - (d_p> ] . (4.47)
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4.4 Class 2 Solution
We now examine a second class of solutions described by the spacetime metric:
ds® = eodr? + gpoda® + gy, dy® + Gapdztda® a,b=1,...,D — 3, (4.48)

with the (zy) component of the gauge field being non-trivial, solution of Maxwell
equations (4.4) and (1.25):
Fay =1, (4.49)

where p! are constants.

Assuming again that the scalar potential V' = 0 in (4.1), the Einstein field equa-
tion (4.2) reduces to these components:

o u=v=>0:
O w1 AR 1 vx I,J
—— =+ 4/%/12 + Mup¢"d” — 5—ecg™ g Grppt = 0; (4.50)
® L =V=2X: )
FE+ gnﬁ + %66 gg"Grp'p” = 0; (4.51)
o L=vV=y _
il + gng - %&Ogmgyy%ﬂp" =0; (4.52)
e y=aandv=>0:
Ry + g“g - %5505ggmgnyuplpj =0. (4.53)

Following the same procedure, we start by taking the trace of (4.53):

6605399”“”9nyprij =0,

‘a+w a
i
“@w* D=2

and using 02 = D — 3, so that the trace becomes:
w , 2(D-3)
D -2

Ko+ —Ky —
w
Now, adding the equations (4.51), (4.52) and the trace of (4.53), and using (4.8),
(4.9), we then get:

ce0g™g"Grp'p’ = 0.

D -3

o 2669 GGl ptw. (4.54)

O =—

We use equation (4.54) to eliminate the term Grsp'p’ from (4.50), (4.51), (4.52)
and (4.53):
D—-2& Ww?

1
D—3;__+4I€J Z—i—./\/l qzﬁ gb (4.55)
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ey} (4.56)
w w
kY + a/ig — 2; =0, (4.57)
-.a w a w a
Ry + alib + D—_Sa(sb =0. (458)

Multiplying by w, we can rewrite (4.56), (4.57) and (4.58) in the integrable form:

(WK = 20,
(wkY) = 20,
av 2 .
(w/‘ib) = —D—_3w5b.
After integration, we find:
1
Ky = —(02 4+ 2w), (4.59)
w
vy 1 0y + 2u 4.60
Ky = ;( y + w)a ( : )
1 2
d=— 10— —6w|. 4.61
Ry = (‘91) D—35bw> (4.61)

where the constants of integration 67, 67 and 0j are constrained by:
0; =07 + 6% + 02 = 0. (4.62)

Using the definition (4.7), the differential equations governing the metric components
(4.59), (4.60) and (4.61) become:

1
O
Gyy = ;(Qy + 2w)gyy> (464)
. 1 . 2 .
Gab = o (gacé’b - D—_Swgab) . (4.65)

Equation (4.55) can be rewritten using the results (4.59), (4.60) and (4.61):

19?9?+ D=2

100 D_3@P—%w+m@+me@¢%B=Q (4.66)

And the scalar equation of motion (4.5) for the gauge field (4.49):

(UJMABCZB> - aA/VchQ%CQ;B — ce0g™ g O4Grp"p” = 0. (4.67)

ISEIS
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4.4.1 The third family of solutions

To find the third family of solutions, we will use the change of variables intro-
duced earlier (4.28). Applying the transformation to the differential equations (4.63),

(4.64), and (4.65), we obtain:

1 H'
= (r 2 (1402 ) g

1 H'
g;y:;(05+2<1+0ﬁ)>gyyv

1 2 H
[ 60__5!) 1 - e

which admit the solutions:
Grz = hzxa2pH2a

_ 2r 172
Gyy = hyyo " H",

2
Gab = hac(GZAan)lc)H b-3,

(4.68)
(4.69)

(4.70)

where hy,, hy, = £1, hey is a constant symmetric matrix and subject to the condition

hac Ay = hpeAS (similar proof to that in Appendix 8), for

1
X=p =507 +2),

The trace condition for the matrix Aj:
=AM =1,
which ensures the consistency with the constraint (4.62).

Thus, the full metric for the third family of solutions takes the form:

ds® = H*(eodo?® + hypo™dz® + h,,0 dy?) + hac(e%l“")g]:l*%dxadxb.

And the equations (4.66) and (4.54) transform to:

dpAdg?  1— AN D—2 ocdH o?d*H
: - - |28
Mas do do o2 (D — 3)0? ( “)H 1o T Hdo? |

D—2 dH  d*H o [(dH\?
I.J 1-2)A3 _ ===
Grp'p’ =— 3eeohmhyya H [da +0d02 (da) ] .
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(4.72)

(4.73)

(4.74)

(4.75)

(4.76)
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4.4.2 The fourth family of solutions

The fourth family of solutions arises from applying the change of variables introduced
in (4.38). Under this transformation, the differential equations (4.63), (4.64), and

(4.65) become:
/ T CL)/
w
/ Yy W'
Gyy = | Oy + 2; Gyy>

C 2 w/ C
Gab = <9b - D——Széb) Gac-

These equations integrate to give the solutions:

Gz = hape?Pw?, (4.78)
Gyy = hyyeegpr, (4.79)
Gab = hae(€?)ow™ D3, (4.80)

which, combined, give the full metric for this family of solutions:
ds® = w(edp® + hpue’ P da? + hy, " dy?) + hac(eep)gw%dxadxb, (4.81)

where hgg, hyy = £1, hg, is also a constant symmetric matrix and satisfy hq.tf =
hicbS, which follows from the same reasoning discussed in Appendix 8.

Applying (4.38) and (4.39) to equations (4.66) and (4.54):

de? doP 1. D—2 dw d*w
T g =2 (g = 4.82
AB dp dp g% (D—=3)w \ *dp dp?)’ (4.82)

D—2 a dw? dw
GIJpIpJ - _D 3560h$zhyye_0ap [(d_p) - Wd_p2] . (483)
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CHAPTER 5

ANALYTIC SOLUTIONS DEPENDING

ON ONE VARIABLE IN D =4, N =2

SUPERGRAVITY WITH SCALAR AND
(GAUGE FIELDS

The objective of this chapter is to find four families of exact solutions for the D = 4,
N = 2 supergravity theory. Following a procedure similar to that of the previous
chapter, we first derive the equations of motion from the Lagrangian and then
solve them for suitable gauge field choices. In the 4-dimensional case, the scalar
fields parameterize a special Kahler manifold; consequently, the relations of special
geometry prove essential in finding the four families of solutions for the metric, the
gauge and scalar fields.

5.1 The Lagrangian and Equations of Motion

We start with the bosonic part of the general Lagrangian introduced earlier, de-
scribing ungauged N’ = 2, D = 4 supergravity theories:

6_1£4 =R- QgABaMZAa#EB - %(Im./\/'[(]fiyf‘]‘uy + RGN[J.FiVﬁJ“V), (51)

where F! = dA! are n + 1 gauge fields, F/* = %5“”””.7-"[{0, 24 are n complex scalar

fields, and the parameter ¢ = +-1, fixing the sign of the gauge kinetic term.
We begin by computing the Einstein field equation by varying the Lagrangian
density (5.1) with respect to g”.

The variation yields:

0Ly =0

35



o(V/1gl) <R — 29,450,220 z" — %ImNIJ]:,f,,J:J“”)
1/ £
Vs 5(9WR“” = 29459" 0,2"0,2" — ) Im/\/ug“”g”"fipf;])

g
+ 5( -3 Re/\/m/|g|ewwijf,{g) =0.

Note that the third line vanishes because the covariant Levi-Civita tensor depends
inversely on the square root of the absolute value of the determinant of the space-
time metric /|g|. Thus, its variation is zero:

(W) = 8~ fuvpol) = 0

so the variation simplifies accordingly:
1 y _ € y
—5\/ |99 09" <R — 29,450,201 25 — 5 Im/\/’u]:iy}"‘]“ )

+/lg] (59“”RW —294p0g""0,2"0,2" — e Im Np;09" 9" F,  F, L]o) =0,

then we divide by 1/|g|0g"” to obtain:
1
Ru,,—2gA38#zA8,,ZB - €Im./\fu.7:lf)\f;]’\ — §gWR
- ”
+ gu,,gAB@pzAasz + Zg/“’ ImNIJ]-"pIU}"JP = 0.

And using the inverse metric g"” to contract the expression, we reach the Ricci

scalar:
R = 2gA38pzA(9pEB,

where the 4-dimensional identity ¢"”g,, = 4 has been used. Substituting this ex-
pression back into the previous equation yields the Einstein field equation:

1
RMV = ZQAB(?MZA&/ZB + SImN” (.F/f)\./t‘,;])\ - Zgu,,fiﬁ.}—hﬁ) . (52)

Next, we continue with the Euler-Lagrange equations for the gauge fields, which are
obtained by varying the action with respect to the gauge potentials AZ:

o (8L ) _ oL
“\o(V,AL) )~ AL

The first term evaluates to:

(5£4 . _E

§(V, AL 2

=0.

1
(Im Nk19*% 9" Fj, + Re Nmieamﬁg) 2(648% — 61616,
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and the second term vanishes due to gauge invariance:

0Ly

SAL
Combined, the Maxwell equation reduces to:
Vﬂ( Im./\/u]:‘]“” + RGN[JﬁJ“V) = O,

or equivalently, using (4.3), it can be written as:

ali |:\/E(Im/\/’]JfJ“V + RQN[JJ%JMV)] = 0.

We now derive the scalar field equation by varying (5.1) with respect to the complex
scalars z? and their conjugates z*:

0 [gAgauzAﬁ“EB + Z(ImN[JJT'ZVJT"JMV + ReN[J./T'ZV./_:'JMV)] =0.
Starting with z4:
0a9cp0,2° 0" 28624 + gABGMcSzA@“EB

+ Z(@A Im./\/’jjfiyfj#y + 0a RGN[inVﬁJuV)(;ZA =0,

and using the integration by parts for the second term, then dividing by §z:
—V,u(9450"2") + 0agcpd,2° 0" 2"
+ Z(aA ImNIJF/{VJT"J'MV -+ 8,4 ReN[JFiVﬁJ’UJj) — 0’

and using the vector divergence expression (4.3), we obtain the scalar equation for

ZAZ

1
——=0 (\/HQABWEB) — aAQcB@zCa“EB

Val (5.3)

— (04 Im NG FL, F™ 4 04 Re Ny L, F/) = 0.

Analogously, we repeat the same steps for the conjugate z”, and obtain the following
equation:
1 _
——0,(\V1919450"2") — 05940, 2" 0" 2
Vgl (5.4)
£ .
— Z_l (85 Im/\/’]]fiyfjuy + 83 RGN[JJT'ZVJT"JNV) =0.

Adding and subtracting the equations for z4 and z?, (5.3) and (5.4), according to

the relations between the derivatives discussed in Appendix 8, we obtain real and
imaginary components of the scalar field equations, respectively:

2
3u(\/@gA38“ Re zA) — aRengAC'aHZAaMZC

Vgl

- Z(@Rezs Im/\/}JFiV}"JW + aReZB Re./\/’]t]./—'iyﬁ"]uy) = O,
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and
2

Vol

au( |g|gAB8M Im ZA) - 8IszgAC’8uZAaMZC
_ Z(almzs Il’IlNIJ]:;{V./—'.JMV + Ot 2B Re./\/}(;fiyj“ﬁV) —o.

Now using the chain rule, we express these equations in terms of X I(z4) and their
conjugates X7(z4):

2 _ _
[—au (\/EQLJ’@MXJ) — 01.Q 70, X 0" X’

Vgl

— Z(QL ImNIJFIfoJNV + aL RGN[J./—‘ZV]EJ“V)}aAXL = O,
and

2 _
[—3u (V191Qr,0"X7) — 0.Q 70, X 0" X

vl

— = (0 m NL T, F T + 0 ReNIijyﬁJﬂy)] 04X" = 0.

We also define here w = /|g| for notational convenience, and express Maxwell and
scalar equations as:

8# {w(ImN[JfJW—i—ReNUfJW)] = 0, (55)

20,0Qu0X7) - 0,010, X10°X

— Z(aL ImNIJ.FZV‘FJMV + 8L RGNIJJT'ZVJ_:'JMV):| 8AXL = O,
(5.6)

Eaﬂ (wQr,0"X”) — 0:Q 70, X 0" X’

- Z(ai ImNIJ}—,fZ,]:J“” + 01 ReNIJ}"If,,]:'J“”)} 9: XL =o.

5.2 The 4D Synchronous Metric

For our analysis in this chapter, we will also adopt the synchronous metric that
depends on a single variable 7, with arbitrary spacetime signature, and the Ricci
tensor components that follow, which were computed in section 4.2. We set D = 4,
and fix Re N7; = 0 to simplify the equations of motion, so that

N[J = ie ImN[J
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and

N = e TIm N/

where Im N7 is the inverse of Im N/7.
With this simplification, the equations of motion reduce to:

O [wIm N, F*] =0, (5.7)

, ) ) :
0, (0Qus? X7) = 0,Q150,X1 0" X7 — S0, Tm Ny T, F | 04X" = 0,

2 _ i _
0,(wQp 0" X7) = 9 Qrs0, X X Zai Im Ny FL, F | 0, X5 = 0.

5.3 Class 1 Solution

The first class of solutions we will consider here corresponds to the following space-
time metric:

ds® = eodr? + g..(7)d2* + gop(T)dadz’ | a,b=1,2, (5.9)
and the non-zero (72z) gauge field, solution to equations (5.7) and (1.25):

Im./\/U.FITZ = q—J, (510)

w

where ¢; are constants. In this case, X! are real scalars.

Writing the components of the Einstein field equation (5.2) using this metric
gives for:

o u=v=0:

(I) CZ)Q 1 i g I~ J € 1J

e U=V=2:

. w €
K2+ ;,‘gj + e J2» ImNIJQIQJ = 0; (5.12)
e p=aandv=">b:
-.a W a a 1J
Ry + — K — Eébgzz Im N qrq; = 0. (5.13)
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Tracing equation (5.13):
A €
RS+ Eliz — —049:- ImNqrq; =0,
w w
and substituting 02 = 2, we get:
R Sk — 2 g Tm N g, = 0,
w w
Adding (5.12) to the trace of (5.13) gives:
W, €
Foy + —hf — =92 Im N g4, = 0,
w w

and using the expression for the trace of £} and its derivative in (4.8) and (4.9):

w €
2— — —0.: Im N g1q; =0,
w w
or, equivalently:
€
W= 5597 Im N qrq,. (5.14)

To simplify our Einstein field equations, we get rid of the term ImN'/q;q; by
substituting (5.14) into equations (5.11), (5.12) and (5.13) and obtain:

oW 1, e
2; — E + Z—llﬁjlig +2Q, X X7 =0, (5'15)
R+ k28 =0, (5.16)
w w
L0 o 9507 — (), 5.17
Ry + wKIb bw ( )

We now rewrite equations (5.16) and (5.17) in integrable form by multiplying each
equation by w which gives the following differential equations:

(W/ii)' = —QUJ,

(wky) = 26,0.

The integral of these equations gives the explicit expressions for the components of

7.
Klj.

1
= (07 — 2 1
e = = (0 — 2), (518

1
Ky = —(0p + 205w), (5.19)
w
where 07 and 60} are constants of integration satisfying:

0: = 0>+ 62 =0, (5.20)
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in order to be consistent with the trace condition (4.8).

Next, using the definition of ﬁ§- from equation (4.7), the differential equations
(5.18) and (5.19) can equivalently be expressed in terms of the metric components
and its derivatives:

1
gzz = _(95 - 2w)gzz7 (521)
w

1
Gacl, + 203 ap)- (5.22)

Gab = ;(

Equation (5.15) can also be further simplified by substituting the expressions for /@3»

obtained from equations (5.18) and (5.19):

1 . . -
10500+ 2(0" = 020 + w) + 2 Qry XX = 0. (5.23)

Finally, the reduced scalar equation of motion (5.8), corresponding to the gauge field
ansatz (5.10), becomes:
2EC2LJ)‘<L).(J + Q(QLJXJ)‘XL — GLQUXIXJXL
+ ieeoigupgyo-./\‘/’[“] ImNL[.FI'uV ImNJK.FKpU = O’

where we have used the identity:
(ImN[J)‘féyf‘]“” = (’L?EN]J) 5£f£VFJMV
= iEEN[JNIMNMLflfVFJMV
= —iGENIMNIJNMLFIfVFJMV
= —i N Im Ny Fl, Tm Ny FIR

Substituting the gauge field expression, we find:

qr4qs

QEQLJXLXJ + Q(QLJXJ)'XL — 0LQuX'XTX" + igggzzNLJ 2 = 0. (5.24)

5.3.1 The special geometry relations

To simplify and solve the equations, we need to employ the relations of special ge-
ometry disussed in Appendix 8. For real scalar fields X, the prepotential F' and all
its derivatives Fy, Fry, Frjk, ... are purely imaginary.

The special geometry relations can be reduced to the following:

Nrj=i.(Fr; — Fry)
= —2ieF[J; (525)
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e N =i (XTF — X'Fy)
=i (X'F; + X'Fy)

= 2. X'F;
=44 I
_ i
NIJ = Fry— EWNIMXMNJNXN
(=20 XM (=20 Fyn XN)
- _FIJ — 1€ .
—QZGFKLXKXL
. =2 FF
= —F; - 266%
FiFy
= — Fyj;
F 1J;
FrF
Ny X7 = ( - Fu> X’
F
F
= —F - F
F I I
XJ — FNIJFI —NIJF[
F )
— _XJ . IJF .
F N Iy
X'F; = FXJFJ — NV EF,
2 1
= — — FiF
— — N,
2 o
- _ XIXJ
F NIJ )
since

F

N XX = N7, (%Xf - N IKFK> (FXI —N JLFL>

9F2 [?2  [? L
- Ja¥a
F F F+N =g

:NIJF[FJ;
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(5.27)

(5.28)

(5.29)

(5.30)

(5.31)



Qry=e"Npj+ " Nig XEN; X*
90 Fyy (=20 Fre X)) (=20 Fy XY
T 4i.F (4i.F)2
Fiy B
2F 4F?

oF
1 FrF
Zﬁ(/vu— ). (5.32)

1 [/ F? .. ..
S (_ —F+ XIF,>, (5.33)
where we have used the relations:
F=FX"=FX!,
F=FXx+FX
Using these identities, we can further simplify the scalar equation (5.24):

e first term:

: o o1 [F2 ..
2Y QL XEXT = 2% <— - FLXL)
w w

where, from the first to the second line, we have used identity (5.30), and from
the second to the third, we applied the following manipulation:

2
A= —f—F +NLJFLFJ:@NLJFJFL
:Oé[(NLJFJ)'—NLJFJ}FL
:OZ(XL—NLJFJ)FL

2 o
= F_2NLJFJFL = o= ——:
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e second term:

2(Qus X7y Xt = 2(% (Zf - ) ) At

2 1 (FLF  FpF FpF? o .\ .
__FLXL)+_( UL T _FL)XL

F\ 2F 2F 2F?
I [? o L [F? L
:__(__+NLJFLFJ)+ <_—NLJFLFJ)

F? 2F 22\ F
F (. £? o 3 F(F :
L px e _NUR R L (DL ALIR
+2F2<J TN I") 2F%  F\F NTEy
F3 .. FF . 1 .
L _oNWER P NYRE - NV
ES N L JF2 2F2N J L—I—FN LIy

= %/\7 LIy Ry — %N Ly Fy,
where, the last line was obtained using:
o=t Nt By = N,
and
B = _%NLJFJFL + N EF, = BNY ELF,
_ (XY - NME)E,

=8 (%XL — 2NLJFJ> F, = f= —%;
o third term:
0,01, X1%7 — 0, {% (N,J . ?)] XX
- (v - T )
o (o, - T - B B ) g

- (ki) - By Lo

= %(FFQ —NIJFIFJ> — % + %aL./\/}JXIXJ

By - R L i,
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multiplying this expression by X, we find the third term to be:

. XL .. FF XL 1 e
QXX Xt = 2 (R XT) - =2+ N XIXTXE
2F? ‘ 2F7? 2F
1 . F . F )
(B i) (B,
1 . F JL 1 IK F IK 1 JL IK 1 JL T
:ﬁNL} —FN FLN FK—FN FKN FL+N FKN FL
_L EN NJLNIKFF —i—E/\/ NIKNJLFF
= op\ v Ll N KL
—NIJNIKFKNJLFL)
F oo . 1 ...
= ﬁNLJFLFJ — ﬁNLJFLFJ,
since ‘ ‘
NN = N NTE,
and

Ny X' X7 = F, X7 — Ny X' X/
=F; X7 — I X!
= 0.

Combining all three terms, we arrive at the reduced scalar field equation derived
from (5.24):

T (;FLFJ + R Fy - FLFJ) + zeégzz./\/'L‘]% — 0, (5.34)

multiplying by —2Fw and applying the chain rule, we obtain:

8A ImNIJ ((,UF[FJ + W(F]FJ — F[FJ) — i4i€ngquqJ) =0. (535)

5.3.2 The first family of solutions

To solve the obtained equations, we perform the first change of variables, introduced
in (4.28), and derive the first family of solutions:

da_ 1

dr ~ H(o) (5.36)
and w=ocH(o).
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Transforming the differential equations (5.21) and (5.22) using the relations from
(4.28) and (4.29):
1 1

Vg
= — (0 —2-20" ) g,
J=pg JH(Z UH)g

1 1 . . . H
g;bﬁ = E (9b + Q(Sb —+ 2(5b0'ﬁ) Yac-

Rearranging these, we get:
g _ 07 -2 H

9oz o a’
05 + 20; H'
/ b b c
“gl = 20—
9" Yab . 20
and solving leads to the following spacetime metric components:
or = honoH ™2, (5.37)
Gab = hae(€M™7)8 H?, (5.38)

where h,, = £1, hy, is a symmetric constant matrix satisfying the condition h,.A\j =
hoe XS (check Appendix 8). Here, \f = 1(6¢ + 20¢) and p = A2 = (02 — 2).
The trace condition (5.20) is satisfied by imposing:

A= N4\ =1,

Combining the solutions (5.37) and (5.38), the spacetime metric becomes:

ds® = H*(eodo? + hae(e**™9)sdada®) 4 h,,0®P H 2dz>. (5.39)

Transforming equation (5.23) into the new variables from (4.28) and what follows,
we arrive at:

L ((2ne — 26020 — 268 + (2p + 2)7)

4
H 2 o' o H" H' 2
21 (1 — | —(2p+2)(1 — — — — — H
+ <+0H) (p—l—)(+aH>+<H+aH a(H))a]
1
+2(cH)*Qrs X" X" =5 =0,
grouping similar terms leads to:
dXTdx/  1-XX 2 HdH  d°H
2 = It 1(1-2p)———+H— 5.40
Qs do do o? H? {( r) o do o daQ} (5.40)

Additionally, equation (5.14) becomes:

- dH  d*H o [(dH\?
N qrq; = 2¢h..0' ™" H [E tos (—) ] . (5.41)
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As an ansatz for the solution, we take:

H? = 4i F. (5.42)
It follows that:
HH = 2i F,
o _F
. H2F (5.43)
H? N o _F
H?2  H 2F

F = F]XI = F[XI = iEGImNIJF[FJ.
Using the expression derived earlier in (5.33) and the ansatz, we find:

N 1 [ F2 . L
QXX :ﬁ<ﬁ_F+X FI)
H\?> H> H 2%NVFF,
_(E> “EHCHT T B
H 2ImNFE,

I—IJr H? ’

and this leads to the simplification of equation (5.40):

H H? 202 ocH H
1— AN 1—2p)HH'
2Im NV FF) = ———H* - (= 2p)HE
202 o
1— AN 2(1 -2
AN xr 2202,
202 o
obtaining: ‘
d°’F;  1—2pdF; 1—XX
Im N F — I~ F;| =0. 5.44
m N Fy do? + o do 202 / (5.44)
The general solution to this differential equation is:
1
F[ = —’i€€ (A[O'p_s +B]Jp+s), (545)

2

where A;, By and s are constants.
Differentiating this solution gives:

F 1
Ui _ L (o A7+ (o B,
d?*F 1
d<72I = 51'66 (p—s)p—s—1)A" "+ (p+s)(p+s—1)Bro"7?),
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and substituting these expressions back into (5.44):

Arp—s)(p—s—1)+Brlp+s)(p+s—1)+ (1 —2p)Ar(p — s)
1— AN 1— AN

+(1—2p)B[(p+S)— 5 A[ 2J ZB]_O
which simplifies to the condition:
iyJ o2 2
N — 1 =2(p" — 7). (5.46)

Moving to equation (5.41), we make use of the following identities for simplifica-
tion:

o HIL = 21mN”FI%,
d2H dH
o Hiz — (da)
_ i {d“’F (@)Q]

— FY€| do? do

d2F dFy dF
= 2Im N (Fr s — T8,

combined, gives:

dF. d’F JAFdFy e
N | P = + o= =L
mA [Id T T e 4

hzza - qqu} =0. (547)

After substituting the solution (5.45) and its derivatives, we get the following con-
dition: .
Im/\f” |:92AIBJ — Z&?ehzquqJ] =0 (548)

We apply the transformations and substitute the ansatz identities in equation (5.35):

dF 2F, AR dF, e
ImNY | F—L 4ol —L — oL =
OaTmN [Id T2 T o 4

hZZO'ZpquQJ:| =0. (549)

And upon plugging the expressions of the solution (5.45), we reach a condition that
is similar to (5.48):

1
8A ImN” |:52AIBJ - ZSEhZZQIQJ‘| = 0. (550)

5.3.3 The second family of solutions

The second change of variables mentioned in (4.38):

- (5.51)



allows us to obtain a second family of solutions.

Applying the change of variables to the differential equations (5.21) and (5.22),

we get:
(.U/
w

w/
L= 05+ 20— | Gae-
Yab ( b b, g
Solving these differential equations, we find the solutions to be:
Gor = hePP0w72, (5.52)

Gab = hae(€%P)5w?, (5.53)

where h,, = £1, hg, is a constant symmetric matrix satisfying hq.05 = hp0S (con-
dition proved in Appendix 8).

The resulting spacetime metric for this second family of solutions becomes:
ds* = w?(eqdp® + hac(eep)gdmadxb) + hefPw2dz2. (5.54)

Applying the transformations due to (4.38) and (4.39) to equations (5.23) and (5.14),
we obtain:

de dx’ 1, dw  d*w
= ——00 + 92— — 5.55
d2 dw?
MmN qrq) = 2eha.e” pw{ 7 (d—‘;) } (5.56)
Here, we adopt the following ansatz for our solution:
w? = 4i.F, (5.57)
which implies the identities:
ww = 2i.F,
w F
W 2p (5.58)
o F F?
w 2F  4F?
And (5.55) becomes:
L 1
I'yd % z,. -
QX X 89]95 5 —[07w — &
1 [(F? FF P2
L A I —
2F(2F * I) 8“+ OF  2F © 4F?
X'Fy = —49;93F +0:F,
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which can be written in the compact form:

d*Fy dFy 1 .
ImNYE — 0=+ -0 F, | =0 5.59
mN J(dp2 de‘FSJlI) ) ( )
which admits the solution:
]_ 1/pz 1/pz
Fy = Sie (Ajei(gfs)p + B[65(92+S)p> , (5.60)

where A;, B; and s are constants.
We differentiate F twice:

dF 1 z z
- —i.€ <AI(9§ _ 5)6%(9z—s)p + Bl(ez + S)e%(ez—i-s)p) ’
dp 4
d*F 1, ; s g ; 1pas
dPQI _ §255 (Al(ez _ 5)265(02 L B (67 + 8)265((92+ )p) :
and substitute to get the following condition:

ini _ N2 2
9]-95- =2((02)° — s%). (5.61)
We now turn to equation (5.56). To simplify it, we use the identity:

. .9 2d 1 dw
W — W =W — | —
dp\wdp
ypd(LaF
dp \ 2F dp
N
= | F— —
%)
ZZImN]J(F[FJ—F[FJ),

so that the equation becomes:

*F;  dEdF; e, e
N | == - =L L o e = 0. 5.62
mN { Ly i dp 1 e"qrqy (5.62)
Plugging the solution back, the above expression yields the condition:
Im N [s°A;B; — eeh..qrq;] = 0. (5.63)

The final step for this family of solutions is to analyze the scalar field equation
(5.35), which, after the corresponding changes and simplifications, becomes:

d2F J dF T dF J £ 0z
— — —h,,e”’ =0, 5.64
dp? dp dp 1 € *"qrqy ( )
and gives the following condition after substituting the explicit form of F; and its
derivatives:

O Im N | Fy

OaIm N [s*ArBy — eeh..qrq;] = 0, (5.65)

which is similar to the one obtained in (5.63), which confirms consistency between
equations.

50



5.4 Class 2 Solution

We now consider a second class of solutions characterized by the following diagonal
spacetime metric:

ds® = eodt® + gy (7)(dz")* | i=1,2,3, (5.66)
with the corresponding gauge field satisfying (5.7) and (1.25):
1 I
Foy =1 (5.67)
where p! are constants. The scalars X7 are purely imaginary.

We now compute the components of the Einstein field equation (5.2) for this
metric:

o u=v=>0:

o w1, j Ty E ar gy It
;—E—I—Zﬁjlii—QQ]JXX —5609 g ImNIJpp :O; (568)

o L=V=20:

w
iy + — kg + ecog™ g" Im Nyp'p” = 0; (5.69)
e =V=1Y .
W
Fy 4+ — Ky + ecog™ g% Im N7 p'p” = 0; (5.70)
W
o =V=12 ‘
w
B4 2K — eegg gt ImNIJpIpJ =0. (5.71)
w

Adding equations (5.69), (5.70) and (5.71), and using the trace relation from (4.8)
and (4.9), we get:

O = —%eogmgyy Im N7 p'p’w. (5.72)

We then substitute equation (5.72) back into equations (5.68) through (5.71) elimi-
nating the explicit dependence on Im N ;p’p”, which leads to the simplified Einstein
equations:

O W1, ol
2; — F + Z—l/'ijlﬂlg — 2Q1]X X = O, (573)
w w
w w



We now multiply equations (5.74), (5.75) and (5.76) by w which gives:

(whg) = 20,
(wry) = 20,
(WKZ) = —2w.

Integrating these differential equations, we obtain the expressions for lié-i

k= L(om 4+ ), (5.77)
w

Y= ! 6Y + 2u 5.78

’%y—a( y+ CU), ( . )
1

2= — (67 - 2w). 5.79

= Lo 20) (5.7

where the integration constants 67, 07 and 67 satisfy the condition:
0; =0 +0)+06,=0. (5.80)

Substituting the definition from (4.7) into the differential equations (5.77), (5.78)
and (5.79), we derive the corresponding first-order equations for the metric compo-
nents:

1

) 1 )

Jyy = ;(Qz + 2w)gyy, (5.82)
1
w

We then simplify equation (5.73) using the expressions we obtained in (5.77), (5.78)
and (5.79):

1 . . -
10307 + 2(w? — 020 + dw) — 2WQr XX = 0. (5.84)

Turning to the scalar equation, we reduce it using the procedure applied previously:

~2-Qu X X7 — 2(Qus X7y X 4 0,Qr, XXX
<
4

(5.85)

+ 169 g,upgucrNLJ ImNL[.FI”V ImNJKpr" =0.
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5.4.1 The special geometry relations

Here, we plan to simplify the scalar equation by converting F; terms into expressions
involving X7 in equation (5.34).

Note that ;s flips sign in this case:

1
Qrs = YA (NIJ -

FiFy
2F )’

while N7; retains the same expression found previously:

1 Fy

Nis ==

— Fry.

We begin with:

e the first term:
9

220 XX =22 — XEXT - ) = xXtx7
wQLJ WO (NLJ oOF ’YNLJ

:’)/XL(FL _NLJXJ)

E? -
:’)/<— —2NLJXLXJ)

F
IR ")
7= 2F w’
e the second and third terms:
1 . . 1 . F\. F . o .
—ﬁNLJFJFL:_ﬁNLJFJ(<F) FL+FFL—NL[XI—NL[XI)

1 . . L 1 . . .
= ——NY(F; + N X Fr+ =N (X = NP Fy) XY
2F 2F
1 . .
— — N XEXT
ZFN LT
1'LJ" 1 . Lol 1 . LT
= —— F;F — X X' —— XX
QFN Jrp + QFNLI QFNLI ;
which allows us to perform the following substitution:
1'LJ" .. 1 . 5oL T oL
—57N (FyFp — FyFyp) = —ﬁNLJ(X X' — X7X");
e the gauge field term:
€ . €
ic60 s 99N T N T N e F 07 = =200 Tm NG ™ g9y
Putting everything together, we arrive at the scalar field equation:

oA Im Ny, (@XLXJ + w(XLX‘] — XLX‘]) + Zeeow 42’6Fgmgyyp1p‘]) =0. (5.86)

53



5.4.2 The third family of solutions

To solve the equations and determine the third family of solutions, we perform the
change of variables given in (4.28). Applying this to the differential equations (5.81),
(5.82), and (5.83), we obtain:

solving yields the general solutions:

Gz = Moo P H?, (5.87)
Gyy = hyyo* H?, (5.88)
G2z = hzzo—QqH_Qy (589)

where gy, hyy, h., = £1, and the exponents p, r, ¢ defined via:

1
A =p= 5(9§+2)> (5.90)
N == L 0y + 2 5.91
y = 5( y + )7 ( : )
No—q= %(9;—2). (5.92)

The matrix )\3. must satisfy the trace condition:
N=XNAN+N=p+tr+q=1, (5.93)
which is required for consistency with the constraint (5.80).

The spacetime metric for the third family of solutions is then obtained:
ds® = H?(eodo? + hyr0*da?® + hy,0® dy?) + h,,0* H dz*. (5.94)

As for equation (5.84), it becomes after applying all the transformations:

dx'dx’ 1-XXN 1 HdH _d*H
- = L - —|(1-29)——+H . .
Qs do do 202 H? {( ) o do * d02] (5.95)
Likewise, equation (5.72) transforms into:
ogy, |AH  IPH o (dH\?
I Npp'p” = =260y hyyo' *1H [E o do? H (E) ] | 40
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The ansatz for our solution that we will take here is:
H? = —4iF, (5.97)
from which these identities are deduced:

HH = —2i.F = —2¢ Im N, X' X7,
H F 2¢

== X/ X!
| H QF 2 mNIJ )
H? N H F (5.98)
H2  H 2F’
HH — H? = -2, (F — 7) = —2eIm Ny, (X7XT — XTX7).

This allows us to simplify equation (5.95) even further, using the identity:

_F H FX!

2F H 2F
1 : H

= N X'X7 - =
QFN 1 H’

rearranging, equation (5.95) becomes:

Im./\/}JXI<d;C)T(2J + ! —02(1 djij ! _20)\2;/\{)(]) =0. (5.99)
The above differential equation admits the following general solution:
X' = %ie(Afgq-s + Blo?ts), (5.100)
where A, B!, and s are constants.
Differentiating the solution and substituting back yields the constraint:
NN —1=2(¢" — 5°). (5.101)

And equation (5.96) becomes:

dx’/ a2x7 dxXTdx’ e B
fm N1y XI?+OXI 0’ " do do Zeeohmhwg?q 'pp’| =0, (5.102)
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that gives, after substituting the solution, the condition:
€

ImN[J [82AIBJ - 1

€oharhyyp'p’ | = 0. (5.103)

Now we apply the same transformations for the scalar equation (5.86), and obtain:

dx’ 2x7  dxTdx’
g +oX! —feeohmhyya%lpqu =0, (5.104)

I X —
Oalm N1y do do? 4 do do 4

which gives a condition similar to (5.103), after plugging the solution and its deriva-

tives:
€

6A ImN[J [SQAIBJ — 1

cohaaliyyp'p’ | = 0. (5.105)

5.4.3 The fourth family of solutions

We now consider the fourth family of solutions by applying the second change of
variables (4.38). The differential equations (5.81), (5.82), and (5.83) become:

/
w

(JJ/
g?/Jy = (05 + 2;) Gyys

/
g,/zz = (@; - 2£) 9zz-
w

Solving these differential equations leads to the general solutions:

oo = hap€’™PW", (5.106)
Gyy = D702, (5.107)
G2z = hzzeejpwia (5108)

where h;; = +1. These give the full spacetime metric for this family of solutions:

ds® = w*(egdp® + hyge*Pda* + hyyeegpdyZ) + h,.e%Pw2d22. (5.109)

Transforming equations (5.84) and (5.72) according to (4.38) and (4.38):

dx’dx’ 1, 1 ( do d°w
—Qr—— =200l +— 0 — —— 5.110
Qs dp dp 8]7’+w(zdp dp2>’ ( )
_pe w1 (dw)?
ImNIprpJ = —QEEOhxxhyye Gzpw [d_pQ — ; (d_p) ] . (5111)

We now adopt the following ansatz for our solution:

w? = —44.F, (5.112)
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which gives us the following identities:

wi = —2i.F,
w F
w 2F
1 .
= ﬁN[JXIXJ,
o F F?
w 2F  4F?
1N(XIXJ XIXJ)_'_FQ
T AF?
(5.113)
d /1d
Wi — = (=
dp \w dp
el (LF
dp \2F dp
. [
=2 | F——
(7-%)
= =20 Npy (XX - XXV,
o 2 1 o
QXX = ——— 4+ N XX
Qrs 12 + 2FN1J
Substituting these expressions in (5.110) leads to:
?x’ ax’ 1, .
Im N7 X! ( i ejd—p + ge;eg.XJ) =0, (5.114)
which can be solved to find:
X! = %@ (Afe%@*s)ﬂ + Bfe%“’?*s)P) : (5.115)
where A, B!, and s are constants. Plugging back gives the condition:
0i07 = 2((02)* — s°). (5.116)
Applying the same for equation (5.111), we reach:
X7 dxTdx’ -
Im N7, {XI 17 — 1 — Zeoehmhyyeezpplp‘]} = 0. (5.117)

When plugging the solution for X7, this equation gives the first of the two similar
conditions:
Im Ny [s* A’ B” — eeohauhy,p'p’) = 0. (5.118)
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We still have to consider the scalar equation (5.86), where upon applying the corre-
sponding changes, gives:
d?2x7  dxtdx’ e

G 4y a0l 0’| =0 (5.119)

8AIm/\/}J XI

which gives the second of the two similar conditions:

OaIm Ny [s*A'B? — eeghanhy,p'p’] = 0. (5.120)
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CHAPTER 6

EXAMPLES

In this chapter, we explore examples for the families of solutions discussed previously
in Chapter 5, where we apply an N = 2 supergravity model for these solutions, in
4 dimensions.

We make the following choice of parameters throughout all of the sections of
this chapter:
€:€:€Oz—hz‘j:—17 (61)

which corresponds to Lorentzian signature models.

6.1 Example 1: The First Family of Solutions for N' = 2,
D = 4 Supergravity

For N = 2 supergavity, we consider a model where we take the holomorphic prepo-
tential I’ to be (generalized Melvin cosmologies [15]):

F=—iX"X" (6.2)

corresponding to a model where the scalar manifold is given by SL(2,R)/SO(2).
From the solution found in Section 5.3.2, we set A; = 1, and take s = p = A\ in
(5.48) and (5.50), we get:

B = i (6.3)
4p?’

for I =0,1. This implies, due to (5.45), the following expression of F:

e i (14 2 (6.4)
2 4p?

Differentiating F' with respect to X!, we obtain:

(6.5)

59



which we can write as:

F

Fr = T (6.6)
Differentiating again, with respect to X7, we obtain:
Iy F 5
r r (6.7)
= — )
XTX7 (XT)? 1J
Using (5.27), we can see that N7; becomes:
FF
Nij = %J — Iy
F? F F
TXIXTEF  XIxJ + (XI)25]J (6.8)
F
=—=0
and
Ny X7 =F; (6.9)
gives, using (6.4) and (6.8):
F —i
X'= —(1+ Bro™
(XT)2 g (14 Bio™) 6.10)
—X0X! —i ’
—— X'=—(1+4 Byo®
POENEE
from which we can obtain the expressions of X? and X
2
X0 — 1 14+ q_102p ’
2 4p?
(6.11)

1 q2
X'=-(1+2%07).
2( +4p20 )

In order to obtain the final form of the metric, we need to compute H? using the
ansatz (5.42):

H? = 4iF

=4X°Xx!
(6.12)

2 2
ds* = (1 + %02;)) (1 + 4q—£202p) (—d02 + (e”ln”)abdx“dxb)
o2 (6.13)

5 5 dz?.
(14 o) (1+ o)
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The gauge field in this case (5.10) is found to be:

Im./\/}J}—JJZ == _QI
oH?
_XOXI JT_-IJZ qr (6.14)
(XT)2 4o XOX1’
so that: % ”
Floz — _ S Flog = — — 6.15
do(X1)2 do(X0)2’ (6.15)
2p—1 2p—1
Foo-07 R (6.16)

2 2 2 2
(1 + 41%021’) <1 + %021”)

6.2 Example 2: The Second Family of Solutions for N = 2,
D = 4 Supergravity

Here, we consider the same holomorphic prepotential (6.2), applied on the solution
discussed in Section 5.3.3, where we set A; = 1 and s = 62, so that (5.63) and (5.65)
give:

q
By = (95)2, (6.17)
and (5.60) become:
1 T
FI = —52 (1 + (571)2602’0) . (618)
Substituting (6.18) and (6.8) in (6.9):
N X7 =F
ot = g L Bie) (6.19)
—i X0X! —i 2
——r X' = —(1+ Be”*
PO
which results in the expressions of X° and X*:
2
x0= L (14 4 o)
2 (62)
) 2 (6.20)
X'=c 1+ 27 .
> (1 )
Using the ansatz (5.57) to compute w? as a step towards finding the metric:
w? = 4iF
=4X°X"
(6.21)

Q% 7 qg 6
=14+ 2L %) (1 P
(*w*)(*w*)’
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so the metric (5.54) becomes:

2 2
d32 = <1 -+ ﬁgﬁ) (1 + (eqToyeejp) (—dp2 + (eep)abdx“dxb)
’ ’ 00 (6.22)

+ 5 5 dz?.
<1+ (é_l)ﬁezp> (1 n (;;)Qeegp>
And for the gauge field (5.10), we find:
Im/\/}J}—J’)Z == C]_[2
w
_XOXl 1o _ qr (623)
(XT)2 AXOX1
which implies the following expressions:
Z qo 1pz QI
IOP — — F Pz — 624
0Zp 0Zp
Fo - H° Fl=——0 (6.25)

<1+ i 69§P>2 ’ (1—1— ai 69§P)2
(02)? (62)?

6.3 Example 3: The Third Family of Solutions for N = 2,
D = 4 Supergravity

Taking the same starting point (6.2), we give an example of the solutions discussed
in Section 5.4.2. Setting A’ =1 and s = ¢ = A in (5.103) and (5.105):

Bl _ %227 (6.26)
which allows us to express X from (5.100) as:
X! = %(1 + Blo?) (6.27)
and hence:
ot (1 N (p01202q> |
R (6.25)
X1_3<1+(P) 2q>
2 4q?
Using the ansatz (5.97), we obtain:
H? = —4iF
- (6.29)

(o ) (1 2 ).



And the metric (5.94) becomes:

0\2 1\2
ds? 14+ — (p ) o2 1+ _(p ) o2 (—da2 + o?Pdr? + a2rdy2)
4¢? 4¢*
24 (6.30)
@°)? o ()2 9 a7
<1+W“ ") (HW“ q)

The gauge field (5.67) remains simply as follows:

+

Fil, = (6.31)

Fo,=0", Fa=p". (6.32)

6.4 Example 4: The Fourth Family of Solutions for N = 2,
D = 4 Supergravity

Similarly, we start with (6.2), applied on the solutions discussed in Section 5.4.3.
Setting AL =1 and s = 67 in (5.118) and (5.120):

B! = Ezliz , (6.33)
which updates (5.115) into: Z
X! = %(1 + Blefry | (6.34)
in components:
x0=1 (1 + (pj)z€9§p> ,
. ’ 1 Eﬁ;; N (6.35)
> (1 )
The ansatz (5.112) is expressed as:
w? = —4iF
0yl
) (g 0 =
(1 ) (1 ).
Then the metric (5.109) can be written as:
ds? (1 + EZO; ozp ) <1 + Egls ozp ) (—alp2 + =P dx? + eegpdgf)
070 (6.37)

+ dz?.

(= 55) (e )
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Similarly to the previous example, the gauge field (5.67) remains the same:
I T
Foy =D (6.38)

Foy=1" Foy=1". (6.39)

Ty ~
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CHAPTER 7

SL(N,R)/SO(N,R) COSET MODEL

In this chapter, we apply the results of our previous analysis from Chapter 4 to
a class of supergavity theories: models where the scalar fields parameterize the
symmetric subspace SL(N,R)/SO(N,R) of the coset manifold found in maximal
gauged supergravity. We use the specific relations of this coset model to simplify
the equations of motion. This approach allows us to solve the system and obtain
the four families of solutions.

7.1 The Lagrangian

We consider D-dimensional theories described by the following Lagrangian:

N
1, €
Lp=R - =(9¢)* — [, 7.1
e Lp 2( ?) ; 4(X1)2}_W]: (7.1)
Comparing with our general Lagrangian:
e 'Lp =R — Mupd,d’0"¢5 — g(;mfgyf#w, (7.2)
implies that:
Grym —n Mg = 26 (7.3)
= 2(X,)? 1 AB = 5048, .
where the N scalar fields are subject to the condition:
N
[[x:=1 (7.4)
=1

The relation of the constrained scalars X; to the (N — 1) independent dilatonic
scalars ¢ is given by: o
X; = e 2b19, (7.5)
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where b; are the weight vectors of the fundamental representation of SL(N,R),
satisfying:

N
oo 8 -
b by =80 -+ > b =0 (7.6)
T IHX[. (77)

7.2 The First Family of Solutions

We start by considering the class of solutions with the spacetime metric:

ds®* = H? (60d0‘2 + Rge(e*? 1“")gda:ada:b) + hy,oPHAP=3) g2, (7.8)
For these solutions, the gauge field two-form is given by:
4; 45
Gy Flor = 22 = ) 7.9
5 w oH? (7.9)

We also have for our theories the following equations:

dpAde?  1—-XNX D -2 dH\? HdH  d°H
= — D—-4)| — 1-2p)——+H
Map do do o2 H? ( ) do + P) o do * do? |’
(7.10)
dH =~ d*H o (dH\?
1J —(D—29 1—2PH2D_7 _ - — | — . 11
Garas = ( Jehz.o [da +Ud02 H (da) ] (7.1)
We start the analysis by making the following ansatz for the scalars:
HD73
X; = o (7.12)
X, f1 (D-3)H
R ) 1
X, 7 + I (7.13)
From (7.7) we can find:
- 1 - X7
o=—7 ; e
i f1 (D-3)H
P> I( AT
! . (7.14)
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Using (7.4) we obtain (proved in Appendix 8):
H F1— gD-3N
I

i

1
E:N(D—?,)Z

I

éf

H N(D-3)

-

Jél 2 1 f'] 2
) ot 1)

=

fI
F7

Plugging all in the equation of motion (7.10) gives:

1-XXN  D-2

—2pflf

o2

N(D—3)ZI: (1

AN(D = 3)

and in the equation of motion (7.11) gives:

which admits a solution of the following form:

o A

+(4D—8—N(D—3)> (Z (%)2_%<

)

fl = AlgP=s 4+ BlgP™s,

Upon substitution in (7.20) we obtain:

and in (7.19):

A'B! =

N =

N(D - 3)eh..

2s2(D — 2)

A(D —2)
D—3

67

?

(%)27

2

1

I

f]

)

——eh..o® N q)* = fI o (F = (FD),

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)



1—2p ., AN -1

ff+ Tff + 4%# =0, (7.24)
NN~ 1= i@? _ ). (7.25)
Setting AY = 1 and s = p gives:
ff=1+B'o*, (7.26)
where: 5
B' = Eehzz(ql)Q. (7.27)

Using (?7?), (7.12) and (7.16), we find:

HNP=) = T2+ B'o™), (7.28)
I
HD—3
X = ——. 2
T 14+ Blg (7.29)

7.3 The Second Family of Solutions

We can also get a second class of solutions by making a different change of variables
and obtaining the following metric:

ds* = w? (eodp2 + hac(eap)gd:c“dazb) + h,,e%Py2P=3) .2 (7.30)
The gauge field for this family of solutions:

G Flre = ‘i—“’ (7.31)

The equations of motion become:

A B ) _ 2 2

e dp 47" w? dp dp dp?
w1 (dw)?
G"q1q; = (D — 2)ch,e PP | — — = [ = 7.33
qq; = ( )eh..e w a2 w \dp ) ( )
with the following ansatz:
wP-3
X = I (7.34)
give:
1. D=2 i i1
— =00 — ————— — -0
ek N(D—3)z,:<ff i
(7.35)

4D —8— N(D —3) AN i\’
(o9 >Z<f_) ‘N<¥F> -0



2N(D —3) 0z _ plFT (4T
ﬁehme p(QI)2 =If (f )27

which admits a solution of the form:
fI _ Aleé(é)j—s)p + Ble%(%—i—s)p’
with the following conditions:

2N(D — 3)ch,,

I pl __ 2
A B - SQ(D_2> (qj) 9

fr=0:f" + 6501 " =0,
A(D —2)

N=—""2
D—3"

3 1
apb _ Y rpnz\2 2
030, = — (62 — 35"

Setting AT = 1 and s = 67 we obtain the following:
fl=14 B,
8
BI = hzz 2
(05)26 (QI) )
WwN(P=3) — H(l + Ble%r),

I

wD—3

Xj= Y
"™ 14 Bletir

7.4 The Third Family of Solutions

A third family of solutions can be obtained by considering the metric:

ds* = H?*(epdo? + hypo®da® + hyya2’"dy2) + hac(e2’\lm)§H_Di—3dx“d$b.

For these solutions, the gauge field is:

i I
.ny =p.
Here, the equations of motion:
dgA dgB  1— AN D—2 odH o*d*H
= - 1—22) "2 2
Mas~3 45 2 oV MNEn T E e

D-2 dH =~ d*H o (dH\"
e 1-2)8 - — = | =
G]Jp p’ = —D 3€€0hx:vhyya H [dg to do? H ( do ) ] 7
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(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)
(7.43)

(7.44)

(7.45)

(7.46)

(7.47)

(7.48)

(7.49)



with the following ansatz:

X =
lead to:
1—XX D2 12\ i
- > ()
o N(D —3) - o gr 9
2
4D—8—N(D—3)) (gI)Z 1 i
+ Z) - = 2| =0
( AN(D — 3) XI: 91 N ZI:gI
N(D —3) . . ) .
~ 50D g} “hachuno ™ B = G191 + 0 (g1 = (91)")

The solution of these equations is as follows:

gr = Ao + Brotats,

with N(D—3)
- I\2
A[B[ = —mgﬁohxmhyy(p ) s
. 1—2X% . AN — 1
gr + gr + 4= 5—g1 =0,
o
N — 4D — 2)7
D -3

i\J 1 a\2 2
N — 1= 2((A0)? = %)

Again, setting A; = 0 and s = A} will give the following:
g1 =1+ Bio™,

1
Br = _—)25€0hmhyy (p1)2,

2(\a

a

HY = JJ(1+ B'o™%),
1

X; = H Y1+ Blo®).

7.5 The Fourth Family of Solutions

(7.50)

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)
(7.56)

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

The fourth family of solutions can also be obtained by a different change of variables.

The metric:

ds® = w?(egdp® + hyme’*Pda’® + hyyeegpdyz) + hac(eep)gw%dx“dxb.

And the gauge fields:
1 I
fxy =p.
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Solving the following equations of motion:

do” do” i P=2 (v d*w
P
dp dp 47 (D= 3)w dp dp
1.J —2 —02p
GIJp p = — 35€0hxmhyye “ 2 s

with the ansatz:
XI - _7
w
gives:

_Z%% Z)%az;(m épw)
) (s () (s )

N(D —3)
- 2(D-2)

€€0hmhyye€:p(pl)2 = g191 — <91)27
and results in:

— AsezCi=)r 4 Brealitelr,

where:

N(D —3)
2s%2(D — 2)
Gr — 02gr + 0167 g; = 0,
A(D - 2)
D—-3"

00 = (02 — 7).

ArBr = — €€ohmhyy(pl>2,

N =

Setting A = 0 and s = 6% implies:

ar = 1+ Bfeegpa

By = - 560hmhyy(pl>2a

2
(65)°

wh = H(l + Byelar),
I

X; =w (1 + Brefar).
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(7.65)

(7.66)

(7.67)

(7.68)

(7.69)

(7.70)
(7.71)

(7.72)

(7.73)

(7.74)
(7.75)

(7.76)

(7.77)



CHAPTER &

SUMMARY AND CONCLUSION

In this thesis, we started with a generic D-dimensional Lagrangian (4.1) describing
the bosonic sector of a wide class of supergravity theories. We derived the equa-
tions of motion (4.2), (4.4), (4.5), and restricted our analysis to fields depending
on a single variable. This constraint significantly simplifies the coupled differential
equations, making them solvable analytically.

Using the synchronous one-variable metric (4.6) as our seed metric, we obtained
the most general one-variable metric ansatz, by considering two different non-trivial
components of the gauge fields (4.13), (4.49), and applying two distinct changes of
variables (4.28), (4.38), we derived a total of four families of solutions for gravita-
tional theories coupled to scalar and Abelian gauge fields.

Without specific knowledge of the scalar fields structure, the scalar equation
of motion remains difficult to solve. To address this, we applied our work to
N = 2,D = 4 supergravity, giving us the advantage of exploiting the very use-
ful relations of special geometry (discussed in Appendix 8), which played a crucial
role in simplifying the equations of motion. These simplified equations were then
solved to yield four distinct families of solutions for the metric, gauge fields and
scalar fields (5.45), (5.60), (5.100), (5.115).

From these general results, we constructed explicit solutions for an N =2, D = 4
supergravity model with a Lorentzian signature, where the scalar manifold is given
by SL(2,R)/SO(2) (6.2). Additionally, we found explicit solutions for real scalars
parametrizing the coset manifold SL(N,R)/SO(N,R), where solutions can only ex-
ist in N = 8,6 and 5 corresponding, respectively, to spacetime dimensions D = 4,5

and 7 (7.23).

For future work, we can extend this analysis to find dyonic solutions, where
both electric and magnetic components of the gauge field coexist simultaneously.

72



UNIQUENESS OF THE LEVI-CIVITA
CONNECTION

A connection is called a Levi-Civita connection if it:
L. preserves the metric: Vg, = g — 15,90 — 5,91 = 0;
2. is torsion-free: T3, =1}, — I} = 0.

From the first condition, we can write

v/\guu + vugu)\ - Vz/g)\u =0

NGy — Fgugpv — I8, 9p + Ougor — Ffu/gp)\_rz/\gl/p — Oy + U)\Gop + Fﬁugkp =0

The third and fifth terms cancel with the eighth and ninth ones respectively, accord-
ing to the second condition. The equation becomes

8)\g,uz/ - Fgugpu + 8ugu/\_PZ)\gup - aug)\,u =0

Then multiplying by the inverse of the metric ¢g?”, we get the unique expression of
the Christoffel symbols:

1 1%
Fﬁu = §gp (g;w,)\ + Goapu — g,\u,y) (1)
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VARIATION OF +/|g|

Let g = det(g,). We often encounter the coordinate volume element multiplied
by +/|g| to obtain an invariant volume element that is independent of the choice of
coordinates. The reason is that d*z transforms like:

i (2)
()
w(5)]- ()

d'z/|g| = d*2'\/]g'] (5)

is an invariant quantity. This means that the factor 1/|g| is needed to compensate
for the way the metric distorts volume.

d's’ = d*x, (2)

and g like:
2

g, (3)

/

g:

so that:

N

We conclude that

The variation of this factor is very useful for the action principle. To find the
variation, we start by assuming a symmetric matrix A. A is diagonalizable, so we
can write it in terms of its eigenvalues ;.

In (det(A)) = In (H AZ-)

= tr(In(A))
Using this identity, we can vary g as follows:
09 _ Y
— = =g 9" 7
0 o f (7)

But
(5(9‘“”9;;1/) =0
g}w(sg,ul/ = _guuéguy
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Now we can find:

0\/lgl __/1gl dg
ogh 0 —g ogh
——;(—gg )
2/l
1
= _5\/mguv

And the variation is found to be:

1
VT = — el 00
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VARIATION OF Ry

We start with the expression of R, :

R, = 9,I%, —9,I% + v 19 —T° 17

pvs po puo-vpo

and vary the terms:

ORy = 0p01Y, — 0,01, + oL, 10+ 17 017, — ol Iy, — I 017
=V,ol't, =V, oI,
= 0 (V00 + Y, V80— VY00
=V V8931 = Vi Viudgry + Vi Va0gp)
where, from the first to the second line we used:
V0%, = 8,0, + 10T, — 17,005, —T),0T%,,

since 51“’; , is a tensor. And from the second to the third line:

1
5F5)\ = 59#[) (vl/(sgp)\ + V)\(;gpu - Vp(sgu/\)a
since

) 1
59" (V09 + V3095 = V,090) = 59" (06950 = T7,8900 = T0309,0

+ (9,\(5ng - Fipdgtﬂl - Fiuégpg
- apggVA + ngéga)\ + FZ)\égua)

— g"6T p + T prdgH
— oT%,.
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(13)

(14)

(15)



Contracting with g"”, we obtain:
1
g oR,, = 5( — VaV,.6gM — ViV, 6™ + g™ V,\V, (gm,ég"”)

+ V. VAGgY + ¢"'V, Vi (9,0097) — Vqu59””> (16)
= V.V (9" gapbg™® — 6g")
=V, J",
where we have used:

gaﬁg%égtw _ 5(9(169759@7) _ 5g5gaﬁ N 55 5975

" (17)
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THE DIVERGENCE OF A VECTOR

The divergence of a vector field on a pseudo-Riemannian manifold is defined as:
V.Vt =9,V + T, V" (18)

Computing '}, gives:

1
F;/ju = égu/\ (gu)\,y + v — guu,)\)

1

= 59”%@

1
= —az/ V ’9’7
varl

where, from the first to the second line, we exchanged p and A in the last term due
to its contraction with g#*, so it cancels with the second term. As for the third line,
we obtain it from:

0, In (\/ﬂ) 0 \/m

1
RV
|

A
= = égukgu WV

1

= §g“AgM,u,

where we used (10).

So the divergence becomes:

1
VIV =0,VF + ——0,/]g| V"

Vol

_ ﬁm(ﬂv“)
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PROOF OF THE SYMMETRY
CONDITIONS OF THE MATRICES h,
hA, AND hf

Starting with the solution (4.32):
Gap = h ( 2>\an) H2 (20)

we differentiate with respect to o using the identity proved in Appendix 8:

26
Od (GZAIHJ)gHQ + hac(62)\ln0)lc) QHH/, (21)

g(/zb = hac

and substitute the expressions of g,, and g,, in (4.31):
0y + 20; H'
/ b b
— 20 ) Gue 29

which, due to the symmetry of g,, and ¢/,, can be written as:

0 + 20¢ H’

/ b b

= + 20— ) Gea -
Jba < b H) 9

o
This gives:
204 0c + 208 H'
hypo =2d (PoYd 2 4y (Ao oyt < b + 20, +25§ﬁ) hea(eP1m9)? [2,
o o

The second term of the left-hand side cancels with the second term of the right-hand
side, leaving us with:
hb 2—)\§<€2>\ lncr)d H2

o a

00+25 h ( 2)\lno>z H2,
simplifying, we get:
hoe g = heaXy.

Using the symmetry condition for h,, and renaming the dummy index, we obtain
the condition (4.33):
RacAy = hpe S, (23)
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Similarly for (4.44), we start with the solution (4.43):
Gab = Pac(€%)jw?,
differentiate it with respect to p:
Gap = hacl(€”)gew? + hae(€”)f 2w,

and substituting back in (4.41):
!/ ec + 26cw/
Gab = | Y b, Yac
we reach:

w/
/ — ec 260_ ca
Iba ( b T 20 w) g
/
hbcﬁg(eep)ng + hbc(eap)z 2w’ = (Qg + 265%) hcd<€ap)2w2

hbceg = eghcd )

which leads to (4.44):
haoll = hoobC.

30

(24)

(25)

(26)



PROOF OF THE DERIVATIVE OF 210

By definition, the exponential of the square matrix A is given by:
et = f: lAk (28)
. ' )

We can expand the given exponential as follows:

2\ 1Ino)? 2\Ino)3
@Alno)? | (@Ano)

2 Ino __
e =1+2\no+ 5 i (29)
Taking the derivative with respect to o:
de2Mne 2\ 2\ 2XIn )2 2\
‘ :0+—+(2)\1n0)—+M—+
do o o 2! o (30)
2\ 2\ Ino)?
= —(]14—2)\11104—%4—...)
o !

Comparing the sum in the parentheses with the expansion of the exponential, we
get:

d62/\lna

_ Qe2)\lno. (31)

do o
Writing it in component form:

d 2 Ino\ @ 2)\@ .
( e ) :_c(ez,\lno—)b (32)

do b o
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RELATIONS AMONG DERIVATIVES

Let z = a + ib be a complex variable, Z = a — ib its complex conjugate, and f(z, 2)
a complex function depending on z and its conjugate Z.

The complex partial derivatives are defined as follows:

of(z,2) 1 ((% _ Z-%)f(z,z),

0z 2
(33)
0f(z,z) 1[0 0 _
0z 2 (8a “ab)f(z’z)'
From these definitions, we can deduce the following:
o 0 . 0f(z,2)
(£+£>f<“> T
(34)
0 0 o 0f(z,2)
(82 - az>f(2’z) T

We can use these identities to prove the result of addition and subtraction of equa-
tions (5.3) and (5.4):

e the first term

1 1
——0,(V1919459" %) + —=0,(\/19l9250"2")

Vgl Vgl X

= —au (\/EQABGM Re ZA)>

Val

1
9, (v/19lga50"2") - mau(\/mgm@“ﬁ)
9

= \/éau (\/EQABGM Im ZA) 3

1

VIl

e The second term

0A9038M200“2B + Gggcgauzcﬁ"EB = 8RezAgC];8uz08“ZB,

049c50,2°0"2" — 019c50,2° 0" 2" = O 219050,2°0"2";

82



e The third term

Oa(Im N7y Fh, F + Re Ny Fi F7M) + 04 (Im Ny Fl, F/™ 4+ Re Ny Fl, F1)
= Ope.a (Im N FL, F/" 4+ Re N, F, F/M),

O (Im Ny Fi, F/ + Re Ny F, F*) = 03 (ImNpy Fy, F + ReNpy F, F/H)

pv

= —i@ImZA(Im/\/’U]:I f'JMV + Re-/\/’]inyﬁJuy);

pv
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SPECIAL GEOMETRY

In N =2, D = 4 supergravity, the n complex scalar fields are coordinates parametriz-
ing a special Kahler manifold, which are Kahler-Hodge manifold satisfying the cur-
vature condition

Rupcp = 9apdep + 9andcs — CaceCrprg™”, (35)
where
gap = 040K (36)
is the Kéahler metric with K the Kéhler potential and Cypc is a completely sym-
metric covariantly holomorphic tensor.

Such systems can be described in terms of a potential function F' [22][23], depend-
ing on complex fields X! with I = 0, 1, ..., n, which must be homogeneous of the
second degree,

FOXY = NF(XY), (37)
so that the action can exist in a superconformal background, which is minimally
required to obtain the combined Yang-Mills-Einstein action.

This condition implies the following useful relations:

1

F= 5FIXI,

Fr = Fr X7,
FroX® =0, (38)
FIJKLXL - _FIJK7

0, F1 X" = F10,X",

Fry=-2E for I =0,....n.

__ OF _
where F; = IXT > = SXToxXT"

A special Kéhler manifold can be given by constructing a flat (2n + 2)-dimensional
symplectic bundle on the Kdhler-Hodge manifold whose generic sections [24]:

v- (4) "

are covariantly holomorphic

DV = (aA—% LK) = 0 (40)



and satisfy the further constraint
iV, V) =i (L'M; — L' M;) =1, (41)

where we defined the U(1)-covariant derivative on the bundle as:
1 1
D4 :8A+§8AK; Dj :ag_éaﬁKa

and the product (-, -) as:
(UW)y=U"CwW

0 —1 wt
S e (0 ) () "
_ U2Twl o UlTW2

where W, W2 U' and U? are (n + 1)-dimensional each.
The Kahler potential can be computed as a symplectic invariant, by introducing the
holomorphic sections

Q=e V= ()g) , (43)
satisfying
00 =0. (44)
From (41), we obtain the Kéhler potential as
e X =i (X'F — XTFy), (45)
which can be written as
K =—In[i(X"F; — X'Fy)]. (46)

Introducing the complex symmetric (n + 1) x (n + 1) matrix N7; defined by the
following relations:

My = Ny L7,
DiM; = Np;DsL’,
so that (46) becomes
K = —In [i.(X'N X7 — XN, X))
= —In [ic(N7s — N1J) X' X] (48)
=—1In [QEIm/\/}JXI)_(J]

The bosonic part of the matter-coupled supergravity action [25]:
e_l‘cbos,4 =R+ [,0 + El
6 ~
=R — QQABauZAaugB —Vi(z,2) - §(Im./\/’u~7:;5y}—‘]“" + RGNIJF/iy‘FJMV)a
(49)

where,
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e Risthe Ricci scalar constructing the Einstein-Hilbert term which governs pure
gravity dynamics.

o Loy = —29,450,220"2P — V(2,%) is the kinetic energy of the scalar fields 2%
which parameterize the special Kéhler manifold, g4, = 0405K(z,2) is the
Kéhler metric, and V(z, z) is the scalar potential.

o L = —%(Im]\/’uflfy]:‘]“” + Re./\/'uflfl,f‘]””) are the Maxwell kinetic term
and topological term for the gauge fields.

The effective (complexified) gauge coupling:

. - (NX)(NX),
—F,, —
NIJ IJ — 1€ (XNX) (50)
where,
(NX); = Npy X7,
NX); = N;,; X’

(XNX)= Ny X'Xx7,
Nij =i(Fry— Fry).

The second term in the Lagrangian can be written in terms of symplectic sections
XT(24) and X!(z%) via the relation:

gABé?uzA(?“EB = QUé?MXI@“XJ, (52)

where ()7 is the scalar coupling.
From relation (52), we can find an expression for @;;. Starting with:

0z4 078

Qr; = QABWW-
Using (36), Qr; becomes:
024 078
Qrs = aAaBKWW
= 0;0;5K.

Substituting the expression of K from (46), we obtain:

Q[J = —a[aleg [Z.g(XLFL — XLFL)}
iC(FJ — XLFLJ)

=0 i (XM Py — XMFy)

B ic(Fry— Fry) i(Fy — XV ) id( XM Fyp — Fy)

i (XMFy — XMFy) [i(XNFy — XNFy)]?
ic(Fry— Fry) ie(Fry— Fr)) X ic(Fyg — Far) XM

T i (XMFy — XMEy) [i(XNFy — XN Fy)]?

36



Now we can simplify the expression using (51) and (45), it becomes:

Nrj  NpgXENy XM
Qs = o K + 02K

= GKN]J—FGQK(NX)[(NX)J
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PrOOF OF SL(N,R)/SO(N,R)

RELATIONS
Starting with equation (7.7):
Q_ﬁ'z—;l;_i] IHXJ, (54)

we multiply by by

using the identity (7.6):

and substituting the argument of the In by (7.4):
.. p
br- ¢ = —2lnX1—|—N1nl
=—2In X[.
X;=e 2019, (55)

Moving to the proof of equations (7.16), (7.17), and (7.18), we start with equation
(7.12):

From this result, we apply e and obtain (7.5)
b

(56)

we multiply:



which yields (7.16):

I
Applying In:

ln(H ff) In (HVP=9))

d Inf'=N(D-3)nH,
I

differentiating, we get:

S

1
2=V

or, equivalently (7.17):

H 1 f1
H N(D—3)EI:F' (58)

Differentiating again:
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